
Statistical Inconsistency of Error-Correction
Objectives for Perfect Phylogenies
Gryte Satas #

Halvorsen Center for Computational Oncology, Memorial Sloan Kettering Cancer Center,
New York, NY, USA

Matthew A. Myers #

Halvorsen Center for Computational Oncology, Memorial Sloan Kettering Cancer Center,
New York, NY, USA

Sohrab P. Shah #

Halvorsen Center for Computational Oncology, Memorial Sloan Kettering Cancer Center,
New York, NY, USA

Abstract
The binary perfect phylogeny, in which each mutation arises exactly once on an evolutionary
tree and is never lost, is a well-studied idealized phylogenetic model. When observed data has
errors, a common approach to phylogeny inference is to seek a tree that minimizes the number of
error corrections (“flips”) needed to fit a perfect phylogeny. These objectives draw on an intuitive
justification: minimizing implied errors should prefer the true tree in expectation.

We test this assumption using a generative model with independent errors and prove that
error-correction objectives are statistically inconsistent for all positive error rates: in expectation,
the minimum-cost tree need not be the true tree. Our proof is constructive and yields counterex-
amples involving any tree topology and any positive error rates, demonstrating the ubiquity of the
phenomenon. The core problem is that tree topologies can explain observed mutation patterns with
fewer errors than actually occurred, and differ in their ability to do so, introducing systematic bias.
This mechanism is distinct from previously identified sources of inconsistency such as homoplasy or
incomplete lineage sorting, since the error-free setting is trivially consistent for perfect phylogenies.

We investigate how often this failure may occur in practice. Simulations calibrated to error
rates from single-cell sequencing data show that an incorrect tree is preferred over the true tree
in a substantial fraction of cases (over 50% in some settings) with rates increasing with tree size.
Moreover, winning trees are not random but share specific topological features. Notably, at error
rates typical of single-cell sequencing data, trees with deeper, more imbalanced topologies are
consistently favored over more balanced ones. These results demonstrate that inconsistency is not a
theoretical edge case, and that understanding when and how it arises is important when interpreting
results in practice.
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1 Introduction

The binary perfect phylogeny is a well studied model in phylogenetics in which each mutation
arises exactly once on an evolutionary tree and is inherited by all descendants, with no losses
or reversions [27]. This has also been referred to as the infinite-sites model, as it can be
viewed as a limit of finite-sites models where the number of sites grows faster than the number
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of mutations, so that homoplasy and reversion become vanishingly unlikely [31]. Under
this idealized model, each mutation imposes a hard compatibility constraint on the tree
topology. As a result, the underlying tree topology is uniquely determined once sufficiently
many informative mutations are observed, and can be found in linear time [1, 23]. In
many applications, however, mutations are not observed directly but are measured through
a noisy process. In single-cell sequencing data, for example, allelic dropout and limited
coverage produce false negatives, while sample preparation, sequencing, and alignment
artifacts introduce false positives [48]. In the presence of such errors, mutations no longer
impose exact compatibility constraints, and the guarantees of the error-free perfect-phylogeny
model no longer apply. This has led to a family of combinatorial formulations for phylogeny
inference under measurement error [9]. These approaches seek an optimal tree that minimizes
the number or weighted cost of entry-wise corrections (“flips”) to make the observed data
compatible with a perfect phylogeny. The simplest case where all flips have equal cost is
well known as the minimum-flip perfect phylogeny problem or the minimum-flip consensus
tree problem [9]. Prior work has focused on studying the computational complexity and
behavior of the problems and developing algorithms that find or approximate minimum-cost
solutions [2, 5, 6, 8, 9, 10]. Applied variants of these objectives have been widely used in
cancer phylogenetics, for reconstructing tumor evolutionary histories from noisy single-cell
mutation data (see Related Work in Section 1.1).

Error-correction approaches are implicitly motivated by an intuition that minimizing the
number of implied observation errors should recover the true tree without bias, at least when
noise itself is unbiased and sufficient data are observed. However, to our knowledge, this
assumption has not been systematically examined; it remains unclear whether these objectives
yield statistically consistent estimators of the true tree under reasonable generative models
of evolution and observation noise. Statistical consistency is a property of an estimator that
guarantees convergence to the true parameter (in this case, the true tree) as the amount of
data increases [21, 47]. It has been a topic of longstanding interest in phylogenetics [18, 24, 44]
(see Related Work in Section 1.1); however, perfect phylogeny inference has not been examined
in this context, likely because consistency is trivial in the error-free setting. The perfect
phylogeny model is in this sense a natural minimal test case: it strips away all evolutionary
sources of ambiguity that are known to cause phylogenetic inconsistency (e.g., homoplasy,
incomplete lineage sorting), leaving only the interaction between observation noise and the
objective to explain any inconsistency that arises. While few applied methods use the basic
perfect phylogeny error-correction objective in its pure form, most retain the same core
structure of hard-assigning mutations to branches and selecting the tree that minimizes the
resulting cost. Thus, any inconsistency that arises here will likely carry through to those
settings as well.

In this work, we study error-correction objectives for perfect phylogeny reconstruction
under a generative model with independent observation errors. We show that these objectives
are not statistically consistent for any positive error rates, even when the error penalties
are perfectly calibrated to the true error rates. That is, even with known error rates and
unbiased errors, the minimum-flip objective need not favor the true tree in expectation.
Moreover, the objectives can be positively misleading, converging to a specific incorrect
tree with increasing support as the number of mutations increases. The source of this
inconsistency is not algorithmic failure, limited data, or ambiguity in the evolutionary model,
but a structural interaction between observation noise and phylogenetic topology under
the objective. The objective seeks a tree that explains the observed data with the fewest,
or lowest cost, corrections. Consequently, errors are attributed to spurious evolutionary
structure whenever doing so reduces the total cost of flips required to achieve compatibility.
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Crucially, this process is not uniform with respect to tree topology: trees vary in their
ability to absorb different types of errors. Certain trees can systematically explain false
positive or false negative errors with fewer corrections than the true tree, leading to lower
objective values in expectation. We prove that inconsistency is ubiquitous in tree space:
there exist counterexamples that violate consistency for at least any pair of trees that differ
by one internal edge and for any positive error rates.

Which topology is systematically favored is determined by error rates, tree topology and
branch lengths; a topology may have a systematic advantage over the true tree under one
branch length distribution but not another. While the theoretical proofs rely on arbitrary
branch length distributions, we also demonstrate that constraining edge lengths to be equal
does not eliminate inconsistency. We next performed computational analyses to investigate
how often inconsistency arises under biologically motivated edge length distributions and
error rates typical of single-cell sequencing data. We find that inconsistency arises in a
non-trivial fraction of tested cases, reaching over 50% in some settings, with rates appearing
to increase with tree size. At these error rates, the bias has a consistent directional signature
toward more caterpillar-like trees. These results demonstrate that inconsistency in perfect
phylogeny error-correction inference can arise in practice under non-pathological conditions.

1.1 Related work
Consistency of maximum parsimony in classical phylogenetics. Maximum parsimony is
one of the oldest and most widely used approaches to phylogenetic reconstruction [22], seeking
the tree that minimizes the total number of changes implied along its branches: a parsimony
criterion applied directly to evolutionary events. Perfect phylogeny error-correction objectives
are related in spirit but the parsimony criterion is applied to the observation error process
rather than the evolutionary process.

Consistency of parsimony-based phylogenetic inference has been extensively studied [18,
24, 26, 42]. Maximum parsimony is known to be statistically inconsistent in certain pa-
rameter regimes, converging to an incorrect topology with increasing confidence as data
accumulate. The phenomenon was first demonstrated by Felsenstein [18], who showed
that under certain branch length configurations, long-branch attraction causes maximum
parsimony to favor incorrect topologies, producing the “Felsenstein zone.” Subsequent work
generalized inconsistency results to arbitrary numbers of taxa and k-state character models
as well as demonstrated constrained regions of parameter space where parsimony is con-
sistent [26, 42, 43, 45]. A second and distinct source of inconsistency arises under the
multispecies coalescent, where various concatenation-based methods can converge to an
incorrect species tree, because incomplete lineage sorting can create systematic discordance
across loci [15, 14, 28, 29, 34, 36, 35, 46, 50].

In both settings, inconsistency is a consequence of the evolutionary process itself: ho-
moplasy or lineage sorting produce systematic biases that the parsimony objective cannot
overcome. The results we present here demonstrate a distinct mode of estimator failure:
the perfect phylogeny assumption precludes homoplasy by construction, and a lack of
recombination means that lineage sorting is not a factor.

Applications in cancer phylogenetics. The rooted perfect phylogeny model has been
widely adopted in cancer genomics, as tumor evolution operates over a relatively short
time frame that limits the accumulation of homoplasy, and the normal genome provides
a known ancestral state [4]. With the rise of single-cell sequencing technologies, perfect
phylogeny error-correction objectives have become a natural fit for inference from noisy
single-cell mutation data. A range of methods have been developed in this setting, including

WABI 2026
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both combinatorial and probabilistic formulations [3, 7, 16, 25, 30, 37, 38, 49, 52] as well as
extensions that relax the perfect phylogeny assumption (e.g., Dollo or finite sites models),
incorporate additional data modalities such as copy number, or combine multiple types of
data (e.g., combining bulk and single cell) [11, 17, 20, 32, 33, 39, 41, 51, 53].

2 Background

2.1 Perfect phylogenies
A phylogenetic tree is a rooted binary tree T on n leaves with edge set E(T ). The root r

has a single child connected by the trunk edge er; all other internal nodes have exactly two
children. Each edge e has an associated length pe > 0, normalized so that

∑
e∈E(T ) pe = 1.

▶ Remark 1 (Trunk edge convention). Representing trees with a trunk edge is common and
convenient in cancer phylogenetics for modeling mutations shared by all cells. Such trees can
be reconciled with the standard definition of a full rooted binary tree with the addition of a
dummy outgroup attached to the root that is treated as a noiseless ancestral reference.

Mutation data are represented as a binary matrix X ∈ {0, 1}n×m, where rows correspond
to leaves and columns to mutations. We assume that X is generated under the binary perfect
phylogeny model [23], where each mutation arises exactly once on the tree and is inherited by
all descendants. Let T ∗ represent the true tree from which X was generated. Each mutation
independently selects an edge e ∈ E(T ∗) with probability pe. This defines the true assignment
function Φ∗ : {1, . . . , m} → E(T ∗), where Φ∗(j) is the edge on which mutation j arises.
More generally, for any candidate tree T , an assignment function Φ : {1, . . . , m} → E(T )
maps each mutation to an edge of T . For each edge e ∈ E(T ), let De denote its descendant
set, i.e. the set of leaves whose root-to-leaf path contain e. Under the perfect phylogeny
model, an assignment Φ induces a binary mutation matrix XΦ ∈ {0, 1}n×m defined by
XΦ

i,j = 1{i ∈ DΦ(j)}, where 1{. . .} denotes the indicator function. That is, all descendant
leaves of e have state 1 for mutation j, and all other leaves have state 0.

▶ Definition 2 (Compatibility). A mutation matrix X is compatible with a tree T if there
exists an assignment Φ such that X = XΦ.

Thus, under a perfect phylogeny model with strictly positive edge lengths, each observed
mutation places a hard constraint on the tree inference. Provided that sufficiently many
mutations are observed to place at least one mutation on every internal edge, the true tree
T ∗ is the unique tree compatible with the data [23].

Observation model. Given a true mutation matrix X ∈ {0, 1}n×m, generated under a
perfect phylogeny model, we assume that the observed matrix X̂ ∈ {0, 1}n×m is generated
under an error model where each entry of X is flipped independently with fixed probability.
That is,

Pr(X̂i,j = 0 | Xi,j = 1) = α and Pr(X̂i,j = 1 | Xi,j = 0) = β,

where α ∈ (0, 0.5) is the false negative rate and β ∈ (0, 0.5) is the false positive rate.

2.2 Minimum flip-cost perfect phylogeny problem (MFCP)
Under the observation model described above, the guarantees of the noiseless setting no
longer hold: the observed matrix X̂ is not in general compatible with the true tree, and
compatibility alone cannot guide inference. This has motivated a family of well-studied
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combinatorial problems for phylogeny inference for data with errors. Rather than requiring
exact compatibility, these problems seek to minimize the number or cost of entry-wise
corrections (“flips”) needed to make the observed data compatible with a perfect phylogeny.

For a candidate tree T and an assignment function Φ : {1, . . . , m} → E(T ), discrepancies
between the observed matrix X̂ and the induced matrix XΦ take two forms: 0 → 1 flips
(entries where X̂i,j = 0 but XΦ

i,j = 1) and 1 → 0 flips (entries where X̂i,j = 1 but XΦ
i,j = 0).

Let wP , wN > 0 denote the costs of 0 → 1 and 1 → 0 flips, respectively. Note that the flip
directions are defined relative to editing the observed matrix X̂ into a matrix compatible with
a candidate tree, and should not be confused with the directions of the underlying observation
errors. Likewise, wP and wN are user-defined parameters of the inference objective, and
should not be confused with the latent error rates α and β in the generative model. While
wP and wN can be set to reflect the relative costs of false positives and false negatives, we
make no assumptions about their relationship in the theoretical analyses that follow.

For two binary vectors x, x̂ ∈ {0, 1}n, the flip cost is

cost(x; x̂) = wP

∑
i

1{x̂i = 0, xi = 1} + wN

∑
i

1{x̂i = 1, xi = 0}.

For any edge e ∈ E(T ), let xe ∈ {0, 1}n denote the mutation pattern induced by e, where
the 1-set of xe corresponds to the descendant set De. The flip cost of a tree T with respect
to an observed matrix X̂ is defined as

C(T, X̂) =
m∑

j=1
min

e∈E(T )
cost(xe; x̂j) = min

Φ

m∑
j=1

cost(xΦ(j); x̂j), (1)

where x̂j is the j-th column of X̂, and the minimum is taken over all assignment functions
Φ : {1, . . . , m} → E(T ). Note that C(T, X̂) is invariant under multiplying both wP and wN

by the same positive constant, and as such there is only one degree of freedom in the choice of
weights, which can be parameterized by the ratio wP /wN . We will continue to refer to them
as two separate parameters, as it provides a more intuitive interpretation. Throughout, wP

and wN are treated as fixed parameters of the objective and suppressed from the notation of
C and all quantities derived from it.

This yields the following computational problem:

▶ Problem 3 (Minimum flip-cost perfect phylogeny problem (MFCP)). Given an observed
binary matrix X̂ ∈ {0, 1}n×m and weights wP , wN > 0, find a tree T minimizing the flip cost
T ∈ argminT ′ C(T ′, X̂).

Specific choices for weights wP and wN yield well-studied special cases: the minimum flip
problem (MFP, wP = wN = 1), the insertion-only flip problem (IFP, wN ≫ wP , so 1 → 0
flips are never used), and the deletion-only flip problem (DFP, wP ≫ wN , so 0 → 1 flips are
never used) [9].

▶ Remark 4 (Relationship to maximum likelihood inference). A natural response to inconsistency
of a combinatorial objective is to switch to a maximum likelihood formulation. However,
jointly maximizing likelihood over trees and mutation assignments (i.e., maxT,Φ Pr(X̂ | T, Φ))
under the observation model described above yields an objective that falls within the MFCP
family, so the inconsistency results here apply directly. Specifically, when error rates are
assumed to be uniform and independent, the log-likelihood decomposes into a sum of per-entry
penalties, and maximizing it is equivalent to minimizing a weighted flip cost with weights
wP = log 1−β

α and wN = log 1−α
β (see Appendix A.4 for details). Some approaches use

WABI 2026
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entry-specific likelihoods incorporating additional information such as read counts; these can
be viewed as generalizations of the MFCP objective in which the i.i.d. case is a special case.
As they still rely on hard-assigning mutations to edges and optimizing a sum of penalties, the
inconsistency mechanism identified here likely carries through to this more general setting
as well.

3 Inconsistency of the Minimum Flip-Cost Perfect Phylogeny
Objective

We now ask whether the MFCP objective can recover the true tree in principle. Specifically,
does the true tree uniquely minimize the expected flip cost induced by the generative process?

3.1 Inconsistency
Because the total flip cost is additive across mutations and the assignment of each mutation
can be optimized independently, the expected flip cost over a full matrix X̂ ∈ {0, 1}n×m

decomposes as a sum of independent per-mutation contributions as in Equation (1). It
therefore suffices to analyze the expected cost of a single mutation. Let ϕ∗ denote the true
edge on which the mutation occurs, i.e., for mutation j, ϕ∗ = Φ∗(j). We denote the expected
flip cost of a candidate tree T under generative model (T ∗, p) by

C̄(T | T ∗, p) = Eϕ∗|p

[
Ex̂|α,β,ϕ∗

[
C(T, x̂)

]]
=

∑
e∈E(T ∗)

pe Ex̂|α,β,ϕ∗=e[C(T, x̂)],

where the expectation is over both the edge ϕ∗ on which the mutation arises in T ∗ (conditional
on fixed edge lengths p), and the observation noise generating x̂ (conditional on ϕ∗ and the
error probabilities α and β). In the following analyses we treat α and β as fixed parameters
of the generative model and, for simplicity, suppress them from the notation of C̄ and all
quantities derived from it.

▶ Definition 5 (Consistency). Consider a true tree T ∗, edge length distribution p on E(T ∗),
and error rates α, β. The MFCP objective with weights wN , wP is consistent if the true tree
T ∗ uniquely minimizes the expected cost:

C̄(T ∗ | T ∗, p) < C̄(T | T ∗, p) for all T ̸= T ∗.

▶ Remark 6. This definition corresponds to Fisher consistency [21]. In our setting (where
data are i.i.d., costs are bounded, and the tree space is finite) Fisher consistency is necessary
and sufficient for asymptotic consistency, meaning the estimator would converge to the true
tree as the number of mutations increases [47]. See Appendix A.1 for a detailed.

For our main result we will show that under the generative model defined in Section 2.1,
consistency fails for all objectives in the MFCP family:

▶ Theorem 7 (Inconsistency of MFCP). For any weights wN , wP > 0 and any error probabil-
ities α, β ∈ (0, 0.5), there exist a true tree T ∗ and an edge length distribution p for which the
MFCP objective is not consistent.

Intuition: structural absorption of errors
The key mechanism underlying inconsistency for this problem is a form of overfitting to
observation noise. The MFCP objective will always assign mutations to whichever edge
explains their errors most cheaply. As a result, the true number of observation errors is only
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Figure 1: intuition
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Figure 1 Structural absorption of observation errors. (A) A mutation arising on the trunk
of a tree with balanced topology ((A, B), (C, D)) has true pattern x = [1 1 1 1], where the order of
leaves is A, B, C, D. A false negative at leaf D produces observed pattern x̂ = [1 1 1 0], which is
assigned to the minimum cost edge incurring a cost of one flip. (B) The same trunk mutation and
false negative on the caterpillar tree (((A, B), C), D) produces the same observed pattern x̂ = [1 1 1 0].
This observed pattern exactly matches the descendant set of the internal edge {A, B, C}. Therefore
the minimum cost assignment for this pattern incurs zero cost, despite the fact that one observation
error has occurred.

an upper bound on the overall cost: a tree can achieve lower cost by “absorbing” some errors,
reinterpreting a noisy pattern as a clean signal from a different edge. Whether a tree can
absorb a given error depends on its topology.

As an example, consider the trees shown in Figure 1: a balanced tree ((A, B), (C, D)) and
a caterpillar tree (((A, B), C), D) on four leaves, with a mutation arising on the trunk. This
mutation has true pattern x = [1 1 1 1] (where the order of leaves is A, B, C, D). If a single
false negative occurs on leaf D, this yields observed pattern x̂ = [1 1 1 0]. In the balanced
tree the minimum cost assignment would require one flip (a 0 → 1 flip to the trunk [1 1 1 1],
or a 1 → 0 flip to internal edge [1 1 0 0]) concordant with the true number of errors (Fig. 1A).
In contrast, in the caterpillar tree, the same false negative produces an observed pattern that
exactly matches the descendant set of the internal edge [1 1 1 0] (Fig. 1B). This allows the
mutation to be assigned to the tree with zero flips, despite the fact that one observation error
has occurred. Conversely, the balanced tree can explain two simultaneous false negatives on
A and B with zero flips, while the caterpillar would require one flip. However, when false
negative rate α < 0.5, single false negatives are more likely than double false negatives, so
the caterpillar has a systematic advantage over the balanced tree for mutations arising on
the trunk edge. We will show that these types of asymmetries are pervasive and unlikely to
cancel out across edges.

3.2 Per-edge cost decomposition
We first develop the machinery required to analyze the difference in expected cost between the
true tree T ∗ and a candidate tree T . We decompose the expected cost difference ∆p(T, T ∗)
into per-edge contributions:

∆p(T, T ∗) = C̄(T | T ∗, p) − C̄(T ∗ | T ∗, p) =
∑

e∈E(T ∗)

pe δe(T, T ∗),

where δe(T, T ∗) is the expected cost difference conditional on a mutation arising on edge e

of T ∗:

δe(T, T ∗) = Ex̂|ϕ∗=e,α,β

[
C(T, x̂) − C(T ∗, x̂)

]
.

WABI 2026
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Figure 2: edge concentration
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𝑝"

𝛿" 𝑇, 𝑇∗ < 0
A B C D

Figure 2 Edge-level cost differences and the edge concentration argument. (A) The
true tree T ∗ (balanced) and a candidate tree T (caterpillar). (B) The true tree T ∗ with a balanced
edge length distribution. The expected cost difference ∆p(T, T ∗) between the candidate tree T and
the true tree T ∗ decomposes as a weighted sum of per-edge contributions δe(T, T ∗). Edge color
indicates the sign of δe(T, T ∗) (red: negative, favoring the candidate; blue: positive, favoring the
true tree), and edge width indicates magnitude. Under the balanced distribution, the weighted sum
∆p(T, T ∗) is positive. (C) The true tree T ∗ with a skewed edge length distribution that concentrates
mass on the negatively-contributing edges. The sign and magnitude of δe(T, T ∗) remain unchanged
from (B). However, because more mass is placed on the negatively-contributing edges, the weighted
sum becomes negative.

This decomposition allows us to analyze expected cost differences one generating edge at
a time, separately from the edge length distribution. The following lemma shows that for
consistency to hold, we would need δe(T, T ∗) ≥ 0 for every e ∈ E(T ∗) and every T ̸= T ∗, as
a single edge favoring a candidate tree is enough to break consistency (Fig. 2).

▶ Lemma 8 (Edge concentration). Consider a true tree T ∗ and a candidate tree T . If
there exists an edge e ∈ E(T ∗) such that δe(T, T ∗) < 0, then there exists an edge length
distribution p under which C̄(T | T ∗, p) ≤ C̄(T ∗ | T ∗, p).

Proof. Let S− = {e′ ∈ E(T ∗) : δe′(T, T ∗) < 0} be the set of edges favoring the candidate
tree, and let S+ = {e′ ∈ E(T ∗) : δe′(T, T ∗) ≥ 0} be the set of edges favoring the true tree.
The expected cost difference can be expressed as the sum of contributions from the two
sets

∑
e′∈S− pe′ δe′(T, T ∗) and

∑
e′∈S+ pe′ δe′(T, T ∗). Since S− is non-empty, the sum can

be made non-positive by choosing p to concentrate sufficient mass on edges in S− and away
from edges in S+. ◀

If e is a shared split between two trees T1 and T2, then δe(T1, T2) = −δe(T2, T1). As a
result, showing a single shared edge e such that δe(T1, T2) ̸= 0 for some pair of trees T1 and
T2 is sufficient to conclude that consistency is violated, by Lemma 8.

Lemma 8 is the device we use to establish inconsistency in the proofs that follow, by
demonstrating examples of trees and edges for which δe(T, T ∗) < 0. It assumes that edge
lengths are unconstrained, so that mass can be redistributed toward the set S− of negatively-
contributing edges. This may raise concerns about whether violations of consistency require
specially constructed or pathological edge length distributions. In Section 4, we will show
that inconsistency does arise under reasonable edge length distributions and even for equal
edge lengths.
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Figure 3 Three leaf violation of consistency (Lemma 9). (A) True tree T ∗ on leaves
A, B, C, with A and B as siblings. The split [1 1 0] (orange) is unique to T ∗, where the order
of leaves is A, B, C. The mutation-generating edge (purple) is the leaf edge of C with mutation
pattern x = [0 0 1]. (B) Candidate tree T on the same leaf set, with B and C as siblings. The split
[0 1 1] (orange) is unique to T . (C) All eight possible observed patterns x̂ given true mutation state
x = [0 0 1], with the number of false positives (#FP) and false negatives (#FN), the probability
Pr(x̂ | x), and the minimum flip cost C(T ∗, x̂) and C(T, x̂) on each tree. The only patterns for
which the two trees differ in cost are x̂ = [1 1 0] and [0 1 1] (orange).

3.3 Inconsistency of MFCP: a three-leaf counterexample
We provide two complementary proofs. The first is a concrete three-leaf example where
the calculations can be confirmed directly; the second is a general construction for any tree
topology with n ≥ 3 leaves, establishing that inconsistency is pervasive.

▶ Lemma 9 (Counterexample with three leaves). Let T and T ∗ be two distinct rooted binary
trees on the same leaf set {A, B, C}. For any weights wN , wP > 0 and any error probabilities
α, β ∈ (0, 0.5), there exists a probability distribution p such that C̄(T | T ∗, p) < C̄(T ∗ | T ∗, p).

Proof. Without loss of generality, label the leaves on the trees so that T ∗ = ((A, B), C)
and T = (A, (B, C)), as shown in Figure 3A–B. We compute the expected cost difference
δec

(T, T ∗) for the generating edge ec corresponding to the outgroup leaf C, where xec
= [0 0 1].

As shown in Figure 3C, among all eight possible observed patterns, the only ones for which T ∗

and T differ in cost are the two tree-specific internal splits [1 1 0] and [0 1 1]: each has cost 0 on
the tree that contains it and cost one flip (i.e., min(wP , wN )) on the other. The expected cost
difference δec

(T, T ∗) is therefore determined entirely by the relative probabilities of these two
patterns: Pr(x̂ = [0 1 1] | x = [0 0 1]) = (1 − β)β(1 − α) and Pr(x̂ = [1 1 0] | x = [0 0 1]) = β2α.
When α, β ∈ (0, 0.5), (1 − β)β(1 − α) > β2α, so δec

(T, T ∗) < 0. By Lemma 8, there exists a
choice of edge lengths p such that C̄(T | T ∗, p) < C̄(T ∗ | T ∗, p). ◀

Given Lemma 9, we can now prove the main Theorem 7.

Proof of Theorem 7. For any weights and error probabilities, Lemma 9 provides a pair of
distinct trees and an edge length distribution under which C̄(T | T ∗, p) < C̄(T ∗ | T ∗, p).
Thus, by Definition 5, the MFCP objective is not consistent. ◀

3.4 Inconsistency of MFCP: a general construction for counterexamples
We now generalize the three-leaf counterexample to arbitrary tree topologies with n ≥ 3
leaves. We use pairs of trees that differ in exactly one internal split. These can be constructed
for any tree with n ≥ 3 by performing a single rooted nearest-neighbor interchange (NNI)
operation which swaps two subtrees across an internal edge [19]. Trees that differ by a single
NNI are referred to as NNI neighbors. Any tree has two neighbors for every internal edge.
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▶ Lemma 10 (Counterexample with NNI neighbors of arbitrary size). Let T1 and T2 be two
distinct rooted binary trees on the same leaf set that are NNI neighbors. For any wP , wN > 0
and any α, β ∈ (0, 0.5), there exists an assignment of T1 and T2 to the roles of true tree T ∗ and
candidate tree T , and an edge length distribution p such that C̄(T | T ∗, p) ≤ C̄(T ∗ | T ∗, p).

We provide a full proof in Appendix A.2, but we give a sketch of the main idea here. An
edge e that is shared between the two trees may be more similar to the unique split of a
candidate tree T than that of the true tree T ∗, such that the edge is more likely to generate
patterns that are assigned to the unique split of T than T ∗ at minimum cost. Therefore,
for that edge, the expected cost of T is lower than that of T ∗. The three-leaf example is a
minimal case demonstrating this, where the generating edge ec = [0 0 1] was strictly more
similar to the unique split [0 1 1] of T than [1 1 0] of T ∗. The proof in the Appendix guarantees
that at least one such edge e exists for any pair of neighbors T1, T2 such that δe(T1, T2) ̸= 0.

Lemma 10 provides not just a generic statement of existence, but also the basis for a
constructive procedure for generating explicit counterexamples for any pair of neighbor trees:
Given any neighbor pair (T1, T2), an inconsistent edge distribution can be found by (a) comput-
ing all δe values by enumerating the 2n observed patterns, and (b) solving for an edge distribu-
tion p such that

∑
e peδe < 0. Full details of the procedure are given in Appendix B.1, and an

implementation that generates random examples of consistency violations under different edge
length priors is available at https://github.com/shahcompbio/phylo_inconsistency.

3.5 The estimator can be positively misleading
Inconsistency, as established above, means only that the true tree fails to be the unique
minimizer. A more severe form is when having more data is actively counterproductive,
because the estimator converges to a specific incorrect tree with increasing data, known as
estimator being positively misleading [18].

▶ Definition 11 (Positively misleading). The MFCP objective is positively misleading if the
estimator converges to a unique tree T ̸= T ∗ rather than the true tree T ∗ as the number of
mutations increases.

▶ Proposition 12 (The MFCP is positively misleading). For any weights wN , wP > 0 and any
error probabilities α, β ∈ (0, 0.5), there exist a true tree T ∗ and an edge length distribution p
for which the MFCP objective is positively misleading.

The proof of Proposition 12 is given in Appendix A.3. Briefly, it uses the counterexample
from Lemma 9, with a constructed p to ensure that the minimizing tree is unique.

3.6 Inconsistency extends beyond nearest neighbors
Our counterexamples so far use NNI neighbors, but the phenomenon is far more general. By
Lemma 8, a pair of trees T1, T2 can escape inconsistency only if δe(T1, T2) = 0 on every shared
edge. Each such expectation is a piecewise polynomial in the parameters (α, β, wP , wN ), and
the condition δe(T1, T2) = 0 for all e is an over-determined system of equations (at least n + 1
equations in three free parameters). Thus, the exact, simultaneous vanishing of the per-edge
cost expectations across all shared edges, in general, fails for all but a measure-zero set of
parameters (α, β, wP , wN ).

An exception to this is a structurally special family of pairs of trees whose shared-edge
cost functionals cancel identically, so that δe(T1, T2) = 0 for every shared edge e. One
such example is the balanced quartet ((1, 2), (3, 4)) versus ((1, 3), (2, 4)). We do not fully

https://github.com/shahcompbio/phylo_inconsistency
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A CB

Figure 4 Consistency violations under equal edge lengths. (A) Three tree topologies on n

leaves, named by the number of leaves on the right child of the root: T1, T2 and T3. Colored leaves
are shared across all three trees, indicating which leaves change position. Increasing n adds leaves
to the left subtree. (B) Heatmaps of the expected cost difference over a grid of error probabilities
(α, β), shown for n ∈ {5, 7, 9} leaves. Top row: ∆p(T2, T1). Bottom row: ∆p(T3, T2). The blue line
separates positive and negative regions, where the candidate has lower expected cost than the true
tree. (C) Area of the inconsistent region as a percentage of the α-β parameter space, across all tested
n. Each line corresponds to one direction of comparison: ∆p(T2, T1) < 0 (purple), ∆p(T1, T2) < 0
(green), ∆p(T3, T2) < 0 (amber), ∆p(T2, T3) < 0 (orange); black: union across all four directions.

characterize this family, but note that at minimum, the pair of trees must be isomorphic
(although this is not a sufficient condition, see n = 3 counterexample). Thus the proportion
of such pairs is relatively small, especially as n grows.

Consequently, guaranteed consistency is highly constrained and fragile in tree space, and
counterexamples are available for nearly all pairs of trees and nearly all parameter values.

4 The prevalence of inconsistency under reasonable model parameters

4.1 Equal edge lengths do not guarantee consistency
Equal edge lengths is the most favorable candidate for consistency. Under the edge concen-
tration argument, inconsistency requires only that the set S− = {e : δe < 0} is non-empty;
arbitrary edge lengths allow mass to be redistributed toward S− and away from positively-
contributing edges, making the negative contributions dominate. Equal edge lengths removes
this freedom: the weighted sum ∆p =

∑
e peδe becomes a simple average, so inconsistency

can only occur if the negative-δe edges outweigh the positive ones across the entire tree, a
much stricter condition.

For n ≥ 4, we demonstrate computationally that consistency can still fail for some pairs
of trees under equal edge lengths, and that the space of error parameters where this occurs is
non-trivial and grows with n. We use three trees at each n (Figure 4A): T1 (full caterpillar),
T2 (root has a 2-leaf right child), and T3 (root has a 3-leaf right child), where each tree
is a neighbor of the previous one. For each tree size n ∈ [4, 9] (for T1/T2) and n ∈ [5, 9]
(for T2/T3), we computed all four pairwise cost differences under equal edge lengths across
a 25×25 grid of error probabilities (α, β), with weights matched to the error rates. We
show that inconsistency occurs in all four directions, but asymmetrically (Figure 4B,C). T2
beats T1 over a substantial and growing region of parameter space, while T1 beats T2 only
marginally: at n = 4, T1 is preferred over T2 for approximately 1% of parameter values, and
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A

B

C

Figure 4: simulations

Figure 5 Prevalence of inconsistency under random edge length draws. Simulation
results for trees with n leaves under four different edge length priors (left to right): balanced,
non-informative, heavy trunk, and clade-weighted. (A) An example tree topology with n = 9 leaves.
Each panel shows the same topology under an edge length distribution from each prior, where a
candidate tree (shown as an inset) beats the true tree. Edge color indicates the sign of δe(T, T ∗)
relative to the winning candidate shown in the inset (red: negative, favoring the candidate; blue:
positive, favoring the true tree), and edge width indicates magnitude. Edge length is proportional
to pe. (B) 500 trees are simulated for each n ∈ [5, 9], and for each tree, 1000 edge length draws are
taken under each model. For each tree and edge length draw, we compute the minimum margin
minT ∆p(T, T ∗) across all neighbors T of the true tree T ∗, which is negative if at least one neighbor
has a lower cost. For each model, the distribution of minimum margins is shown with the fraction
of draws with a negative minimum margin in parentheses. (C) The distribution of true tree loss
rates, i.e., the fraction of draws under which at least one neighbor beats the true tree. Each point
corresponds to a single tree and shows the average loss rate across all draws.

this advantage disappears at larger n. Similarly, T3 beats T2 over a non-trivial region, while
T2 beats T3 only at n = 6 for approximately 4% of parameter values. Inconsistency in general
is concentrated at high error rates, and the space of error parameters where violations occur
grows with n (Figure 4C); at n = 9 more than 50% of parameter values produce inconsistency
in at least one direction, and the space does not appear to be saturating. This result is still
weaker than the theoretical results, which cover all error parameters; however, these analyses
were limited to a small set of tree topologies and tree sizes. It thus remains open whether any
error regime fully restores consistency under equal edge lengths for trees of arbitrary size.

4.2 Inconsistency is common under non-pathological edge-length
distributions

To evaluate how often such counterexamples occur under biologically motivated edge length
distributions, we simulated trees and edge length distributions using a Dirichlet distribution
under a set of four different models determining parameters α⃗ : (a) Balanced: balanced edge
length distribution, (b) Non-informative: uniform on the unit simplex, (c) Heavy Trunk: a
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long trunk with uniform internal edges, and (d) Clade-weighted: pe ∝ |De|2 (Figure 5A).
Trees were generated with n ∈ [5, 9] leaves, with the maximum n limited by the computational
cost of enumerating all 2n observed patterns for each tree-edge length combination. For
each n value, we simulated 500 trees, and for each tree, we took 1000 draws of edge length
distributions under each model, for a total of 2,000,000 tree-edge length-model combinations.
For each simulated tree and edge length distribution, we computed ∆p(T, T ∗) for all NNI
neighbors T of the true tree T ∗. NNI neighbors were chosen as a relevant set of candidate
trees as we expect them to be most likely to be preferred over the true tree, and the number
of NNI neighbors scales linearly with n, making the analysis tractable. For further details on
the simulation procedures, see Appendix B.2.

For each tree-edge length combination, we computed the minimum margin minT ∆p(T, T ∗)
across all neighbors T of the true tree T ∗, which is negative if at least one neighbor
achieves lower expected cost than the true tree under that edge length distribution. As
expected, balanced edge lengths perform best: across all n, only ≈ 0.1% of draws produced
any inconsistent neighbor (Figure 5B). Under the non-informative prior, inconsistency is
substantially more common, and increases with n: at n = 5, 13.3% of draws produced at
least one inconsistent neighbor, while at n = 9, this fraction increased to 25.7% (Figure 5B).
The heavy trunk and clade-weighted priors also show increasing inconsistency with n, but at
higher rates: 34.8% and 11.8% at n = 5 under the heavy trunk and clade-weighted priors
respectively, increasing to 46.8% and 51.3% at n = 9 (Figure 5B).

The distributions show qualitatively distinct shapes across models (Figure 5B), with
the heavy-trunk and clade-weighted models showing a pronounced concentration of mass
in the negative range that increases with n. Notably, except under the balanced model,
even when the true tree is preferred over all neighbors, the margin is often small, suggesting
that in finite samples the true tree may frequently be indistinguishable from its neighbors.
Moreover, at larger n under the heavy-trunk and clade-weighted models, the negative tail of
the distribution extends further than the positive tail, indicating that when a neighbor beats
the true tree, it often does so by a larger margin than the true tree achieves when it wins.

4.3 Susceptibility to inconsistency is dependent on tree topology and
edge length distribution

We next examined the heterogeneity across topologies in their susceptibility to inconsistency.
For each tree with n = 9, we computed the true tree loss rate: the fraction of the 1000
edge length draws under which at least one neighbor beats the true tree (Figure 5C and
Figure A1A–C). Loss rates grow with the informativeness of the prior: nearly all trees
stay below 0.5% under balanced edge lengths but reach medians of 0.248, 0.464, and 0.503
under the non-informative, heavy-trunk, and clade-weighted priors respectively, with the
clade-weighted prior producing the widest spread (from near 0 to near 1). Under every
structured prior essentially no tree is immune, and even under balanced edge lengths only
40% of trees never lost. The spread of loss rates widens with n, as some topologies become
more susceptible and others more robust as tree space grows.

Strikingly, the topologies most susceptible under one prior are largely uncorrelated with
those most susceptible under another (Figure A1A–C): trees form well-separated clusters
in pairwise loss-rate space that subdivide further at larger n. Susceptibility is therefore
not a fixed property of topology but is jointly determined by the tree and the edge-length
distribution, with different priors placing the burden of inconsistency on different regions of
tree space. One exception is the caterpillar topology, which consistently achieves among the
lowest loss rates across all priors and tree sizes (Section 4.4).
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Figure 5: caterpillarization

A B

Figure 6 Topological bias toward caterpillar-like trees at realistic scDNA error rates.
Simulations use error rates α = 0.2, β = 0.01 and three edge-length priors (Non-informative, Heavy
trunk, Clade-weighted); the Balanced prior is omitted here as inconsistency is negligible in that
regime. (A) Mean difference in topological features between winning neighbors and the true tree,
averaged over all edge-length draws, across tree sizes n ∈ {5, . . . , 9} and the three priors. Positive
values (red) indicate the winning neighbor tends to have a higher value of that feature than the true
tree; negative (blue) indicates the reverse. (B) Rate at which a heuristic closest caterpillar beats the
true tree in expected flip cost, as a function of the NNI distance between the caterpillar and the true
tree. Uses the same error rates and edge-length priors as Panel A, but instead of comparing each
true tree against all of its neighbors, each true tree is compared against a single fixed candidate:
the heuristic closest caterpillar (see Appendix B.2.1), which may be more than one NNI move away.
Each point is the fraction of edge-length draws where the caterpillar wins, averaged over all true
trees at a given NNI distance, stratified by tree size and edge-length prior.

The clustering suggests that loss rates are driven by discrete topological features that
differ across priors. We fit random forest models predicting per-tree loss rate from eight
topological features under each prior, excluding the balanced model, whose loss rates showed
no meaningful variation across trees (see Appendix B.2.1 for details). Predictive accuracy was
high in all three cases (R2 = 0.93, 0.97, and 0.98 for the non-informative, heavy-trunk, and
clade-weighted priors; Figure A1D), confirming that susceptibility is systematically related
to tree shape. The predictive features differed across priors in interpretable ways: global
balance measures (e.g., number of cherries, Colless index) under the non-informative prior;
root-proximal features (root split balance, whether the root has a singleton child) under
the heavy-trunk prior, reflecting the influence of the trunk edge; and a mix of balance and
depth features with non-monotonic effects under the clade-weighted prior, likely reflecting
the dependence of its edge lengths on clade sizes. While the relationship between topology
and susceptibility is complex and prior-dependent, identifiable structural properties of the
tree thus interact with the edge-length distribution to determine which topologies are most
at risk.

4.4 Bias toward caterpillar-like trees at realistic scDNA error rates

We examined which topological features systematically differ between neighbors that beat
the true tree and the true tree itself (Figure 6A). These simulations use error rates calibrated
to single-cell sequencing data (α = 0.2, β = 0.01), where false negatives are substantially
more common than false positives. In this regime, winning neighbors consistently had higher
cherry counts and lower Colless indices than the true tree across all tested tree sizes and
edge-length priors, indicating that the favored topologies tend to be more caterpillar-like.
This is consistent with the observation that the caterpillar topology has the lowest loss rate
across all priors and tree sizes in this regime (Figure 5C).
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We note that this directional bias is specific to this error-rate regime and should not
be taken as a general property of the inconsistency phenomenon. Under more symmetric
or reversed error rates the preferred topologies shift. This is highly evident in the equal
edge-lengths analysis (Section 4.1): at high false positive rates, the bias strongly favors the
more balanced trees. Thus, the parameter dependence is not a fixed artifact of the objective
but changes with the error profile of the data.

4.5 Inconsistency extends beyond neighboring tree topologies
In Section 3.6, we argued that inconsistency is not confined to NNI neighbors of the true tree,
but can extend to more distant regions of tree space. We now provide empirical evidence that
this is the case, by comparing the true tree against a candidate that is more topologically
distant than its immediate neighbors. Because the caterpillar consistently achieves the lowest
loss rate in this error regime, we used a heuristic closest caterpillar (see Appendix B.2.1 for
construction details) as a fixed candidate and computed how often it beat the true tree as
a function of NNI distance. Even when the candidate is several splits away from the true
tree, it achieves lower expected cost in a non-trivial fraction of cases (Figure 6B). This is
most pronounced under the clade-weighted prior, where the caterpillar beats the true tree in
≈ 50% of cases at an NNI distance of 2 and ≈ 15% at an NNI distance of 3 when n = 9,
and the proportions increase with n. These results are a lower bound on the severity of
long-range inconsistency: the caterpillar labeling used is a heuristic, and other labelings or
topologically distant candidates may beat the true tree even more frequently, but were not
evaluated due to computational constraints. Nonetheless, this suggests that inconsistency
is not confined to small topological perturbations of the true tree but can extend to more
distant regions of tree space.

5 Discussion

We studied the consistency of perfect phylogeny error-correction objectives under observation
noise. Our central result is a general inconsistency phenomenon: hard-assignment objectives
such as the minimum-cost perfect phylogeny (MFCP) objective and its variants are not
guaranteed to uniquely favor the true evolutionary tree in expectation and the failure can
be positively misleading: increasing the number of observed mutations can strengthen the
support for an incorrect tree. This failure arises from the interaction between observation
noise and the structure of the optimization objective itself. It can arise even under equal
edge lengths, balanced trees, and symmetric error rates, and is therefore not a consequence
of pathologically extreme parameter choices or topologies.

A key feature of the inconsistency phenomenon is that violations are systematic rather
than random. Our computational results show that some topologies may be systematically
favored across a wide range of edge length distributions. The pattern of which topologies are
favored correlates with identifiable structural features, but we do not yet have a complete
characterization of these features or how they interact with the observation rates (α, β) and
edge-length distribution to produce bias. While we have shown that trees can be beaten
by candidates that are several splits away, one important open question is a more complete
characterization of how far the global optimum typically is from the true tree in practice.

If systematic biases operate across an entire cohort of samples, they may be misinterpreted
as recurrent biological signal when they are in fact artifacts of the objective. The direction of
bias depends on the observation error regime: under high false negative rates, as is common
in single-cell sequencing, the bias favors more linear topologies; under high false positive rates,
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balanced topologies tend to be preferred instead. The distinction between branching and
linear tumor phylogenies has been a topic of considerable interest in cancer genomics [12, 13],
and some methods have used error-correction objectives specifically to ask whether a linear
phylogeny is compatible with observed data [3, 49]. Understanding when and how biases in
the objective operate is directly relevant for interpreting the results of such analyses.

We wish to emphasize that this paper is not a call to abandon these error-correction
objectives in practice. Inconsistent estimators are widely used and often adequate for their
intended purpose. While our results show that inconsistency can arise under biologically
motivated edge lengths and error rates calibrated to scDNA sequencing, the extent to which
it affects biological interpretation in real datasets remains an important direction for future
work.

As a consistent alternative, we speculate that maximum-likelihood approaches that
marginalize over mutation assignments and edge lengths may be less susceptible to this
phenomenon, as they do not rely on a single hard assignment of observed patterns to tree
splits. However, marginal approaches often carry additional costs: naive implementations of
marginal likelihoods are computationally expensive as they require exhaustive enumeration
of all values. Developing consistent and computationally practical alternatives to hard-
assignment objectives, and characterizing the conditions under which they are needed, remain
important open problems.
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A Proofs and derivations

A.1 Fisher Consistency and Asymptotic Consistency
Remark 6 asserts that, under our generative model, Fisher consistency (Definition 5) is
necessary and sufficient for asymptotic consistency. We justify this here, and more generally
identify the tree to which the estimator converges. Consider a true tree T ∗, edge lengths p,
and error rates α, β. For a sample of m i.i.d. mutations, let Ĉm(T ) denote the empirical
flip cost of tree T and C̄(T ) = C̄(T | T ∗, p) its expectation. The MFCP estimator selects
T̂m = argminT Ĉm(T ).

Suppose the expected cost C̄ has a unique minimizer T min over the tree space, i.e.
C̄(T min) < C̄(T ) for all T ̸= T min. Then P (T̂m = T min) → 1 as m → ∞. This follows from
Theorem 5.7 of [47], whose three conditions all hold here: (i) the mutations are i.i.d. by
assumption; (ii) each per-mutation cost C(T, x̂) is bounded (at most n flips), so in particular
has finite expectation; (iii) the tree space is finite, so C̄ has a well-separated unique minimizer
at T min (with gap γ = minT ̸=T min [C̄(T ) − C̄(T min)] > 0).

When Fisher consistency holds, T min = T ∗, so T̂m → T ∗ and the estimator is asymptoti-
cally consistent. Conversely, suppose Fisher consistency fails, so there exists some T ≠ T ∗

with C̄(T ) ≤ C̄(T ∗). By the law of large numbers Ĉm(T ) → C̄(T ) and Ĉm(T ∗) → C̄(T ∗),
so Ĉm(T ) ≤ Ĉm(T ∗) with probability approaching 1, and the estimator does not converge
to T ∗.

A.2 Proof of Lemma 10
We use the setup and notation of Lemma 10 throughout this section: T1 and T2 are NNI
neighbors with subtrees tA, tB , tC , tD where tA and tB are the exchanged subtrees. T1 has
unique split s1, which is ancestral to subtrees tA and tC , while T2 has unique split s2 which is
ancestral to subtrees tB and tC . Let A be a leaf of subtree tA, and B be a leaf of subtree tB .
Without loss of generality, we order mutation patterns x = [xA xB z] where xA and xB are
the state of A and B respectively and ẑ ∈ {0, 1}(n−2) is the state of the remaining leaves.

Let eA and eB be the edges corresponding to leaves A and B. Below we will demonstrate
the following:
1. Patterns of the form x̂ = [1 0 ẑ] relatively benefit T1 when compared to patterns of the

form x̂ = [0 1 ẑ].
2. Patterns of the form x̂ = [1 0 ẑ] are more likely to be generated by eA than patterns of

the form x̂ = [0 1 ẑ].
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By symmetry, the opposite of these properties hold for T2 and eB. As a result, eA is more
likely to generate patterns that benefit T1 while eB is more likely to generate patterns that
benefit T2, and consequently δeA

(T1, T2) < δeB
(T1, T2).

Cost Asymmetry

Here we show that for all ẑ, the net advantage C(T1, x̂) − C(T2, x̂) strictly decreases between
observed pattern x̂ = [1 0 ẑ] and x̂ = [0 1 ẑ]. That is patterns of the form x̂ = [1 0 ẑ] relatively
benefit T1, compared to patterns of the form x̂ = [0 1 ẑ] which relatively benefit T2.

Tree T1 can only achieve a lower cost on a pattern x̂ than T2 if the minimal cost assignment
for x̂ is the unique split s1, because T2 shares all other splits in T1. Let nA be the number of
leaves in tA, and let kA be the number of leaves in tA with state 1, for some x̂.

s1 can only be the minimum cost assignment if wN · kA ≥ wP · (nA − kA); that is, the
cost of flipping all 1 → 0 exceeds the cost of flipping all 0 → 1. Otherwise, the trunk of
subtree tC would have lower cost than s1. Note that this is a necessary but not sufficient
condition for s1 to be the optimal assignment. Consider patterns of the form [1 0 ẑ] and [0 1 ẑ]
for ẑ ∈ {0, 1}n−2. Switching from [1 0 ẑ] to [0 1 ẑ] strictly decreases the number of leaves in
tA with value 1. Therefore, it can never make s1 optimal if it were not already optimal. A
symmetric argument holds for T2 and flipping from [0 1 ẑ] to [1 0 ẑ]. As a result, we have that

C(T1, [1 0 ẑ]) − C(T1, [0 1 ẑ]) ≤ C(T2, [1 0 ẑ]) − C(T2, [0 1 ẑ]). (2)

There exists at least one ẑ for which this inequality is strict. Take ẑ with all leaves
of tB and tD in state 0 and all leaves of tC in state 1, and choose the number of state-1
leaves in tA so that the unique split s1 is the unique minimum-cost assignment for [1 0 ẑ]
but not for [0 1 ẑ]. Such a choice exists: passing from [1 0 ẑ] to [0 1 ẑ] flips A from 1 to 0,
removing one leaf from tA and hence from the clade of s1, and there is a number of state-1
leaves in tA at which this single flip moves s1 from uniquely optimal to non-optimal (tied or
beaten by the tC split). For this ẑ, T1 attains via s1 a cost on [1 0 ẑ] that T2 cannot match,
whereas on [0 1 ẑ] any cost T1 attains is also attained by T2 through a shared split. Therefore,
C(T1, [1 0 ẑ]) − C(T1, [0 1 ẑ]) < C(T2, [1 0 ẑ]) − C(T2, [0 1 ẑ]).

Probability asymmetry

Under the generating edge ϕ∗ = eA, leaf A has true state 1 and leaf B has true state 0;
under ϕ∗ = eB the opposite holds. Let γ = (1 − α)(1 − β) − αβ and Pẑ be the probability of
observing ẑ. By independence of the observation model, the probabilities of each pattern
type are:

Pattern Pr(x̂ | ϕ∗ = eA) Pr(x̂ | ϕ∗ = eB) Difference
[1 0 ẑ] (1 − α)(1 − β) Pẑ αβ Pẑ +γPẑ

[0 1 ẑ] αβ Pẑ (1 − α)(1 − β) Pẑ −γPẑ

[1 1 ẑ] (1 − α)β Pẑ (1 − α)β Pẑ 0
[0 0 ẑ] α(1 − β) Pẑ α(1 − β) Pẑ 0

For all α, β ∈ (0, 0.5), γ > 0.

A.3 Proof of Proposition 12
We use the three-leaf counterexample of Lemma 9. On leaf set {A, B, C} there are exactly
three rooted binary trees,

T ∗ = ((A, B), C), T1 = (A, (B, C)), T2 = ((A, C), B),
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which share every split except their internal cherry: [1 1 0], [0 1 1], and [1 0 1] respectively.
Note that candidates T1 and T2 are symmetric under the exchange of leaves A and B with
respect to the true tree T ∗, and thus by the argument of Lemma 9, the generating edge eC

with true pattern [0 0 1] favors both T1 and T2 over T ∗ by the same amount. By the same
argument, the generating leaf edges eA and eB with true patterns [1 0 0] and [0 1 0] favor T2
and T1 respectively. Consequently, making peC

sufficiently large guarantees that both T1 and
T2 beat T ∗, while making peB

> peA
ensures that T1 beats T2. As a result, by Appendix A.1

the estimator uniquely converges to T1 ̸= T ∗ as the number of mutations increases.

A.4 Derivation of Maximum Likelihood Weight Correspondence
We derive the flip-cost weights wP and wN under which the MFCP objective is equivalent
to maximizing the joint likelihood over trees and mutation assignments. Consider a single
mutation with observed pattern x̂ ∈ {0, 1}n. For each edge e, let x ∈ {0, 1}n be the mutation
pattern induced by e. The log-likelihood of assigning the mutation to edge e is

ℓ(e) =
∑

i

log Pr(xi | x̂i).

Let n+ = |{i : x̂i = 1}| and n− = |{i : x̂i = 0}|, which depend only on x̂ (not on e). The
four cases for leaf i are:

Pr(xi | x̂i) =


1 − α if xi = 1, x̂i = 1 (no flip)
α if xi = 1, x̂i = 0 (0→1 flip)
β if xi = 0, x̂i = 1 (1→0 flip)
1 − β if xi = 0, x̂i = 0 (no flip)

Let nP,e = |{i : xi = 1, x̂i = 0}| and nN,e = |{i : xi = 0, x̂i = 1}|. Collecting terms:

ℓ(e) = (n+ − nN,e) log(1 − α) + nP,e log α + nN,e log β + (n− − nP,e) log(1 − β)
= n+ log(1 − α) + n− log(1 − β) − nN,e

[
log(1 − α) − log β

]
− nP,e

[
log(1 − β) − log α

]
= constant − nN,e log 1−α

β − nP,e log 1−β
α .

In other words, the log likelihood gives a penalty of log 1−β
α for each 0 → 1 flip and a penalty

of log 1−α
β for each 1 → 0 flip, up to an additive constant that does not depend on the

edge assignment. Summing over mutations and maximizing over (T, Φ) jointly therefore
corresponds to the MFCP objective with weights wP = log 1−β

α and wN = log 1−α
β .

B Computational Methods

B.1 Algorithmic Construction of Counterexamples
We describe a procedure for generating explicit counterexamples to consistency for any pair
of neighbor trees, based on the proof of Lemma 10 and the edge concentration argument
of Lemma 8. An implementation of this procedure is available at https://github.com/
shahcompbio/phylo_inconsistency.

1. Sample a random NNI pair. Given n ≥ 3, we sample a random rooted binary tree
T ∗ on n leaves. We then sample an internal edge uniformly at random and apply an NNI
operation to obtain the candidate tree T .
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2. Compute δe. For each edge e ∈ E(T ∗) we compute δe(T, T ∗) by explicit enumeration
over all 2n observed patterns x̂ ∈ {0, 1}n. If all δe ≥ 0 (i.e. T ∗ already dominates
pointwise), the roles of T ∗ and T are swapped, as Lemma 10 guarantees at least one
orientation will have a negative delta.

3. Find an inconsistent edge distribution. We aim to find an edge distribution subject to∑
e peδe < 0 that is not pathologically extreme when possible. We look for the distribution

p that is closest (in KL divergence) to a chosen prior q subject to
∑

e peδe = 0, then
perturb it to make the sum strictly negative. The minimum-KL problem minp KL(p∥q)
subject to

∑
e peδe = 0 and

∑
e pe = 1 has a closed-form solution via Lagrange multipliers:

p∗
e ∝ qe eλ∗δe ,

where λ∗ is the unique root of f(λ) =
∑

e p∗
e(λ) δe = 0. f(λ) is continuous and monotone

in λ so a root is found efficiently via binary search.
We use three priors q: (a) Balanced: all edges are equally weighted, (b) Heavy trunk:
all edges are equally weighted except the trunk edge, which is given a higher weight,
and (c) Clade weighted: qe ∝ s2

e, where se =
∑

i(xe)i is the clade size of edge e. The
clade-weighted prior is inspired by coalescent models of evolution, which predict that
edges with larger clades tend to be longer.

B.2 Simulation procedures
We describe the simulation pipeline used in Section 4.

Tree generation

For each simulation condition we draw N random rooted binary trees on n leaves.

Edge-length distributions

We treat the edge-length vector p = (pe)e∈E(T ∗),
∑

e pe = 1, as a random quantity drawn
from a prior distribution. We consider four priors.
1. Balanced. p ∼ Dirichlet(5).
2. Non-informative. p ∼ Dirichlet(1).
3. Heavy-trunk. p ∼ Dirichlet(α) where αe = 5 for the trunk edge (the root edge) and

αe = 1 for all other edges.
4. Clade-weighted. p ∼ Dirichlet(α) where αe = |De|2.

NNI comparison

For each sampled true tree T ∗ and edge-length draw p, we test whether the objective prefers
T ∗ over all of its NNI neighbours, i.e., ∆p(T, T ∗) < 0. For each internal edge e ∈ E(T ∗) and
each of its two NNI rearrangements, we compute the margin

∆p(T, T ∗) =
∑

e′

pe′ δe′(T, T ∗),

where δe′(T, T ∗) is computed by explicit enumeration over all 2n observed patterns x̂.

B.2.1 True tree loss rate prediction
To investigate the relationship between tree topology and the loss rate of the true tree T ∗,
we computed a set of topological features for each tree, as follows:

Depth. The maximum distance from the root to any leaf.
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Balance. The Colless index, which is the sum over all internal nodes of the absolute
difference in the number of descendant leaves in the left and right subtrees
Top balance. The balance at the root node, i.e., the absolute difference in the number
of descendant leaves in the left and right subtrees of the root.
Root has singleton child. Whether the root has a child that is a leaf.
Root has cherry child. Whether the root has a child that is an internal node with two
leaf children (a cherry).
Cherry count. The number of cherries in the tree, where a cherry is an internal node
with two leaf children.
Full internal node count. The number of internal nodes with two internal node
children.
Max split size. The size of the largest internal split of the tree, measured by the number
of descendant leaves on the smaller side of the split.

A random forest regression model was then trained to predict the loss rate of the true tree T ∗

from these topological features, separately for each edge-length prior. The importance of
each feature was evaluated using permutation importance, which measures the increase in
mean squared error when the feature is randomly permuted across trees.

B.2.2 Heuristic Caterpillar Construction
There are many caterpillar trees on n leaves that differ in their leaf ordering along the spine.
Some of these may be more likely to be preferred over the true tree than others, and it is
unclear which caterpillar tree would be optimal. We used a heuristic construction to select
a caterpillar by selecting the tree whose internal clades closely resemble the clades of the
true tree. We extract a leaf ordering from the true tree through a depth-first traversal from
the root. At each internal node, the deeper child clade is visited first. This construction is
heuristic and doesn’t guarantee that the resulting caterpillar is the best possible caterpillar
for comparison, but it is a principled way to select a single caterpillar that may be more
likely to be preferred over the true tree than a random caterpillar, and it is computationally
efficient to construct.

C Additional Figures
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Appendix figure 2: susceptibility

Figure A1 Prediction of true-tree loss rate from tree topology. (A–C) Pairwise scatter
plots of true-tree loss rates across all tree topologies, comparing the Non-informative, Heavy trunk,
and Clade-weighted edge-length priors. Each point represents one tree topology. (D) Permutation
feature importance for the topological features used in the random forest models, shown for the
three edge-length models with the same color scheme as in panels A–C: Non-informative in grey,
Heavy trunk in orange, and Clade-weighted in purple. Cross-validated R2 values for each model are
annotated. (E–G) Distributions of the top-balance feature for the trees under the Non-informative,
Heavy trunk, and Clade-weighted models, respectively.
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