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Abstract
We present an output-sensitive algorithm for constructing incompatibility graphs between pairs
of rooted or unrooted phylogenetic trees, in which edges represent incompatible clusters or splits.
Incompatibility graphs capture conflicting evolutionary signals and play an important role in
applications such as phylogenetic network reconstruction, supertree inference, and BHV distance
computation. Existing approaches typically require O(n3/w) time using bitset operations, where
n is the number of taxa and w is the machine word size. We introduce a new algorithm based on
lowest common ancestor mappings that constructs the incompatibility graph of two rooted trees in
optimal O(n + d) time, where d is the number of incompatibility edges. The method is extended to
unrooted trees and trees with different leaf sets while preserving the same complexity, while also
being relatively simple to implement. Experimental results on random and simulated phylogenetic
trees show substantial practical speedups over existing implementations, particularly on sparse
incompatibility graphs, which commonly arise in large datasets.
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1 Introduction

In phylogenetics, the study of cluster and split incompatibility offers important insight into
how and why conflicting evolutionary signals arise. In this setting, clusters (subsets of taxa
forming clades in a rooted tree) and splits (bipartitions of taxa separated by an edge in an
unrooted tree) offer complementary ways to represent phylogenies, and incompatibilities
among them reflect discordance between inferred relationships. Such contradictory signals
across different data sources or inference methods are often not merely noise, but can point
to complex evolutionary processes. Indeed, they have important applications ranging from
improving the accuracy of phylogenetic tree reconstruction [24, 9, 10] to identifying events
such as horizontal gene transfer, hybridization, and recombination [14, 26, 20].

In many situations, clusters of interest come from two or more (rooted) trees, which are
are possibly built from different tools or represent different evolutionary hypotheses. The
incompatibility graph of two trees T, T ′ has a vertex for every internal node of T and T ′,
and two vertices share an edge if their corresponding nodes have incompatible clusters, i.e.,
no tree can contain both clusters simultaneously. In unrooted trees, the same type of graph
exists, but with clusters being replaced by splits. In this work, our aim is to reconstruct
incompatibility graphs of pairs of rooted or unrooted trees as fast as possible.
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Incompatibility graphs have several applications in phylogenetics. They are notably used
by the CASS algorithm [26], which aims to reconstruct a phylogenetic network of small level
that displays a given set of clusters. The incompatibility graph is an important component of
this approach, since its connected components can be handled separately and, importantly,
correspond to the biconnected components (blobs) of the output network. While the approach
can deal with arbitrary sets of clusters in a heuristic manner, the CASS algorithm was shown
to correctly minimize the level of the output network if it is given the set of clusters of two
trees [17]. Therefore, faster incompatibility graph algorithms for this case can be useful for
network reconstruction.

Another important motivation of incompatibility graphs is their central role in the Owen-
Provan algorithm [23], a celebrated polynomial-time algorithm to compute the BHV distance
between edge-weighted unrooted trees [3]. This distance projects such trees in a space where
dimensions correspond to splits and asks for a shortest geodesic path in this space. The
algorithm starts with the incompatibility graph G of splits of the two trees and computes up
to n vertex covers on G, which determine successive directions of the desired geodesic path
(this is very roughly speaking, see [23] for details). The current implementation [22] builds G

by comparing all pairs of nodes while using bitsets for set operations, which altogether takes
time O(n3/w) (n is the number of leaves and w is the word size). Each subsequent vertex
cover computation takes time O(n3). Although the graph construction is not the bottleneck
in theory, in practice it can sometimes dominate the running time (in our experiments, we
saw that it does when the trees share many splits). Moreover, the vertex cover computations
could be accelerated by recent improved flow techniques [8], and the incompatibility graph
construction may eventually become both the theoretical and practical bottleneck.

Let us also note that a maximum independent set of the incompatibility graph yields a set
of splits or clusters that fit into a tree. This corresponds to a notion of supertree sometimes
known as a Maximum Split Fit [24, 9]. Although finding such a supertree is NP-hard [1],
some heuristics do make use of the incompatibility graph (see e.g. [10]). On a similar note,
we remark that loose consensus trees, which contain all the clusters from a set of trees that
have no incompatibility at all [5], can be built directly from the incompatibility graphs, as
it suffices to combine clusters corresponding to isolated vertices. There already exists an
optimal linear-time algorithm to build loose consensus trees [16], but fast incompatibility
graph construction algorithms can nonetheless provide alternative approaches.

In this work, our aim is to accelerate the construction of the incompatibility graph
between two trees T and T ′, which is used by the aforementioned methods. We are not aware
of any algorithm that achieves a better time than O(n3/w) as mentioned above, although
O(n2) seems doable with appropriate data structures. On the other hand, it would appear
that any algorithm needs to run in time Ω(n2), because the incompatibility graph may have
a quadratic number of edges and we need to write those edges to the output.

A more refined lower bound can be established though. If the graph has d edges, then the
total size of the output graph is O(n + d), which is a more accurate lower bound to aim for.
An algorithm whose running time is dependent on the size of the input and the size of the
output is called an output-sensitive algorithm. A recent example of this type of algorithm
was developed by Weller [27], who showed that one can enumerate all conflicting rooted
triples between a pair of trees in optimal time O(n + t), with t the number of conflicting
triples. In our work, we show that incompatiblity graphs can indeed be computed in optimal
output-sensitive time O(n + d). Note that the number of edges d of the output is not given as
input, so the algorithm runs in optimal time while being oblivious to the lower bound. The
algorithm works on rooted trees by applying various techniques based on the lca-mapping
borrowed from gene tree and species tree reconciliation [4, 11, 6, 18]. We then show how this
algorithm can be used on unrooted trees with the same running time.
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While the complexity and correctness analysis of the algorithm are not trivial, it is not
difficult to implement. We evaluated the efficiency gains of our C++ implementation against
the basic O(n3/w) time algorithm. For the latter, we used our own implementation as well
as the one provided by the authors of the Owen-Provan algorithm. All methods were first
tested on random trees, and as we show, the density of the incompatibility graphs of random
trees decreases rapidly as the number of leaves grows. This means that the number of edges
d gets closer to linear as n grows, making the O(n + d) complexity especially relevant in this
case – as demonstrated by our empirical gains of efficiency of several orders of magnitude.
We also evaluate trees that, instead of being completely random, are more likely to occur in
evolution, by means of a comparison on simulated gene trees using SimPhy [21]. We studied
varying levels of incomplete lineage sorting, which we show are correlated with the density of
incompatibility graphs. Again, the results demonstrate that significant gains in time can be
obtained with our new algorithm.

The implementation of the algorithm and all data necessary to reproduce the experiments
are available at https://github.com/manuellafond/incompa-tree/.

2 Preliminary notions

We begin by focusing on rooted trees. We thus use the term tree to refer to a rooted tree.
We deal with unrooted trees in a much later section, where we shall introduce the additional
necessary definitions. In this setting, a tree T is a directed acyclic graph that has a single
node ρ(T ) of indegree 0 called the root, such that every vertex other than the root has exactly
one in-neighbor, called its parent. We also assume no node of T has exactly one child (in
particular, there is no node of indegree 1 and outdegree 1), and we do not assume binary trees.
The parent of a node v ∈ V (T ) is denoted parentT (v), and we put parentT (ρ(T )) = ⊥, which
we interpret as undefined. We write V (T ) for the set of nodes of T . A leaf of T is a node of
outdegree 0. We denote by L(T ) the set of leaves of T . We also write I(T ) = V (T ) \ L(T ),
which is the set of internal nodes of T . Note, ρ(T ) is included in I(T ), unless T has only one
node (in that case, the root counts as a leaf).

The out-neighbors of a node v of T are called the children of v and are denoted chT (v).
For u, v ∈ V (T ), we write u ⪯T v if u is a descendant of v, i.e., there is a directed path from
v to u in T . We call v an ancestor of u, noting that v is a descendant and an ancestor of
itself. We may write u ≺T v if u ̸= v also holds, and call u a strict descendant of v. Two
nodes u, v are incomparable if u is not a descendant nor an ancestor of v.

The cluster of a node u ∈ V (T ), denoted CT (u), is the set of all leaves that descend
from u. That is, CT (u) = {ℓ ∈ L(T ) : ℓ ⪯T u}. We also denote C(T ) = {CT (u) : u ∈ V (T )}
for the set of clusters of T . Observe that if v ∈ I(T ), then |CT (v)| ≥ 2 because v has at least
two children. Figure 1 illustrates two trees whose internal nodes are labeled by their cluster.

Let Z ⊆ V (T ). We define lcaT (Z) as the lowest common ancestor of Z, that is, the node
u of T that satisfies z ⪯T u for all z ∈ Z, such that u is at maximum distance from the root
of T with this property. If |Z| = 2, we may write lcaT (x, y) instead of lcaT ({x, y}), where
{x, y} = Z. When we mention the notion of an lca query, we mean that we would like to
obtain lcaT (x, y) for two given nodes x, y.

Incompatibility graphs. Two sets A, B are compatible if there exists a tree T such that A

and B are both in C(T ). Otherwise, A, B are incompatible. Note, a set with a single element
is compatible with any set. Let C be a collection of sets. We say that C is compatible if there
is a tree in which each element of C is a cluster. The following results are well-known.
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Figure 1 Two trees T, T ′ with L(T ) = L(T ′) = {1, 2, 3, 4, 5, 6, 7} and their incompatibility graph
GT,T ′ . Each internal node u of T (resp. x of T ′) is labeled with CT (u) (resp. CT ′(x)). The vertices
of GT,T ′ are labeled with their corresponding cluster. The light gray arrows between T and T ′

represent the lca-map of two nodes. The node u of T whose cluster is {6, 7} has →µ(u) = lcaT ′({6, 7})
and the node x of T ′ whose cluster is {5, 6} has ←ν (x) = lcaT ({5, 6}).

▶ Proposition 1 ([25, 13]). Two sets A, B are compatible if and only if at least one of
A ∩ B = ∅, A ⊆ B, or B ⊆ A is true.

Moreover, a collection of sets C is compatible if and only if every two elements A, B ∈ C
are compatible. Moreover, if C is compatible, there exists a tree T satisfying C(T ) = C.

Let T, T ′ be two trees satisfying I(T ) ∩ I(T ′) = ∅. Two nodes u ∈ I(T ), x ∈ I(T ′)
are incompatible if CT (u) and CT ′(x) are incompatible. The incompatibility graph of T, T ′,
denoted GT,T ′ , is the undirected bipartite graph with vertex set V (GT,T ′) = I(T ) ∪ I(T ′)
and edge set

E(GT,T ′) = {ux : u ∈ I(T ), x ∈ I(T ′), u and x are incompatible}.

See Figure 1 for an illustration. For example, the node of T with cluster {1, 2, 3, 4} is
incompatible with the node of T ′ with cluster {1, 5, 6, 7} because the two sets intersect and
none is a subset of the other. On the other hand, {1, 2, 3, 4} is compatible with every other
cluster of T ′ because it either has no intersection with them, contains them, or is contained
by them.

Let n = max(|L(T )|, |L(T ′)|). There is a straightforward O(n3) time algorithm to compute
GT,T ′ . First, compute CT (u) for each u ∈ V (T ), which can easily be done in total time O(n2).
The clusters CT ′(x) of T ′ can be computed similarly. Then for each u ∈ V (T ) and each
x ∈ V (T ′), check whether one of CT (u) ∩ CT ′(x) = ∅, CT (u) ⊆ CT ′(x), or CT ′(x) ⊆ CT (u)
holds, and if not add {u, x} to E(GT,T ′). The latter check takes time O(n) and there are
O(n2) pairs to check, which results in time O(n3). If the clusters are represented as bit
vectors on n/w words each of size w, then the last check can be accelerated to time O(n/w),
for a total of O(n3/w). We aim for a running time of O(|V (GT,T ′)| + |E(GT,T ′)|).

To finish this section, our algorithm will make use of the famous O(n) time pre-processing
algorithm that allows answering lca queries in constant time.

▶ Theorem 2 ([15, 2]). Let T be a tree. Then there exists a data structure that, after a
pre-processing time of O(|L(T )|) on input T , can answer any lca query on T in time O(1).

3 Computing incompatibility graphs

We assume for now that we are given two (rooted) trees T and T ′ with the same set of leaves
L(T ) = L(T ′). We will show how to deal with unrooted trees in Section 3.3, and how to deal
with trees having different leaf sets in Section 3.4.
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We denote n = |L(T )| = |L(T ′)|. We also let d = |E(GT,T ′)| denote the number of edges
in the incompatibility graph. Recall that d is not given and is thus not known in advance –
our algorithm needs to run in time O(n + d) without prior knowledge of d.

3.1 Incompatibility through lca-maps
We now introduce the notion of lca-maps to characterize incompatible nodes.

The lca-map from T to T ′ is the map →µ : V (T ) → V (T ′) satisfying →µ(u) = lcaT ′(CT (u))
for all u ∈ V (T ).
The lca-map from T ′ to T is the map ←ν : V (T ′) → V (T ) satisfying ←ν (x) = lcaT (CT ′(x))
for all x ∈ V (T ′).

In Figure 1, the gray arrow from T to T ′ illustrates →µ(u), where CT (u) = {6, 7}, and the
dashed arrow from T ′ to T illustrates ←ν (x), where CT ′(x) = {5, 6}.

Note that since we assume L(T ) = L(T ′), →µ and ←ν are well-defined. Notation-wise, we
use arrows above the map names to help remember their “direction”, i.e., if we imagine T

to the left of T ′, →µ maps nodes from the left tree T to the right tree T ′, and ←ν maps nodes
the other way around. We assume that →µ and ←ν are stored in a lookup table, which can be
achieved for instance by assigning a unique identifier to each node in V (T ) ∪ V (T ′) between
1 and |V (T ) ∪ V (T ′)|. This allows accessing each value →µ(u) or ←ν (x) in constant time, once
the table is constructed.

Note that →µ is monotone, in the sense that u ⪯T v implies →µ(u) ⪯T ′
→
µ(v). Likewise, ←ν is

monotone. We will also use the following observation.

▶ Observation 3. For any u ∈ V (T ), CT (u) ⊆ CT ′(
→
µ(u)). Moreover, CT (u) is not a subset

of CT ′(y) for any child y ∈ chT ′(
→
µ(u)).

Likewise, for any x ∈ V (T ′), CT ′(x) ⊆ CT (←ν (x)). Moreover, CT ′(x) is not a subset of
CT (w) for any child w ∈ chT (←ν (x)).

Proof. For u ∈ V (T ), CT (u) ⊆ CT ′(
→
µ(u)) because by the definition of →µ, →µ(u) has every

element of CT (u) in its descendants. Let y ∈ chT ′(
→
µ(u)). Then y cannot be an ancestor of

every element of CT (u), since otherwise y would be a lower common ancestor of CT (u) than
→
µ(u). Thus CT (u) cannot be a subset of CT ′(y). The second statement of the observation
about x ∈ V (T ′) can be argued in the same manner. ◀

It is well-known from the area of gene tree and species tree reconciliation that the lca-maps
can be computed in linear time, see for example [7, 28].

The lca-maps lead us to a useful characterization of node incompatibility. The conditions
of the next lemma are illustrated in Figure 1, where the light gray arrows explain why {6, 7}
and {5, 6} are incompatible.

▶ Lemma 4. Two nodes v ∈ I(T ) and x ∈ I(T ′) are incompatible if and only if all the
following hold:
(1) CT (v) ∩ CT ′(x) ̸= ∅;
(2) x ≺T ′

→
µ(v);

(3) v ≺T
←
ν (x).

Proof. Let us start with the forward direction. If v, x are incompatible, this means that
CT (v) and CT ′(x) are incompatible sets. In that case, condition (1) CT (v) ∩ CT ′(x) ̸= ∅ must
hold by Proposition 1. For (2), first note that we have CT (v) ⊆ CT ′(

→
µ(v)) by Observation 3.

Let z ∈ CT (v) ∩ CT ′(x) (such a z exists by (1)). Then z is in both the cluster of x and the

WABI 2026
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cluster of →µ(v). Thus both x and →
µ(v) are ancestors of z. This implies that x and →

µ(u)
cannot be incomparable. Now suppose that x is not a strict descendant of →µ(v). Then x must
be an ancestor of →µ(v), with equality possible. This implies CT (v) ⊆ CT ′(

→
µ(v)) ⊆ CT ′(x),

which is a contradiction since it would mean that v and x are compatible by Proposition 1.
Thus x can only be a strict descendant of →µ(v). For (3), a symmetric argument shows that v

must be a strict descendant of ←ν (x). Thus all required properties hold.
Conversely, suppose that v and x satisfy conditions 1-2-3 of the statement. We show

that none of the compatibility conditions of Proposition 1 is true. We already know by
condition (1) of the lemma that CT (v) ∩ CT ′(x) ̸= ∅. Moreover, because |CT (v)| ≥ 2 and
because →µ(v) is the lowest common ancestor of CT (v), →µ(v) has at least two distinct children
y1, y2 that are ancestors of at least one leaf in CT (v) (if →µ(v) had only one child that is an
ancestor of all CT (v), this would contradict Observation 3). Since (2) holds, x is a strict
descendant of →µ(v), which means that one such child, say y1, does not have x as a descendant
nor an ancestor, and thus CT ′(x) ∩ CT ′(y1) = ∅. Therefore, CT (v) \ CT ′(x) contains some
element of CT (v) ∩ CT ′(y1) ̸= ∅, and we deduce that CT (v) is not a subset of CT ′(x). By
the same reasoning, condition (3) stating that v ≺T

←
ν (x) implies that ←ν (x) has a child w1

that is incomparable with v, such that CT (w1) contains an element of CT ′(x) that is not in
CT (v). Thus CT ′(x) is not a subset of CT (v). None of the conditions of Proposition 1 hold,
and thus v and x are not compatible. ◀

The previous lemma suggests an algorithm to build GT,T ′ . For each v ∈ I(T ), we can
start a traversal of T ′ at →µ(v) and explore its strict descendants x that satisfy v ≺T

←
ν (x)

and CT (v) ∩ CT ′(x) ̸= ∅. All such nodes satisfy the conditions of Lemma 4, and the time
spent to check the conditions can be “charged” to an edge inserted into GT,T ′ . When we
reach a node x such that ←ν (x) is not a strict ancestor of v, or such that CT (v) ∩ CT ′(x) = ∅,
we do not explore the descendants of x further. This would work correctly, but unfortunately
there are two problems with this idea. First, we are not aware of an efficient pre-processing
to determine quickly whether CT (v) ∩ CT ′(x) = ∅. Moreover, even if such a pre-processing
existed, stopping when we reach a node compatible with v implies that we waste time making
compatibility checks that do not lead to edges in GT,T ′ . This wasted time thus cannot be
“charged” to the edges of GT,T ′ , and the number of wasted compatibility checks could be
arbitrarily larger than d, which is an obstacle to our desired output-sensitive running time.

Nonetheless, the characterization Lemma 4 is still useful, as it is the basis for the following
alternate characterization, which sidesteps the need for set containment and intersection
computations. The lemma identifies two conditions for nodes v ∈ V (T ) and x ∈ V (T ′) to be
incompatible, which are illustrated in Figure 2. See the caption therein for an intuition of
the necessity of having at least one of those conditions. It turns out that these two are also
the only possible reasons for incompatibility.

▶ Lemma 5. Two nodes v ∈ I(T ) and x ∈ I(T ′) are incompatible if and only if v ≺T
←
ν (x),

and in addition at least one of the following is true:
(a) v has a child w such that →µ(w) ⪯T ′ x ≺T ′

→
µ(v); or

(b) v has a child w such that w and x are incompatible.

Proof. For the forward direction, suppose that v, x are incompatible. Then conditions 1-2-3
of Lemma 4 are true. In particular, Lemma 4.(3) holds and therefore v ≺T

←
ν (x) holds. We

must next show that at least one (a) or (b) is true. If condition (a) holds, we are done, so
let us assume this is not the case. Therefore, we assume that v has no child w such that
→
µ(w) ⪯T ′ x ≺T ′

→
µ(v). In other words, for any child w of v, either →µ(w) ⪯T ′ x is false, or

x ≺T ′
→
µ(v) is false. By Lemma 4.(2) and the incompatibility of v, x, we know that x ≺T ′

→
µ(v)

is true. Therefore, →µ(w) ⪯T ′ x is false for every child w of v.
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Figure 2 The two situations that make v, x incompatible in Lemma 5. Both situations require
that v ≺T

←
ν (x). (a) If v has a child w with →µ(w) ⪯T ′ x ≺T ′

→
µ(v), then CT ′(x) contains CT (w)

and therefore intersects with CT (v), and in addition x ≺T ′
→
µ(v) holds, so we have all conditions of

Lemma 4. (b) If v has a child w that is incompatible with x, then Lemma 4 applies to w and x.
Thus CT ′(x) intersects CT (w) and therefore intersects CT (v), and we have x ≺T ′

→
µ(w) ⪯T ′

→
µ(v),

and again we invoke Lemma 4 to deduce that v, x are incompatible.

We want to show that condition (b) holds. By Lemma 4.(1), there exists z ∈ CT (v)∩CT ′(x)
since the latter is non-empty. Let w be the child of v such that z ⪯T w (this w must exist).
We argue that conditions 1-2-3 of Lemma 4 hold on w and x. Note that z ∈ CT (w) ∩ CT ′(x),
so the intersection is non-empty and Lemma 4.(1) holds. For condition (2), in T ′, both →µ(w)
and x are ancestors of z, so →µ(w) and x cannot be incomparable. At the same time, we are
assuming that →µ(w) ⪯T ′ x is false. It follows that x ≺T ′

→
µ(w). As for condition (3), we have

w ≺T
←
ν (x) because w ≺T v and v ≺T

←
ν (x) (using Lemma 4.(3) on v and x). All conditions

of Lemma 4 have been gathered and we can deduce that w and x are incompatible, and thus
condition (b) holds.

For the converse direction, suppose that v ≺T
←
ν (x) and that one of (a) or (b) holds.

In particular, note that Lemma 4.(3) is true. Assume that condition (a) holds, so that
→
µ(w) ⪯T ′ x ≺T ′

→
µ(v) for some w ∈ chT (v). In particular, Lemma 4.(2) is true. Moreover,

→
µ(w) ⪯T ′ x and Observation 3 imply that CT (w) ⊆ CT ′(

→
µ(w)) ⊆ CT ′(x). This implies that

CT ′(x) ∩ CT (v) ̸= ∅, which is the condition Lemma 4.(1). We have all the conditions of
Lemma 4 and therefore v, x are incompatible. So assume that that (b) holds, so that x is
incompatible with a child w of v. By Lemma 4, x ≺T ′

→
µ(w) and thus x ≺T ′

→
µ(v) by the

monotonicity of →µ. Also by Lemma 4, CT ′(x) ∩ CT (w) ̸= ∅ which implies CT ′(x) ∩ CT (v) ̸= ∅.
We already had v ≺T

←
ν (x) and again, all the conditions of Lemma 4 have been gathered and

so v, x are incompatible. ◀

3.2 The algorithm
We need one last ingredient before proceeding. Let x ∈ V (T ′). We define diff_anc(x) as
the closest ancestor y of x that satisfies ←ν (y) ̸= ←

ν (x) (by closest, we mean at minimum
distance from x). If no such ancestor exists, then diff_anc(x) = ⊥, which is interpreted as
undefined. The values of diff_anc for every x ∈ V (T ′) can easily be pre-processed in time
O(n) in a preorder traversal. That is, in a top-down fashion we can use the recurrence that
puts diff_anc(ρ(T ′)) = ⊥, and for a non-root node x we have

diff_anc(x) =
{

diff_anc(parentT ′(x)) if ←ν (x) = ←
ν (parentT ′(x)),

parentT ′(x) otherwise.

The pseudo-code of our procedure is given in Algorithm 1 (note, we use G instead of
GT,T ′ in the algorithm). At a high level, our algorithm uses Lemma 5 as follows. It iterates
over each v ∈ I(T ), and for each such v it checks for incompatibilities that could arise from
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either condition (a) or (b). Condition (b) is the easiest to implement and is performed by
the function check_incomp_child. In essence, condition (b) says that we can look at every
x incompatible with a child w of v, and if v ≺T

←
ν (x), then the node x is automatically

incompatible with v. The algorithm maintains an array Q of visited nodes to prevent adding
the same edge multiple times. That is, while iterating on v, we have Q[x] = v if and only
the edge {v, x} was added (and the same Q is re-used for all v’s).

Algorithm 1 The main algorithm to build GT,T ′ , denoted G in the algorithm.

1 function build_incompatibility_graph(T, T ′)
2 Pre-process T, T ′ for O(1) lca queries
3 Construct the lca-maps →µ and ←ν
4 Pre-process T ′ for O(1) diff_anc(x) queries
5 Let G be a graph with vertex set V (T ) ∪ V (T ′) and no edge
6 Let Q be a global array of length |V (T ′)|, with values initialized to −1
7 for each v ∈ I(T ) in a postorder traversal do
8 check_between(v, G)
9 check_incomp_child(v, G)

10

11 function check_between(v, G)
12 for each child w of v do
13 x = →

µ(w)
14 while x ̸= ⊥ and ←ν (x) ⪯T v do
15 x = diff_anc(x)
16 while x ̸= ⊥ and x ≺T ′

→
µ(v) and Q[x] ̸= v do

17 Add {v, x} to E(G)
18 Q[x] = v

19 x = parentT ′(x)
20

21 function check_incomp_child(v, G)
22 for each child w of v do
23 for each edge {w, x} incident to w in G do
24 if v ≺T

←
ν (x) and Q[x] ̸= v then

25 Add {v, x} to E(G)
26 Q[x] = v

Condition (a) is implemented in the function check_between. The condition says that
we also need to do a search from every →µ(w), and look for ancestors x of →µ(w) satisfying
x ≺T ′

→
µ(v) and v ≺T

←
ν (x). We thus need a fast way to start from →

µ(w) and “jump” to its
first ancestor x satisfying v ≺T

←
ν (x), if any. Thanks to the fast diff_anc queries and some

arguing, the loop on line 14 makes a constant number of iterations and only take time O(1).
Once we have found this first ancestor x, we traverse all ancestors x′ of x that also satisfy
x′ ≺T ′

→
µ(v) and stop when this becomes false. To visualize this, consider Figure 2.(a). If we

imagine that x in the subfigure is the first ancestor of →µ(w) satisfying v ≺T
←
ν (x), then every

node on the path from x to →µ(v), excluding the latter, is incompatible with v. Therefore,
the check for condition (a) can be seen as traversing a set of subpaths of T ′ that contain
incompatible nodes with v. We just need to ensure that we do not waste time going through
the same subpaths multiple times, which is the role of the Q array.
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We can now state our main result.

▶ Theorem 6. Algorithm 1 correctly computes the incompatibility graph GT,T ′ of two trees
T, T ′ with the same leaves in time O(n + d), where n is the number of leaves of the input
trees, and d is the number of edges of GT,T ′ .

Proof sketch. The full proof is a bit lengthy, so it can be found in the Appendix. Here
we provide a sketch. The correctness essentially follows from Lemma 5. If v, x satisfy
condition (a) of the lemma, then check_between will catch it and add the edge {v, x}, and
if it satisfies condition (b), then check_incomp_children will catch it. There are some
subtleties though. In particular, it is important for correctness to perform check_between

before check_incomp_child. This is because we would not want check_incomp_child to
put some Q[x] = v, which could later prevent check_between to explore subpaths above
that x (see the correctness proof for details).

For the running time, we already know that every pre-processing step takes time O(n).
Consider the time spent in check_between. It loops through the children of each node
v ∈ V (T ), and overall throughout the execution of the whole algorithm, this corresponds to
going through every parent-child relation of T , of which there are O(n). The while loop on
line 14 starts at x = →

µ(w), and then loops through ancestors until v ≺T
←
ν (x) (or x = ⊥).

We can argue that the loop makes at most three iterations, because in the worst case we
start with ←ν (x) = w, then after one diff_anc we get ←ν (x) = v or above, and then after one
more diff_anc, ←ν (x) if definitely a strict ancestor of v (or ⊥). Therefore the loop actually
takes time O(1) per w. As for the loop on line 16, every time we enter it, we add an edge
to the graph G, and thus the total time spent in this loop throughout the whole execution
is O(d) (the array Q of “visited” nodes is needed here to ensure we add each edge exactly
once). Note, checking whether v ≺T

←
ν (x) can be done in time O(1) using lca queries. Hence

check_between takes time O(n + d). Then, check_incomp_child also enumerates the O(n)
parent-child relations, and the loop on line 23 amounts to enumerating every edge of G

throughout the whole execution, of which there are O(d). The code inside that loop then
takes constant time, so that subfunction also takes time O(n + d). ◀

3.3 Extending to splits and unrooted trees
We now deal with unrooted trees, which have splits instead of clusters. The short version for
the reader that is in a hurry: to obtain the incompatibility graph of splits of two unrooted
trees on the same leaves, we root both trees at the same arbitrary taxon and run our
algorithm (note, a one-sentence version of this idea appears in [12]). This seems to be a
folklore procedure, but we could not find a proof of correctness of this way of doing, so we
provide the details below.

An unrooted tree U is an acyclic connected graph with no vertex of degree 2. We write
V (U) and E(U) for the set of vertices and edges of U , respectively. We also write L(U) for
the set of leaves of U , i.e., its set of vertices that have a single neighbor. A split of a set X is
a partition {A, B} of X, so that A, B are non-empty and non-intersecting and A ∪ B = X.
We denote such a split by A|B, noting that B = X \ A and A = X \ B. Given an unrooted
tree U , removing an edge uv ∈ E(U) results in two connected components, and the set of
leaves present in these components results in a split A|B of L(U), which we call the split of
uv and denote by SU (uv). The set of splits of U is S(U) = {SU (uv) : uv ∈ E(U)}.

Two splits A|B and C|D of a set X are compatible splits if there exists an unrooted
tree U with L(U) = X that contains both splits. Given two unrooted trees U, U ′, the split
incompatibility graph of U and U ′ is the graph Gu

U,U ′ whose vertex set is E(U) ∪ E(U ′), with
an edge {uv, xy} ∈ E(Gu

U,U ′) if and only if SU (uv) and SU ′(xy) are incompatible splits (note,
the u in the superscript of Gu

U,U ′ stands for “unrooted”).
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The following is well-known.

▶ Proposition 7 ([25]). Two splits A|B, C|D of some set X are compatible splits if and only
if at least one of the intersections A ∩ C, A ∩ D, B ∩ C, B ∩ D is empty.

The next result shows how computing Gu
U,U ′ from unrooted trees reduces to computing

GT,T ′ on rooted trees, for an appropriate rooting, with the same running time. See the
Appendix for the proof.

▶ Proposition 8. Let U, U ′ be two unrooted trees with L(U) = L(U ′) = {1, 2, . . . , n} with
n ≥ 3, and let T, T ′ be the rooted trees obtained from U and U ′, respectively, by assigning
the neighbor of leaf 1 as the root in both trees.

Let uv ∈ E(U) and xy ∈ E(U ′), where u is the parent of v in T and x is the parent of y

in T ′. Then SU (uv) and SU ′(xy) are compatible splits if and only if CT (v) and CT ′(y) are
compatible clusters.

3.4 Extending to trees with different leafsets
Going back to rooted trees, we now discuss how to deal with trees on different leaf sets. We
show that this is mostly a small technicality, as we can add the missing leaves to the two
trees without altering the incompatibility graph.

Suppose that L(T ) ̸= L(T ′). If L(T ′)\L(T ) ̸= ∅, define a tree T̃ obtained from T as follows.
Start from T , add a new root r and new leaves L(T ′) \L(T ), and add {ρ(T )}∪ (L(T ′) \L(T ))
as children of r. If L(T ′) \ L(T ) = ∅, define T̃ = T . Define T̃ ′ from T ′ in a similar manner,
i.e., add a new root to T ′ whose children are ρ(T ′) and L(T )\L(T ′) if the latter is non-empty,
and otherwise define T̃ ′ = T ′. Note that if we create a new root in either tree, it has at least
two children, so no internal node with a single child is created (proof in Appendix).

▶ Proposition 9. Let T, T ′ be two trees and let T̃ , T̃ ′ be defined as above. Then |V (GT̃ ,T̃ ′)| ≤
|V (GT,T ′)| + 2. Moreover, ux is an edge of GT,T ′ if and only if ux is an edge of GT̃ ,T̃ ′ .

We can easily construct T̃ and T̃ ′ from T and T ′ in time O(n). It then suffices to construct
GT̃ ,T̃ ′ and remove ρ(T̃ ) and ρ(T̃ ′) to obtain GT,T ′ . Since the two incompatibility graphs
have the same size (number of vertices plus edges) with the exception of two isolated vertices,
the complexity of building GT̃ ,T̃ ′ is the same as that of GT,T ′ .

3.5 Extending to more than two trees
As stated in the introduction, there are some approaches that use the incompability graph of
possibly more than two trees. Let T = {T1, . . . , Tk} be a set of k trees. The graph GT has
vertex set

⋃k
i=1 I(Ti) and edge set

⋃
1≤i<j≤k E(GTi,Tj

). Let us denote by n the maximum
number of leaves in one of the input trees. The naive implementation goes through every
pair of trees and adds the incompatibility edges between them, which takes time O(k2n3/w)
to construct GT .

If we let dij = E(GTi,Tj
) for each distinct i, j ∈ {1, 2, . . . , k}, and denote by d the number

of edges in GT , we can iterate over every pair of trees Ti, Tj and add the edges found by our
approach. This takes time O(

∑
1≤i<j≤k(n + dij)) = O(k2n +

∑
1≤i<j≤k dij) = O(k2n + d),

with d the number of edges of GT .
While this is potentially much faster than the naive idea, this complexity does not coincide

with the lower bound. Indeed, with k trees the size of the input is O(kn) and the size of the
output is O(kn + d). We do not know whether this lower bound can be achieved. This would
be surprising, as there is not even enough time to perform any kind of linear pre-processing
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between the pairs of trees, even though we may need to add edges between vertices from
all distinct pairs of trees. Perhaps some clever ideas can be borrowed from O(nk) time
algorithms for tree consensus, which achieve optimal time O(nk) by iterating over the trees
one by one while maintaining a single tree that captures the necessary information from the
previous trees. This appears extremely difficult, if not impossible, so we leave this as an
open problem.

Open problem. Find an algorithm that construct the incompatibility graph of k trees with
n leaves in time O(nk + d), or determine that no such algorithm exists.

Note, if the pairs of input trees have Ω(n) incompatibility edges on average, then
d ∈ Ω(k2n), in which case O(k2n + d) is optimal. So, an O(nk + d) time algorithm would
need to have improved complexity specifically on instances where pairs of trees have o(n)
incompatibility edges, on average.

4 Experiments

The main purpose of our experiments is quantify empirically the efficiency gains of Algorithm 1.
We tested two C++ implementations for the computation of incompatibility graphs. The
first is the implementation of Algorithm 1, which we call the fast implementation. The
second is the O(n3/w) time algorithm that compares each pair of clusters from the two trees,
as described at the end of Section 2. For faster intersection and set containment tests, we
stored clusters using the efficient EWAHBoolArray implementation from [19], which are
compressed bit arrays. We call this the naive implementation1. Note, we did not implement
the pre-processing for O(1) lca queries, and instead use a basic O(h) time algorithm for lca
queries, where h is the height of the tree. Profiling showed that these lca queries consist of
less than 1% of the running time.

To limit possible biases that could arise from using only our own implementations, we
also included the incompatibility graph computation used in the Owen-Provan algorithm [23]
in our comparisons – we used the authors’ implementation provided here: [22]. The latter
implements the polynomial-time algorithm to compute the BHV distance between trees
mentioned in the introduction. Computing the incompatibility graph is the first step, with the
second step consisting of vertex cover computations. Since we are only interested in the first
step, we made a minor modification to the code to calculate only the time needed to compute
the incompatibility graph. As a small remark, the algorithm has a pre-processing step that
calculates splits that are common to both trees. This can sometimes accelerate computation,
since only splits that are on the same side of a common edge need to be compared for
incompatibility. As we also count the pre-processing time in our implementation, we included
the time to calculate the time to find common splits of the Owen-Provan algorithm2. The
reader should bear in mind that the authors of the Owen-Provan algorithm did not aim
to optimize the incompatibility graph step, and it is implemented in Java while our code
is C++, so the comparisons should be taken with a grain of salt. All experiments were
conducted on a standard laptop with 16 GB of RAM and a 3.2 GHz processor using a single
CPU core.

1 We also implemented a third version which represents clusters using a standard std::set object from
C++. This was used to validate that all three methods produced the same incompatibility graph, on
all pairs of trees (which was the case). We do not report the times for that third implementation, as it
is about 10 times slower than the bit array version.

2 To be fully specific, the timer starts at the beginning in the getGeodesic function, and stops right after
the function getIncidenceMatrix has returned.
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4.1 Datasets
We analyzed random trees and simulated gene trees with incomplete lineage sorting.

Random trees. For each n ∈ {20, 50, 100, 200, 500, 1000}, we generated 50 random binary
trees with n leaves. We used the standard randomization process where we start with a root
containing all leaf labels, then choose a random partition into two non-empty sets, add two
children to the root and pass them the respective labels sets, and then repeat recursively. In
each tree, we then added a new leaf adjacent to the root, to simulate the reduction from
unrooted to rooted trees described in Proposition 8.

With each implementation and each n, we computed the incompatibility graph for each
of the

(50
2

)
= 1225 pairs of trees that we generated.

Simulated trees. In order to analyze trees that are more likely to occur in evolution, we
generated gene trees with SimPhy [21] under varying levels of incomplete lineage sorting
(ILS). We turned off gene duplication, loss, and transfer events. In a nutshell, using SimPhy
as such generates a species tree and then gene trees that evolve inside of it. With no ILS, all
gene trees are identical to the species tree. As the amount of ILS increases, the gene trees
maintain alleles for longer periods of time in the species branches, making them become
increasingly different from the species tree, and from each other. The level of ILS therefore
has an impact on the number of incompatibilities created between the gene trees. In SimPhy,
the population parameter controls the amount of ILS, and we observed incompatibilities only
at populations from 106 and onwards.

So, for each n ∈ {20, 50, 100, 200, 500, 1000} and each population p ∈ {106, 107, 108, 109},
we simulated 50 gene trees with SimPhy. As before, with each implementation and each n,
we computed the incompatibility graph for each of the

(50
2

)
= 1225 pairs of trees.

4.2 Results on random trees
The total running time to compare all pairs of random trees is shown in Figure 3. The x-axis
is the number of leaves and the y-axis is the number of seconds needed to compare all pairs
of random trees.

2050 100 200 500 1000
0

200

400

600

800

1000

1200

1400
Timing comparison by number of leaves

fasttime
naivetime
bhvtime

2050 100 200 500 1000

10 1

100

101

102

103

Timing comparison by number of leaves (logscale)
fasttime
naivetime
bhvtime

Figure 3 Total running time to compare all
(50

2

)
pairs of random trees, per number of leaves.

x-axis: number of leaves. y-axis: total time in seconds. On the left, a standard scale is used for
the y-axis. On the right, the same data but using a logarithmic scale for the y-axis.

It is not surprising to see that the fast implementation is much faster, especially as
the trees get larger. The magnitude of the speedup of our algorithm is easier to see using
a logarithmic scale (on the right). The fast algorithm tends to be about 10 to 30 times
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times faster than our naive implementation, and around 100 times faster than the BHV
implementation. Notably, with the most interesting case of n = 1000, the times to compare
all pairs of trees for fast, naive and bhv were respectively 13, 296, and 1352 seconds.

Density analysis: large trees have sparse incompatibility graphs. We define the density of
an incompatibility graph GT,T ′ as |E(GT,T ′ )|

|I(T )|·|I(T ′)| . This is the number of edges of GT,T ′ divided
by the maximum possible number of edges. Figure 4 illustrates the average density of the
random trees as a function of n.
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Figure 4 Average density GT,T ′ for the pairs of random trees, with respect to the number of
leaves.

The figure shows that the proportion of incompatibilities decreases quickly as we increase
the size of the trees. We are not aware of any study that establishes the probability of two
clusters from random trees to be incompatible, but there is at least an intuition that explains
this. In a binary tree, “most” clusters are expected to be very small, in the sense that clusters
of small constant size represent a large proportion of the clusters. As n gets larger, such
constant-size clusters are more likely to be non-intersecting with the clusters from the other
tree. In other words, small clusters dominate the proportion of clusters, and the proportion
of clusters they are incompatible with goes down with n.

One way to see this more concretely is to think incompatibilities between cherries in the
trees, i.e., nodes whose children are both leaves, and therefore whose cluster has size 2. For
example, if T, T ′ are fully balanced binary trees, roughly half of the internal nodes in either
tree are cherries. The cluster {x, y} of a cherry of T intersects only at most two cherries of T ′,
so the proportion of cherries of T ′ that {x, y} is incompatible with vanishes very quickly as n

grows. Then, if we consider clusters of size at most 4, they make up about 75% of the clusters
in either tree, and using the same argument, the proportion of possible incompatibilities
with subtrees of size 4 decreases as n grows, and so on.

Characterizing the expected density of GT,T ′ of two random trees T, T ′ as a function of
n is an interesting side question, but it is outside the scope of this paper. Nonetheless, we
would argue that the fact that the density goes down with n is a strong argument in favor of
our algorithm. It means d has a lesser impact in the O(n + d) complexity when n gets large.

4.3 Results on simulated gene trees
Running time analysis. Figure 5 shows the total running times on Simphy gene trees, where
there is one curve for each combination of method and population. The tendencies are the
same as in the random trees (notice, the curves are clustered by method for all population
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sizes). We notice that the fast implementation is slightly slower on larger populations. This
is very likely because those produced denser graphs and therefore larger values of d, as shown
in the next subsection.

In contrast, the bhv implementation was noticeably faster on larger populations (the
gap in the plot between population 109 and the others is significant as it uses a logarithmic
scale). This required investigating the code for an explanation. It turns out that the bhv

implementation is slower when the given trees are similar. This is implementation-specific
and outside the scope of this paper, but in a nutshell, we found that this is caused by the
pre-processing that enumerates common splits. If any such split exists, the algorithm repeats
recursively on the matching subtrees on each side of the common split, thereby starting
two new common split enumerations on the two smaller pairs of subtrees. So basically, this
common splits enumeration happens as often as the number of common splits, making it
slower on similar trees. This also explains why the total bhv times on gene trees are higher
than on the random trees, because random trees seem to rarely share the exact same splits.
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Figure 5 Total running time to compare all
(50

2

)
pairs of gene trees, for each population, per

number of leaves (in the legend, pop = X means a population of 10X). x-axis: number of leaves.
y-axis: total time in seconds. Full lines as fast, dashed lines are naive, and dotted lines are bhv.
Note, the y-axis uses a logarithmic scale (the standard scale plot did not add anything meaningful,
so we omit it).

Density analysis. Figure 6 shows the average density of the incompatibility graphs on the
SimPhy datasets, for each number of leaves and population size. As in the random trees,
we again observe a decrease in density as n grows, highlighting once again the importance
of output-sensitive algorithms for large n. Note, the curve for population size pop = 1e6
behaves a bit more erratically – this is probably because for the vast majority of pairs of
trees T, T ′, the graph GT,T ′ has 0 edges, so the few graphs that do have edges affect the
average in more pronounced ways.

We also find it interesting that the amount of ILS in the trees has a direct impact
on the proportion of incompatibilities. Although this is not surprising, it highlights that
incompatibility graphs capture biologically meaningful disagreement between trees, rather
than merely representing an abstract combinatorial object, which further motivates the need
for efficient algorithms in downstream applications such as BHV distance computations and
network inference.
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Figure 6 Average density of GT,T ′ for the pairs of SimPhy gene trees, with respect to n the
number of leaves. There is one curve for each population size, from 1e6 = 106 to 1e9 = 109. For
pop = 1e6 and n = 20, there is no point because the average density is 0, which cannot be displayed
on a logarithmic scale.

5 Conclusion

In this work, we presented the first output-sensitive algorithm for constructing incompatibility
graphs between pairs of rooted or unrooted phylogenetic trees. Beyond the theoretical
improvement, our experiments demonstrate that incompatibility graphs arising from random
and simulated data are often sparse in practice, making the output-sensitive complexity
especially relevant for large datasets. In particular, we observed substantial empirical
speedups over existing implementations used in BHV distance computations.

The algorithm opens several directions for future work. On the practical side, it would
be interesting to integrate the method directly into software for BHV distance computation,
phylogenetic network reconstruction, and supertree inference, in order to evaluate its impact
on large-scale biological datasets. From a theoretical perspective, several questions remain
open. Most notably, we do not know whether the incompatibility graph of k trees can be
constructed in optimal time O(nk + d), where d is the number of incompatibility edges.
Another interesting direction is to better understand the expected structure and density
of incompatibility graphs under probabilistic models of tree evolution, particularly in the
presence of processes such as incomplete lineage sorting, hybridization, or horizontal gene
transfer.
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A Proofs for Section 3 (Computing incompatibility graphs)

▶ Theorem 6. Algorithm 1 correctly computes the incompatibility graph GT,T ′ of two trees
T, T ′ with the same leaves in time O(n + d), where n is the number of leaves of the input
trees, and d is the number of edges of GT,T ′ .

Proof. Let T, T ′ be the two input trees. We first consider the time complexity of the
algorithm, then prove correctness afterwards.

Running time analysis. Let us first observe that for any two nodes u, v ∈ V (T ), we have
u ⪯T v if and only if lcaT (u, v) = v. Thus constant time lca queries allow checking whether
u ⪯T v in time O(1). We can also check if u ≺T v by simply ensuring that u ⪯T v and u ̸= v.
The same holds for ancestry relations in T ′.

Let us now consider the pre-processing steps of the algorithm. Pre-processing for O(1)
lca queries, constructing →µ and ←ν , and pre-processing for O(1) diff_anc queries are already
known to be doable in time O(n). For the graph G, we assume that it is stored as an
adjacency list. Specifically, we assume that each node in V (T ) ∪ V (T ′) is assigned a unique
integer between 1 and |V (T ) ∪ V (T ′)|, which is O(n). To initialize G, we create an array of
length |V (T )|, with the i-th element intended to contain the list of neighbors of the i-th vertex
of T , with each element of the array consisting of an empty list initially. This initialization
takes time O(n), and we assume that inserting an element in the i-th list takes constant
time. However, we do not assume that checking whether an element is present in the i-th
list takes constant time, which is why we use the global array Q. Speaking of which, this
array also take time O(n) to initialize.

Let us next argue that any edge {v, x} gets added at most once during the course of the
whole algorithm. This is because edges incident to v are only added when we iterate on v in
the main procedure. During that iteration, we always check that Q[x] ̸= v before adding
{v, x} to G, and if we do add the edge we set Q[x] = v right after, which ensures that the
edge cannot be added a second time later on. Thus we add every edge of the incompatibility
graph once, and so the number of times that we go through the instruction “Add {v, x}
to E(G)“ in either subfunction is exactly |E(G)| = d. In particular, this implies that in
total, throughout the execution of the whole algorithm, we spend a total time of O(d) inside
the loop of line 16 in check_between, because each iteration adds an edge and each edge is
added once (and the conditions and instructions of the loop are easily seen to be doable in
constant time).

With this in mind, we now focus on the time needed to call check_between(v, G) for a
node v ∈ V (T ). We make |chT (v)| iterations of the main loop that iterates on the children
of v. For one such child w, consider the loop “while x ̸= ⊥ and ←

ν (x) ⪯T v” on line 14.
We claim that for any v and w, we spend time O(1) in this loop. Before the first iteration,
x = →

µ(w), and so ←ν (x) must be w or one of its ancestors (this is because →µ(w) = x implies
that CT ′(x) contains all of CT (w), and ←ν (x) is thus an ancestor of all elements of CT (w)).
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This means that before entering the loop, either ←ν (x) is w, or v, or a strict ancestor of v.
If ←ν (x) = w, then in the next iteration, the value of ←ν (x) must change by the definition of
diff_anc, and therefore after 0 or 1 iteration we know that ←ν (x) is v or one of its strict
ancestors (or ⊥ and we exit the loop). Another iteration is required at this stage only if
←
ν (x) = v. The next iteration after that ensures that v ≺T

←
ν (x) or ←ν (x) = ⊥, so we make

at most two iterations of this loop, each taking O(1) time by our pre-processing for fast
diff_anc queries. Thus if we omit the time spent inside the loop on line 16, check_between

takes constant time per child w of v and therefore a total time of O(|chT (v)|) on input v (this
includes the time we spend to check the conditions of the loop on line 16 without entering
it). Overall, adding in the time O(d) spent in the loop of line 16, we total time spent in
check_between over all v ∈ V (T ) is

O(d +
∑

v∈V (T )

|chT (v)|) = O(d + n),

which is because
∑

v∈V (T ) |chT (v)| is just the number of edges of T , and this number is O(n).
Now let us consider the time spent in check_incomp_child. For w ∈ V (T ), we denote

by degG(w) the number of edges incident to w in G. Again, we make |chT (v)| iterations of
its main loop. For each child w of v, we first go through the loop on line 23, which iterates
through the degG(w) edges {w, x} incident to w in G (note, the enumeration takes time
O(degG(w)) since G is implemented as an adjacency list). For each such edge {w, x}, the
check for v ≺T

←
ν (x) and Qa[x] ̸= v, and if needed adding {v, x} to E(G) and putting Qa[x]

all take O(1) time. Therefore, the loop on line 23 takes time O(degG(w)) per child w. For
input v, this results in a time of O(|chT (v)| +

∑
w∈chT (v) degG(w)), which overall across T is

O

 ∑
v∈V (T )

|chT (v)| +
∑

w∈chT (v)

degG(w)

 = O(n + d).

To see why, notice that
∑

v∈V (T ) |chT (v)| is the number of edges of T and thus O(n), and in
the sum

∑
v∈V (T )

∑
w∈chT (v) degG(w), we have that for any w ∈ V (T ), the term degG(w) is

added at most once, which is when the first summation over v is iterating on the parent v

of w.
By summing the O(n) time spent in pre-processing, plus the O(n + d) time spent in

check_between, plus the O(n + d) time spent in check_incompat_child, we get a running
time of O(n + d).

Correctness. Let us now argue correctness. We prove by induction on the postordering
of V (T ) that for each v ∈ V (T ), the algorithm adds an edge {v, x} if and only if v, x are
incompatible. Note that this statement allows v to be a leaf. As a base case, suppose that v

is a leaf of T . Then v is not incompatible with any node of T ′. The functions check_between

and check_incomp_child are not even called on input v, so the algorithm adds no edge
incident to v in G, which is correct.

Now assume that v is not a leaf and assume by induction that in G, the edges incident to
each child w of v are correct.

Suppose that the algorithm adds an edge {v, x}. Assume first that the edge is added in
the call to check_between on input v, while iterating over some child w of v. That iteration
starts with x = →

µ(w). At this moment, Observation 3 implies that CT ′(x) ∩ CT (w) ̸= ∅,
which in turn implies CT ′(x) ∩ CT (v) ̸= ∅. Then the loop on line 14 maintains that property,
since x is updated to become one of its ancestors (unless we get x = ⊥, but we exclude this
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case since it would become impossible to add an edge in the other loop of line 16). The
same property also holds across every iteration of loop on line 16, so every value of x ̸= ⊥
encountered in the iteration on w satisfies CT ′(x) ∩ CT (v) ̸= ∅.

When we exit the loop on line 14, since we assume x ̸= ⊥ we get that ←ν (x) ⪯T v

is false after the loop. Since CT ′(x) ∩ CT (v) is non-empty, ←ν (x) is an ancestor of some
descendant of v and thus ←ν (x), v cannot be incomparable. It follows that v ≺T

←
ν (x). The

latter property is maintained after every iteration of the loop on line 16, when x is updated
to its parent, because ←ν (x) ⪯T

←
ν (parentT ′(x)) (as long as x ̸= ⊥). Then, if we add an edge

on line 17, the condition x ≺T ′
→
µ(v) is verified explicitly. Thus if we reach that line, we have

CT ′(x) ∩ CT (v) ̸= ∅, v ≺T
←
ν (x), and x ≺T ′

→
µ(v). These are the conditions of Lemma 4, and

v, x are incompatible, as desired.
So assume that the algorithm adds {v, x} in a call to check_incomp_child, while iterating

over some child w of v. Thus v has a child w such that {w, x} ∈ E(G), and so by induction
w, x are incompatible, and v ≺T

←
ν (x) if checked explicitly. By Lemma 5 v, x are incompatible

and adding {v, x} is correct. Therefore, all edges added by the algorithm are correct.
Conversely, we argue that if v, x′ are incompatible, then the algorithm adds the edge

{v, x′} (we use x′ here to distinguish it from the variable x used by the algorithm). Note
for later reference that for any x ∈ V (T ′), {v, x} is added by the algorithm if and only Q[x]
is set to v at some point (because when entering check_between on input v, no previous
iteration could have put the value of v in Q, and then Q[x] is set to v precisely after adding
{v, x} in either subroutine).

Now, by Lemma 5, the incompatibility of v, x′ implies that v ≺T
←
ν (x′) and v, x′ satisfy

one of the two conditions of the lemma. Suppose first that condition (a) is true, i.e., v has a
child w such that →µ(w) ⪯T ′ x′ ≺T ′

→
µ(v). We claim that {v, x′} gets added by check_between.

The main difficulty of the proof is to argue that the Q[x] ̸= v condition does not make us
miss edges.

Let w1, w2, . . . , wk be the children of v, in the order that the function check_between

iterates on them. Note that for i = 1, . . . , k, when iterating on wi, all the values of x

encountered in check_between are ancestors of →µ(wi). Thus after iterating on wi, having
Q[x] = v is only possible if x is an ancestor of at least one of w1, . . . , wi. Now let j be the
minimum index such that x′ is an ancestor of →µ(wj) (such a j exists since →µ(w) ⪯T ′ x′ for
some w). Recall that by Lemma 5, we know that v ≺T

←
ν (x′). When iterating on wj , the

loop of diff_anc reassignments on line 14 starts with x = →
µ(wj) and will stop at some node

x that descends from x′ (with equality possible). Since x ⪯T ′ x′, none of w1, . . . , wj−1 has
x as an ancestor (otherwise it would have x′ as an ancestor), and therefore Q[x] ̸= v. The
same is true for any ancestor of x. Moreover, we have x′ ≺T ′

→
µ(v) by Lemma 4, and thus

x ≺T ′
→
µ(v) as well, and the same holds for every node on the path between x and x′. It

follows that when iterating on wj , the algorithm will enter the loop of line 16 for x and all of
its ancestors up to x′, and therefore {v, x′} will correctly get added to E(G).

Suppose instead that condition (b) is satisfied, i.e., v has a child w such that w, x′ are
incompatible. If {v, x′} gets added by check_between, we are done, so assume otherwise.
Consider the call to check_incomp_child on input v, when we iterate on w. The edge
{w, x} is present by induction and the algorithm will enter the loop of line 23 on edge {w, x}.
If Q[x] = v, the edge was added at an earlier moment and we are done. Since v, x′ are
incompatible, v ≺T

←
ν (x′) by Lemma 5. We therefore enter the “if” statement and add {v, x′},

as desired.
We have thus shown that v, x are incompatible if and only if the algorithm adds {v, x}

to G, which concludes the correctness proof. ◀
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▶ Proposition 8. Let U, U ′ be two unrooted trees with L(U) = L(U ′) = {1, 2, . . . , n} with
n ≥ 3, and let T, T ′ be the rooted trees obtained from U and U ′, respectively, by assigning
the neighbor of leaf 1 as the root in both trees.

Let uv ∈ E(U) and xy ∈ E(U ′), where u is the parent of v in T and x is the parent of y

in T ′. Then SU (uv) and SU ′(xy) are compatible splits if and only if CT (v) and CT ′(y) are
compatible clusters.

Proof. First note that the condition n ≥ 3 ensures that the neighbor of leaf 1 in both U and
U ′ is not a leaf, and thus that the rootings are valid (in particular, since no node of U and
U ′ has degree 2, the internal nodes of T and T ′ all have at least two children).

Let A|B be the split of uv in U , with B = CT (v), and let C|D be the split of xy in U ′,
with D = CT ′(y). If B contains 1, then B = {1} because 1 is a child of the root. In that
case, one of B ∩ C or B ∩ D is empty because one of C or D does not contain 1, and the two
splits are compatible. Moreover, B and D are compatible clusters because a cluster with a
single element is compatible with any cluster. Thus our statement holds when B contains 1.
Using the same arguments, it also holds if D contains 1.

Assume from now on that B and D both do not contain 1. Suppose that A|B and C|D are
compatible splits. Then by Proposition 7, one of the intersections A ∩ C, A ∩ D, B ∩ C, B ∩ D

is empty. Note that A ∩ C ≠ ∅ since both A and C contain the leaf 1, because A = L(U) \ B

and C = L(U ′) \ D. If A ∩ D = ∅, then every element of D must be in B, and B, D are
compatible clusters by Proposition 1 since D ⊆ B. If C ∩ B = ∅, then likewise B ⊆ D

and B, D are compatible clusters. Finally, if B ∩ D = ∅, then B, D are compatible clusters
directly by Proposition 1. In all cases, A|B, C|D being compatible implies that B = CT (v)
and D = CT ′(y) are compatible.

Conversely, suppose that B, D are compatible clusters. By Proposition 1, either B∩D = ∅,
or B ⊆ D, or D ⊆ B. If B ∩ D = ∅, then A|B, C|D are compatible splits by Proposition 7.
If B ⊆ D, then B ∩ C = ∅ and the two splits are compatible, and if D ⊆ B then A ∩ D = ∅
and the two splits are again compatible. This concludes the proof. ◀

▶ Proposition 9. Let T, T ′ be two trees and let T̃ , T̃ ′ be defined as above. Then |V (GT̃ ,T̃ ′)| ≤
|V (GT,T ′)| + 2. Moreover, ux is an edge of GT,T ′ if and only if ux is an edge of GT̃ ,T̃ ′ .

Proof. The bound on the number of vertices is obvious because T̃ has at most one more
internal node than T , and T̃ ′ has at most one more internal node than T ′. For the other
statement, suppose first that u ∈ I(T ) and x ∈ I(T ′). Notice that CT (u) = CT̃ (u) and
CT ′(x) = CT̃ ′(x). Therefore for such pairs of vertices, ux ∈ E(GT,T ′) if and only if E(GT̃ ,T̃ ′).

Now suppose that u ∈ I(T̃ ) \ I(T ). Then it must be that u = ρ(T̃ ). By construction, we
have CT̃ (u) = L(T )∪L(T ′). Also, for any x ∈ I(T̃ ′), we have CT̃ ′(x) ⊆ L(T )∪L(T ′) = CT̃ (u).
Thus u and x are compatible. Therefore, u is an isolated vertex in GT̃ ,T̃ ′ . Using a symmetric
argument, we get that any x ∈ I(T̃ ′) \ I(T ′) must be the root of T̃ ′ and an isolated vertex in
GT̃ ,T̃ ′ . It follows that the edge sets of GT,T ′ and GT̃ ,T̃ ′ are identical. ◀
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