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—— Abstract

Constraint-based metabolic modeling is the predominant framework for simulating cellular metabol-

ism. The central assumption of these models is that metabolism operates at a steady state, meaning
that the production and consumption rates of each metabolite are balanced. This assumption
imposes linear constraints on the fluxes of biochemical reactions. Flux Balance Analysis (FBA), a
fundamental method in the field, is formulated as an optimization problem maximizing a cellular
objective (e.g., growth) over the resulting linear subspace of steady state fluxes. Many other methods
in the field are expressed either as a modification to FBA, or use FBA as a black box within an
algorithm. Here, we propose a general alternative to optimization called FBApro. For any given
vector of reference fluxes, FBApro finds the closest flux vector within the steady-state subspace,
and accounts for both partially given reference fluxes and exact constraints on reactions. While
FBApro is the solution to a quadratic program, we show that it can be implemented as a single linear
operation using orthogonal projections to corresponding affine spaces and sets of linear equations.
The overall approach is computationally efficient, does not require a cellular objective, and is easy
to implement. We formally derive the closed-form expressions for FBApro and simpler variants, and
validate it on both synthetic and real cancer cell line data.

Code availability. The code implementing FBApro is available at https://github.com/
Singh-Lab/FBApro. All code required to reproduce the figures in the paper is available, although
the data used must be sourced separately. The repository also contains toy models and examples.
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1 Introduction

Cellular metabolism is a complex, tightly regulated process that underlies the behavior of
biological systems. Modeling metabolism requires characterizing both the biochemical capab-
ilities of organisms, as well as developing computational methods to simulate these processes
under specific conditions. Constraint-Based Metabolic Modeling (CBMM) has emerged as
a widely-used framework for such simulations. It assumes a steady-state regime in which
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metabolite concentrations remain constant and reaction fluxes must balance. Mathematically,
the steady-state regime is expressed as the kernel of a stoichiometric matrix representing the
metabolic model (see Figure 1, and Appendix Section A.1 for more details).

CBMM has a long history, with theoretical foundations laid more than 40 years ago. Its
most fundamental method is Flux Balance Analysis (FBA) [24, 23, 11], which formulates
a linear program to capture steady-state flux constraints, individual reaction bounds and
an organism-level objective. Large-scale sequencing efforts have enabled the construc-
tion of genome-scale metabolic models for numerous organisms [22], and FBA has been
instrumental in predicting the metabolic phenotypes of unicellular organisms under various
growth conditions [9, 26, 18, 19]. Extensions to FBA have also enabled FBA-based predictions
of gene knockout effects (e.g., MoMA [27] and ROOM [28]).

Modeling of multi-cellular organisms remains challenging due to heterogeneity across cell
types, unclear metabolic objectives, and limited knowledge of in vivo metabolite availability.
These problems are even more pronounced in applications of CBMMs to cancer metabolism,
where altered metabolism plays a significant role [6]. The unique challenges of multicellular
metabolic modeling, together with the increased availability of ’omics data, have led to the
development of numerous methods integrating ’omics data with metabolic models. Such data
can help tailor CBMMs to specific cell types, tissues, and disease contexts by identifying
which metabolic genes and pathways are likely active, thereby helping to constrain the space
of feasible fluxes and improving context-specific predictions. Gene expression (GE) data are
the most widely available ’omics data, and many algorithms integrate GE with metabolic
models to construct context-specific networks or infer context-specific reaction fluxes (e.g.,
GIMME [4], iMAT [29], MBA [15], INIT [1]), including extensions to incorporate single-cell
RNA-seq data (e.g., Compass [30]). Most of these methods formulate optimization problems
that incorporate both steady-state constraints and data fidelity terms, often resulting in large
linear or mixed-integer programs, sometimes approximated by greedy heuristics. Scaling
these approaches to large cohorts or single-cell datasets poses substantial computational
challenges.
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Figure 1 Left: A metabolic model. Each node corresponds to a metabolite, and each hyperedge
corresponds to a reaction. For example, reaction 8 consumes metabolite A and produces metabolites
B and C. Right: The steady-state assumption in CBMM. Each column in the stoichiometric matrix
S represents the metabolite changes induced by one reaction (e.g., see the column corresponding to
the reaction 3). Multiplying S by the flux vector v, whose entries represent reaction rates, gives the
net rate of change in metabolite concentrations. The steady state assumption in CBMM is that
metabolite concentrations do not change over time; therefore feasible flux vectors satisfy Sv = 0.



A. Bruner and M. Singh

In parallel, advances in deep learning have enabled breakthrough advances in other areas
of computational biology (e.g., [16]), and highlight the value of domain-specific methods
that admit closed-form differentiable implementations that can be embedded directly into
gradient-based machine learning models. However, to our knowledge, all available CBMM
algorithms are based on solving optimization problems, particularly linear and mixed-integer
linear programs, which are not easily integrated into end-to-end differentiable pipelines.

Here we present FBApro (short for FBA projection), a closed-form linear operation for
solving the following general reference-flux agreement problem: given a reference flux vector
v for a metabolic model with r reactions and steady-state space ker(S) C R", a subset
of high-confidence reactions H C [r] and a disjoint subset of medium-confidence reactions
M C [r], find a steady-state flux vector that agrees with v on H and minimizes the Lo
distance to v on M. This formulation models settings in which the reference vector v combines
heterogeneous sources of information: for example, we may have experimentally-derived flux
measurements for reactions in H (typically known for only a small number of reactions)
and lower-confidence activity estimates for gene-associated reactions, inferred from gene
expression or other ’omics data (not all reactions in metabolic models are associated with
known genes). FBApro is presented as a projection onto an affine space determined by
S, M, H and the values of v on H. Although this affine space depends on the reference
flux input vector v, we show that the resulting projection can nevertheless be expressed
as a linear operator on R” that is independent of v. Thus, for fixed S, M, and H, the
projection matrix can be precomputed once for a given experimental setup and then applied
by matrix multiplication to any number of reference flux vectors. FBApro is therefore orders
of magnitude faster than repeated applications of linear or quadratic programming based
approaches when amortized over many inputs, while additionally being fully differentiable
as a function of v. This amortized setting arises naturally in large-scale studies of human
cancer cell lines or samples, where GE data are available across many biological contexts,
direct flux measurements are sparse or unavailable, and the goal is to infer context-specific
flux states across many samples.

FBApro is related to previous quadratic programming formulations, such as MoMA [27],
which minimizes the distance of a knockout model steady-state flux from a wild-type reference
flux distribution, and the approach of [12] for fitting partially measured flux data. In contrast
to these methods, FBApro is expressible as a simple orthogonal projection, at the cost of
foregoing individual reaction bounds. To our knowledge, a projection-based method for
solving the reference-flux agreement problem has not previously been formally described,
proposed as an alternative to FBA-derived optimization methods, or validated on empirical
data. Orthogonal projections have been used in the flux sampling module of the cobrapy
metabolic modeling library [8] for the special case of M = [r], where they serve as a
computational step for mapping sampled points to the steady-state space. In contrast, we
show that projection can be used as the basis for solving more general reference-agreement
problems involving both equality-constrained and medium-confidence reaction sets. We
present simplified representations for FBApro for this case and the other special cases H = @
and M U H = [r], with some cases admitting multiple equivalent expressions.

We illustrate the use of FBApro on an example “toy” model, and validate it on both
simulated and cancer cell line data. On simulated data, we first compare the running time of
FBApro to FBA, iMAT [29], and MoMA [27], and find that FBApro is orders of magnitude
faster. We compare FBApro to FBA as it is the de facto method for metabolic modeling and
has been used in various ways to incorporate GE values [7, 17, 20]; to iMAT as it is a widely
used method for integrating GE with metabolic models to uncover steady state fluxes that
are “consistent” with the GE data; and to MoMA as it solves a similarly phrased problem
to FBApro using the traditional optimization approach. The aforementioned methods also
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have an available implementation written in Python. We then consider simulations where
exact, noisy and missing data are derived from steady state fluxes, and demonstrate that
FBApro is competitive with previous approaches in recapitulating the known steady state
fluxes, while requiring a fraction of the running time. Finally, we consider cancer cell-line
GE and reaction flux data to show that FBApro surpasses or has competitive performance in
imputing unmeasured fluxes and mapping GE data to the steady-state space while predicting
corresponding unseen data. Overall, our results suggest that FBApro is a flexible, modular
and effective approach for high-throughput and large-scale metabolic modeling.

Organization of remainder of the paper. In Section 2, we give formal definitions of the
variants of FBApro and state the theorems that allow us to derive the algorithms underlying
FBApro. In Section 3, we prove the theorems and derive the expressions for variants. In
Section 4, we show how FBApro can be utilized to integrate data into a model, using a “toy”
metabolic model. In Section 5, we demonstrate the performance of FBApro on simulated
and real empirical data, and give some concluding remarks in Section 6.

2 Problem Statements

2.1 Definitions and Notations

Let m,r € N be the number of metabolites and reactions in a metabolic model, and
S € R™*" be the stoichiometric matrix of the model, such that a unit of flux in reaction j
produces S; ; units of metabolite ¢ (or consumes, if negative). The steady-state space of the
model is the set of flux assignments for which each metabolite has zero net production; i.e.,
ker(S) = {v € R"|Sv = 0}. As an alternative representation for the steady-state space, let
I = dim(ker(S)) and let A € R"*! be a matrix whose columns form an orthonormal basis of
ker(S), so that col(A) = ker(S) and AT A = I, computable from S using a Singular Value
Decomposition (SVD).

Our methods use the Moore-Penrose inverse for projections and solutions for systems of
linear equations. For a matrix X, let X denote its Moore-Penrose inverse, or pseudoinverse
(also computable from X using SVD). We also make use of vector restrictions, and associated

restriction matrices: for a vector v and index set Q@ = {q1,...,q)}, denote by vy =
(Vgys - - ,Uqul)T the restriction of v to @, and let Pg € {0, 1}/9/X" be the restriction matrix
to @,

I j=a
Po)iy =
(Fo)is {0 otherwise,

such that Vv.Pgv = vg. Similarly, for a matrix X € R?*? and index sets Z C [a], J C [b],
we denote the submatrix restricted to these sets by Xz, 7 = {X, ;i € Z,j € J}. Denote
by M, H C [r] the indices of medium and high confidence reactions, respectively, with an
arbitrary order over the sets. Let B € R™*("~IH) bhe the matrix whose columns are the
standard basis vectors {e;|i ¢ H} of R”, spanning all flux vectors with the reactions of H
carrying no flux.

2.2 FBApro: General case

The main problem we solve is the general problem of finding a steady-state flux x € R"
given S approximating a given reference flux v € R” for reactions with indices in M C [r]
and equaling v for reactions with indices in H C [r], with H N M = &. Our problem can be
formulated as:
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» Problem 1.

FBApro(S,M,H,v) = argminger- ||vn — UM||§
subject to Sx =0

TH = VH,

where argmin refers to any solution minimizing the distance. An algorithm that solves
FBApro in this most general form derives from the following theorem:

» Theorem 1. With P := Py the restriction matriz to M, and B spanning all fluzes in
reactions not in H, define

D =AA" + BBT, C =[BBTD"A: AATD'B], E=C(PC)"P,
with : denoting concatenation of columns. Then, if a solution to Problem 1 exists,
FBApro(S,M,H,v) = (E(I, — AATD") + AA"D") v.

The proof of this Theorem is given in Subsection 3.3. In practice, this theorem shows that,
given v, FBApro(v) can be simply expressed as a multiplication of v by a precomputed matrix!.
Computing this matrix requires a constant number of matrix multiplication, addition and
concatenation operations, as well as a constant amount of SVD computations, all for matrices
of O(maxz{r,m}) rows and columns. Typical metabolic models have numbers of reactions
and metabolites on the same order, and so assuming m € ©(r) the entire preprocessing has
time complexity O(r?), and theoretically lower if fast matrix multiplication is considered.
Each subsequent application of FBApro for different reference value vectors has a time
complexity of O(r?).

Linear programs like FBA are typically solved with the simplex method, which has a worst-
case exponential complexity but is polynomial in practice, and provably polynomial methods
exist admitting a complexity of O(r?), similarly improved by fast matrix multiplication.
Convex quadratic programs like MoMA also have a cubic complexity, in contrast to mixed-
integer programs like iMAT which are NP-hard. Note that unlike FBApro, there is no
improvement in amortized time complexity gained by solving these programs for multiple
samples.

2.3 FBAproBasic: Noisy Flux Estimates for All Reactions

Before proving our main result, we also consider special cases of FBApro, the simplest of
which is formalized next.

» Problem 2.

FBAproBasic(S,v) = argmingegr ||x — v||§

subject to  Sx =0,

corresponding to M = [r]. This formulation is similar in spirit to the optimization problem
posed by MoMA [27], differing in the exclusion of reaction bounds I < v < w, and the
typical MoMA use case of simulating knockout behavior with the constraint v; = 0 for
some reaction i. Since a knockout can also be represented either by setting I; = u; = 0 or

1 We will sometimes refer to FBApro as FBAproFull to differentiate it from other simpler versions of the
algorithm.
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by considering a stoichiometric matrix with column ¢ removed, only the reaction bounds
meaningfully differentiate the two problems. However, unlike MoMA, FBAproBasic admits a
closed-form solution using an orthogonal projection, as described in the next theorem:

» Theorem 2.
FBAproBasic(S,v) = AATv = (I — STS)w.

FBAproBasic is equivalent to an orthogonal projection to a linear subspace, a standard
linear algebra operation. Nevertheless, for completeness and as a “warm up” for the other
proofs, we include in Appendix Section B a standalone proof for Theorem 2, relying only on
basic linear algebra and the properties of the pseudoinverse.

2.4 FBAproPartial: Handling Unknown Flux Values

The following case corresponding to H = & is not directly represented as an orthogonal
projection, and to our knowledge has not been studied before:

» Problem 3.
FBAproPartial(S, M,v) = argminger- ||xpm — vMHg
subject to Sz =0,
for which we show:
» Theorem 3.
FBAproPartial(S, M,v) = A(PyA)t Pyro.

Thus, as with general FBApro and the simple FBAproBasic, the algorithm for finding the
flux vector satisfying our constraints corresponds to precomputation of a matrix based on
the metabolic model and knowledge of which reactions mid-confidence, followed by a simple
matrix multiplication involving the input flux vector.

2.5 FBAproFixed: Handling Exact Flux Values

The case corresponding to M U H = [r] leads to the following problem:

» Problem 4.
FBAproFixzed(S, H,v) = argmingerr |z — v||§
subject to Sx =0
TH = VH,
This problem can be thought of as an orthogonal projection to the affine space (v + col(B))N

ker(S), if a solution exists and the intersection is not empty. We first derive an expression
for FBAproFixed using basic linear algebra:

» Theorem 4. Define H® = [r] \ H and define Q € R™ " such that its restriction sub-
matrices are

Qm,H =l

Qu,me =0

QHe H == (S[m],H“)+S[m]7H

Que.me = (Ljre| = (Spm),pre) " Spm) e -

If a solution to Problem 4 exists, then FBAproFized(S, H,v) = Qu.



A. Bruner and M. Singh

We prove this derivation in the Appendix Section C. Before proving our main theorem, we
draw on [25] to derive the following alternative representation:

» Theorem 5. As previously defined, let
D =AA" + BBT, C =[BBTD"A: AATD' B,
If a solution to Problem 4 exists, then
FBAproFized(S,H,v) = (CC* (I, — AATD') + AATD ") .

The proof is given in Subsection 3.2, and is followed by the proof of the main theorem in
Subsection 3.3.

3 Deriving FBApro

Before proving Theorem 1 in Section 3.3, which gives the formula for solving FBApro in its
most general form, we first derive formulas for two simpler cases. In Section 3.1, we consider
FBAproPartial, where the reference flux contains medium-confidence, approximate reaction
values that we aim to match as closely as possible, as well as reactions for which no reference
information is available. In Section 3.2, we consider FBAproFixed, where the reference flux
contains high-confidence reaction values that must be maintained exactly, with the remaining
values optimized over. The proof techniques developed for these two subproblems are then
combined to derive the general FBApro solution.

3.1 FBAproPartial

Recall that FBAproBasic(S,v) = AATv = (I — STS)v. While FBAproBasic can alternat-
ively be computed using either S or A, representing the steady-state space as col(A) allows
for a straightforward representation of the steady-state restrictions using the restriction
matrix P := Py, yielding our single representation for FBAproPartial:

Proof of Theorem 3. Recall that Vz.Px = xp,. Then {zps|x € col(A)} = col(PA) and so

. 2 . 2
min ||lvp — = min ||Pv— .
avEcol(A)H M MH2 yEcol(PA)” y||2

Since col(PA) is a linear space spanned by PA, we know from the proof of Theorem 2 that
a distance minimizing y in the space can be expressed as y = (PA)(PA)"(Pv). Finally, we
want an = € col(A) satisfying Px = y, but we already have the expression y = P(A(PA)* Pv),
yielding x = A(PA)* Pv as a solution, as needed. <

3.2 FBAproFixed

While FBAproFixed admits an expression relying only on basic linear algebra, derived in
Appendix Section C, it does not generalize well to the general problem. For this, we rely on
a closed-form expression for an orthogonal projection to the intersection of two affine space
given in [25, Theorem 4.1}, restated here:

» Theorem 6. If T := (a + col(A)) N (b+ col(B)) is not empty, and with D := AA* + BB*,
then T = ¢+ col(C'), where

c=AA*DT(b—a) +a
and, denoting column concatenation with :,

C = [BB*D*A: AA*D*B].

26:7
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We can now derive the affine intersection formulation of FBAproFixed:

Proof of Theorem 5. Recall that A is an orthogonal basis spanning the steady-state space,
and that B is defined such that Va.z + col(B) = {ylyg = g }. Then the space we seek an
orthogonal projection to is col(A) N (v + col(B)). Following Theorem 6, and given A, B are
real, we define

D = AAT + BBT
c=AATD Y
C =[BBTDVvA: AATD'B],

and the projection of v to ¢ + col(C) = col(A) N (v + col(B)) is

CCH(v—c)+c=CCt(v—AA" D v)+AA" D v = (CCT (I, — AATDT) + AAT D) v. <

3.3 FBApro

To derive FBApro, we combine the restriction method used for FBAproPartial with the
affine intersection representation of FBAproFixed:

Proof of Theorem 1. With ¢ and C as before, and with P := P,;, we want to find x solving

min ||z — o2
rERT 2

subject to Sz =10

TH = VH,
equivalently expressed as

. 2 . 2
— = Pu —
e s =iy = min L lLPe = yll2,

and solved by an orthogonal projection of Pv to Pc+ col(PC). Denoting F = C(PC)* P,
this is given by

PC(PC)*(Pv — Pc) + Pc
= PE(v— AATD% ) + PAAT D
= (PE(I, — AA"D%) + PAA"D") v
=P (E(I, — AATD%) + AA"D") v.
Given a projection of Pv to Pc+ col(PC) denoted y, we now seek x such that Px = y.

As in FBAproPartial, our expression yields such a solution since it is a right product of P,
and thus,

FBApro(S,M,H,v) = (E(I, — AATD") + AA"D") v. <

4 Use Cases

In this section, we illustrate the use of FBApro and its variants on a toy metabolic network,
demonstrating their behavior on data imputation.
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Figure 2 Toy branched pathway. One unit of A is converted to either one unit of B (via
reaction v2) or two units of C' (via reaction vs).

4.1 Toy Model

Consider the branched pathway in Figure 2, loosely analogous to a metabolic branch point such
as the splitting of a precursor between two biosynthetic routes with different stoichiometric
yields. The network has three metabolites A, B, C, five reactions, and the stoichiometric
matrix

where reaction v; imports A from the environment, vo converts one unit of A into one unit

of B, v converts one unit of A into two units of C, and vy, vs export B and C' respectively.

The steady-state space is two-dimensional, parametrized by ¢,s € R as
ker(S)={(t+s, t, s, t, 25) | t,s € R}.

Note that the network definition does not explicitly include bounds on reactions, or the
requirement that ¢,s > 0.

4.2 Data Imputation on Toy Model

Suppose the ground-truth steady-state flux is v* = (7,4, 3,4, 6), corresponding to t = 4, s = 3.

We observe a partial and noisy reference: v; = 7 is measured with high confidence, vz ~ 2.2
and vy =~ 3.6 are measured with moderate noise, while v and v5 are unobserved. We assign
H = {1}, M = {3,4} for FBApro (FBAproFull henceforth, for readability), and set the
reference (input) vector ¥ = (7,0, 2.2, 3.6,0) where entries for unobserved reactions are set to

zero. For FBAproPartial, we set M = {1, 3,4} and treat the first reaction as a noisy input.
For FBAproFixed, we set H = {1} and M = {2,3,4,5}, and for FBAproBasic M = [r].

Table 1 shows the output of each FBApro variant.

The results illustrate the value of the three-level confidence structure. FBApro correctly
treats the high-confidence measurement as a hard constraint, fits the noisy measurements
as well as the steady-state constraint allows, and does not penalize deviations on the
unobserved reactions. Each special case loses one of these advantages: FBAproPartial treats
the measurement, of v; as noisy, losing information, FBAproFixed assumes unmeasured
fluxes should be minimized in absolute value, and FBAproBasic suffers from both effects
simultaneously. While this order of performance is expected, we note that different orders
are possible depending on different factors, such as the number of unmeasured reactions, or
a positive or negative bias in noisy values.

26:9
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Table 1 Data imputation results on the toy model. The reference ¥ uses zero for unobserved
reactions (marked with “u”). Medium-confidence or approximate values are marked with . Distances
are Lo distances of the output ¥ to the ground truth v*.

v1 U2 U3 V4 Us |0 — o™
Ground truth v* 7 4 3 4 6 -
Reference (input) & 7 0(u) =22 =36 0 (u) -
FBAproFull ¢ 7 4.2 2.8 4.2 5.6 0.53
FBAproPartial © 6.6 4 2.6 4 5.2 0.98
FBAproFixed © 7 5.2 1.8 5.2 3.6 3.17
FBAproBasic ¢ 4.2 3.2 1 3.2 2 5.4

While this imputation problem is natural for FBApro, it does not have a natural rep-
resentation using FBA and most derived methods. FBA can encode noisy observations
only as flux bounds (e.g. vs € [2.5 — €,2.5 + ¢]), requiring an explicit noise model and an
appropriate choice of €. iMAT reduces the quantitative reference to a ternary classification
of reactions as ON, OFF or unconstrained, discarding the numerical signal. MoMA, being
similar in formulation, can recreate the performance of FBAproBasic, and analogues of
FBAproPartial and FBAproFixed could be formulated as quadratic programs with the
appropriate modifications. However, to our knowledge, partial and fixed variants of MoMA
have never been introduced, and would regardless require the optimization of a quadratic
program (or a relaxed linear program).

5 Empirical Validation

5.1 Methods and Their Inputs

FBApro and the benchmark methods differ in the inputs they require and in how they use the
available reference information. In all experiments, the underlying metabolic model provides
a stoichiometric matrix and default reaction bounds. The methods then differ in whether
they additionally require an objective function, a reference vector, or reaction confidence
sets. All methods other than FBApro and its variants are run via their implementation in
cobrapy [8].

FBApro. FBApro variants take as input a metabolic model and a reference flux vector,
together with reaction confidence information. FBAproBasic uses only the reference flux and
the model, without distinguishing among reactions by confidence. FBAproPartial additionally
uses a set of medium-confidence reactions, denoted M, whose reference values are treated as
approximate measurements to be matched as closely as possible. FBAproFixed uses a set
of high-confidence reactions, denoted H, whose reference values are enforced exactly, while
optimizing over the remaining reactions. FBAproFull uses both sets: medium-confidence
reactions M and high-confidence reactions H.

By running special cases of FBApro on data, we effectively ignore some of the information
on reaction confidences. Let My, Hy be the confidences we derived from the data. FBAp-
roBasic uses M = [r], ignoring the different confidences completely. FBAproPartial uses
M = My U Hy, interpreting any reaction with associated data as medium confidence, and
FBAproFixed uses H = Hy, M = [r] \ Hyp, interpreting all reactions without high confidence
as medium confidence.
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FBA. FBA takes as input a metabolic model, specifically a stoichiometric matrix and
reaction bounds, as well as a linear objective function, and computes a steady-state flux
vector within the reaction bounds maximizing the objective (see Appendix Section A.1 for
details). In all experiments, we used each model’s default objective, typically the biomass
reaction. To apply FBA in settings with gene expression or flux measurements, we used
the reference values to modify the model’s reaction bounds, allowing the measurements
to constrain the feasible flux space. For a reaction with reference value = in a particular
sample, and with an assumed gap [, we set the reaction bounds to [x — [,z + {]. In the
synthetic data experiments, we used [ = 107° for fixed reactions, and | = |X| + 107° for
noisy reactions (matching the model we used to generate noise). For real data, we used
[ = |X|. For unmeasured reactions, we used the model’s bounds.

iMAT. iMAT takes a metabolic model and a reference vector as input, which it interprets
as activity measures derived from gene expression (GE) data. It then finds a steady-state
flux vector with high agreement to the reference vector under steady-state constraints (see
Appendix Section A.3). As with FBA, we use the reference values to define reaction bounds
for each sample.

MoMA. MoMA takes as input a metabolic model and a reference flux vector, which it
interprets as fluxes, and finds via quadratic programming the feasible closest steady-state
flux vector to that reference under steady-state constraints (see Appendix Section A.3). Due
to technical issues with the cobrapy implementation of MoMA when using sample-specific
bounds, we use each model’s default reaction bounds for MoMA in all samples.

5.2 Timing Methods

To measure the running time of FBApro and several benchmark methods, we retrieved
five metabolic models for representative organisms from the BiGG Models repository [22]:
a small E. coli core metabolism model (e_coli_core), a genome scale model for E. coli
K-12 (iML1515), a yeast model (iND750), a mouse model (iMM1415) and a human model
(RECONT1). For each model, we first compute a spanning basis for its steady-state flux space
and sample 50 steady-state flux vectors by taking linear combinations of the basis vectors
with coefficients uniformly sampled from [0, 1]. We then select uniformly at random 10% of
the reactions to serve as known reactions, and 50% of the model’s reactions as unmeasured
reactions.

To generate reference fluxes from the sampled steady-state flux vectors, we retain the values
of the known reactions, set the unmeasured reaction values to zero, and add multiplicative
noise to the remaining reactions as follows. For a true value x, we sample the corresponding
noisy value & uniformly from [z — |z|, 2 + |z|]. As described in Subsection 5.1, for methods
requiring bounds as inputs, we use the model’s default bounds for unknown reactions, T + €
with € = 1075 for known reactions, and for noisy reactions, [# — || — ¢, & + |Z| + ¢]. Note
that these bounds do not necessarily contain the true steady-state fluxes. More generally,
deriving bounds from empirical measurements that are both feasible and informative is a
challenging problem.

We measure the running time of FBApro and the benchmark methods on these simulated

fluxes. For FBApro variants, we separately measure the setup time and application time.

The setup time consists of computing the projection matrix used by each method, whereas
the application time is the time required to apply this precomputed projection to a new
reference flux. This distinction is important because the setup cost is paid once for a fixed
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model and measurement structure (i.e., which reaction measurements are fixed, noisy, or
unknown), while the projection can then be reused across many samples. We note that while
FBA, iMAT and MoMA have associated setup steps, notably constructing the associated
linear or mixed-integer program, these are not explicitly exposed through cobrapy. Our
measurements for these methods capture the average running time of a single method call.
Some of the setup time, specifically the base steady-state linear program, is done by cobrapy
at model load time and is thus not captured by our measurements.

For FBApro, we separately measure the setup and running time using CPU and GPU. We
also measure the amortized application time per sample when the precomputed projection is
applied to all 50 samples as a single input matrix. All time measurements were taken on a
node with 1 CPU core, 1 NVIDIA MIG GPU, 32GB of CPU memory and 10 GB of GPU
memory, allocated from the Della cluster of Princeton Research Computing.

Running Time Comparison

Amortized Run Time

B FBAproBasic
10* mmm  FBAproPartial
mmm FBAproFixed
. o mmm FBAproFull
g 10 . == FBA
] s MoMA
& 10-1 IMAT
L
o
£
? 102
o
a
]
£ 107
=
o --
Benchmarks FBApro Setup FBApro
CPU, 1 sample CPU GPU, 50 samples

Figure 3 Timing results, in seconds, on a log scale, averaged over five models and 50 samples per
model. For FBApro variants, setup time on CPU is measured separately, and amortized runtime per
sample on GPU is measured with the inputs given as a single matrix. FBApro and its variants are
orders of magnitude faster than the previous approaches based on FBA, MoMA, and iMAT. Error
bars represent a 95% confidence interval.

For reasons relating to the numerical stability of underlying linear algebra drivers and
their availability on CPU and GPU, we recommend performing the FBApro setup on CPU,
and applying the resulting projection in batches on GPU. Figure 3 shows the corresponding
running time results, with the full comparison available in Appendix Figure 6. A single
application of any of the FBApro projection methods is orders of magnitude faster than a
single application of any of the benchmark methods. This speedup is especially pronounced
in the batched setting, where the fixed setup cost is amortized across many reference fluxes.

The main computational consideration is that the setup time for FBApro variants,
particularly the Fixed and Full versions, is comparable to the running time of MoMA.
However, this is a fixed cost incurred only once for a given metabolic model and measurement
configuration, after which each additional reference flux can be processed very quickly. Thus,
FBApro is particularly advantageous in settings involving repeated inferences over many
samples measured on the same reactions set. These situations naturally arise, for example,
when trying to infer fluxes from gene expression data for large numbers of tumor samples
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(such as from TCGA [13]); in this case, across samples, the same reactions with known
associated genes have estimates of activity that can be used to constrain flux estimates. For
the simplest variant, FBAproBasic, the precomputation is dependent only on the metabolic
model, and can be done on model load time, as currently implemented in cobrapy for the
setup of standard FBA.

5.3 Inferring Hidden Synthetic Data Fluxes

We next evaluate the ability of FBApro and its variants to infer hidden fluxes with a similar
experimental setup. We generated synthetic data on the human metabolic model RECONTI.
First, 2% of the reactions are randomly selected as known, a random 85% are treated as
unmeasured, and the remaining 13% are provided with a multiplicative noise of 100%. 25
steady-state samples are then generated, and processed to reference flux input vectors. After
running each method on these data, for each noisy reaction, we compute the Spearman
correlation between the fluxes returned by each method and the corresponding ground
truth fluxes across samples. We similarly compute the Spearman correlation across the same
reactions for each sample. For any method, if the predictions are constant across the computed
axis, we assign a correlation of zero. We repeat the experiment for 10 independent selections
of known and unmeasured reactions, and aggregate the results, resulting in correlations over
250 samples in total.

Figure 4a shows the average Spearman correlations for each method, computed both
across reactions and samples. In this setting, iMAT returned constant zero predictions. The
FBApro variants outperformed the other benchmark methods, with FBAproFull achieving
the best correlations on both the reaction and sample axes. All FBApro variants performed
better than MoMA and FBA, demonstrating that FBApro can recover hidden flux structure
more accurately than existing approaches when the synthetic data are generated from the
steady-state space.

To assess the sensitivity of these results to the details of the synthetic data generation
procedure, we repeated the experiment using steady-state flux samples generated through
cobrapy’s sampling method, which produces samples constrained by the model’s reaction
bounds. These results are shown in Figure 4b. Overall, correlations are substantially lower
for all methods under this sampling scheme, particularly when comparing predictions for
each reaction across samples. In this setting, iMAT achieves the highest correlations while
most FBApro variants continue to outperform FBA, and FBAproFull remains competitive
with MoMA.

Taken together, these experiments show that FBApro achieves state-of-the-art flux
recovery performance, although the top-performing method can depend on the sampling
procedure used to generate synthetic fluxes. Across both sampling schemes, FBApro remains

among the stronger performing methods, and in the first setting it is the clear best performer.

These accuracy results, together with the amortized timing advantages described above,
indicate that FBApro provides a favorable combination of predictive performance and
computational efficiency.

5.4 Predicting Cancer Cell Line Exchange Rates

To evaluate FBApro on real data, we used metabolite uptake and secretion rates measured
for 52 cell-lines from the NCI60 panel [14]. These measurements were matched to 49 existing
exchange reactions in the RECON1 metabolic model. We additionally matched 45 of these
cell lines with GE data from CCLE [3], reported in TPM units. The GE data was normalized
and mapped to the model reactions to produce reaction activities in the range [0,1]. To
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Figure 4 Method performance on the synthetic data inference experiments. Spearman correlations
between method predictions given partially noisy and missing data, measured on noisy reactions for
each sample and each reaction. Error bars represent a 95% confidence interval.

obtain reaction-specific flux ranges, we ran FVA on the RECON1 model using 90% optimality
and loopless constraints; see Appendix Section A.2 for more details. The reaction activities
were then mapped to GE-derived flux estimates via a linear mapping for each reaction from
[0, 1] to the range between its lower and upper bound. For reactions with no associated data,
we used the mean between the lower and upper bound of the reactions as an estimate. See
Appendix Section D for more details on GE preprocessing.

We performed two experiments on the data. In the leave-one-out experiment, we use only
the exchange rate measurements as reference flux data, filling the rest with the mean of lower
and upper reaction bounds from FVA. For each sample, we mask one exchange reaction at
a time, replacing its value with the mean of bounds as well. We then apply all methods
to predict its flux value, with the unmasked exchange rates considered as fixed values, the
masked as unknown, and the rest as noisy. The concatenated predictions across all masked
reactions form the predicted fluxes by each method for each sample. Note that this results
in 2548 = 49 - 52 applications of each method to the data, highlighting the importance of
efficient methods for working with metabolic data.

In the GE integration experiment, we used only the GE data for reference fluxes as input,
and evaluated how well each method recovered the measured exchange rates. Reactions with
associated GE data were treated as measured, and the rest as unknown. This setting is
more challenging than the leave-one-out experiment because the input data and evaluation
targets come from different molecular modalities, and are linked only indirectly through the
metabolic model. For both experiments and methods taking bounds as input, we used a gap
of x| for a reaction with reference value z.

Figure 5 shows the Spearman correlations between predictions and measured exchange
fluxes, computed separately per sample. In the leave-one-out experiment, where the input
and target measurements come from the same data source, units and experimental setup,
correlations are typically high. FBApro variants are competitive with the other benchmark
methods, with FBAproFull performing the best. In the GE integration experiment, where the
GE-derived reaction activity data is fundamentally different than the fluxes, most FBApro
variants still achieve high correlations and outperform benchmark methods. In contrast,
FBA predicts constant zero fluxes for all evaluated reactions, while iMAT predicts 89% of
the fluxes as zero. These results suggest that FBApro can effectively integrate heterogeneous
real-world measurements and achieve strong predictive performance.
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tions on masked exchanges. reference fluxes.

Figure 5 Method performance on the real data inference experiments. Spearman correlations
between method predictions and NCI60 exchange rate measurements, computed per sample. In the
leave-one-out experiment, each exchange rate is masked in turn and predicted using the remaining
measured exchange rates as input. In the GE integration experiment, matched GE data is used to
create a reference flux vector and method predictions are compared with measured exchange rate
data. Error bars represent a 95% confidence interval.

6 Discussion

In this work we present FBApro, a linear transformation solving the problem of finding a
closest steady-state flux to a noisy, partial reference flux vector. We define the optimization
problem solved by FBApro, as well as special cases of it, derive the expression for the
corresponding linear transformations, and prove these are indeed optimal solutions. We
demonstrate the usefulness of FBApro on an example toy model. We further demonstrate
that FBApro is computationally scalable to large amounts of data, allowing a qualitative
difference in the kinds of data and in vitro experiments that can be utilized with it. FBApro
also performs on par or better than existing methods in denoising and recovering missing
data, as well as on predicting fluxes based on GE.

A major factor of the centrality of FBA in metabolic modeling is the ease with which it
can be modified. Alongside its relative scalability, this resulted in a wide variety of methods
in the field extending the optimization problem or utilizing FBA as a building block within
their algorithm. We believe that FBApro, as another simple, flexible method, can also serve
as another basic building block and inspire more diverse future methods.

Even without further modification, FBApro has a variety of potential use-cases: GE data
integration, where GE of genes for a reaction are used to make initial estimates of fluxes;
noise cancellation and data imputation, where noisy and/or missing flux measurements or
estimates are mapped to steady-state fluxes; simulation of knockdowns, where wild-type
fluxes are replaced with zeros for knocked down reactions; and even simulating different
metabolic objectives, by finding the closest steady-state vector to an indicator vector of the
corresponding reactions.

An important consideration in using FBApro is that it does not enforce reaction bounds.
This enables a substantially simpler framework, but also discards potentially useful inform-
ation. In FBA and related methods, reaction bounds are often needed to ensure a finite
solution; however, their values are typically unknown and frequently set to default values. In
our validations, FBApro performs favorably without bounds. Furthermore, context-specific
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estimated bounds can be interpreted as estimated flux values with associated confidence
ranges and incorporated as reference fluxes. Nevertheless, FBApro cannot enforce reaction
directionality constraints, and this remains an important limitation of the approach.

One motivation for replacing linear programming with a linear transformation is that
the resulting closed-form differentiable function can easily fit within gradient-based learn-
ing frameworks. FBApro could improve metabolic modeling in these frameworks, either
as a concept bottleneck preventing overfitting, or as a mechanism for transfer learning
by constraining an inner layer to have a structure interpretable as reaction fluxes. Integ-
rating neural architectures with CBMM modeling assumptions is a promising avenue for
future research [10, 2], and by mapping model outputs directly into the steady-state space,
FBApro may provide a simple but powerful bridge between flexible neural architectures and
mechanistically constrained metabolic models.
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A Background

A.1 Constraint-Based Metabolic Modeling and Flux Balance Analysis

Let S € R™*" be a stoichiometric matrix whose rows correspond to metabolites and columns
to reactions. The value of S, ; represents the concentration (or amount) of metabolite ¢ (e.g.
in micromolar units uM) produced (or consumed, if negative) by one unit of flux of reaction
J, in inverse time unit (e.g. 1/sec). Given a vector of flux rates v € R", the vector Sv € R™
represents the rate of change in each metabolite. The steady-state assumption at the heart
of CBMM is then Sv = 0.

FBA aims to simulate the fluxes in the cell (or tissue, organism, community) that S
represents, under the assumption that metabolic processes aim to maximize a linear objective
in terms of reaction fluxes ¢ € R”. Typically, ¢ represents growth, by giving a positive
coefficient to a reaction representing the consumption of different metabolites for the creation
of biomass. The objective value for a flux vector v is then ¢’v. Since the objective is linear,
any v with nonzero objective value can be arbitrarily scaled to achieve any objective value.
Therefore, CBMM adds constraints to the fluxes of each reaction preventing arbitrary scaling,
and potentially encoding real biological constraints of reaction direction, enzyme abundance
or metabolite availability. Let Ib,ub € R" be vectors representing the lower and upper bounds
for reaction fluxes, respectively. FBA is the linear program solving for an optimal flux vector,
that is

max, c'v
subject to Sv =

v <ub

v > b,

A.2 Flux Variability Analysis

Flux Variability Analysis (FVA) is a method used to automatically adjust the bounds of
reactions in a model to represent their feasible flux ranges. Intuitively, every solution to FBA,
for a non-degenerate model, has critical inequalities that are satisfied with an equality in an
equation in that solution. However, an inequality may remain unsatisfied in any optimal
(or near-optimal) solution, e.g. an upper bound on reactions involved in glycolysis may be
higher than the maximal rate of uptake and production of glucose in the model. FVA aims to
replace reaction bounds such that each one has a near-optimal solution in which it is critical.

Formally, let « € [0, 1] be a fraction of optimality, and ¢, S, b, ub as in the formulation
of FBA, and x be the optimal value of FBA’s objective. Then for every reaction j, FVA

computes
b} = min, Uj
subject to Sv=0
T > ax
v < ub
v > b,

and similarly ub} with maximization substituted for minimization. This amounts to two
FBA-like linear programs run for each reaction in the model.



A. Bruner and M. Singh

A common modification to FVA is to solve the aforementioned program with the added

requirement of no flux loops, also known as futile cycles or thermodynamically infeasible cycles.

These are typically defined as flux vectors with non-zero fluxes only for mass-preserving
reactions, and no exchange or demand reactions.

A.3 Context-Specific CBMM Methods

Many methods have been developed to simulate the metabolism of systems under a specific
context. Such a context can be a gene knockout strain, a specific growth medium, measured
fluxes or gene expression. We cover two such methods here. Minimization of Metabolic
Adjustment (MoMA) receives as input a metabolic model with stoichiometry S and bounds
lb, ub, and a reference flux v. While the method is generic, the original and still standard
implementation is in the context of a knockout strain, where v is taken from a wild-type
model, whereas S represents some subset of the original model’s reactions. MoMA is then
the quadratic program

ming [ v—al3

subject to Sx =

Integrative Metabolic Analysis Tool (iMAT) is designed to simulate reaction fluxes given
GE input. Assume the GE has been mapped to reactions resulting in a reference vector v
as in MoMA, albeit with nonnegative values. However, given the inherent noise and loose
relationship between genes and reaction fluxes, iMAT interprets the reference vector as
indicating only which reactions are likely active and which ones aren’t. Let a,b € [0,1] be
fixed thresholds for interpreting active and inactive indications. Let x be the percentile
ranks of the values of v, such that x; € [0, 1] represents the fraction of reactions with lower
or equal values, or |[{jlv; < wv;}|/r. Then the reactions of the models are partitioned to
L = {i|z; < a}, H = {i|x; > b}, M otherwise. Presented verbally and simplified here, iMAT
is the mixed-integer program maximizing the number of reactions in H with non-trivial flux,

and the number of reactions in L with zero flux, conforming to steady-state assumptions.

For our experiments, we used a = 1/3,b = 2/3.

B FBAproBasic Proof

Here we prove Theorem 2, representing F BAproBasic(S,v) as a projection to the space
ker(S) = col(A). This is a standard orthogonal projection, and while a reader familiar with
projections using pseudoinverses can safely skip this proof, it is our hope that some readers

will find it instructive and preliminary to the proofs for the more general variants of FBApro.

Proof of Theorem 2. Let ST be the pseudoinverse of S, following the real-value versions of
the Moore-Penrose conditions, and computable using SVD:

S5tS =S
S+SS+ = S+
(SSH)T = 55+
(S+9)T = 5+8
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We want to show that for every v € R", Q = I — ST is such that Qu is the closest vector
to v in ker(S). First, observe that

SQu=S(I—STS)w=(S—S5"S)v=(S—S)w=0,

and so Qu € ker(S). To show it minimizes distance to v among all steady-state vectors
x € ker(S), note that

lv =23 = (v = Qu) + (Qu = 2))|3 = [lv = QuII3 + |Quv — 23 + 2(v — Qu,Qu — ).
To show that ||v — z||2 > ||v — Qu|| it suffices to show that (v — Qu, Qv — z) = 0. Then

(v =Qv,Qu—=2) = (v-Qu) (Qu—=)=v"(I-Q)"(Quv—1)
=o($T9) (v — STSv —z) =T (STS)(v — STSv — x)
=oT(STSv - ST85TSv— S5t Sz) = —wT'SH(Sz) =0.

To represent FBAproBasic using A, first recall that its columns are orthonormal, and
therefore AT A = I. It is thus easy to verify that the Moore-Penrose conditions hold with
At = AT. Since col(A) = ker(S), AATv = A(ATv) € col(A) = ker(S). For distance
minimization, let x € ker(S), then Jy.xz = Ay, and

(v— AATv, AATy — z) = vT(I — AAT)T(AATv — Ay)

=0T (I — AAT)A(ATv — y)
vT(A— AAT A)(ATv —y) = 0. <

C FBAproFixed Basic Linear Algebra Proof

Recall the use of the pseudoinverse for solving systems of linear equations: if the system
of linear equations T'x = y admits a solution, then x = Ty is one. As a note, if multiple
solutions exist, 7"y has minimal norm among them, and if no solutions exist, 7"y minimizes
the error ||Tx — y||3, leading to its use in least-square regression problems. While not part
of our proofs, this suggests that FBApro and FBAproFixed are expected to return an
approximate solution even when an exact one agreeing with v on H may not exist. Given
the use of the pseudoinverse for solving linear equations, we can prove Theorem 4:

Proof of Theorem 4. Consider the constraints Sx = 0 and g = vy, and assume a solution
exists. Treating Sx as a combination of the columns of S, separate them to the columns
corresponding to H and H¢ and then substitute vy for x g, yielding

(S[m]7H>a?H =+ (S[m]’Hc)CCHc =0

(S[m],HC)xH” = 7(S[m],H)ﬁUH-

Denote Qg € R IXIH] defined as Qp = —(Stmy, e )T (Spmy,m)- Then, if the system has
any solutions, a particular solution is admitted by

e = Qoo = —(Spmy,me) " (S, i)vH-

Since we are interested in a solution minimizing distance to v, we use this expression for
a solution to express the affine space defined by the previous system of non-homogeneous
equations:

U= keT‘(S[m])Hc) + e
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Any vector x with xy = vy and xgy. € U satisfies the original constraints, and has
2 _ 2
v —z|3 = [lvne — 2hell3,

and so fixing vy and projecting vgye to the closest point in U solves Problem 4. For any
affine space T + u, a vector t + u in the space and a vector w, we have that

lw = (t+w)ll3 = [[(w —w) —t]3

and so an orthogonal projection minimizing distance to 7'+ u, given an orthogonal projection
matrix Qr to T, is of the form w — u+ Q7 (w — u). For the linear space corresponding to U,
following Theorem 2, the corresponding orthogonal projection is Qy € RIF“ Xl with

QU = I\HC| - (S[7rL],HC)+S[7n],HC'
Note that
QuQo = —(Spmy,ze) " Smp it + (Stmp,rre) TSy, e (Spmy, ) T Spmg,mr = 0.

Define @ € R"™*" such that

Qu.m =l|m|

Qu,ue =0

Que.n = — (Spm),re) T (Spmy, 1) =Qo
Qe me = (Ich' — (S[m]’Hc)J"S[m]’Hc) =Qyu.

Then Qu fixes vy as

(Qu)r = (Qu,)v = (Qu,u)ve + (Qn,H )vH: = (I|H))VE = VH,

and projects vye to U as

(Qu)ge = (QHC,[’!‘])U = (Que,u)vu + (QHe He)VH: =
= Qovy + Quvpge +0 =

= 2ye + Quone — (QuQo)va = e + Qu(vie — T'ye),

as needed. |

D Processing and Mapping Gene Expression to Reference Fluxes

GE datasets are processed as follows: Genes with less than 15% non-zero values across
samples are dropped. We then apply a quantile transformation to the expression data: denote
the number of genes as g. We first create a reference distribution by taking, for every rank
i < g, the mean expression value of the i-th smallest value in each sample. We then map the
values of each sample to this distribution, preserving their ranking. The entire GE matrix is
then shifted and scaled so that the values are in the range [0, 1], to represent relative activity.

In order to apply any method to GE data, it must be mapped from the gene space to
the reaction space of the model. We follow a typical process for the mapping, although
the implementation details are not standardized in the literature [21]. We use the model’s
Gene-Protein-Reaction (GPR) association, which associates each reaction with a logical
expression with gene ids as variables. In the case of multiple transcript variants in the model,
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this information is ignored for matching with GE data. The logical operators AND and OR
are replaced with geometric mean and arithmetic mean, respectively, and the GE values are
substituted for the variables to result in raw reaction activities. Genes not in the data are
ignored, so means are taken over the rest. Note that this preserves the range of the GE
values.

Let [b, ub denote the lower and upper bounds of a reaction, and x denote its activity
in a sample. For a forward reaction, with lb,ub > 0, the corresponding reference flux is
Ib + x(ub — 1b), such that an activity of 0 corresponds to lb and 1 to ub. For backward
reactions with [b,ub < 0, the roles of lb, ub are reversed in the mapping. For reversible
reactions with (b < 0 < ub, no value is assigned from activity. These, as well as reactions
without a GPR, or without any matching genes in the data, are assigned a reference flux
of (Ib+ ub)/2. Note that after running FVA only a small fraction of the reactions remain
bidirectional (323/3418).
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(a) Running time for each method on a single sample, (b) Setup time for FBApro variants on CPU and
when run on CPU or GPU, and either on 1 sample GPU devices.

or amortized over 50 samples. For FBApro, setup

time is not included in the running time.

Figure 6 Timing results, in seconds, on a log scale, averaged over five models and 50 samples per
model. For FBApro variants, runtime is measured on both CPU and GPU, and on the inputs given
separately or as a single matrix. Error bars represent a 95% confidence interval.
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