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—— Abstract

While structure ensemble analysis became a valuable routinely applied tool for pseudoknot-free

RNA, the extension to pseudoknots remains challenging due to the computational hardness of the
general problem. The existing efficient algorithms for the computation of partition function with
pseudoknots were still computationally expensive and were restricted to simple pseudoknots. This
changed only with CParty, which computes pseudoknotted partition functions with the efficiency of
pseudoknot-free folding. At its core, CParty follows the hierarchical folding hypothesis, such that
ensemble structures can form pseudoknots only with a given input constraint structure. For an RNA
sequence S and pseudoknot-free structure GG, CParty limits the ensemble to “density-2” structures
G UG’ for a second, disjoint pseudoknot-free structure G’.

We present PRISM that extends CParty from pure partition function calculation to full-fledged
posterior probability analysis. By stochastic traceback through CParty’s dynamic programming
matrices, it samples structures from the conditional Boltzmann ensemble. From estimated base
pair probabilities, it generates ensemble representations, predicts centroid and maximum expected
accuracy structures and calculates properties. In addition to position-specific summaries, PRISM maps
sampled structures to RNA shapes, producing a posterior distribution over topological abstractions.
This shape-level summary captures ensemble diversity even when a conserved pseudoknotted motif
appears with shifted base-pair positions across samples.

We validate PRISM in the pseudoknot-free limit, where it reproduces RNAFold quantities for
minimum free energy, ensemble free energy, centroid expected distance, and maximum expected
accuracy. We further show that stochastic traceback recovers Boltzmann structure probabilities
and that sampling error decreases at the expected Monte Carlo rate while runtime grows linearly
with the number of samples. Our case study demonstrate that RNA-shape summaries can reveal
dominant pseudoknotted topologies that centroid decoding may miss. PRISM thus converts the
CParty partition function into a practical framework for posterior decoding and topology-aware
analysis of hierarchically constrained pseudoknotted RNA ensembles.
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1 Introduction

RNA molecules perform diverse biological functions whose mechanisms often depend on
their structural conformations [5, 17, 21, 30, 32]. Structured RNA regions can regulate
translation, control pre-mRNA splicing, mediate catalytic activity, and organize long-range
transcript architectures. In these settings, RNA structure is not only a consequence of
sequence composition, but part of the molecular mechanism by which an RNA exposes or
hides functional elements, recognizes binding partners, stabilizes alternative conformations, or
catalyzes chemical reactions. Computational models of RNA structure are therefore central
to the interpretation of RNA function, the prioritization of experimental hypotheses, and
the identification of structural elements relevant to disease or therapeutic design. Because
experimental structure determination remains labor-intensive, condition-dependent, and
difficult to scale to transcriptome-wide settings, computational prediction and ensemble
analysis remain indispensable complements to experimental approaches.

RNA structure ensembles and pseudoknot classes. Let S = s;---s, be an RNA sequence
of n nucleotides (also called, bases). An RNA secondary structure R is a set of base pairs (i, j),
1 <i < j < n, such that each nucleotide participates in at most one pair. Two base pairs (3, j)
and (k,0) crossifi <k <j</lork<i</l<j. A structure is considered pseudoknot-free
if it contains no crossing base pair; otherwise, it is pseudoknotted. For a secondary structure
class C(5), secondary structure prediction algorithms assign a free energy Es(R) to each
R € C(S). For astructure R of S, define its Boltzmann weight ws(R) = exp(—Es(R)/(RT)),
depending on the absolute temperature T via the gas constant R. Then, the partition function
Ze(S) = Yopec(s) ws(R) defines the Boltzmann distribution in the Boltzmann ensemble
C(9) by

ws(R)
Zc(S)

Pc[R | S] = for R € C(95).

Note that the structures with minimum free energy (mfe) mingec Es(R) have maximum
probability in this distribution. The posterior probability of the base pair (i, 5) is defined as

Pc[(i,j) € R] = ch(s) REEC%S) ws(R).

(i,5)€R

Such base pair probabilities characterize the base pairing propensities in the thermody-
namic equilibrium beyond reporting single predicted structures and are oftentimes used for
visualization in dot plots.

Ensemble analysis. For the class of pseudoknot-free structures, established dynamic-
programming algorithms provide the toolkit for computing partition functions, base-pair
probabilities, stochastic traceback samples, centroid structures, and maximum expected
accuracy (MEA) structure [20, 7, 6, 8, 18]. These posterior summaries are often more
informative than a single MFE structure as they distinguish well-supported base pairs from
uncertain or competing alternatives.

Pseudoknots substantially complicate this ensemble analysis problem. Predicting the
minimum free energy secondary structure of pseudoknotted RNA is NP-hard in general [19, 1]
and even inapproximable [25]. Existing pseudoknotted MFE prediction algorithms, therefore
restrict the class of structures they handle or simplify the energy model [16, 13, 14].
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Figure 1 Bands of a density-2 structure. A pseudoknot can be decomposed into bands, each of
which is internally non-crossing but crosses the remaining structure. All base pairs within a band
share the same crossing pattern with respect to the rest of the structure. Bands that mutually cross
one another are grouped into components, here {a,b,c} and {d,e}. A set of bands is density-k, if
every position is covered by at most k bands of the same component. An example of this is shown
at the dashed red line [15, 16].

Hierarchical folding: HFold and CParty. Particularly fast pseudoknot folding algorithms
were proposed based on the biologically motivated hierarchical folding hypothesis: an RNA
molecule first folds into a pseudoknot-free structure; additional base pairs are subsequently
added to further minimize the structure’s energy, allowing the resulting structure to contain
crossing base pairs [28]. The tool HFold for hierarchical pseudoknot prediction, finds the
MFE structure given a pseudoknot-free input structure G [13, 14]. HFold’s class of structures
is called density-2 structures (Fig. 1), a subclass of general bisecondary structures [33].
This large structure class includes kissing hairpins and chains of pseudoknots; moreover, it
recursively allows density-2 substructures.

CParty extended HFold’s hierarchical model from MFE prediction to partition-function
computation [9]. Given a sequence S and a fixed pseudoknot-free input structure G, CParty
considers all structures of the form G U G’, where G’ is pseudoknot-free, GN G’ = ), and
G UG’ is a valid density-2 structure. Equivalently, CParty defines the conditional ensemble

Q[S,G] = {G UG’ : G is pseudoknot-free, GNG' =0, G UG’ is density-2},

and computes Z(S | G) = 3" pcqis,q) Ws(R). The induced conditional Boltzmann distribu-
tion is
ws(R)
P R|SGl=——— for R € Q[5,G].
Q[G][ | ] Z(S ‘ G) or [ ]

Thus, CParty provides the normalizing constant and constrained ensemble free energy for
Q[S, G]. However, the scalar value Z(S | G) does not by itself identify which base pairs are well
supported, which nucleotides are likely unpaired, whether the posterior mass is concentrated
on pseudoknotted or pseudoknot-free extensions, or whether distinct base-pair-level structures
represent the same higher-level topology.

Pseudoknot ensemble analysis: PRISM. In this work, we introduce PRISM, a posterior-
decoding and ensemble-analysis framework built on CParty. The name PRISM reflects the
central operation of the method: whereas CParty computes one constrained partition function,
PRISM separates the same Boltzmann ensemble into interpretable structural classes and
estimates the posterior mass of those classes. Here, a structural class is any subset A C Q[S, G|
defined by a structural property of interest. For example, A may be the set of structures
containing a particular base pair, the set of structures in which a nucleotide is unpaired, the
set of structures containing at least one pseudoknot, or the set of structures with a particular
RNA shape. The Boltzmann weight assigned to such a class is Z4(S | G) = > pc 4 ws(R),
and its posterior probability under the conditional ensemble is

ZA(51G)

Poilft € 4] 5,6] = Zre o
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If a collection of classes Ayj, ..., A, is disjoint and covers Q[S, G], then the CParty partition
function decomposes as

2(S|G) =Y Za,(5|Q).
{=1

Thus, the same partition function can be viewed not only as a scalar normalizing constant,
but also as the total Boltzmann weight distributed across structural classes.

PRISM does not recompute these restricted partition functions exactly. Instead, it draws
stochastic traceback samples from Pg(- | S, G) and estimates class posterior probabilities by
sample frequencies. For a structural class A, the Monte Carlo estimate is

. 1 &
PlA]S.G] = 21{1;:@) € A}.
t=1

The classes considered in this paper include base-pair events, unpaired-nucleotide events,
pseudoknot-conditioned subensembles, decoded structures, and RNA-shape abstractions.
PRISM estimates base-pair and unpaired probabilities, constructs a marginal structural-state
string, computes centroid and pseudoknot-conditioned centroid structures, computes the
MEA structure, and summarizes the ensemble at the level of RNA shapes [26]. The shape-
level view is especially useful when a pseudoknotted motif is conserved topologically but its
exact base-pair endpoints shift across sampled structures.

Contributions. We introduce PRISM, an algorithmic posterior analysis layer for the hier-
archically constrained density-2 ensemble computed by CParty. We first formalize posterior
analysis for this ensemble by making explicit the conditional Boltzmann distribution over
admissible extensions G U G’. We then introduce a posterior class-weight view of the CParty
partition function: rather than using the partition function only as a scalar normalizing
constant, PRISM estimates how its Boltzmann weight is distributed across interpretable struc-
tural classes, including base-pair events, unpaired-nucleotide events, pseudoknot-conditioned
subensembles, decoded structures, and RNA-shape abstractions. From these probabilities,
PRISM computes posterior summaries for the constrained pseudoknot ensemble, including
a marginal structural-state string, centroid structures, pseudoknot-conditioned centroid
structures, maximum expected accuracy structures, and dot-plot visualizations. Finally, we
introduce shape-level summaries of sampled structures, which provide a topology-aware view
of ensemble diversity that is robust to small shifts in helix position. We validate the imple-
mentation in the pseudoknot-free limit against RNAFold, examine sampling convergence and
runtime overhead, and show that RNA-shape summaries can reveal dominant pseudoknotted
ensemble features that base-pair-level centroid decoding may miss.

2 Methods

The input to PRISM is an RNA sequence S = s1--- s, and a fixed pseudoknot-free input
structure G. PRISM utilizes the conditional partition function Z(S | G) over the admissible
density-2 ensemble Q[S, G], and samples structures R, R?) ... RN) € Q[S, G] from the
conditional Boltzmann distribution P (R | S,G) = ;(ST(‘}Z,)). Unless otherwise stated, we
use N = 1000 stochastic traceback samples to estimate ensemble statistical properties.

Let Be(S) denote the set of base pairs that can occur in at least one structure in Q[S, G].
The posterior probability of a base pair (¢,j) € Bg(S) in the conditional ensemble is defined

in analogy to unconditional base pair probabilities as

pij =Pogl(i,) | S,Gl= > PoglR|SGl.
ReC(5),(i,5)eR



M. Gray, S. Will, and H. Jabbari

Although the probabilities p;; conditionally depend on G, we abstain from more verbose
notation like p; |, since G will be always clear from the context. Note that in practice,
PRISM always estimates base pair probabilities from sampling by stochastic traceback and
operates on estimates p;;. In the following, we use the hat notation only where this distinction
is directly relevant.

2.1 Stochastic traceback

For pseudoknot-free RNA structures, exact base-pair probabilities can be computed by
dynamic-programming recurrences derived from the partition function [20, 18]. An alternative
is representative sampling: structures are drawn from the Boltzmann ensemble, and base-
pair frequencies in the sample are used as Monte Carlo estimates of posterior base-pair
probabilities [7]. PRISM extends this representative-sampling strategy to the hierarchically
constrained ensemble computed by CParty.

Stochastic traceback follows the same decomposition structure as a standard dynamic-
programming traceback. At each traceback step, however, the algorithm samples one of
the possible recurrence cases according to its conditional Boltzmann weight. Suppose a
dynamic-programming state A has recurrence Z4 =) ce€D(A) W, where D(A) is the set of
decomposition cases for A, and W, is the Boltzmann contribution of case ¢, including the
weights of any subproblems introduced by that case. During traceback from state A, PRISM
chooses case ¢ with probability

W,

Ple| 4] = 5~

The algorithm then recursively traces back through the subproblems specified by the selected
case. At the top level, this procedure samples a complete structure R € Q[S,G] with
probability ws(R)/Z(S | G). Thus, the stochastic traceback samples are drawn from the
same conditional Boltzmann distribution whose partition function is computed by CParty.

The correctness of this sampling rule follows from the usual recursive decomposition
argument. Each dynamic-programming state is a Boltzmann-weighted sum over mutually
exclusive decomposition cases. Choosing each case with probability equal to its contribution
divided by the state partition function makes the probability of any complete traceback
path equal to the product of the conditional probabilities along that path. The intermediate
state partition functions cancel telescopically, leaving exactly the Boltzmann weight of the
completed structure divided by Z(S | G).

Operationally, PRISM draws a uniform random number and compares it with the cumu-
lative Boltzmann weights of the recurrence cases. To reduce the cost of repeated cumulative-
weight scans, we use the Boustrophedon sampling strategy [22]. This improves the efficiency
of sampling without changing the target Boltzmann distribution.

Given N sampled structures, the posterior probability of base pair (i, ) is estimated as

- fij 1 N .. (t)
pij:N:Ngl{(z,])ER },

where f;; is the number of sampled structures containing (¢, j). This directly yields estimates
of the unpaired probabilities p;', since

py =1- iji - Zpij-

7<i J>i
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2.2 Marginal structural-state string

PRISM constructs a marginal structural-state string from the estimated posterior probabilities.
This string is a position-wise annotation of the ensemble: for each nucleotide, PRISM reports
the most probable local structural state of that nucleotide. It is not a globally decoded RNA
structure, and its brackets are not required to define a valid set of base pairs.

We use the alphabet {. (,), [, 1} corresponding respectively to the five local states:
unpaired (u), non-crossing left endpoint (NL) non-crossing right endpoint (NR), crossing
left endpoint (CL), and crossing right endpoint (CR). The classification of a base pair as
crossing or non-crossing is understood relative to the fixed input structure G. Let

. 1, if (4,7) crosses at least one base pair in G,
xa (i, j) = .
0, otherwise.
All base pairs in G are therefore classified as non-crossing, since G itself is pseudoknot-free.

For each position i, PRISM computes

P = Z Dij» Pt = Z Dji,

j>i j<i
xa (%,5)=0 xac(3,4)=0
and
pi = E Dij, b = E Dji-
Jj>i j<i
xa (4,5)=1 xc(5,9)=1

The symbol at position i is chosen by taking the maximum among

~u ~NL ~NR ~CL ~CR
Pis Py s DPi » Pi s DPi -

Thus, the marginal structural-state string summarizes the most likely state of each nucleotide
under the conditional ensemble. Unlike a sampled structure, centroid structure, or MEA
structure, it is not obtained by optimizing a global structural objective; it reports local
marginal posterior states.

2.3 Ensemble diversity

PRISM computes ensemble diversity from the estimated base-pair probabilities. In analogy
to the common definition for non-crossing ensembles, we define the ensemble diversity (d) of
the conditional ensemble as expected distance between two structures

ReQ[G],R'€Q[G]
Defining the base pair distance dgp as symmetric difference
dpp(R, R') = |[R\ R'| + |R"\ R,
let us compute ensemble diversity from base pair probabilities
@(S1G) =Y. 2-p;(1—pij).
(i,5)€Bc(S)

This statistic is small when most admissible base pairs have posterior probability near
0 or 1, and it increases when posterior mass is spread across competing alternatives. Each
term is maximized at p;; = 1/2, so the statistic emphasizes uncertain or mutually competing
contacts.
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2.4 Centroid structures

The centroid structure is a posterior decoder that minimizes expected base-pair distance
to the ensemble [6]. Using posterior base-pair probabilities, the expected distance from
Y € Q[S, G] to the conditional ensemble is

da(Y)= > Pc[R|S.Gl-dgp(RY)= > (1-py)+ > pi

ReQ[S,G] (i,5)€Y (1,9)€Bc (S)\Y

Thus, we obtain the centroid structure Y* that minimizes this expected distance by selecting
all base pairs (¢,7) with p;; > 0.5 and excluding all others.

Note that the analogous construction of the centroid in the pseudoknot-free case, ne-
cessarily yields a pseudoknot-free centroid structure. In the case of PRISM, where p; ; are
probabilities in the conditional ensemble of GG, one observes the following properties: Since
G is fixed, base pairs in G have probability 1. For the remaining base pairs of the centroid
Y* in Y*\ G, we can argue as in the non-crossing case, that they cannot cross each other.
Therefore, the centroid structure is bi-secondary. Note that we forgo the stricter claim for
density-2 in this contribution to avoid technical digressions.

Pseudoknot-conditioned centroid. PRISM also computes a pseudoknot-conditioned centroid.
This decoder uses the same centroid objective, but estimates probabilities only from sampled
structures that contain at least one crossing pair. Let

Tox = {t € {1,...,N}: R® contains at least one crossing pair} ,

and let Npx = |Tpk|. If Npk = 0, no pseudoknot-conditioned centroid is reported. Otherwise,
the pseudoknot-conditioned base-pair probability is estimated as

by = NiK > 1{(i.5) e RO},

The pseudoknot-conditioned centroid is computed by applying the same expected-distance
decoder to 135[( instead of p;;. This conditioning removes sampled structures without
pseudoknots from the probability estimates, so pseudoknotted alternatives are not diluted by
pseudoknot-free structures.

This decoder still operates at the level of exact base-pair identities. If a pseudoknotted
helix is present in many sampled structures but shifts by one or two nucleotides across
samples, its probability can be split among nearby contacts such as (4,75), (i,5 — 1), and
(i+1,7). In that case, no individual crossing base pair may exceed the 50% centroid threshold,
even though the pseudoknotted motif is common in the ensemble. This limitation motivates

the shape-level summaries described below.

2.5 Maximum expected accuracy structure

The maximum expected accuracy (MEA) decoder selects a structure that maximizes the
expected number of correctly predicted paired and unpaired positions [8]. For a candidate
structure Y, let U(Y") be the set of nucleotides unpaired in Y. Given a base-pair weight
parameter v > 0, PRISM defines the expected accuracy of Y as

BA(Y)= > 2w+ Y, i

(i,5)eY ieu(Y)

30:7
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The MEA structure is Yyiga = arg maxy EAV(Y)7 where the maximization is over structures
compatible with the hierarchical decomposition.

PRISM uses the G U G’ form of hierarchical folding to reduce this calculation to the
standard pseudoknot-free MEA calculation. Since G is fixed, its base pairs are present in
every admissible candidate structure. The variable part of the prediction is the pseudoknot-
free extension G’. PRISM therefore optimizes the MEA objective over the pseudoknot-free
extension and then adds the fixed input structure G. Base pairs in G contribute a constant
term to the objective, and nucleotides paired in G are not eligible to be unpaired in the
candidate structure. The pseudoknot-free MEA recurrence is standard [8, 18], so we do not
reproduce it here.

2.6 RNA shape abstraction

RNA shapes provide an abstraction of secondary structure that groups structures according to
higher-level topology rather than exact base-pair positions [26, 23]. This is useful for posterior
analysis because small shifts in helix endpoints can produce many distinct base-pair-level
structures while preserving the same overall structural organization.

For pseudoknot-free structures, Steffen et al. [26] defined several abstraction levels. At
low abstraction levels, some unpaired regions and loop details are retained. At abstraction
level 5, unpaired nucleotides are removed and stacks and internal loops are collapsed so that
only the nesting pattern of helices remains. For example,

(GGG (D))
(Level 1) N

(Level 5) €0X0))

PRISM uses an analogous level-5 abstraction for pseudoknotted structures. Given a
sampled structure R, we represent non-crossing base pairs using () and base pairs that
cross the input structure G using []. We then delete unpaired nucleotides and collapse each
maximal stack of base pairs into a single base pair, preserving the order and crossing pattern
of the remaining helices. Both crossing and non-crossing helices are retained. We denote the
resulting shape by o5(R).

This construction is related to, but distinct from, the shadow abstraction of Reidys et
al. [23]. Their shadow construction removes non-crossing arcs, removes isolated vertices, and
collapses the remaining stacks. In our notation, this corresponds to a further abstraction,
denoted o6(R), in which non-crossing helices are removed after the level-5 representation.
For example,

(.G I 10
(Level 5) (O D]
(Level 6) (D1

Thus, o5 retains both the pseudoknotted and non-pseudoknotted components of the topology,
whereas og focuses only on the crossing core. We use o5 as the default shape abstraction for
ensemble summaries because it preserves more information about the complete structural
organization while still removing local positional variation.

Given sampled structures R ..., RY) PRISM estimates the posterior probability of
each shape a by

1 N
i@ =~>" 1{0—5(3@) - a} .
t=1
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The resulting distribution over shapes characterizes the topology-level diversity of the
conditional ensemble. Structures that differ by small shifts in base-pair endpoints can map to
the same shape, so shape frequencies can reveal dominant pseudoknotted motifs even when
no individual shifted base pair has sufficiently high probability to appear in the centroid.

3 Datasets and input constraints

For the empirical time and space analysis of PRISM, we obtained 2824 sequences from the
RNASTRAND V2.0 database [2]. The median sequence length was 242 nucleotides, and
the longest sequence contained 1500 nucleotides. For each sequence, we identified the 20
most stable stem-loop structures by scoring candidate stem loops using hairpin and stacking
base-pair energies across the sequence. These stem-loop structures were used as fixed input
constraints G for PRISM.

For the shape-based case study, we used the ZMP-ZTP riboswitch family from Rfam,
identified by RF01750 [12]. We partitioned the Rfam consensus structure for this family
into its pseudoknot-free and pseudoknotted components. We denote the pseudoknot-free
component by Gz and the pseudoknotted component by Ggman. Each of these two consensus-
derived structures was fitted to each ungapped sequence in the family, and the fitted structures
were used as alternative input constraints for PRISM.

4 Empirical Results

We evaluate PRISM in three stages. First, we validate correctness in the pseudoknot-free limit
G = (), where Q[S, G] is the standard secondary-structure ensemble and PRISM should agree
with RNAFold under the same energy model. This validation includes both deterministic
posterior summaries and stochastic traceback: we compare MFE energy, ensemble free energy,
centroid expected distance, and MEA score, and we verify that the observed frequency of
the MFE structure in sampled structures matches its Boltzmann probability. Second, we
measure empirical runtime and memory usage for the full PRISM workflow and quantify how
the stochastic traceback sample count affects runtime and posterior-estimation error. Third,
we evaluate topology-level summaries by mapping sampled structures to level-5 RNA shapes.
These shape summaries demonstrate how PRISM separates the conditional partition function
into interpretable structural classes and can reveal pseudoknotted motifs or alternative
conformations that are not apparent from base-pair-level centroid decoding alone.

4.1 PRISM agrees with RNAFold in the pseudoknot-free limit

When the input structure is empty, G = @), the conditional ensemble Q[S, G| reduces to the
standard pseudoknot-free secondary-structure ensemble. Consequently, Z(S | §) should agree
with the pseudoknot-free partition function computed by RNAFold under the same energy
model and parameter settings. As a first validation of the implementation, we compared the
MFE energy, ensemble free energy, centroid distance, and MEA score computed by PRISM
with the corresponding quantities computed by RNAFold [18]. All comparisons used DP09
parameters [3] without dangle energies. PRISM reproduced the RNAFold values to numerical
precision across all four quantities (Fig. 2).

We next validated the stochastic traceback procedure. For a structure R, the Boltzmann
probability predicted by the partition function is wg(R)/Z(S | G). Therefore, for the MFE
structure Ryrg, the observed frequency of Rypg among stochastic traceback samples should

match %. We performed this comparison for sequences with length n < 100. Longer
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Figure 2 Validation of PRISM against RNAFold in the pseudoknot-free limit G = ). For each
sequence, the PRISM output is plotted against the RNAFold output under the same energy parameters.
Panels show (a) MFE energy, (b) ensemble free energy, (c) centroid expected distance to the ensemble,
and (d) MEA score. Points on the diagonal indicate agreement between the two implementations.

sequences were excluded from this validation because the Boltzmann mass of any single
structure, including the MFE structure, is typically very small, making direct frequency
comparisons less informative at the sample sizes used. The observed MFE frequencies closely
matched their partition-function probabilities (Fig. 3), supporting that stochastic traceback
samples from the intended conditional Boltzmann distribution.

4.2 PRISM has empirical time and memory scaling close to RNAFold

We next evaluated the empirical time and memory requirements of the PRISM workflow when
calculating pseudoknot partition functions. The measured workflow included computation of
the constrained partition function Z(S | G), stochastic traceback, centroid decoding, and
MEA decoding. We compared PRISM’s performance with the pseudoknot-free RNAFold and
with NUPACK 3.0. To our knowledge, NUPACK is the only available a tool for computing
unconstrained pseudoknot partition functions. It considers the class of simple pseudoknots in
O(n®) time and O(n*) space complexity [34]. Since PRISM requires both a sequence S and
an input structure G, we used the stem-loop constraints generated as described in Section 3.
The same constrained inputs were provided to RNAFold; NUPACK 3.0 does not support
structure constraints and was run on sequence alone.

All experiments were run on an M2 Max Mac Studio with 64 GB of RAM. Runtime was
measured as user CPU time, and memory usage was measured as maximum resident set size.
Across the benchmark, the maximum runtime observed for PRISM was 23.608 seconds, and
the maximum memory usage was 293024 KB. For RNAFold, the corresponding maximum
runtime and memory usage were 7.674 seconds and 56256 KB, respectively.

The empirical scaling behavior is shown in Fig. 4. For sequence lengths n > 250, the
fitted runtime exponent for PRISM was close to that of RNAFold and substantially below
that of NUPACK 3.0 over the shared range of lengths. The fitted memory exponent showed
the same qualitative pattern. Thus, despite extending the pseudoknot-free posterior-analysis
toolkit to the hierarchically constrained density-2 ensemble, PRISM remains close to RNAFold
in empirical scaling and below NUPACK 3.0 in both runtime and memory usage on this
benchmark.
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Figure 3 Validation of stochastic traceback using the MFE structure. The x-axis gives the
Boltzmann probability of the MFE structure computed from its contribution to the partition
function, and the y-axis gives the observed frequency of the MFE structure in stochastic traceback
samples. Results are shown for sequences with n < 100. The diagonal line y = x denotes exact
agreement.

4.3 Sampling introduces linear runtime overhead and Monte Carlo
convergence

Because PRISM estimates base-pair probabilities from stochastic traceback samples, the

number of samples controls a tradeoff between runtime and posterior-estimation accuracy.

To quantify this tradeoff, we evaluated three representative sequence lengths: 100, 210,
and 320. For each length, we measured runtime as a function of the number of samples
Nsamp- Runtime increased linearly with Ngump, consistent with a fixed cost for filling the
dynamic-programming tables followed by a per-sample traceback cost (Fig. 5a).

We also measured the accuracy of estimated base-pair probabilities as a function of Ngamp.

For each sample count, we computed the root mean square deviation (RMSD) between
the base-pair probabilities estimated from that number of samples and the corresponding
estimates obtained from 100000 samples, which were used as a reference:

1 ) 2
RMSD(Mamp) = W Z (ﬁg;vsamp) o ]/55]100000)) .
BeS) ;) eBas)

The RMSD decreased consistently with increasing sample count and followed the expected
Monte Carlo rate of approximately ngiﬂ/pz (Fig. 5b) [4]. The observed RMSD was 0.0027 at
1000 samples and 0.001 at 10000 samples, indicating that 1000 samples already provided
accurate posterior estimates for the downstream summaries considered here.

4.4 RNA shapes can recover pseudoknotted motifs missed by centroid
decoding

The sampled structures produced by PRISM can be summarized either at the level of exact
base pairs or at the level of RNA shapes. The centroid structure is a base-pair-level posterior
decoder: a base pair contributes positively to the centroid objective only when its posterior
probability exceeds 1/2. This makes the centroid useful for identifying well-supported
individual contacts, but it can miss structural motifs whose base pairs shift across nearby
positions. In particular, if a pseudoknotted helix occurs in most sampled structures but its
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Figure 4 Runtime and memory usage of PRISM, RNAFold, and NUPACK 3.0 on the benchmark
dataset with structure constraints. Runtime and memory are shown as functions of input length on
log—log axes. Empirical scaling was estimated by fitting power laws for lengths n > 250, except for
NUPACK 3.0, where fitting was performed for n > 40. Fitted trends are shown as solid lines, and the
corresponding exponents x are reported in the legend as empirical complexities of the form ©(n”).

endpoints vary slightly, the posterior mass can be distributed among nearby crossing base
pairs. Then no single crossing base pair exceeds the centroid threshold, even though the
pseudoknotted motif is common in the ensemble.

RNA-shape summaries address this issue by grouping structures according to topology
rather than exact base-pair positions. The following example shows a sequence, its MFE
structure, its centroid structure, and the two most frequent level-5 shapes observed among
sampled structures:

(1 ) GGGUGGUGUGUACCACCCCUGAUGAGUCCGAAAGGACGAA sequence,

(2)  CCCCCCC LD ... 11T.C(CC...)))) ... MFE structure,
(3)  CCCCCCCeee NN e (CCC....)))) ... centroid structure,
(4)

4) (D10 (0.806), OO (0.175) top two shapes.

The MFE structure contains crossing base pairs, whereas the centroid structure does not.
However, the dominant RNA shape, ([)] (), has estimated posterior frequency 0.806, showing
that the crossing topology is present in the majority of sampled structures. The discrepancy
occurs because the pseudoknotted base pairs are shifted across nearby positions in the sample,
preventing any single crossing pair from exceeding the centroid threshold. Thus, shape-level
posterior summaries can reveal pseudoknotted ensemble features that are hidden from exact
base-pair-level centroid decoding.

4.5 RNA-shape distributions reveal alternative conformations in the
ZMP-ZTP family

We used the ZMP-ZTP riboswitch family [31], Rfam identifier RF01750, as a test case
for evaluating whether RNA-shape distributions can summarize alternative conformations
across a structured RNA family. RF01750 is a particularly informative example because
the annotated aptamer contains a conserved pseudoknotted fold [24, 29], whereas the full
riboswitch is thought to regulate transcription through competition between the ligand-
stabilized aptamer and alternative, pseudoknot-disrupting expression-platform structures [27].
Thus, this family provides a natural setting in which to ask whether shape distributions recover
both the conserved pseudoknotted architecture and plausible pseudoknot-free alternatives.
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Figure 5 Effect of stochastic traceback sample count on PRISM runtime and posterior probability
estimates. (a) Runtime as a function of the number of samples for three sequence lengths. Increasing
the number of samples adds linear overhead after the dynamic-programming tables have been
computed. (b) RMSD of estimated base-pair probabilities relative to estimates obtained from 100000
samples. The fitted exponents are close to —1/2, matching the standard Monte Carlo convergence
rate for estimating Bernoulli probabilities.

As described in Section 3, we decomposed the Rfam consensus structure into two partial
input structures. The first, Gy, is the maximal pseudoknot-free component obtained after
removing crossing base pairs. The second, Ggmall, contains the removed crossing component.
Each partial structure was fitted to each ungapped RF01750 sequence and then used as an
input constraint for PRISM. For every sequence/input pair, we generated stochastic traceback
samples, mapped each sampled structure to its level-5 RNA shape, and retained at most the
five most frequent shapes whose estimated posterior frequency exceeded 0.1. Shapes below
this threshold were omitted.

Figure 6 shows the resulting shape distributions. Each point represents one retained shape
for one sequence/input pair. Circles and triangles distinguish samples generated from Gpig
and Ggmal, respectively. Point color gives the rank of the shape within that sequence/input
pair, with rank 1 corresponding to the highest estimated posterior frequency. The sequences
are ordered by length on the y-axis, and the horizontal reference line marks the transition
near length 95. The dendrogram above the z-axis clusters the observed level-5 shapes; shapes
without square brackets correspond to pseudoknot-free classes, whereas shapes containing
square brackets retain a crossing, pseudoknotted component.

For sequences of length at most 95, the highest-ranked shapes under the two input
constraints are concentrated around the consensus pseudoknotted shape, ([()) (1), shown in
bold in Figure 6. This indicates that, for shorter RF01750 sequences, both the pseudoknot-
free component and the removed crossing component provide enough information for PRISM
to recover the same family-level architecture. In this length range, the two partial constraints
therefore lead to compatible posterior shape distributions rather than to distinct dominant
folds.

For longer sequences, the distributions become more heterogeneous and depend more
strongly on the input constraint. Under Ggman, many sequences shift toward the pseudoknot-
ted shape ([((O)())) (1), a variant of the consensus shape with an additional nested loop,
while pseudoknot-free shapes such as (() ()) remain recurrent. Under G,g, the sampled
structures are spread across several pseudoknot-containing and pseudoknot-free classes, in-
cluding shapes in which the crossing component appears in a different shape context or is
absent from the retained high-probability class. Thus, the longer sequences show greater
shape-level plasticity: the pseudoknotted component is not lost uniformly, but its placement
and compatibility with surrounding helices vary across the family.
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Figure 6 Distribution of level-5 RNA shapes for the ZMP-ZTP riboswitch family RF01750. For
each sequence and input constraint, the five most frequent shapes are shown. The x-axis gives the
RNA shape, and the y-axis lists sequences ordered by length. A horizontal line marks the boundary
at sequence length 95. Point color indicates the estimated posterior frequency of the shape among
sampled structures, and point shape distinguishes the two input constraints Grig and Gsman. Points
with p < 0.1 are excluded.
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These results illustrate the value of RNA-shape distributions for family-level analysis.
A single decoded structure would obscure the coexistence of consensus-like pseudoknotted
structures, pseudoknot-free alternatives, and pseudoknotted variants with additional loops.
By contrast, the distributional view reveals how these alternatives depend on both sequence
length and the partial structural constraint used as input. We interpret the pseudoknot-
free classes as computationally recovered alternatives that are consistent with the known
regulatory competition between aptamer and expression-platform structures, not as evidence
for a second ligand-stabilized aptamer fold. In the biological ZMP—ZTP riboswitch, ligand
binding is expected to stabilize the pseudoknotted aptamer state; the pseudoknot-free
conformations are more naturally interpreted as apo-compatible, terminator-compatible, or
off-pathway alternatives.

5 Discussion and Future Directions

PRISM substantially extends the practical value of efficient hierarchical partition function
computation over our previous algorithm CParty. Where CParty computes only a scalar
ensemble quantity, we obtain posterior probabilities of structural features and structural
classes in PRISM. Our empirical results demonstrate original ensemble-based analysis of
pseudoknotted RNAs, as enabled by PRISM’s novel functionality. CParty’s algorithm efficiently
computes Z(S | G); as a side effect of efficient computation by dynamic programming, it
additionally computes partition functions of subproblems. In turn, PRISM utilizes this
information to estimate posterior masses for interpretable classes, including base-pair events,
unpaired-nucleotide events, pseudoknot-conditioned subensembles, decoded structures, and
RNA-shape abstractions. This class-decomposition view is the main conceptual distinction
between CParty and PRISM: CParty computes the constrained partition function, whereas
PRISM separates its Boltzmann mass into summaries that are directly useful for structural
interpretation.

The validation experiments support the correctness of this posterior-analysis layer. When
G = 0, the conditional ensemble reduces to the standard pseudoknot-free secondary-structure
ensemble, and PRISM reproduces RNAFold values for MFE energy, ensemble free energy,
centroid expected distance, and MEA score under the same energy parameters. The compar-
ison between the Boltzmann probability of the MFE structure and its observed frequency in
stochastic traceback samples further supports that the traceback procedure samples from
the intended conditional Boltzmann distribution.

The computational experiments show that the posterior-analysis layer remains practical
over the tested sequence lengths. The full workflow, including computation of Z(S | G),
stochastic traceback, centroid decoding, and MEA decoding, remains close to RNAFold
in empirical scaling and below NUPACK 3.0 over the shared benchmark range. Sampling
introduces a transparent tradeoff: increasing the number of samples increases runtime linearly,
while the RMSD of estimated base-pair probabilities decreases at approximately the standard
Monte Carlo rate. This behavior makes the sample count an explicit accuracy parameter. In
our experiments, 1000 samples gave small RMSD relative to estimates obtained from 100000
samples, suggesting that moderate sample sizes are sufficient for many posterior-decoding
tasks.

The results also show that base-pair-level summaries and topology-level summaries answer
different questions. Centroid decoding is appropriate when the same exact contacts recur with
high probability, but it can miss a pseudoknotted motif whose helix endpoints shift across
sampled structures. The pseudoknot-conditioned centroid reduces dilution from pseudoknot-
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free samples, but it still operates at the level of exact base-pair identities. RNA-shape
summaries provide a complementary view by grouping structures according to topology. In
the example from Section 4, the centroid structure did not contain crossing base pairs, yet the
dominant level-5 shape was pseudoknotted and appeared with high posterior frequency. This
illustrates why posterior mass can be weak at the level of individual shifted base pairs but
strong at the level of structural classes. The ZMP-ZTP riboswitch [31] analysis demonstrates
how shape distributions can be used to compare conditional ensembles across related sequences
and input constraints. By fitting Gz and Ggman to each ungapped sequence and computing
the most frequent level-5 shapes, PRISM summarizes how the posterior distribution over
topologies changes with sequence length and with the chosen input scaffold. For shorter
sequences, both inputs frequently recover the consensus-like shape. For longer sequences,
the dominant shapes diverge: one input favors variants with additional loops, while the
other shows changes in the placement of the pseudoknotted component or shifts toward
pseudoknot-free conformations. These results suggest that shape-level posterior summaries
can help identify alternative conformational classes within an RNA family, especially when
single decoded structures are too coarse to represent ensemble variation.

Several limitations remain. First, PRISM analyzes a conditional ensemble defined by a
fixed pseudoknot-free input structure G. The resulting posterior probabilities are therefore
conditional on the chosen scaffold. If GG is inaccurate or if the biological system occupies
multiple competing scaffolds, then a single Q[S, G] may not capture all relevant alternatives.
Second, the admissible ensemble remains restricted to hierarchically generated density-2
structures. This class is broad enough to include many important pseudoknotted motifs,
but it does not represent arbitrary pseudoknots. Third, base-pair probabilities and shape
frequencies are estimated by stochastic traceback rather than computed exactly. The sampling
experiments show predictable Monte Carlo convergence, but rare structural features may
require larger sample sizes. Finally, the level-5 shape abstraction intentionally removes
positional details. This is useful for detecting conserved topology, but it can merge structures
that differ in functionally relevant loop lengths or exact contact positions.

These limitations suggest natural extensions. One direction is to develop adaptive
sampling procedures that continue stochastic traceback until base-pair probabilities or shape
frequencies reach a specified confidence threshold. Another is to compute selected class-
specific partition-function masses more directly, rather than estimating all class probabilities
by sampling. A third direction is to integrate external evidence, such as comparative
information or probing-derived constraints, into the choice of G or into posterior reweighting
of sampled structures. Finally, shape-aware decoders could return representative structures
from high-probability shape classes, combining the interpretability of a concrete structure
with the robustness of topology-level posterior analysis.
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