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Abstract
Finding highly similar pairs of biological sequences is a fundamental task in bioinformatics. For
alignment-free k-mer distributional similarities, the induced feature space is high-dimensional and
lacks the low-dimensional geometric structure used by classical exact closest-pair algorithms. Thus,
for a collection of N sequences in the pairwise-score setting, exhaustive evaluation over the

(
N
2

)
candidate pairs is the natural classical baseline.

We present the first quantum framework targeting alignment-free closest-pair search in biological
sequence collections using distributional k-mer statistics. The central technical contribution is the
construction of a coherent pairwise-score estimation circuit for this similarity measure. It encodes
empirical k-mer distributions as square-root amplitude states and provides a sparse prefix-tree
construction for preparing these states, under which the state overlap is exactly the Bhattacharyya
coefficient. Standard SWAP-test and quantum-amplitude-estimation subroutines provide a coherent
bounded-precision estimator for the squared Bhattacharyya overlap.

We analyze maximum finding under an explicit assumption that a fixed ε-resolved total order
over all legal pairs admits an efficient clean coherent implementation. Under this assumption, the
procedure returns, with probability at least 2/3, a pair whose squared Bhattacharyya score is within
ε of the optimal score, using O(N) expected comparison-oracle calls. If the optimal score is separated
from every strictly suboptimal score by more than ε, the returned pair is exactly optimal.

Combining this comparison-order assumption with an idealized qRAM-style data-access model
gives the conditional sequential gate complexity Õ

(
NL

ε

)
, whereas explicit multiplexed indexed

loading gives Õ
(

N2L
ε

)
. We also provide a proof-of-concept Q# implementation that integrates

coherent indexed loading, SWAP-test-based score estimation, finite-precision marking, and Grover-
style search, providing circuit-level validation of the main computational components.
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9:2 Quantum Closest-Pair Search for Biological Sequences

1 Introduction

Given a collection of biological sequences, we consider the problem of identifying the most
similar pair under a prescribed sequence-similarity score. This task appears naturally in
redundancy reduction [17], clustering [10], database cleaning [23], comparative genomics [20],
and metagenomic analysis [19], where highly similar sequences may indicate homologous
records, repeated observations, closely related strains, or sequences that should be grouped
together for downstream analysis.

Traditionally, highly similar sequence pairs have been found either by direct all-pairs
comparison or by scalable approximate strategies such as clustering heuristics, seed-and-
extend search, sparse chaining, and sketching or locality-sensitive hashing. Direct all-pairs
comparison provides a natural exact baseline but becomes expensive for large collections.
Practical bioinformatics tools therefore use a variety of scalable alternatives: CD-HIT uses
greedy representative-based clustering for redundancy reduction [17], USEARCH/UCLUST
accelerates search and clustering through fast heuristic matching [10], VSEARCH supports
large-scale clustering, dereplication, and all-vs-all comparison workflows [23], Mash uses
MinHash sketches to estimate genomic distances efficiently [20], and skani estimates ANI
using sparse approximate alignments and sparse chaining [26]. Minimizer-based sketching
methods provide another major class of scalable sequence-comparison primitives, selecting
representative k-mers so that sequence similarity or alignability can be estimated from
compact sketches [30, 18]. These methods have been highly successful in practice, but they
typically trade exact closest-pair search for filtering, approximation, or threshold-based
clustering.

We analyze exact closest-pair search in a black-box pairwise-score model. The input
induces P =

(
N
2
)

legal candidate pairs, and an algorithm accesses a candidate pair only by
evaluating its score F (Si, Sj). Without additional structure relating the scores of different
pairs, exhaustive evaluation is the natural classical exact baseline. In the worst case, if a
pair is left unevaluated, that pair may have a score larger than every evaluated pair. Thus,
the classical exact query complexity in this model is Θ(P ) = Θ(N2).

This black-box model is motivated by the high-dimensional nature of alignment-free
k-mer representations. The square-root k-mer representations considered here lie in a space
whose dimension is the number M of observed k-mers, and we do not assume the fixed-
dimensional geometric structure exploited by classical closest-pair algorithms. For example,
closest-pair search in the Euclidean plane can be solved in O(N logN) time using geometric
structure such as divide-and-conquer arguments or Voronoi diagrams [25]. In contrast,
Karthik and Manurangsi showed that, assuming the Strong Exponential Time Hypothesis,
exact monochromatic closest pair under the ℓp metric in certain high-dimensional regimes
admits no strongly subquadratic classical algorithm [24]. These metric-specific hardness
results provide context for why low-dimensional geometric speedups should not be assumed
in our setting.

In this black-box setting, quantum maximum-finding algorithms can reduce the number
of pair-score queries. The Dürr–Høyer framework reduces maximum finding to repeated
quantum searches for candidates that improve on the current threshold [9]. The resulting
searches use Grover-style amplitude amplification, with the BBHT procedure handling the
case in which the number of improving pairs is unknown [14, 6].

This unstructured-search viewpoint is also consistent with known quantum complexity
results for closest-pair problems. Aaronson et al. gave a Õ(N2/3) quantum algorithm for
constant-dimensional Euclidean closest pair, while showing that in certain higher-dimensional
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regimes a substantially better-than-Grover speedup would contradict the Quantum Strong
Exponential Time Hypothesis [1]. As above, this result concerns metric closest-pair problems
and is included as complexity-theoretic context rather than as a lower bound for the squared
Bhattacharyya score studied here.

Many quantum algorithms that operate on large classical inputs assume a coherent
data-access primitive, often modeled as quantum random access memory (qRAM). At a
high level, qRAM allows an address register in superposition to access the corresponding
stored data coherently, e.g.,

∑
i αi|i⟩|0⟩ 7→

∑
i αi|i⟩|datai⟩. In our analysis, the stored data

are indexed state-preparation data for the empirical k-mer distribution states, and we assume
that such data can be queried coherently with polylogarithmic overhead. Such assumptions
are common in high-level quantum algorithm analyses, but scalable qRAM is a strong
architectural assumption and remains challenging in practice [12, 11, 3].

To apply these quantum search and estimation ideas to biological sequences, we use a
distributional k-mer representation and a similarity measure that can be evaluated naturally
within a quantum circuit. For each sequence, the empirical frequencies of its observed k-mers
define a probability distribution over a global k-mer basis K. Given two sequences A and B
with empirical k-mer distributions PA and PB , we compare them using the Bhattacharyya
coefficient [5] BC(A,B) =

∑
x∈K

√
PA(x)PB(x). This coefficient is large when two sequences

assign similar weights to the same k-mers, so it measures the overlap between empirical
k-mer distributions and captures alignment-free compositional similarity. Bhattacharyya-
type distances have also appeared in previous alignment-free sequence-comparison work; for
example, Zhang and Wang used the Bhattacharyya distance for alignment-free phylogenetic
analysis of protein sequences [29].

Under square-root amplitude encoding, define the corresponding quantum states by
|ψA⟩ =

∑
x∈K

√
PA(x)|x⟩, |ψB⟩ =

∑
x∈K

√
PB(x)|x⟩. Since the amplitudes are real and

nonnegative, their inner product is ⟨ψA|ψB⟩ =
∑
x∈K

√
PA(x)PB(x) = BC(A,B). We refer

to this inner product ⟨ψA|ψB⟩ as the state overlap between the two encoded sequence states.
Thus the squared Bhattacharyya coefficient becomes the squared state overlap |⟨ψA|ψB⟩|2,
which can be estimated by the SWAP test [8]. This connection is also related to quantum
fingerprinting and quantum hashing, where short quantum states are used to represent
classical inputs for comparison and communication tasks [2].

Moreover, quantum amplitude estimation (QAE) can estimate the probabilities produced
by the SWAP test more efficiently than repeated sampling [7]: whereas naïve sampling
requires O(1/ε2) repetitions to achieve additive error ε, QAE reduces this dependence to
O(1/ε) coherent queries.

Quantum nearest-neighbor and similarity-search algorithms have been studied previously
in the quantum machine-learning literature. Wiebe et al. [28] developed coherent inner-
product- and Euclidean-distance-estimation procedures for nearest-neighbor classification
and clustering. Basheer et al. [4] considered a fidelity-based quantum k-nearest-neighbor
algorithm and reduced the selection of the nearest states to quantum k-maxima finding. These
works primarily address query-to-database search, in which a fixed test item is compared
with a collection of training items. In contrast, our setting is an all-pairs closest-pair problem
over a collection of classical biological sequences, with no distinguished query sequence.

Quantum search with imperfect predicates has also been studied in several related models.
Høyer, Mosca, and de Wolf showed that bounded-error verifiers can be incorporated into
quantum search without losing the quadratic query speedup, using a dedicated construction
that interleaves amplitude amplification and error reduction [16]. Quek et al. [21] studied
quantum minimum finding with an imprecise comparator, in which comparisons are guaran-
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9:4 Quantum Closest-Pair Search for Biological Sequences

teed to be correct only when the compared values are separated by more than a prescribed
resolution parameter. The latter model is particularly relevant to our QAE-based comparison
circuit, because additive-error score estimates may not reliably distinguish pair scores that
lie within the estimation precision.

In this work, we present a quantum framework for closest-pair search in biological sequence
collections using the squared Bhattacharyya coefficient as the similarity score. Our central
technical contribution is a coherent pairwise-score estimation circuit, together with a sparse
prefix-tree construction for preparing the corresponding distribution states.

At the oracle-analysis level, we combine coherent indexed loading with Dürr–Høyer/BBHT
maximum finding. Because a single bounded-error QAE execution does not by itself induce a
fixed execution-wide comparison order, we state the main theorem under an explicit consistent
ε-resolved coherent-comparison-oracle assumption. This assumption requires a fixed total
order over the legal pairs that preserves every true score difference larger than ε and admits
an efficient clean coherent implementation. Under this assumption, the procedure achieves
additive-ε recovery using O(N) expected comparison-oracle calls.

With idealized qRAM-style data access, the resulting conditional sequential gate complex-
ity is Õ

(
NL
ε

)
. For constant precision, this gives a quadratic reduction in the candidate-pair

search component relative to the O(N2L) classical exhaustive baseline, conditional on the
stated oracle and data-access assumptions.

We also implement a proof-of-concept version of the method in Q# [27]. The implementa-
tion uses finite-precision QAE, explicit multiplexed indexed loading, Grover-style search, and
a Python controller that classically verifies measured candidates before updating the current
candidate. The loading construction is related to probability-tree state-preparation meth-
ods [15, 13, 22]. The resulting workflow provides circuit-level validation of the implemented
loading, estimation, marking, and search components.

Combining explicit multiplexed loading with the efficient consistent-order implementation
assumed in the oracle-level analysis gives the conditional bound Õ

(
N2L
ε

)
, which, for constant

precision, matches the O(N2L) classical exhaustive scaling up to polylogarithmic factors.
The proof-of-concept workflow uses classically verified candidate updates and therefore differs
from the fixed-order oracle procedure analyzed in the recovery theorem.

This is the first quantum framework specifically targeting alignment-free closest-pair
search over biological sequence collections, and it provides both an oracle-level analysis and a
circuit-level implementation platform for k-mer-distribution-based quantum sequence search.

2 Method

The method consists of four main components: (i) encode each sequence using the square
roots of its empirical k-mer distribution; (ii) prepare pair-index superpositions and coherently
load the corresponding sequence states; (iii) estimate pairwise similarities using a SWAP-
test-based quantum amplitude estimation procedure; and (iv) apply Dürr–Høyer/BBHT
maximum finding under a consistent ε-resolved coherent-comparison-oracle model.

2.1 Problem formulation and quantum state encoding

Let S1, S2, . . . , SN be a collection of biological sequences over an alphabet Σ. Let K =⋃N
i=1{k-mers appearing in Si} be the set of distinct k-mers appearing in the input sequences,

and write M = |K| for the size of this global observed k-mer basis.
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For a sequence X of length LX ≥ k, let cX(x) denote the number of occurrences of x ∈ K
among the LX − k + 1 consecutive length-k windows of X. The empirical k-mer distribution
of X is

PX(x) = cX(x)
LX − k + 1 , x ∈ K.

For two sequences A and B, their Bhattacharyya coefficient is

BC(A,B) =
∑
x∈K

√
PA(x)PB(x).

We use the squared Bhattacharyya coefficient as the similarity score, F (A,B) = BC(A,B)2.
The closest-pair problem is therefore (i∗, j∗) = argmax1≤i<j≤N F (Si, Sj).

We use a quantum register to mean a named collection of qubits that stores one part
of the algorithmic state. To each sequence X, we associate the quantum state |ψX⟩ =∑
x∈K

√
PX(x) |x⟩. Since all amplitudes are real and nonnegative, the inner product between

two such states is

⟨ψA|ψB⟩ =
∑
x∈K

√
PA(x)PB(x) = BC(A,B).

Therefore, F (A,B) = |⟨ψA|ψB⟩|2. Thus, closest-pair search under F is equivalent to finding
the encoded sequence pair with maximum squared state overlap.

2.2 Coherent indexed state loading
The maximum-finding procedure requires coherent access to the encoded sequence states.
We denote the corresponding indexed-loading operation by Uload : |i⟩|0⟩ 7−→ |i⟩|ψSi⟩, and
write Cload for its sequential gate cost.

The operation Uload, its inverse U†
load, and their controlled versions must act coherently

when the index register is in superposition. Below, we give an explicit multiplexed construction
realizing this operation. For the improved qRAM-based complexity bound, we separately
introduce an idealized indexed-access assumption.

Given an index register in a superposition
∑
i αi|i⟩, linearity gives

∑
i αi|i⟩|0⟩ 7−→∑

i αi|i⟩|ψSi⟩. For a candidate pair (i, j), the loading operation is applied twice:

|i, j⟩|0⟩|0⟩ 7−→ |i, j⟩|ψSi
⟩|ψSj

⟩.

2.2.1 Pair-index search state
Our method searches over candidate sequence pairs by representing the pair indices in
quantum registers. We prepare a uniform superposition over the ordered index space
R = {1, . . . , N} × {1, . . . , N}. This gives the pair-index state

|ΨR⟩ =
(

1√
N

N∑
i=1

|i⟩

)
⊗

 1√
N

N∑
j=1

|j⟩

 = 1
N

N∑
i=1

N∑
j=1

|i, j⟩.

2.2.2 Sparse prefix-tree preparation of a single k-mer distribution
For each sequence X, the implementation prepares the state |ψX⟩ =

∑
x∈K

√
PX(x) |x⟩ from

its empirical k-mer distribution PX using a sparse binary prefix-tree construction.

WABI 2026



9:6 Quantum Closest-Pair Search for Biological Sequences

Let d = ⌈log2 M⌉, and identify each k-mer basis element in K with a d-bit label, padding
the basis to dimension 2d if necessary. The preparation circuit is defined over the binary
prefix tree of these d-bit labels.

For a prefix u ∈ {0, 1}ℓ, define the probability mass µX(u) =
∑
x: x has prefix u PX(x).

Thus µX(u) is the total probability mass of all k-mers whose binary labels begin with u. At
an internal prefix node u, the mass splits between its two children u0 and u1. Conditional
on the register already having prefix u, the next qubit should be prepared with probabilities

Pr(0 | u) = µX(u0)
µX(u) , Pr(1 | u) = µX(u1)

µX(u) .

Using the convention Ry(θ)|0⟩ = cos(θ/2)|0⟩ + sin(θ/2)|1⟩, this conditional split is implemen-
ted by a prefix-controlled Ry rotation on the next qubit with angle θu = 2 arcsin

√
µX (u1)
µX (u) .

After this rotation, the branch u0 receives amplitude factor
√

µX (u0)
µX (u) , and the branch u1

receives amplitude factor
√

µX (u1)
µX (u) .

Applying these rotations from the root to the leaves prepares the target state. For a leaf
x = x1x2 · · ·xd, the amplitude accumulated along its root-to-leaf path is

d−1∏
ℓ=0

√
µX(x1 · · ·xℓ+1)
µX(x1 · · ·xℓ)

=
√
µX(x) =

√
PX(x),

where the product telescopes and µX(∅) = 1. Therefore the prepared state has exactly the
desired square-root amplitudes.

▶ Assumption 1 (Idealized qRAM-style indexed loading). For a sequence index i and a position
in the sparse state-preparation schedule of Si, the corresponding rotation data can be queried
coherently with overhead

ηidx = polylog(N,L,M).

Under this access model, the indexed-loading operation Uload, its inverse, and their
controlled versions can be implemented with sequential gate cost

CqRAM
load = O

(
L logM

(
ηidx + logM

))
= Õ(L).

2.2.3 Explicit indexed loading from sparse state preparations
We now give an explicit non-qRAM construction of the coherent indexed-loading operation
Uload used in the Q# implementation. This construction does not require Assumption 1.

Let Pt denote the sparse prefix-tree preparation circuit for sequence St. The indexed
loader iterates over t ∈ {1, . . . , N}, reversibly checks whether the index register equals t, and
conditionally applies Pt to the sequence-state register. Thus, |t⟩|0⟩ 7−→ |t⟩|ψSt⟩ for every
computational-basis index t, and the same operation acts coherently on superpositions by
linearity.

For a candidate pair, the construction is applied independently to the two sequence
indices: |i, j⟩|0⟩|0⟩ 7−→ |i, j⟩|ψSi⟩|ψSj ⟩.

Because the construction explicitly multiplexes over all stored preparation circuits, its
indexed-loading cost depends on the total preparation-schedule size over all N sequences.
This cost is derived in Section 3.
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2.3 Coherent pairwise-score estimation
After indexed loading, each pair-index basis state |i, j⟩ is associated with the sequence states
|ψSi⟩ and |ψSj ⟩. By the square-root amplitude encoding, ⟨ψSi | ψSj ⟩ = BC(Si, Sj), and
hence F (Si, Sj) = BC(Si, Sj)2 =

∣∣⟨ψSi | ψSj ⟩
∣∣2 .

To access this score coherently, we apply a SWAP test to the two loaded sequence-state
registers. For arbitrary pure states |ϕ⟩ and |φ⟩, the probability of measuring the SWAP-test

ancilla in state |0⟩ is p = 1+|⟨ϕ|φ⟩|2

2 . Therefore, for pair (i, j), pij = 1+|⟨ψSi
|ψSj

⟩|2

2 = 1+F (Si,Sj)
2 ,

or equivalently, F (Si, Sj) = 2pij − 1.
Let Aij denote the coherent circuit that loads the two sequence states and applies the

SWAP test. It prepares a state of the form Aij |0⟩ = √
pij |goodij⟩ +

√
1 − pij |badij⟩, where

the good subspace is defined by the SWAP-test ancilla being in state |0⟩.
Over a superposition of pair indices, the corresponding controlled operation is A =∑
i,j |i, j⟩⟨i, j| ⊗Aij .

Let ε ∈ (0, 1) denote the desired final additive accuracy of the returned pair score, and
define the internal score-estimation accuracy ξ = ε

2 . Quantum amplitude estimation is used
to estimate pij to additive error at most ξ/2. A measurement of the resulting estimate
register gives a score estimate F̃ij = 2p̃ij − 1 satisfying

∣∣∣F̃ij − F (Si, Sj)
∣∣∣ ≤ ξ with constant

success probability.
Obtaining this precision requires O

(
1
ξ

)
= O

( 1
ε

)
coherent applications of A, A†, and the

associated reflections.
A single bounded-error QAE execution does not by itself define the execution-wide

deterministic comparison order required by the standard Dürr–Høyer analysis. In particular,
repeated coherent executions need not induce the same ordering among candidate pairs
whose scores are close, and the resulting marking operation is not automatically a clean
Boolean phase oracle on the pair-index register.

We therefore separate the coherent score-estimation construction from the oracle-level
maximum-finding analysis. The QAE construction shows that additive score estimation
uses O

( 1
ε

)
applications of the overlap-estimation block and motivates the cost assumed

for one coherent comparison. The main theorem, however, is stated under the additional
efficient-consistent-order assumption of Assumption 3. That assumption requires one fixed
deterministic comparison order, a clean coherent implementation of that order, and the
stated implementation cost.

Establishing Assumption 3 directly from the bounded-error QAE circuit would require
an additional construction ensuring execution-wide consistency and clean uncomputation.
Such a construction is outside the scope of the present work and is not implemented in the
Q# proof of concept. An alternative route would be to analyze the QAE-based comparison
procedure within a margin-based imprecise-comparator model and apply robust quantum
minimum- or maximum-finding techniques. Such an analysis may introduce an additional
dependence on the number of candidate scores lying within the comparison margin and is
likewise left for future work.

2.4 Consistent comparison oracle and quantum maximum finding
Within the ordered pair-index space R defined above, the legal closest-pair candidates are the
canonically oriented unordered pairs P = {(i, j) : 1 ≤ i < j ≤ N}, |P| =

(
N
2
)
. The legality

condition i < j is checked reversibly inside the marking circuit, thereby excluding self-pairs
and reversed duplicate pairs.

WABI 2026



9:8 Quantum Closest-Pair Search for Biological Sequences

For a current classical candidate y ∈ P , the maximum-finding procedure requires a coher-
ent comparison operation that marks pairs ranked above y. We formalize this requirement
in the following definition.

▶ Definition 2 (Consistent ε-resolved comparison oracle). A family of coherent phase oracles{
O

(ε)
y : y ∈ P

}
is a consistent ε-resolved comparison-oracle family if there exists a strict total

order ≻ε on P such that O(ε)
y |x⟩ = (−1)[ x≻εy ]|x⟩ for every x, y ∈ P, with all score-estimation,

loading, and comparison work registers returned to their initial states.
The order must preserve every score difference larger than ε: F (x) > F (y) + ε =⇒

x ≻ε y. Pairs whose scores differ by at most ε may be ordered arbitrarily, provided that the
same total order is used consistently throughout the execution.

▶ Assumption 3 (Efficient coherent implementation of a consistent ε-resolved order). There
exists a fixed deterministic ordering key Kε : P −→ {0, 1}b whose lexicographic order induces
a strict total order ≻ε on the legal candidate pairs. The same key and the same tie-breaking
rule are used throughout the entire execution.

Without loss of generality, the key is injective and has b = O(logN + log(1/ε)) bits,
including a deterministic pair-index tie-breaking component. We additionally assume that
UKε

and the reversible comparison circuit use qK = polylog(N,L,M, 1/ε) work qubits.
The induced order preserves every score difference larger than ε:

F (x) > F (y) + ε =⇒ Kε(x) >lex Kε(y),

and hence x ≻ε y.
We assume that the key can be evaluated coherently by a reversible circuit UKε

: |x⟩|0⟩ 7−→
|x⟩|Kε(x)⟩, and that UKε , its inverse, and their controlled versions have sequential gate cost
Õ
(
Cload+logM

ε

)
. Using a reversible lexicographic comparison followed by uncomputation, this

circuit implements the clean phase oracle O
(ε)
y |x⟩ = (−1)[ x≻εy ]|x⟩, with all key, loading,

score-estimation, and comparison work registers returned to their initial states.
This assumption includes both the execution-wide consistency of the comparison order

and the existence of an efficient clean coherent implementation of that order. It is not implied
by the bounded-error guarantee of a single QAE execution. The present Q# proof-of-concept
implementation does not construct UKε

or establish this assumption.

Under Assumption 3, the Dürr–Høyer procedure is applied to the fixed total order ≻ε.
For the current classical candidate y, the comparison oracle marks precisely the legal pairs x
satisfying x ≻ε y. The number of marked pairs is not known in advance, so each search step
uses a BBHT-style randomized Grover-iteration schedule [6].

Whenever the oracle-level search returns a marked pair x, the current candidate is updated
to x. Thus the candidate rank improves strictly according to the fixed order ≻ε, as required
by the standard Dürr–Høyer analysis.

The Q# proof-of-concept workflow described in Section 4 instead evaluates the measured
pair classically and accepts it only when its true score improves. That hybrid verification
rule is useful experimentally, but it defines a different candidate-update procedure and is not
covered by the oracle-level recovery guarantee below.

▶ Theorem 4 (Main result). Under the efficient coherent comparison-order implementation
assumed in Assumption 3, let S1, . . . , SN be biological sequences of length at most L, and
define F ⋆ = max1≤i<j≤N F (Si, Sj).
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The Dürr–Høyer maximum-finding procedure returns, with probability at least 2/3, a legal
pair ŷ = (̂i, ĵ) satisfying F (Ŝ

i
, Ŝ

j
) ≥ F ⋆ − ε.

Under the implementation-cost component of Assumption 3, the expected conditional
sequential gate complexity is Õ

(
N(Cload+logM)

ε

)
.

Combining Assumption 3 with the idealized qRAM-style loading Assumption 1 gives the
conditional bound Õ

(
NL
ε

)
. Combining the same comparison-order implementation assumption

with the explicit multiplexed loading cost gives Õ
(
N2L
ε

)
.

Proof. Because each successful update replaces the current candidate by a pair that is strictly
larger under ≻ε, the candidate-update process is exactly the Dürr–Høyer procedure applied
to this fixed total order. By Assumption 3, the comparison operations used throughout the
execution are induced by one fixed strict total order ≻ε. The standard Dürr–Høyer maximum-
finding analysis therefore applies to this order. Since |P| =

(
N
2
)

= Θ(N2), the procedure
finds a maximal element ŷ of ≻ε with constant success probability using O

(√
|P|
)

= O(N)
comparison-oracle applications in expectation. A constant number of independent repetitions
raises the success probability to at least 2/3.

Let x⋆ be a true optimal pair. If F (ŷ) < F ⋆ − ε, then F (x⋆) > F (ŷ) + ε. Definition 2
would therefore imply x⋆ ≻ε ŷ, contradicting the maximality of ŷ. Hence F (ŷ) ≥ F ⋆ − ε.

By Assumption 3, one comparison-oracle application costs

O

(
Cload + logM

ε

)
up to polylogarithmic overheads. Multiplying by the O(N) expected oracle applications gives
Õ
(
N(Cload+logM)

ε

)
. Substituting the two indexed-loading costs gives the stated qRAM and

explicit-loading bounds. ◀

2.4.1 Exact recovery under a score-gap condition
If a strictly suboptimal score exists, let F (2) denote the largest score strictly below F ⋆. If
every legal pair is optimal, exact recovery is immediate.

▶ Assumption 5 (Optimal-score gap). The optimal and strictly suboptimal scores satisfy
F ⋆ − F (2) > ε.

▶ Corollary 6 (Exact recovery). Under the assumptions of Theorem 4 and Assumption 5, the
returned pair is exactly optimal whenever the maximum-finding procedure succeeds.

Proof. Let x⋆ be any optimal pair and let y be strictly suboptimal. Then F (x⋆) − F (y) ≥
F ⋆ − F (2) > ε. Definition 2 therefore gives x⋆ ≻ε y. No strictly suboptimal pair can be
maximal in ≻ε, so every maximal element returned by the maximum-finding procedure is
optimal. ◀

3 Complexity analysis and comparison

The complexity bounds in this section are conditional on Assumption 3. We first express the
quantum cost in terms of the abstract indexed-loading cost Cload, and then instantiate it
under the idealized qRAM-style and explicit multiplexed loading models. We also derive the
classical preprocessing cost and logical qubit count.
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Throughout this section, the alphabet Σ is treated as fixed, while the k-mer length k,
and hence the observed basis size M ≤ |Σ|k, may vary with the input. Thus extracting
the overlapping k-mers of a length-L sequence takes O(L) word operations. We retain the
dependence on the observed k-mer basis size M = |K|, with M ≤ |Σ|k, because M determines
the dimension of the encoded states and the size of the k-mer basis register.

Let si be the number of distinct observed k-mers in sequence Si. If all sequences have
length at most L, then si ≤ Li − k + 1 ≤ L− k + 1 = O(L).

3.1 Classical exhaustive baseline
An exact classical closest-pair search evaluates the similarity score for all

(
N
2
)

= Θ(N2)
candidate pairs. Using a hashmap for the k-mer counts, the Bhattacharyya coefficient between
two sequences can be computed by iterating over the nonzero k-mer counts of one sequence
and looking up the corresponding counts in the other. Thus one pairwise comparison costs
O(L) time in the worst case, and the classical exhaustive baseline is Tclassical = O(N2L).

3.2 Classical preprocessing
Before running the quantum circuit, we compute k-mer counts for each input sequence,
construct the global observed k-mer basis K, normalize each sequence into an empirical
distribution, and construct the square-root amplitude representation. Extracting k-mer
counts takes O(NL) time.

In addition, the implementation constructs a sparse state-preparation schedule for each
sequence. By a state-preparation schedule, we mean the classical list of prefix-controlled
Ry rotations generated by the sparse prefix-tree construction. Let Ri denote the number of
rotations in the schedule for sequence Si, and let Rtot =

∑N
i=1 Ri be the total schedule size

over all sequences. The schedule construction uses cached prefix probability masses in the
binary preparation tree. For sequence Si, the schedule size satisfies Ri = O(si logM), and
the schedule can be constructed in O(si logM) time. Therefore, Rtot = O

(∑N
i=1 si logM

)
.

Since si = O(L), we have

Rtot = O(NL logM). (1)

Thus the preprocessing time is O(NL logM).

3.3 Indexed loading cost
Let Cload denote the gate cost of coherently loading one indexed sequence state, Uload :
|i⟩|0⟩ 7→ |i⟩|ψSi⟩. We keep Cload abstract first, and later substitute the cost under a qRAM-
style model and under our concrete implementation.

For a queried pair (i, j), the SWAP-test block applies Uload twice, once for i and once
for j, and then performs a controlled-SWAP between the two sequence-state registers. The
sequence-state register has d = ⌈log2 M⌉ qubits, so the controlled-SWAP part costs O(logM).
Therefore one coherent overlap-estimation block costs O(Cload + logM), where the factor of
two from loading two states is absorbed into the big-O notation.

3.4 Cost of one comparison-oracle application
The following oracle cost is an explicit component of Assumption 3.
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The coherent score estimator uses the internal precision ξ = ε
2 . Estimating the SWAP-

test probability to additive error ξ/2 requires O
(

1
ξ

)
= O

( 1
ε

)
coherent applications of the

overlap-estimation block and its inverse. Thus the score-estimation component of one
threshold-comparison query costs O

(
Cload+logM

ε

)
.

The threshold-search circuit also prepares and reflects about the ordered pair-index
search state |ΨR⟩ = |uN ⟩ ⊗ |uN ⟩, |uN ⟩ = 1√

N

∑N−1
i=0 |i⟩. Here the computational-basis label

i ∈ {0, . . . , N − 1} corresponds to sequence Si+1.
We prepare |uN ⟩ exactly by a recursive binary decomposition. Let m = ⌈log2 N⌉. If

N = 2m, then |uN ⟩ = H⊗m|0m⟩. Otherwise, write N = 2m−1 + r, 1 ≤ r < 2m−1. The most
significant qubit is first prepared as

√
2m−1

N |0⟩ +
√

r
N |1⟩ by applying Ry

(
2 arcsin

√
r
N

)
.

Conditioned on the most significant qubit being 0, Hadamard gates are applied to the
remaining m − 1 qubits. Conditioned on it being 1, the same construction is applied
recursively to prepare |ur⟩ on the remaining qubits. The resulting state is√

2m−1

N
|0⟩

 1√
2m−1

2m−1−1∑
x=0

|x⟩

+
√

r

N
|1⟩

(
1√
r

r−1∑
x=0

|x⟩

)
= 1√

N

N−1∑
x=0

|x⟩.

At each of the m = O(logN) recursion levels, the construction uses at most O(m)
controlled one- and two-qubit operations. Therefore, using standard controlled-gate de-
compositions, one preparation of |uN ⟩ requires O(log2 N) elementary gates. Preparing the
two-register product state |ΨR⟩ has the same asymptotic cost.

Let UN |0m⟩ = |uN ⟩. Reflection about the pair-index search state is implemented as

(UN ⊗ UN )
(
2|02m⟩⟨02m| − I

)
(U†

N ⊗ U†
N ).

The middle operation is a multi-controlled phase on 2m = O(logN) qubits and has polynomial-
in-logN gate cost under standard decompositions. Thus both preparation of and reflection
about |ΨR⟩ cost O(log2 N) gates, up to the chosen ancilla–gate tradeoff. The reversible
validity test i < j can be implemented by a standard m-bit comparator using O(logN) gates
and work qubits.

Hence, under Assumption 3, one comparison-oracle application has cost Cquery =
O
(
Cload+logM

ε

)
up to logarithmic overheads from pair-index preparation, reflection, and re-

versible comparisons. Accordingly, throughout the oracle-level complexity analysis we assume
Cquery = Õ

(
Cload+logM

ε

)
. This bound is conditional on the efficient coherent implementation

postulated in Assumption 3.

3.5 Number of comparison-oracle queries
By Theorem 4, maximum finding over |P| = Θ(N2) legal pairs uses O(N) expected
comparison-oracle applications. Combining this with Cquery = Õ

(
Cload+logM

ε

)
gives

Tabstract = Õ

(
N(Cload + logM)

ε

)
.

3.6 Number of qubits
Let m = ⌈log2 N⌉, d = ⌈log2 M⌉, r = ⌈log2(1/ε)⌉ be the sequence-index register width, the
k-mer basis register width, and the QAE evaluation-register width, respectively. The circuit
uses two index registers, two sequence-state registers, one QAE evaluation register, and a
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constant number of ancilla qubits for the SWAP-test and marking logic. Ignoring temporary
work qubits used to decompose arithmetic and multi-controlled gates, the logical qubit count
is Qlogical = 2m+ 2d+ r +O(1). Including reversible comparison and gate-decomposition
workspace, the qubit count is Q = O(logN + logM + log(1/ε)). The sparse state-preparation
schedules are classical data supplied to the circuit, and are not counted as qubits.

3.7 Total complexity under idealized qRAM-style data access
Under Assumption 1, the indexed-loading operation has sequential gate cost CqRAM

load =
O
(
L logM

(
ηidx + logM

))
= Õ(L).

Substituting this loading cost into the comparison-oracle cost bound gives CqRAM
query =

O

(
CqRAM

load +logM
ε

)
. Hence, CqRAM

query = O

(
L logM

(
ηidx+logM

)
ε

)
= Õ

(
L
ε

)
.

Under Assumption 3, the Dürr–Høyer procedure uses O(N) expected comparison-oracle
applications over the Θ(N2) legal candidate pairs. Therefore, the total sequential gate
complexity is

TqRAM = O
(
NCqRAM

query
)

= O

(
NL logM

(
ηidx + logM

)
ε

)
= Õ

(
NL

ε

)
.

For constant precision, the leading dependence on the number of sequences is linear
rather than quadratic. Compared with the classical exhaustive baseline Tclassical = O(N2L),
this reduces the number of comparison-oracle applications from Θ(N2) classically to O(N)
quantumly, conditional on the availability of the assumed comparison oracle.

3.8 Total complexity under explicit non-qRAM loading
For the explicit multiplexed construction of Section 2.2, one indexed loading operation applies
the stored preparation schedules conditionally over all sequence indices. Its cost is therefore
C impl

load = O(Rtot(logM + logN)) .
Using Eq. (1), this becomes C impl

load = O(NL logM(logM + logN)) .
Substituting this loading cost into the comparison-oracle cost bound gives C impl

query =
O
(
NL logM(logM+logN)

ε

)
.

Under Assumption 3, the Dürr–Høyer procedure uses O(N) expected comparison-oracle
applications. Therefore, the total sequential gate complexity is

Timpl = O
(
NC impl

query
)

= O

(
N2L logM(logM + logN)

ε

)
= Õ

(
N2L

ε

)
.

For constant precision, this matches the classical exhaustive baseline Tclassical = O(N2L)
up to polylogarithmic factors. Thus the explicit non-qRAM construction makes the coherent
indexed-loading cost explicit, but does not provide an end-to-end asymptotic speedup over
exhaustive classical comparison under the stated comparison-oracle model.

4 Implementation and simulation

We implemented a proof-of-concept version of the method in Q# with a Python driver
to validate the circuit-level construction. The source code, experiment scripts, and data-
processing utilities are available at https://github.com/Kingsford-Group/tieria.

https://github.com/Kingsford-Group/tieria
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4.1 Implementation details
The implementation realizes the circuit-level components described in Section 2. A Python
driver performs the classical preprocessing: it extracts observed k-mers, constructs the
global basis K, computes empirical k-mer distributions, and generates the sparse prefix-tree
preparation schedules used by the Q# circuit.

The Q# component implements pair-index state preparation, multiplexed indexed loading
from sparse schedules, SWAP-test-based QAE, threshold marking, and Grover-style search.
The indexed loading operation uses the explicit non-qRAM construction analyzed in Section 3;
that is, the circuit multiplexes over the stored sequence schedules rather than assuming
qRAM access.

The outer candidate-update loop is controlled by the Python driver. At each iteration,
the driver stores the current candidate pair and computes its threshold score from the
preprocessed amplitude vectors. The Q# circuit then performs a finite-precision BBHT-style
search, and the driver accepts a measured pair only when its classically evaluated score is
strictly larger than that of the current candidate.

This hybrid update rule is not the oracle-order update rule used in Theorem 4. The
oracle-level theorem updates according to a fixed total order ≻ε, whereas the proof-of-concept
implementation updates according to classically verified true-score improvement.

The implementation therefore exercises the explicit loading, SWAP-test-based estimation,
finite-precision marking, and Grover-style search components, but it neither constructs the
deterministic key Kε nor establishes Assumption 3. The simulation results are reported only
as small-scale empirical validation of the implemented workflow and do not establish the
theorem’s additive-ε or exact-recovery guarantee.

4.2 Simulation setup
We evaluate the proof-of-concept implementation in two complementary ways. First, we use
the Q# simulator to test whether the search procedure can recover an exact closest pair
found by classical exhaustive enumeration on small random DNA instances. Second, we
estimate logical circuit resources for the generated coherent search circuits.

We generated random DNA sequence collections over the alphabet Σ = {A,C,G, T}.
The experiments vary the k-mer length k, sequence length L, and number of sequences N .
We use one-parameter sweeps designed to isolate the effects of k, L, and N :

k-sweep: (k, L,N) ∈ {(2, 12, 3), (3, 12, 3), (4, 12, 3)},
L-sweep: (k, L,N) ∈ {(2, 5, 3), (2, 8, 3), (2, 12, 3), (2, 16, 3)},
N -sweep: (k, L,N) ∈ {(2, 8, 3), (2, 8, 4), (2, 8, 5), (2, 8, 6), (2, 8, 7), (2, 8, 8)}.

We also include the additional settings (k, L,N) ∈ {(3, 16, 3), (4, 16, 3)} to test larger k-mer
representations at the longer sequence length L = 16.

For the Q# simulator runs, we use r = 3 QAE precision qubits, a BBHT growth factor
of 1.2, and a maximum cumulative Grover-iteration budget of 120. With 3 QAE evaluation
qubits, the nominal resolution of the QAE output is 2−r = 1/8. Thus, these experiments
use only coarse score estimation. The initial candidate pair is chosen in a nonoptimal mode
whenever possible, so that the threshold-search procedure must improve the current candidate.
For each random instance, we compute the exact optimal pair classically by exhaustive
enumeration over all legal pairs. A run is counted as successful if the first optimal pair
observed by the Q# search is one of the exact optimal pairs, allowing for ties.
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For correctness, we report the success rate over random trials. For search-level behavior,
we report the number of Q# circuit calls and the cumulative number of Grover iterations
used before the first exact optimal pair is observed. These quantities characterize the time-
to-first-optimal behavior of the Dürr–Høyer/BBHT threshold-search procedure under the
configured search budget. We do not report simulator wall-clock time, since it primarily
reflects classical state-vector simulation overhead rather than quantum hardware runtime.

4.3 Q# resource estimation
We estimate logical circuit resources using qsharp.logical_counts. The reported quantities
include logical qubits, logical depth, rotation counts, and T -gate-related counts returned by
the Q# toolchain. These estimates are obtained from coherent circuit entry points used for
resource counting, rather than from simulator wall-clock time.

To relate these resource counts to the structure of the generated instances, we also
record several quantities from the classical preprocessing. These include the observed k-mer
basis size M = |K|, the average and maximum nonzero k-mer support size, and the total
sparse state-preparation schedule size Rtot =

∑N
i=1 Ri, where Ri is the number of sparse

state-preparation schedule entries used for sequence Si.

4.4 Proof-of-concept circuit validation
Table 1 summarizes the proof-of-concept results for the implemented Python–Q# workflow.
Across all 13 parameter settings and 65 random trials, the workflow observed an exact
optimal pair before the configured Grover-iteration cap, giving an empirical success rate of
100% on the tested synthetic instances. Exact optimality was determined independently by
classical exhaustive enumeration.

These results demonstrate that the implemented circuit subroutines – indexed state
loading, SWAP-test-based QAE, threshold marking, and Grover-style search – can be
integrated successfully within the hybrid workflow.

For descriptive purposes, the N -sweep at fixed k = 2 and L = 8 shows how the measured
search-level quantities change over the small tested range. The number of legal pairs increases
from

(3
2
)

= 3 at N = 3 to
(8

2
)

= 28 at N = 8. Over the same range, the average number of
Q# circuit calls before first observing an exact optimal pair increases from 3.4 to 7.6, while
the average cumulative number of Grover iterations increases from 3.6 to 13.0.

Because the experiments use only N ≤ 8, synthetic random-DNA inputs, and five trials
per setting, these measurements are intended only as circuit-level proof-of-concept validation.

4.5 Logical resource estimates
Table 2 reports the logical resource estimates obtained using qsharp.logical_counts. The
table reports estimates for circuits with r = 3 QAE evaluation qubits and one Grover iteration.
Each row is averaged over three random trials. All logical-count runs completed successfully.

The logical resource estimates show that circuit resources grow with the structure of the
generated state-preparation schedules. In the N -sweep with k = 2 and L = 8, Rtot increases
from 22.3 at N = 3 to 61.7 at N = 8. Over the same sweep, the mean logical depth increases
from 1264.3 to 4201.3, and the reported rotation count increases from 1395.0 to 4389.0. This
is consistent with the concrete implementation, which performs explicit sequence-indexed
loading over the stored sequence states rather than assuming qRAM.

The dependence on k and L is more instance-dependent. Increasing L at fixed k = 2, N = 3
increases the support size and sparse schedule size, and the logical depth grows from 668.0
at L = 5 to 3398.3 at L = 16. For the k-sweep at fixed L = 12, N = 3, the observed basis
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Table 1 Proof-of-concept results for the Python–Q# workflow on selected synthetic random-DNA
instances. Each row reports averages over five random trials. “Classical pairs” is the number of
legal pairs

(
N
2

)
evaluated by exhaustive classical closest-pair search. Q# calls and Grover iterations

are measured until the workflow first observes an exact optimal pair, with optimality verified
independently by classical exhaustive enumeration. Here M = |K| is the observed k-mer basis size
and Rtot =

∑
i
Ri is the total sparse state-preparation schedule size over all sequences.

k L N Classical pairs Q# calls Grover iters Success M Rtot

2 5 3 3 1.6 1.6 5/5 8.2 11.6
2 8 3 3 3.4 3.6 5/5 11.8 21.4
2 8 4 6 5.8 7.2 5/5 14.0 29.8
2 8 5 10 4.2 4.2 5/5 15.0 38.6
2 8 6 15 5.2 5.6 5/5 15.2 45.6
2 8 7 21 5.6 6.4 5/5 15.4 54.4
2 8 8 28 7.6 13.0 5/5 15.4 63.0
2 12 3 3 2.4 2.4 5/5 13.2 26.6
2 16 3 3 2.6 2.6 5/5 15.0 32.8
3 12 3 3 6.4 7.8 5/5 24.8 38.0
3 16 3 3 4.4 5.0 5/5 30.2 52.0
4 12 3 3 3.0 3.2 5/5 25.2 37.4
4 16 3 3 5.6 6.8 5/5 34.6 52.6

size M increases with k, but the logical depth is not monotone. This reflects the fact that,
on small random instances, resource counts depend not only on M , but also on the detailed
sparse state-preparation schedules generated from the observed k-mer distributions.

4.6 Grover-iteration scaling
Table 3 isolates the cost of increasing the number of Grover iterations for the fixed setting
k = 2, L = 8, N = 4 and r = 3 QAE evaluation qubits. As expected, the logical depth, T -
count, and rotation count grow approximately linearly with the number of Grover iterations,
since each Grover iteration repeats the marking and diffusion components of the coherent
search circuit.

The logical depth increases from 615.0 with no Grover iterations to 5549.7 with four Grover
iterations. Similarly, the rotation count increases from 663.0 to 5967.0. This approximately
linear growth confirms that the Q# logical resource estimates reflect the repeated application
of the Grover search iterate.

5 Conclusion

We introduced a quantum framework for alignment-free closest-pair search in biological
sequence collections using distributional k-mer statistics. The central observation is that
square-root amplitude encoding maps the Bhattacharyya coefficient between empirical k-mer
distributions to the inner product between the corresponding quantum states. This makes
the squared Bhattacharyya score accessible through a SWAP-test-based QAE procedure.
The procedure is used in the finite-precision marking circuit of our proof-of-concept workflow
and motivates the cost assigned to coherent comparisons in the separate oracle-level analysis.

Our main result is an oracle-level theorem. Under a consistent ε-resolved coherent-
comparison-oracle assumption, Dürr–Høyer maximum finding returns, with probability at
least 2/3, a pair whose score is at least F ⋆ − ε, using O(N) expected comparison-oracle
applications. An optimal-score gap greater than ε implies exact recovery.
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Table 2 Q# logical resource estimates obtained using qsharp.logical_counts for circuits with
r = 3 QAE evaluation qubits and one Grover iteration. Each row reports the mean over three
random trials. Here M = |K| is the observed k-mer basis size, Rtot =

∑
i
Ri is the total sparse

state-preparation schedule size, and the remaining columns are logical resource quantities reported
by Q#.

k L N M Rtot Qubits Depth T -count Rotations
2 5 3 8.7 12.7 29.7 668.0 978.0 735.0
2 8 3 12.7 22.3 31.0 1264.3 1518.0 1395.0
2 8 4 14.7 31.7 31.0 1848.7 1926.0 1989.0
2 8 5 14.3 38.0 35.0 2323.0 1950.0 2415.0
2 8 6 14.7 47.3 35.0 3175.3 2322.0 3315.0
2 8 7 15.7 54.0 35.0 3483.7 2682.0 3627.0
2 8 8 15.3 61.7 35.0 4201.3 2766.0 4389.0
2 12 3 14.7 31.3 31.0 2322.3 1698.0 2475.0
2 16 3 14.7 33.7 31.0 3398.3 1758.0 3555.0
3 12 3 23.3 39.3 35.0 1931.7 2778.0 2055.0
3 16 3 31.0 54.3 36.3 3292.7 3078.0 3495.0
4 12 3 26.3 38.0 35.0 1609.7 2778.0 1695.0
4 16 3 38.7 59.0 39.0 2864.7 3498.0 3135.0

Table 3 Effect of the number of Grover iterations on Q# logical resource estimates for the setting
k = 2, L = 8, N = 4, and r = 3 QAE evaluation qubits. The logical depth, T -count, and rotation
count grow approximately linearly with the number of Grover iterations.

Grover iters Logical qubits Logical depth T -count Rotations
0 25.0 615.0 642.0 663.0
1 31.0 1848.7 1926.0 1989.0
2 31.0 3082.3 3210.0 3315.0
4 31.0 5549.7 5778.0 5967.0

The resulting gate bounds are conditional on both the efficient consistent-order imple-
mentation assumed in Assumption 3 and the chosen data-access model. Combining this
comparison-order assumption with idealized qRAM-style indexed loading gives a sequential
gate complexity of Õ

(
NL
ε

)
. Combining the same comparison-order assumption with explicit

multiplexed indexed loading instead gives Õ
(
N2L
ε

)
.

The current Q# implementation validates the finite-precision loading, QAE, marking, and
Grover-search components, but does not establish the execution-wide consistency assumption
used by the main theorem. It should therefore be viewed as a circuit-level proof of concept
that makes the coherent loading cost explicit.

Several directions remain for future work. One direction is to give a complete circuit-level
realization of the consistent comparison-oracle assumption and to analyze comparison consist-
ency near the additive-resolution boundary. A second direction is to develop more efficient
coherent indexed-loading mechanisms, including qRAM-style or hybrid data structures that
reduce the cost of loading sparse k-mer distribution states while accounting for routing,
coherence, and fault-tolerant overheads [11, 3]. Another direction is to move beyond the
black-box maximum-finding formulation by exploiting biological or statistical structure in
k-mer distributions, sequence databases, or induced feature spaces. Finally, compact classical
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sketches such as MinHash reduce memory and runtime by approximately preserving similarity,
and future quantum or hybrid methods could study whether sketch-derived features can be
represented as quantum states and compared using overlap-estimation primitives.

Together, these directions suggest a path toward quantum and hybrid algorithms for
alignment-free omics search that combine coherent similarity estimation, maximum finding,
and practical compressed sequence representations.
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