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Abstract

Families of deterministic finite automata (FDFA) have been introduced as a concise automaton
model that characterizes ω-regular languages by processing their ultimately periodic words. FDFA
are known to enjoy many good properties and can be exponentially more succinct than deterministic
ω-automata with Rabin, Streett or parity acceptance. This paper addresses two main questions:
(1) Are FDFA suitable for probabilistic model checking purposes? and (2) Is it possible to obtain
an even more compact representation of ω-regular languages by allowing the components of an
FDFA to be unambiguous instead of deterministic? Question (1) is answered in the affirmative by
presenting the first polynomial-time algorithm for computing the probability that a discrete-time
Markov chain satisfies an ω-regular property represented as an FDFA. Question (2) is motivated by
the fact that unambiguous finite automata may require exponentially fewer states than deterministic
ones. This paper introduces a model of families of unambiguous finite automata (FUFA) that
captures the class of ω-regular languages. FUFA can be exponentially more succinct than both
FDFA and unambiguous Büchi automata, and there is a single-exponential translation from linear
temporal logic (LTL) to FUFA. This stands in contrast to a double-exponential lower bound for
the translation from LTL to FDFA. Moreover, the polynomial-time probabilistic model checking
algorithm for discrete-time Markov chains against FDFA-specifications is extended to the case where
the property is represented by an FUFA with a deterministic leading automaton.
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1 Introduction

Regular languages over infinite words, also called ω-regular languages, are widely used in
fields such as verification and synthesis [31, 38, 3, 36]. There are many ways to represent
ω-regular languages like, e.g., ω-automata, ω-regular expressions, or logics [18, 39].

Families of deterministic finite automata (FDFA) [2, 1] gained popularity in recent years
as a concise description of ω-regular languages that is well-suited for automata learning [2,
24, 25, 7]. The central idea behind FDFA is to exploit the fact that ω-regular languages are
uniquely characterized by their ultimately periodic words, i.e., the words in the language that
are of the form w = uvω for finite words u, v, where v is nonempty [8, 9].

Formally, an FDFA F = (Q, {Pq}q∈Q) consists of a leading automaton Q and a set of
progress automata Pq, one for each state q of Q. Here, Q and all of the Pq are deterministic
finite automata (DFA). The inputs of F are decompositions (u, v) that represent ultimately
periodic words xyω, i.e., that satisfy uvω = xyω. Intuitively, F accepts (u, v) if (1) v is
accepted by the progress automaton Pq, for q the state reached in Q after reading u, and (2)
v closes a loop on q in Q. It was shown in [2, 1] that saturated FDFA, which are FDFA in
which either all decompositions of an ultimately periodic word that satisfy (2) are accepted
or none of them is, characterize the set of ω-regular languages and enjoy many nice properties
like constant space complementation and efficiently implementable Boolean operations and
decision problems. Moreover, saturated FDFA can be exponentially more succinct than
deterministic Rabin, Streett or parity automata [1], making them a promising automaton
model for applications in the field of (probabilistic) model checking.

To the best of our knowledge, the only available works that discuss the use of FDFA in
the context of model checking are [23, 26]. While the former gives a translation from the
linear temporal logic (LTL) [32] to FDFA and shows how to use FDFA for the verification
of transition systems against LTL-formulas, the latter proposes to model both the system
under consideration and the property of interest as FDFA, and check if the system satisfies
the property by deciding language containment between the two FDFA, which can be done
efficiently [1]. Both [23, 26] do, however, not consider probabilistic model checking.

Given an ω-regular specification E and a discrete-time Markov chain (DTMC) M, the
probabilistic model checking problem asks to compute the probability that M generates a path
that satisfies E [3]. Classical solutions to this problem translate the ω-regular specification
into a deterministic ω-automaton A and compute the probability of reaching specific bottom
strongly connected components (BSCCs) in a product of M and A [38, 13, 3]. Because of
the succinctness of saturated FDFA compared to types of deterministic ω-automata typically
used in probabilistic verification [1], it is of interest to investigate if saturated FDFA are a
suitable model for the representation of ω-regular properties in probabilistic model checking.

We answer this question in the affirmative by providing the first probabilistic model
checking algorithm for DTMCs M against ω-regular specifications represented as saturated
FDFA F = (Q, {Pq}q∈Q). The algorithm is based on a classification and subsequent
reachability analysis of specific good BSCCs in a product of M and Q, and its runtime is
polynomial in the size of M and the sizes of the components of F .

By definition, all components of an FDFA are deterministic. It is, however, well-known
that nondeterministic and unambiguous finite automata can require exponentially fewer states
than minimal DFA for the same language [34, 35, 22]. Here, an automaton is unambiguous if
every word has at most one accepting run [12]. Replacing the deterministic finite automata
in an FDFA with nondeterministic and/or unambiguous finite automata can therefore yield
up to exponential savings in the individual components of the resulting family of automata.
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Following this observation, we introduce the novel notion of families of unambiguous finite
automata (FUFA), which have the same structure as FDFA, but allow a nondeterministic
leading automaton and unambiguous progress automata. The notion from the literature
closest to FUFA are families of nondeterministic finite automata (FNFA) [7], which require a
deterministic leading automaton but allow nondeterministic progress automata.

Similar to the case of FDFA, saturated FUFA characterize the set of ω-regular languages.
Furthermore, FUFA can be exponentially more succinct than FDFA and unambiguous Büchi
automata (UBA), and there is a single-exponential translation from LTL to FUFA. This
stands in contrast to the case of saturated FDFA, where a double-exponential blow-up is
inevitable [16, 10]. Additionally, it is shown how to combine the probabilistic model checking
algorithm for DTMCs against FDFA-specifications developed in this paper with methods
from [4] for probabilistic model checking of DTMCs against UBA-specifications to obtain
a polynomial-time algorithm that computes the probability of a DTMC to generate an
infinite path that satisfies an ω-regular specification represented as a dFUFA, which is an
FUFA with a deterministic leading automaton. While the complexity of probabilistic model
checking of DTMCs against general FUFA-specifications remains open, the corresponding
polynomial-time algorithm for dFUFA is a first step in the direction of applying FUFA in
probabilistic verification.

Main Contributions. In summary, the main contributions are
a poly-time model checking algorithm for DTMC against FDFA-specifications (Section 3).
the introduction of FUFA (families of unambiguous finite automata) as a new model to
represent ω-regular languages that can be exponentially more succinct than FDFA and
UBA, and for which there is a single-exponential translation from LTL (Section 4).
a poly-time model checking algorithm for DTMC against dFUFA-specifications (Section 5).

Proofs can be found in the full version [5].

2 Preliminaries

Words and languages. A finite set Σ is called an alphabet. Let ε be the empty word, Σ∗

the set of finite words over Σ, Σ+ = Σ∗ \ {ε}, and Σ∗+ = Σ∗ × Σ+. The concatenation of
w1, w2 ∈ Σ∗ is w1 · w2, where w · ε = w, and we often write w1w2 instead of w1 · w2. For
k ∈ N, wk is the k-fold repetition of w, where w0 = ε. The length of w = w1 . . . wn ∈ Σ∗

is |w| = 0 if w = ε and |w| = n otherwise. Σω is the set of infinite or ω-words over Σ. A
language is a subset of Σ∗, and an ω-language is a subset of Σω.

Automata over finite words. A non-deterministic finite automaton (NFA) is a 5-tuple
A = (Q, Σ, qinit, δ, F ) with Q a finite set of states, Σ an alphabet, qinit ∈ Q a unique
initial state, δ : Q × Σ → 2Q a transition function and F ⊆ Q a set of final states. To
emphasize the automaton A under consideration we may write, e.g., F A instead of F . By
slight abuse of notation we extend δ to finite words via δ : Q × Σ∗ → 2Q with δ(q, ε) = q

and δ(q, aw) =
⋃

q′∈δ(q,a) δ(q′, w) for q ∈ Q, a ∈ Σ and w ∈ Σ∗. A run of A on a word
w = a1 . . . an ∈ Σ∗ is a sequence of states q0q1 . . . qn such that q0 = qinit and qi+1 ∈ δ(qi, ai+1)
for all 0 ≤ i < n. A accepts the word w ∈ Σ∗ if there is a run r of A on w that ends in a final
state, and in this case r is accepting. L(A) = {w ∈ Σ∗ | A accepts w} is the language of A.

Given w ∈ Σ∗, let A(w) = δ(qinit, w). The size of A is |A| = |Q|. We often, by slight
abuse of notation, identify Q with A and write q ∈ A instead of q ∈ Q. For q ∈ Q let Aq

be like A, but with initial state q. A is total if |δ(q, a)| ≥ 1 for all q ∈ Q and a ∈ Σ. Every
automaton A can be made total by adding a rejecting sink state reached via all transitions
for which δ(q, a) = ∅ in A. W.l.o.g. we assume all states of A to be reachable from qinit.

CONCUR 2026
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A deterministic finite automaton (DFA) is an NFA that satisfies |δ(q, a)| ≤ 1 for every
q ∈ Q and a ∈ Σ. An unambiguous finite automaton (UFA) is an NFA that has at most one
accepting run on every w ∈ Σ∗. NFA, UFA and DFA all characterize the regular languages.

ω-Automata. A nondeterministic Büchi automaton (NBA) has the same structure as an
NFA, but operates on ω-words. A run of an NBA A on w = a1a2 . . . ∈ Σω is an infinite
sequence ρ = q0q1 . . . ∈ Qω with q0 = qinit and qi+1 ∈ δ(qi, ai+1) for all i ∈ N. The run ρ is
accepted by A if inf(ρ) ∩ F ̸= ∅, where inf(ρ) = {q ∈ Q | q is visited infinitely often along ρ},
and in this case ρ is called accepting. The language of A, denoted L(A), is defined as for
NFA. Unambiguous Büchi automata (UBA) are NBA in which every word w ∈ Σω has at
most one accepting run. Both NBA and UBA characterize the set of ω-regular languages.

Deterministic Rabin automata (DRA) are deterministic ω-automata that also characterize
the set of ω-regular languages. Instead of final states, a DRA A has n so-called Rabin pairs
(Ti, Ri) with Ti, Ri ⊆ Q. A word w ∈ Σω is accepted by A if the unique run ρ of A on w

satisfies inf(ρ) ∩ Ti = ∅ and inf(ρ) ∩ Ri ̸= ∅ for some 1 ≤ i ≤ n. The language L(A) of a
DRA A is defined as for NBA. W.l.o.g. we assume all DRA and DFA to be total.

Ultimately periodic words and FDFA. A word w ∈ Σω is ultimately periodic if w = uvω for
a (u, v) ∈ Σ∗+. For every ω-regular language L, UP(L) = {uvω ∈ L | (u, v) ∈ Σ∗+} ̸= ∅ [8].
Moreover, for ω-regular languages L, L′ it holds that L = L′ iff UP(L) = UP(L′) [9].

A family of deterministic finite automata (FDFA) is a tuple F = (Q, {Pq}q∈Q). Q is the
leading automaton and satisfies F Q = ∅, and each Pq, q ∈ Q, is a progress automaton. In
an FDFA, Q and all Pq are DFA. The size of F is |F| = (|Q|, maxq∈Q |Pq|). FDFA process
ultimately periodic words represented by decompositions (u, v) ∈ Σ∗+. A decomposition
(u, v) is normalized (w.r.t. Q) if Q(u) = Q(uv), and F accepts (u, v) if it is normalized and
v ∈ L(Pq) for q = Q(u). Let JFK = {(u, v) ∈ Σ∗+ | F accepts (u, v)} and L(F) = {uvω |
∃(x, y) ∈ Σ∗+ : xyω = uvω and (x, y) ∈ JFK}. F accepts w = uvω if w ∈ L(F).

An FDFA is saturated if for all w = uvω it accepts either every or none of the normalized
decompositions of w. Saturated FDFA characterize the ω-regular languages [1, 7], i.e., for
every saturated FDFA F there is a unique ω-regular language Lω(F) with UP(Lω(F)) =
L(F), and for every ω-regular language L there is a saturated FDFA FL with L(FL) = UP(L).

Markov chains. We fix a countable set AP of atomic propositions. For a finite set S, let
Distr(S) = {µ : S → [0, 1] |

∑
s∈S µ(s) = 1} contain the probability distributions on S.

A discrete-time Markov chain (DTMC ) is a tuple M = (S, P, sinit, ℓ) with S a finite set
of states, P : S → Distr(S) a transition distribution function, sinit ∈ S a unique initial state,
and ℓ : S → 2AP a labeling function. P (s, s′) = P (s)(s′) denotes the probability to move
from s to s′ in one step, and Succ(s) = {s′ ∈ S | P (s, s′) > 0} is the set of successors of s.
For s ∈ S, let Ms be like M, but with initial state s. The size of M is |M| = |S|.

A sequence π = s0s1 . . . ∈ Sω is a (infinite) path of M if s0 = sinit and si+1 ∈ Succ(si) for
all i ∈ N. π[i] = si is the state at position i of π, and tr(π) = ℓ(s0)ℓ(s1) . . . ∈ (2AP )ω is the
trace of π. Finite paths π = s0s1 . . . sn ∈ Sn+1 and their traces are defined analogously, and if
π is finite we set last(π) = sn. Paths(M) is the set of all paths of M, and Paths∗(M) is the set
of all finite paths of M. For s ∈ S, let Paths(s) = Paths(Ms) and Paths∗(s) = Paths∗(Ms).

C ⊆ S is a strongly connected component (SCC ) of M if all s, s′ ∈ C are reachable from
one another via finite paths. An SCC C is bottom (BSCC ) if Succ(s) ⊆ C for all s ∈ C.

For a DTMC M and a deterministic automaton A with alphabet 2AP , the product M⊗A
is a DTMC with state space S × Q, initial state ⟨sinit, δ(qinit, ℓ(sinit))⟩, labeling function
ℓ′(⟨s, q⟩) = ℓ(s) and transition probabilities P ′(⟨s, q⟩, ⟨s′, q′⟩) = P (s, s′) if q′ = δ(q, ℓ(s′)) and
0 otherwise. The DTMC M × A is build similar to M ⊗ A, but with initial state ⟨sinit, qinit⟩.
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We consider the standard probability measure PrM on subsets of Paths(M), defined via
cylinder sets Cyl(π) = {σ ∈ Paths(M) | π is a prefix of σ} for π = s0s1 . . . sn ∈ Paths∗(M).
We abbreviate PrM(Cyl(π)) by PrM(π) and the measure yields PrM(π) = 0 if s0 ̸= sinit

and PrM(π) =
∏n−1

j=0 P (sj , sj+1) otherwise. Given an ω-regular property E, PrM(E) is the
probability of M to generate a path with trace in E. For details on DTMCs see, e.g., [19, 3].

LTL. For a ∈ AP , formulas of the linear temporal logic (LTL) are formed w.r.t. the grammar

φ ::= true | a | ¬φ | φ1 ∨ φ2 | ⃝φ | φ1Uφ2.

Here, ⃝ is the next-operator, so σ ∈ (2AP )ω satisfies ⃝φ iff φ holds in σ[1], and U is the
until-operator, so σ satisfies φ1Uφ2 iff, along σ, φ1 holds until φ2 is true. As syntactic
sugar we define ♢φ ≡ trueUφ which is satisfied by σ iff φ holds eventually along σ. Let
Words(φ) = {w ∈ (2AP )ω | w satisfies φ}. For a DTMC M, PrM(φ) is the probability that
M generates a path π with tr(π) ∈ Words(φ). For details on LTL see, e.g., [32, 3].

3 Model Checking DTMCs against Saturated FDFA

Let M be a DTMC and E an ω-regular property. The probabilistic model checking problem
for M and E asks to compute PrM(E), i.e., the probability that M generates a path π with
tr(π) ∈ E. In this section we show how to efficiently solve the probabilistic model checking
problem in the case that E is represented by a saturated FDFA F = (Q, {Pq}q∈Q).

▶ Theorem 3.1. For a given DTMC M and a given saturated FDFA F with Lω(F) = E,
the probability PrM(E) can be computed in time polynomial in the sizes of M and F .

To prove Theorem 3.1 we present a polynomial-time probabilistic model checking algorithm
for DTMCs M against saturated FDFA F . The algorithm follows the standard approach
for model checking M against deterministic ω-automata A [3], which boils down to (1)
constructing the product M ⊗ A, (2) computing the BSCCs B1, . . . , Bk of M ⊗ A that
satisfy the acceptance condition of A, and (3) computing the probability of reaching one of
these BSCCs Bi in the product. When dealing with (saturated) FDFA instead of classical
deterministic ω-automata, the challenge is that FDFA can only process the ultimately periodic
words of a given ω-regular language. Hence, the decision in (2) if a BSCC of the product of
M and (in this case) the leading automaton Q of F is accepting requires some extra care.

Intuitively, our algorithm works as follows: First, the set of BSCCs of M⊗Q is computed.
Afterwards, for each BSCC B of M ⊗ Q, an arbitrary state ⟨s, q⟩ ∈ B is picked, and the
product IB = Ms × Qq × Pq is analyzed for the existence of a BSCC that does not contain
a state ⟨s, q, f⟩ with f ∈ F Pq . Importantly, the existence of such a rejecting BSCC in IB

does not depend on the specific choice of ⟨s, q⟩ ∈ B (Lemma 3.3), and checking if IB has a
rejecting BSCC can be done by a simple graph analysis in time linear in |IB | (Lemma 3.4). If
IB does not contain a rejecting BSCC then B is classified as good. In the end, PrM(E) equals
the probability of reaching a good BSCC in M ⊗ Q (Proposition 3.7). The majority of this
section is devoted to the proof of correctness of this algorithm, and hence of Theorem 3.1.

The upcoming proofs make use of an auxiliary DRA A with L(A) = E and exploit the
fact that PrM(E) equals the probability to reach an accepting BSCC in M ⊗ A [3]. Here, a
BSCC B of M ⊗ A is accepting if there is a Rabin pair (Ti, Ri) of A with B|A ∩ Ti = ∅ and
B|A ∩ Ri ̸= ∅, where B|A = {q ∈ A | ∃ s ∈ M : ⟨s, q⟩ ∈ B}. Otherwise, B is rejecting.

The following lemma shows that if a BSCC B of M ⊗ A is accepting, all paths that
reach B and visit all its states infinitely often satisfy E, while if B is rejecting all these
paths violate E. Recall that for σ ∈ Paths(M ⊗ A), tr(σ) equals the trace of the path of M
obtained from the projection of σ to its first components.

CONCUR 2026
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▶ Lemma 3.2. Let u ∈ Paths∗(M ⊗ A) end in ⟨s, p⟩ ∈ B for some BSCC B of M ⊗ A, and
let π ∈ PathsM⊗A(⟨s, p⟩) be such that, along π, every state of B is visited infinitely often.
1. If B is accepting then tr(uπ) ∈ E.
2. If B is rejecting then tr(uπ) /∈ E.

Proof Sketch. If B is accepting then there is a Rabin pair (Ti, Ri) with B|A ∩ Ti = ∅ and
B|A ∩ Ri ̸= ∅. Because all states of B are visited infinitely often along π, so is a state in Ri,
while no state in Ti is visited at all. Thus, tr(uπ) ∈ L(A) = E. If B is rejecting then for every
(Ti, Ri) we have Ti ∩ B|A ≠ ∅, so inf(uπ) ∩ Ti ̸= ∅, or Ri ∩ B|A = ∅. Hence, tr(uπ) /∈ E. ◀

Let ⟨s, q⟩ be a state in a BSCC of M ⊗ Q. We define I⟨s,q⟩ = Ms × Qq × Pq and say that
a state ⟨s, q, f⟩ in a BSCC of I⟨s,q⟩ is accepting if f ∈ F Pq . Note that any accepting state of
I⟨s,q⟩ has s in its first and q in its second component. W.l.o.g. we assume that accepting
states in I⟨s,q⟩ are labeled with a fresh atomic proposition accept. A BSCC B of I⟨s,q⟩ is
rejecting if it does not contain an accepting state. It turns out that the specific choice of
⟨s, q⟩ in a BSCC of M ⊗ Q has no influence on the existence of rejecting BSCCs in I⟨s,q⟩.

▶ Lemma 3.3. Let C be a BSCC of M ⊗ Q and ⟨s, q⟩, ⟨s′, q′⟩ ∈ C. If I⟨s,q⟩ has a rejecting
BSCC then I⟨s′,q′⟩ does as well.

Proof Sketch. Let u, v, w be such that u reaches ⟨s′, q′⟩ in M ⊗ Q, v takes M ⊗ Q from
⟨s′, q′⟩ to ⟨s, q⟩, and w reaches a rejecting BSCC in I⟨s,q⟩. Assume that I⟨s′,q′⟩ does not have
a rejecting BSCC. Then there is an x such that vwx reaches an accepting state ⟨s′, q′, f⟩
in I⟨s′,q′⟩, and so (tr(u), tr(vwx)) ∈ JFK. However, Q(tr(uv)) = q = δQ(q, tr(wxv)) and
tr(wxv) /∈ L(Pq), where the latter follows since a rejecting BSCC of I⟨s,q⟩ is reached upon w.
Hence, (tr(uv), tr(wxv)) /∈ JFK, contradicting the saturation of F . ◀

Let B be a BSCC of M⊗Q and let ⟨s, q⟩ be an arbitrary state in B. We set IB = I⟨s,q⟩ and
say that B is good iff IB does not have a rejecting BSCC. By Lemma 3.3, the classification of
B as good is independent of the choice of ⟨s, q⟩. Deciding if B is good can be done efficiently.

▶ Lemma 3.4. Deciding if a BSCC B of M ⊗ Q is good is possible in time linear in |IB |.

Proof Sketch. It holds that IB has a rejecting BSCC iff PrIB (♢accept) < 1, which is
decidable in time linear in |IB |, see, e.g., [3]. ◀

Recall that A is an auxiliary DRA with L(A) = E = Lω(F). The next lemma shows a
direct connection between reaching good BSCCs of M ⊗ Q and accepting BSCCs of M ⊗ A.

▶ Lemma 3.5. Let u ∈ Paths∗(M) such that the lifting of u to M ⊗ A reaches a BSCC BA,
and the lifting of u to M ⊗ Q reaches a BSCC BQ. Then BA is accepting iff BQ is good.

Proof Sketch. Let BA be accepting and assume that IBQ = I⟨s,q⟩ has a rejecting BSCC.
Then there is a finite cycle v in BA visiting all states of BA, while if followed in IBQ ends
in a state ⟨s, q, r⟩ in the rejecting BSCC. Hence, uvω ∈ L(A) = E by Lemma 3.2, but
uvω /∈ Lω(F) = E, a contradiction. The reverse direction can be shown similarly. ◀

The precondition of Lemma 3.5 requires that the finite path u is such that its lifting to
both M ⊗ Q and M ⊗ A reaches a BSCC. However, the final model checking algorithm does
not have access to the DRA A, and hence has no information about the runs of M ⊗ A on u.
It turns out that this is not a problem, since after reaching a BSCC in M ⊗ Q on u either
all BSCCs of M ⊗ A reachable after u are accepting, or all of them are rejecting.
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This is the case because of the following technical lemma, which states that all finite
words reaching the same state in the leading automaton Q of an FDFA F for an ω-regular
property E have the same residual languages w.r.t. E. For a given x ∈ Σ∗, the residual
language of x w.r.t. E is ResE

x = {z ∈ Σω | xz ∈ E}.

▶ Lemma 3.6. Let x, y ∈ Σ∗ and let Q be the leading automaton of an FDFA F for E. If
Q(x) = Q(y) then ResE

x = ResE
y .

Proof Sketch. Let Q(x) = Q(y). Then xuvω ∈ E iff yuvω ∈ E, and so UP(ResE
x ) =

UP(ResE
y ). Because ResE

x and ResE
y are ω-regular, this implies ResE

x = ResE
y [9]. ◀

Let u ∈ Paths∗(M) be such that the lifting of u to M ⊗ Q reaches a state ⟨s, q⟩ in a
BSCC BQ. Because M ⊗ A is a DTMC, almost surely a finite extension v of u is generated
by M such that the lifting of uv to M ⊗ A ends in a BSCC BA. As M ⊗ Q is in ⟨s, q⟩ ∈ BQ
after u, almost surely M generates an extension w of uv such that the lifting of uvw to
M ⊗ Q also ends in ⟨s, q⟩. But then ResE

u = ResE
uvw by Lemma 3.6, and so either almost

surely a path with prefix u is in E (if BA is accepting), or violates E (if BA is rejecting).
Hence, after entering a BSCC BQ of M ⊗ Q the probability of M to generate a

path in E equals 1 (if BQ is good), or it equals 0. Let accBSCC contain all accept-
ing BSCCs of M ⊗ A, and goodBSCC contain all good BSCCs of M ⊗ Q. Because
PrM(E) = PrM⊗A(♢accBSCC ) [3], Lemma 3.5 implies the following result.

▶ Proposition 3.7. PrM(E) = PrM⊗Q(♢goodBSCC ).

The following algorithm efficiently computes the satisfaction probability of a DTMC M
against an ω-regular property E represented by a saturated FDFA F = (Q, {Pq}q∈Q):
1. Compute the set B of BSCCs of M ⊗ Q.
2. For every B ∈ B pick an arbitrary ⟨s, q⟩ ∈ B and check if IB = I⟨s,q⟩ = Ms × Qq × Pq

contains a rejecting BSCC. If this is not the case, add B to the set goodBSCC .
3. Compute PrM(E) = PrM⊗Q(♢goodBSCC ).
The correctness of the algorithm follows from Proposition 3.7. Regarding its complexity,
the procedure boils down to obtaining the set of good BSCCs of M ⊗ Q and a subsequent
computation of reachability probabilities in M ⊗ Q. Deciding if a BSCC B of M ⊗ Q is good
can be done in time linear in the size of IB (Lemma 3.4), while the reachability probability of
goodBSCC in M ⊗ Q can be computed in time polynomial in |M ⊗ Q| = |M| · |Q| by solving
a system of linear equations [3]. Hence, the overall runtime of the algorithm is polynomial in
the sizes of M and F . This finishes the proof of Theorem 3.1.

To conclude this section we discuss how to obtain an FDFA for a given ω-regular property.
In the literature, FDFA are mainly applied in learning algorithms for ω-regular languages [2,
24, 25, 7]. These algorithms naturally yield a way to compute FDFA representations for a
given ω-regular specification. An orthogonal approach is the direct construction of saturated
FDFA from, e.g., LTL formulas. The only direct translation from LTL to FDFA that we are
aware of is presented in [23]. It takes inspiration from the works of Esparza et al. [14, 15]
on the construction of ω-automata from LTL formulas and, in the worst case, incurs a
double-exponential blow-up. Unfortunately, this blow-up is inevitable.

▶ Proposition 3.8 ([16, 10]). There is a family of LTL-formulas φn of length polynomial in
n such that any saturated FDFA for φn has a leading automaton of size at least 22n .

Proof Sketch. Let L′
n = {x#w#y$w | x, y ∈ {0, 1, #}∗, w ∈ {0, 1}n} and Ln = L′

n · #ω.
For each n there is an LTL formula φn of length quadratic in n with Words(φn) = Ln [20].
The leading automaton of any saturated FDFA for Ln must “recognize” if a prefix is in L′

n.
But this requires a DFA with at least 22n states [11]. ◀
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Nevertheless, it was shown in [1] that saturated FDFA can be exponentially more succinct
than deterministic Rabin, Streett or parity automata, which are types of ω-automata often
used in probabilistic verification [3]. The probabilistic model checking procedure outlined in
this section may therefore still reduce the total verification time significantly.

4 Families of Unambiguous Finite Automata

It is well-known that an NFA or a UFA for a given regular language L may require exponen-
tially fewer states than a DFA for L [34]. Hence, allowing nondeterminism in the leading
automaton and/or the progress automata of an FDFA might yield families of finite automata
of significantly reduced size. Based on this observation, we define the novel notion of families
of unambiguous finite automata (FUFA), which have leading NFA and progress UFA.

▶ Definition 4.1. A family of unambiguous finite automata (FUFA) is a tuple U =
(Q, {Pq}q∈A) with A ⊆ Q, where Q is a leading NFA and Pq, q ∈ A, are progress UFA.

Let U = (Q, {Pq}q∈A) be an FUFA. In contrast to FDFA, it is not required in an FUFA
that every state q ∈ Q has a corresponding progress automaton Pq, but only those q contained
in A ⊆ Q. As every DFA is both a UFA and an NFA, all FDFA can be interpreted as FUFA
in which A contains all states of Q. On the other hand, not every FUFA is an FDFA, since
the leading automaton and the progress automata of an FUFA can contain nondeterminism.

We extend the notion of (normalized) acceptance of decompositions (u, v) ∈ Σ∗+ from
FDFA to FUFA. The main difference between the acceptance of (u, v) in an FDFA and an
FUFA is that in the latter, acceptance of v by a progress automaton can only be defined if
a state in A is reachable on u, i.e., if Au := Q(u) ∩ A is nonempty. Moreover, the leading
automaton of an FUFA can be nondeterministic, so Q(u) may contain multiple states and it
is possible that (u, v) is normalized only w.r.t. some of them. Hence, accepted normalized
decompositions (u, v) are required to satisfy the normalization condition w.r.t. at least one
q ∈ Au for which v ∈ L(Pq). These observations are combined in the following definition.

▶ Definition 4.2. Let U = (Q, {Pq}q∈A) be an FUFA. A decomposition (u, v) ∈ Σ∗+ is
q-normalized if q ∈ Au and q ∈ δQ(q, v), and (u, v) is normalized if it is q-normalized w.r.t.
some q ∈ A. Moreover, U accepts the decomposition (u, v) if there is a q ∈ A such that (u, v)
is q-normalized and v ∈ L(Pq). The sets JUK, L(U) and Lω(U) are defined as for FDFA.

Similar to FDFA, we also require FUFA to be saturated. While in a saturated FDFA
either every or no normalized decomposition of a word is accepted, in a saturated FUFA we
again have to restrict the definition to those decompositions (u, v) ∈ Σ∗+ with Au ̸= ∅.

▶ Definition 4.3. An FUFA U is saturated if for every ultimately periodic word w either
every normalized decomposition of w is accepted by U , or none of them is.

Let U = (Q, {Pq}q∈A) be a saturated FUFA, w ∈ Σω an ultimately periodic word, and
(u, v) a normalized decomposition of w. The central idea behind FUFA is to obtain an
unambiguous extension of FDFA. The nondeterminism of Q and Pq, q ∈ A, can, however,
cause some undesired behavior when viewing FUFA under this premise. For instance, it is
possible that there are q1, . . . , qn ∈ Au such that (u, v) is qi-normalized and v ∈ L(Pqi) for
all 1 ≤ i ≤ n. This is not in the spirit of unambiguous automata, which have at most one
accepting run for every word. Adjusted to FUFA this means that for every decomposition
(u, v) of w there should be a unique q ∈ Au for which (u, v) is q-normalized and v ∈ L(Pq).
As another example, a saturated FDFA F = (QF , {Pq

F }q∈QF ) satisfies that if (u, v) ∈ JFK
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then also (u, vn) ∈ JFK for all n [7]. Hence, for q = QF (u) it holds that vn ∈ L(Pq
F ) for

all n ≥ 1. In saturated FUFA, however, decompositions (u, vi) and (u, vj) for i ̸= j can be
normalized w.r.t. different qi and qj in Au, and accepted via different progress automata Pqi

and Pqj . This distinguishes saturated FUFA significantly from saturated FDFA.
To bring saturated FUFA closer to saturated FDFA and unambiguous automata, we

require saturated FUFA to be decomposition-unambiguous and power-unambiguous.

▶ Definition 4.4. Let U = (Q, {Pq}q∈A) be a saturated FUFA.
1. U is decomposition-unambiguous if for every (u, v) ∈ Σ∗+ there is at most one q ∈ Au

such that (u, v) is q-normalized and v ∈ L(Pq).
2. U is power-unambiguous if for all q-normalized decompositions (u, v) ∈ JUK with v ∈ L(Pq)

and every f ∈ Pq(v) ∩ F Pq it holds that F Pq ∩ δPq (f, vn) ̸= ∅ for all n ≥ 1.

Decomposition- and power-unambiguity imply several useful properties that are guar-
anteed in FUFA U that satisfy (one of) these definitions. For instance, decomposition-
unambiguity of U yields that for every (u, v) ∈ JUK there is a unique q ∈ Au such that (u, v) is
q-normalized and v ∈ L(Pq). If U is, on the other hand, power-unambiguous then no f ∈ F Pq

is terminal, and v ∈ L(Pq) for v the period of a q-normalized decomposition (u, v) implies
vn ∈ L(Pq) for all n ≥ 1. In fact, power-unambiguity of U even implies that fn+1 ∈ δPq (fn, v)
for all n ≥ 1, where fi denotes the final state reached by the accepting run of Pq on vi.
To see that this is indeed the case consider, for n ≥ 1, the word vn·(n+1). Then Pq has an
accepting run π1 on vn·(n+1) that is in fn after vn. Such a π1 exists since fn ∈ Pq(vn) ∩ F Pq

and, as U is power-unambiguous, F Pq ∩ δPq (fn, vn·(n+1)−n) = F Pq ∩ δPq (fn, (vn)n) ̸= ∅.
Similarly, Pq has an accepting run π2 on vn·(n+1) that is in fn+1 after vn+1. Because Pq is
unambiguous, π1 and π2 coincide. Thus, the unique accepting run of Pq on vn·(n+1) must be
in fn after vn and in fn+1 after vn+1, which is only possible if fn+1 ∈ δPq (fn, v). As a direct
consequence, it follows that if U is power-unambiguous then for all q-normalized (u, v) ∈ JUK
the accepting run of Pq on vj is a prefix of the accepting run of Pq on vk for all j < k.

The next lemma suggest that saturation as well as decomposition-unambiguity and
power-unambiguity are natural requirements for unambiguous extensions of saturated FDFA.

▶ Lemma 4.5. Let F = (QF , {Pq
F }q∈QF ) be a saturated FDFA. Let U = (QU , {Pq

U }q∈A)
with A = QU be the FUFA obtained by interpreting QF as an NFA and the progress automata
Pq

F as UFA. Then U is saturated, decomposition-unambiguous and power-unambiguous.

If not mentioned otherwise, we from now on assume that all FUFA are saturated,
decomposition-unambiguous and power-unambiguous.

4.1 Succinctness of FUFA compared to FDFA and ω-Automata
Similar to FDFA, the size of an FUFA U is |U| = (|Q|, maxq∈A |Pq|). We compare the
succinctness of FUFA to other types of ω-automata, starting with saturated FDFA. Like for
the comparison of DFA and UFA [34], there are ω-regular languages for which representations
as saturated FDFA require exponentially more states than representations as FUFA.

▶ Proposition 4.6. There is a family of ω-regular languages (Ln)n≥1 over a ternary alphabet
such that every Ln can be represented by a saturated, decomposition- and power-unambiguous
FUFA of size (n+2, 2), while every saturated FDFA for Ln is of size at least (2n, 2).
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q0 q1 · · · qn qn+1a, c a a, c a, c b
a, b, c

Figure 1 The leading automaton of an FUFA for the family of languages Ln used in the proof of
Proposition 4.6. The states in A are depicted as rectangles. Adapted from [4].

q1 q2 q3 · · · qnqn+1

Qn

0

0$

1

0

1

0 0
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$ ε $
Pqn+1

n
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$

Figure 2 The FUFA Un = (Qn, Pqn+1
n ) as used in the proof of Theorem 4.8.

Proof Sketch. Let Σ = {a, b, c}, L′
n = (a + c)∗a(a + c)n−1b and Ln = L′

n · Σω. A saturated,
decomposition- and power-unambiguous FUFA for Ln of size (n+2, 2) has a leading automaton
as shown in Figure 1 with A = {qn+1}, and a progress automaton Pqn+1 accepting Σ+. Since
an ω-word is in Ln iff it has a prefix in L′

n, the leading automaton of any saturated FDFA
for Ln must “recognize” L′

n. But any DFA for L′
n requires at least 2n states [4]. ◀

In [4] it is argued that every deterministic ω-automaton accepting the language Ln used
in the proof of Proposition 4.6 has at least 2n states. This yields the following corollary.

▶ Corollary 4.7. There is a family of ω-regular languages (Ln)n≥1 over a ternary alphabet
such that every Ln can be represented by a saturated, decomposition- and power-unambiguous
FUFA of size (n+2, 2), while every deterministic ω-automaton for Ln needs at least 2n states.

Next, we compare the succinctness of FUFA to that of unambiguous Büchi automata.

▶ Theorem 4.8. There is a family of ω-regular languages (Ln)n≥1 over a ternary alphabet
such that every Ln can be represented by a saturated, decomposition- and power-unambiguous
FUFA of size (n+1, 2), while every UBA for Ln has at least 2n−1 states.

Proof Sketch. Let L′
n = (0 + (01∗)n−10)∗ and Ln = L′

n · $ω. The FUFA Un depicted in
Figure 2 is saturated, decomposition- and power-unambiguous, and satisfies Lω(Un) = Ln.
Using techniques from [28] we can show that every UBA Bn for Ln has a substructure An

that, if interpreted as a UFA, accepts L′
n. But then An requires at least 2n−1 states [21]. ◀

Because of the exponential lower bound for the translation from FUFA to UBA, the
question arises if an exponential blow-up is also inevitable when translating saturated,
decomposition- and power-unambiguous FUFA to NBA. It turns out that this is not the case.

▶ Lemma 4.9. Let U be a saturated, decomposition- and power-unambiguous FUFA of size
|U| = (n, k). Then there is an NBA A of size O(n2k3) such that UP(L(A)) = L(U).

Proof Sketch. We adjust the translation of saturated FDFA to NBA from [1, Thm. 5.8] to
FUFA. For q ∈ A and f ∈ F Pq , let Mq = {v ∈ Σ∗ | q ∈ Q(v)} and Nq,f = {v ∈ Σ+ | q ∈
δQ(q, v) ∧ f ∈ Pq(v) ∧ f ∈ δPq (f, v)}, as well as L =

⋃
{(q,f)|q∈A∧f∈F Pq } Mq · Nω

q,f . Then
there is an NBA A for L of size O(n2k3) with UP(L(A)) = L(U). ◀

As every saturated, decomposition- and power-unambiguous FUFA U can be translated
into an NBA A with UP(L(A)) = L(U), any such FUFA represents an ω-regular language.
To show that also every ω-regular language can be represented by a saturated, decomposition-
and power-unambiguous FUFA, we provide a polynomial translation from UBA to FUFA.
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NBAUBA DPA

FDFAFUFA
Lem. 4.5

[1]

Thm. 4.10 Lem
. 4.9

[1]
Thm. 4.8 Prop. 4.6

[28] [1]

[29, 27, 30]

[1]

Cor. 4.7

?

Figure 3 Overview of lower bounds for the state complexity of translations between FUFA, FDFA
and different types of ω-automata. Solid arrows indicate an inevitable exponential blow-up, dashed
arrows denote polynomial translations, and dash-dotted arrows are used for constant translations.

Given a UBA A, let U = (Q, {Pq}q∈A) be an FUFA whose leading automaton Q has
the same structure as A, but with F Q = ∅, and let A = F A. Moreover, for q ∈ A, let Pq

be such that L(Pq) = {v ∈ Σ+ | q ∈ δA(q, v)}. The automaton Pq is obtained from Aq by
setting F Pq = {q′} for a fresh copy q′ of q and defining δPq such that if p ̸= q′ then δPq (p, a)
is like δA(p, a), but with transitions to q replaced by transitions to q′, while δPq (q′, a) is like
δA(q, a), but with transitions to q replaced by self-loops on q′. The resulting FUFA U is
saturated, decomposition- and power-unambiguous, and satisfies L(A) = Lω(U).

▶ Lemma 4.10. Let A be a UBA. Then there is a saturated, decomposition- and power-
unambiguous FUFA U = (Q, {Pq}q∈A) of size |U| = (|A|, O(|A|)) such that L(A) = Lω(U).

The above translation from UBA A to FUFA U = (Q, {Pq}q∈A) does not guarantee
that the automaton obtained from Q by setting F Q = A is a UFA. To see this let A have
three states q1, q2, q3, with q1 the initial state, F A = {q2, q3}, and the only transitions
δA(q1, a) = {q2, q3}, δA(q2, b) = {q2} and δA(q3, c) = {q3}. Then the FUFA constructed from
A can move to both q2, q3 ∈ A on a, i.e., Q is not unambiguous w.r.t. A.
▶ Remark 4.11. By Theorem 4.8 there are ω-regular languages Ln for which saturated,
decomposition- and power-unambiguous FUFA of size (n+2, 2) exist, while every UBA for
Ln requires at least 2n−1 states. The FUFA obtained from such a UBA then also has a
leading automaton of size at least 2n−1. Thus, the above translation is not optimal and can
produce FUFA that are significantly larger than a minimal FUFA for the same language.

It is well-known that there is a single-exponential translation from LTL to UBA [38]. By
Lemma 4.10, translating LTL to saturated, decomposition- and power-unambiguous FUFA
is of similar complexity. This is in contrast to the double-exponential lower bound for the
translation from LTL to saturated FDFA [16, 10] shown in Proposition 3.8.

▶ Corollary 4.12. There is a single-exponential translation from LTL to saturated, power-
and decomposition-unambiguous FUFA.

The combination of Lemmas 4.9 and 4.10 yields the following result.

▶ Theorem 4.13. Saturated, decomposition- and power-unambiguous FUFA are as expressive
as the set of ω-regular languages.

Figure 3 summarizes the succinctness results for FUFA compared to FDFA and other types
of ω-automata. In the figure, FUFA stands for the class of saturated, decomposition- and
power-unambiguous FUFA, and FDFA stands for the class of saturated FDFA. DPA stands
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p1 p2
a

a
q1 q2

a

a
ε a

a
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Q1 Q2 Pp2
1 ; Pq1

2

Figure 4 Two FUFA for {aω} without a decomposition of aω accepted by both.

for the class of deterministic parity automata (DPA), which is another type of deterministic
ω-automata that characterizes the set of ω-regular languages. By first using a polynomial
translation from DPA to saturated FDFA [1] and afterwards interpreting the resulting FDFA
as an FUFA (Lemma 4.5), we obtain a polynomial translation from DPA to FUFA. Moreover,
the exponential lower bound for translating FUFA to DPA does, by Corollary 4.7, also hold
for all other types of deterministic ω-automata. The only missing lower bound is that for
translating NBA to FUFA. We expect this translation to come with an inevitable exponential
blow-up, but leave a formal proof of this claim for future work.

4.2 Boolean Operations and Decision Procedures for FUFA
Let U = (Q, {Pq}q∈A) be an FUFA of size (n, k). The membership problem for U and a given
(u, v) ∈ Σ∗+ asks if (u, v) ∈ JUK. An algorithm that solves this problem first computes Au,
then checks for all q ∈ Au if (u, v) is q-normalized, and afterwards decides if v ∈ L(Pq) for
any such q. All of these operations can be realized by running (slightly modified versions of)
Q on u and some of the progress automata of U on v, yielding the following result.

▶ Lemma 4.14. Given an FUFA U and a decomposition (u, v) ∈ Σ∗+, the membership
problem for U and (u, v) can be solved in time polynomial in the sizes of U , |u| and |v|.

Next, we consider the intersection operation for FUFA, i.e., we discuss how to obtain, from
given FUFA U1 and U2, an FUFA H with JHK = JU1K ∩ JU2K. Such an H can be constructed
by taking as leading automaton the parallel product of Q1 and Q2, setting A = A1 × A2,
and defining P⟨q1,q2⟩ as the parallel product of Pq1 and Pq2 for all ⟨q1, q2⟩ ∈ A.

▶ Lemma 4.15. Let Ui = (Qi, {Pq
i }q∈Ai

) for i ∈ {1, 2} be two FUFA. Then there is an FUFA
H of size (|Q1| · |Q2|, max⟨q1,q2⟩∈A1×A2 |Pq1

1 | · |Pq2
2 |) such that JHK = JU1K ∩ JU2K. Moreover,

H can be constructed such that saturation, decomposition-unambiguity and power-unambiguity
are preserved, i.e., such that if both U1 and U2 have any of these properties, H does as well.

Both the membership problem and the intersection operation described above consider
(accepted) decompositions. Extending the results to ultimately periodic words w ∈ Σω, i.e.,
to deciding if w ∈ L(U) or constructing an FUFA H such that L(H) = L(U1) ∩ L(U2), is not
straightforward. In the case of membership, an algorithm that decides if w ∈ L(U) has to
find a normalized decomposition (u, v) of w that is accepted by U . Without any information
on, e.g., the form of the period of w or the length of its prefix, it is not clear how such a
decomposition can be found algorithmically. Regarding intersection, situations in which
JU1K ∩ JU2K = ∅ but L(U1) ∩ L(U2) ̸= ∅ are challenging. An example for this is given in
Figure 4, where L(U1) = L(U2) = {aω}, but JU1K ∩ JU2K = ∅. Because acceptance of FUFA is
defined w.r.t. decompositions (u, v), it is not clear how to obtain an FUFA for L(U1) ∩ L(U2)
from U1 and U2 in this case. We are not aware of any available methods that solve the
corresponding problems for the easier case of (saturated) FDFA.

To conclude this section we discuss the challenges that arise in the search for the precise
complexities of other decision problems and Boolean operations for FUFA.
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▶ Remark 4.16. For saturated FDFA the operations of union and complementation can
be done efficiently [1]. Since the precise complexity of these operations is, to the best of
our knowledge, not yet known for UFA [33, 17], we leave the analysis of the complexity of
the corresponding operations on FUFA for future work. Furthermore, deciding universality,
language containment and language equality can be done efficiently for saturated FDFA [1].
While these problems are in P for UFA [35, 12], their precise complexities in the case of UBA
are long-standing open problems [4]. Because of the polynomial-time translation from UBA to
saturated, decomposition- and power-unambiguous FUFA (Lemma 4.10), the corresponding
problems for (this type of) FUFA are at least as hard as for UBA.

5 Model Checking DTMCs against dFUFA-Specifications

In this section we take the first step towards an efficient probabilistic model checking algorithm
that uses saturated, decomposition- and power-unambiguous FUFA for the representation of
ω-regular properties. More precisely, we prove the existence of such an algorithm for the
subclass of deterministic FUFA (dFUFA), which are FUFA with a deterministic leading
automaton. The notion of dFUFA lies between FDFA and the families of nondeterministic
finite automata (FNFA) defined in [7], which require deterministic leading automata but
allow progress NFA. Since every FDFA can be interpreted as a dFUFA, the set of saturated,
decomposition- and power-unambiguous dFUFA characterizes the set of ω-regular languages.
Moreover, the determinism of the leading automaton Q of a dFUFA yields that Q(u) is a
singleton for every u ∈ Σ∗. Therefore, dFUFA are always decomposition-unambiguous, and
we usually do not explicitly mention decomposition-unambiguity in the context of dFUFA.

Let M be a DTMC, U = (Q, {Pq}q∈A) a saturated and power-unambiguous dFUFA, and
A a DRA with Lω(U) = E = L(A). W.l.o.g. we assume that the alphabet of all automata
considered in this section equals the set of states S of M, i.e., that Σ = S. This assumption
is common in the literature [6, 4] and ensures that the product of M with any progress UFA
Pq remains unambiguous if interpreted as an automaton with final states in S × F Pq .

Our goal is to compute PrM(E) in time polynomial in the sizes of M and U . We start by
observing that, because the leading automaton Q of U is deterministic, the residual languages
of words reaching the same state in Q coincide. This is similar to the case of saturated FDFA
considered in Lemma 3.6 and can be proved analogously.

▶ Corollary 5.1. Let x, y ∈ Σ∗ and let Q be the leading automaton of a dFUFA U for E. If
Q(x) = Q(y) then ResE

x = ResE
y .

Because Q is deterministic, the product M ⊗ Q is again a DTMC, and so M almost
surely generates a path whose lifting to M ⊗ Q reaches a BSCC [3]. As in the FDFA-setting,
the computation of PrM(E) boils down to the computation of reachability probabilities
of specific BSCCs in M ⊗ Q. Recall that, in contrast to FDFA, a (d)FUFA requires the
existence of progress automata Pq only for states q ∈ A. A given BSCC of M⊗Q is, however,
not guaranteed to contain any ⟨s, q⟩ with q ∈ A. Since the acceptance condition of (d)FUFA
is only defined for decompositions (u, v) ∈ Σ∗+ with Au ̸= ∅, it is not immediately clear how
to handle these BSCCs in a model checking algorithm. Fortunately, however, once a BSCC
without a states ⟨s, q⟩ with q ∈ A is entered, the probability of M to generate a path in E

equals 0. Thus, these BSCCs do not play a role in the computation of PrM(E).

▶ Lemma 5.2. Let u ∈ Paths∗(M) such that the lifting of u to M ⊗ Q reaches a BSCC BQ
that does not contain a ⟨s, q⟩ ∈ BQ with q ∈ A. Then the probability of M to generate a path
that satisfies E and has prefix u equals 0.
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Proof Sketch. Let A be a DRA with L(A) = E and assume that an accepting BSCC BA is
reachable in M ⊗ A on some extension uv of u. Because BA is a BSCC there is a z that
extends uv and closes a cycle that visits all states of BA. Lemma 3.2 implies uvzω ∈ L(A),
so also uvzω ∈ L(U). But then there must be a ⟨s′, q′⟩ ∈ BQ with q′ ∈ A, a contradiction.
Hence, every BSCC reachable in M ⊗ A after u is rejecting, implying the claim. ◀

Let ⟨s, q⟩ be a state in a BSCC of M⊗Q with q ∈ A and let again I⟨s,q⟩ = Ms ×Qq ×Pq.
Since Pq is a UFA, I⟨s,q⟩ is not guaranteed to be a DTMC. Additionally, let B(s, q) be a
UBA with the same structure as I⟨s,q⟩ and F B(s,q) = {⟨s, q, f⟩ | f ∈ F Pq }. The UBA B(s, q)
can be used to decide if BSCCs in M ⊗ A are accepting.

▶ Lemma 5.3. Let u ∈ Paths∗(M) such that the lifting of u to M ⊗ A reaches a BSCC BA,
and the lifting of u to M ⊗ Q reaches a BSCC BQ. Let ⟨s, q⟩ be the state reached on u in
BQ, and assume that q ∈ A. Then BA is accepting iff PrMs(L(B(s, q))) = 1.

Proof Sketch. If PrMs(L(B(s, q))) < 1 there is v ∈ Paths∗(Ms) such that (1) (u, v) is
q-normalized, (2) v /∈ L(Pq) and (3) v closes a cycle in BA that visits all states of BA.
Combining (1)+(2) yields uvω /∈ E = L(A), so (3) and Lemma 3.2 imply that BA is rejecting.

Now let PrMs(L(B(s, q))) = 1. There is x ∈ Paths∗(Ms) closing a loop on ⟨s, q⟩ and
such that the run of M ⊗ A on x starting in any ⟨s, a⟩ ∈ BA visits all states of BA. Because
PrMs(L(B(s, q))) = 1 there is a y such that a ⟨s, q, f⟩ with f ∈ F Pq is reachable in I⟨s,q⟩ upon
xy. Thus, (u, xy) ∈ JUK and u(xy)ω ∈ E = L(A), so BA is accepting by Lemma 3.2. ◀

Similar to Lemma 3.3, the specific choice of ⟨s, q⟩ ∈ BQ with q ∈ A does not matter when
checking if PrMs(L(B(s, q))) = 1, as this is either the case for all such ⟨s, q⟩ or none of them.

▶ Lemma 5.4. Let BQ be a BSCC of M ⊗ Q and let ⟨s, q⟩, ⟨s′, q′⟩ ∈ BQ with q, q′ ∈ A. If
PrMs(L(B(s, q))) = 1 then PrMs′ (L(B(s′, q′))) = 1.

Proof Sketch. Let u be such that its lifting to M ⊗ Q reaches ⟨s′, q′⟩, while its lifting to
M ⊗ A reaches a BSCC BA. Let v be an extension of u such that, upon uv, M ⊗ Q reaches
⟨s, q⟩. Since PrMs(L(B(s, q))) = 1, BA is accepting by Lemma 5.3, and because BA was
already reached after u, the same lemma yields that PrMs′ (L(B(s′, q′))) = 1. ◀

A BSCC B of M ⊗ Q is good if it contains a state ⟨s, q⟩ with q ∈ A and such that
PrMs(L(B(s, q))) = 1. Otherwise, B is bad. The classification of BSCCs of M ⊗ Q into good
and bad BSCCs is the key step of the algorithm. This is due to the following lemma.

▶ Lemma 5.5. The paths of M whose lifting to M ⊗ Q reach a good BSCC almost surely
satisfy E, and those whose lifting to M ⊗ Q reach a bad BSCC almost surely violate E.

Proof Sketch. Let the lifting of u ∈ Paths∗(M) to M ⊗ Q reach a BSCC BQ. If BQ is good
then it follows from Lemma 5.3 that all BSCCs reachable in M ⊗ A after u are accepting.
Otherwise, if BQ is bad, then the combination of Lemmas 5.2 and 5.3 implies that all BSCCs
reachable in M ⊗ A after u are rejecting. ◀

Since M ⊗ Q is a DTMC, almost surely M generates a path whose lifting to M ⊗ Q
enters a BSCC BQ. It follows from Lemma 5.5 that if BQ is good then almost surely a word
in E will be generated, while if BQ is bad this will almost surely not be the case. Hence,
PrM(E) equals the probability of reaching a good BSCC in M ⊗ Q. This is formalized in
the following proposition, where goodBSCC contains all good BSCCs of M ⊗ Q.

▶ Proposition 5.6. PrM(E) = PrM⊗Q(♢goodBSCC ).



C. Baier, S. Klüppelholz, and T. Spork 15:15

The probability of a DTMC M to generate a path satisfying an ω-regular property E

represented by a saturated and power-unambiguous dFUFA can thus be computed as follows:
1. Compute the set of BSCCs of M ⊗ Q that contain a state ⟨s, q⟩ with q ∈ A.
2. For each such BSCC B decide if B is good by picking any ⟨s, q⟩ ∈ B with q ∈ A and

checking if PrMs(L(B(s, q))) = 1. If this is the case, add B to goodBSCC .
3. Compute PrM(E) = PrM⊗Q(♢goodBSCC ).

Correctness follows from Proposition 5.6 and the fact that either PrMs(L(B(s, q))) = 1
for all ⟨s, q⟩ with q ∈ A in a BSCC of M ⊗ Q, or none of them (Lemma 5.4). Furthermore,
computing the BSCCs of M ⊗ Q and the value PrM⊗Q(♢goodBSCC ) is possible in time
polynomial in the sizes of M and Q [3], and checking if PrMs(L(B(s, q))) = 1 can be done
in time polynomial in the sizes of M and B(s, q) [4]. Since the latter is necessary for at most
(|M| · |Q|)-many BSCCs, the overall runtime of the algorithm is polynomial in |M| and |U|.

This yields an extension of Theorem 3.1 to saturated and power-unambiguous dFUFA.

▶ Theorem 5.7. Let M be a DTMC and U a saturated and power-unambiguous dFUFA with
Lω(U) = E. Then PrM(E) can be computed in time polynomial in the sizes of M and U .

We conclude with a discussion on why replacing the UBA-methods used in the algorithm
with approaches for model checking DTMCs against UFA-specifications is challenging.

The probabilistic model checking problem for a DTMC M against a UFA A asks to
compute PrM(L(A) · Σω). This probability can be computed in polynomial time by solving a
specific system of linear equations [6], provided that (1) the language of the UFA A is prefix-
free or, more generally, that (2) for all x, xy ∈ L(A) the accepting run of A on x is a prefix of
the accepting run of A on xy. For more details, see Appendix A. However, neither (1) nor (2)
are guaranteed by the translation from UBA to FUFA given in Section 4, and so it is not clear
how to construct an FUFA for a given ω-regular specification whose progress automata are
suitable for the application of available UFA-based probabilistic model checking algorithms.
To the best of our knowledge, it is not known whether model checking DTMCs against general
UFA-specifications is possible in polynomial time. Moreover, the characterization of BSCCs of
M ⊗ Q used in the model checking procedure proposed in this section depends on the almost
sure generation of certain infinite paths of M. Therefore, even if polynomial-time model
checking algorithms for DTMCs against general UFA-specifications would be at our disposal,
adjusting the algorithm such that it uses UFA- instead of UBA-techniques is non-trivial.

Lastly, we observe that the probabilistic model checking problem for DTMCs against
FUFA-specifications is at least as hard as the corresponding problem for UFA-specifications.
To see this, let A be a UFA over Σ. We can construct an FUFA U that accepts L(A) · Σω

by choosing Q to be like A, but with a fresh state f that is reachable on the full alphabet
from every final state of A and closes a self-loop on Σ, setting A = {f}, and choosing Pf

such that L(Pf ) = Σ+. Hence, a probabilistic model checking algorithm for DTMCs against
FUFA-specifications would also yield a procedure for the verification of DTMCs against
general UFA-specifications.

6 Conclusion

This paper presented the first polynomial-time probabilistic model checking algorithm for
DTMCs against ω-regular specifications represented as saturated FDFA. Furthermore, FUFA
were introduced as a variant of FDFA that allows nondeterministic leading automata and
unambiguous progress automata. Saturated, decomposition- and power-unambiguous FUFA
characterize the ω-regular languages and can be exponentially more succinct than saturated
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FDFA and UBA. Additionally, there is a single-exponential translation from LTL to FUFA,
which is in contrast to a double-exponential lower bound for the translation from LTL to
FDFA. An extension of the probabilistic model checking algorithm for DTMCs against FDFA
to dFUFA, i.e., to FUFA with a deterministic leading automaton, was also provided.

Finding a polynomial-time algorithm that solves the probabilistic model checking problem
for DTMCs against general FUFA-specifications is challenging. In particular, the fact that
the leading automaton of an FUFA can be ambiguous is both a blessing and a curse. While
this ambiguity is key in the proof of Theorem 4.8 to obtain an exponential lower bound for
the translation from FUFA to UBA, it also increases the complexity of algorithmic questions
like probabilistic model checking for FUFA. In particular, the known PSPACE-hardness
results for model checking DTMCs against NBA-specifications [37] suggest that there might
not be an efficient probabilistic model checking algorithm against FUFA-specifications at all.

An analysis of the complexity of the probabilistic model checking problem against general
FUFA-specifications is important future work. Moreover, the exact cost of translating NBA
into FUFA and the question if dFUFA can be exponentially more succinct than saturated
FDFA are open. An experimental evaluation of the proposed algorithms is also in order.
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Figure 5 A UFA A for the language s+ (left), a DTMC M (middle) and the directed graph G

constructed according to the definitions given in [6] (right).

1. Construct a directed graph G with vertices in V = S × Q and where there is an edge
from (s, q) to (s′, q′) iff P (s, s′) > 0 and q′ ∈ δA(q, s′).

2. Set V acc = {(s, q) | q ∈ F A}, V dead the set of all states in V that cannot reach V acc, and
V ? = V \ (V acc ∪ V dead).

3. Solve the following system of linear equations:

xs,q = 1 if (s, q) ∈ V acc

xs,q = 0 if (s, q) ∈ V dead

xs,q =
∑
s′∈S

∑
q′∈δA(q,s′)

P (s, s′) · xs′,q′ if (s, q) ∈ V ?

4. Return PrM(L(A) · Sω) = xs′
init

,qinit
, where s′

init is a (potentially fresh) state in M that
transitions to the initial state of M with probability 1, and qinit is the initial state of A.

Now consider the UFA A on the left of Figure 5 and the DTMC M in the middle of the
figure. The (reachable fragment of the) directed graph G obtained from M and A is shown
on the right of the figure. States represented as double-circles in G correspond to states in
V acc, and V dead = ∅. Solving the system of linear equations from above yields

xs,q0 =
∑
s′∈S

∑
q′∈δA(q0,s′)

P (s, s′) · xs′,q′ = P (s, s) · xs,q1︸︷︷︸
=1 as (s,q1)∈V acc

+P (s, s) · xs,q3

= 1 + xs,q3 = 1 +
∑
s′∈S

∑
q′∈δA(q3,s′)

P (s, s′) · xs′,q′ = 1 + xs,q4︸︷︷︸
=1 as (s,q4)∈V acc

= 2.

Since PrM(L(A) · Sω) is a probability, it cannot coincide with xs,q0 = 2 in this case.
The reason for the erroneous computation of xs,q0 in the above example is that the system

of linear equations counts paths of M starting with s multiple times. More precisely, in the
directed graph G as in Figure 5, any infinite path that starts with s is already “accepted”
when moving to ⟨s, q1⟩ ∈ V acc. However, there are two outgoing edges of q0 on s, yielding a
second transition of G from ⟨s, q0⟩ to ⟨s, q3⟩. To obtain xs,q0 , the system of linear equations
sums up the values of xs,q1 and xs,q3 , which both equal 1 since the DTMC Ms almost surely
generates a path accepted by the automata Aq1 and Aq3 . Hence, the probability of M to
generate a path starting with s is counted twice, yielding xs,q0 = xs,q1 + xs,q3 = 2.

This behavior cannot occur if the language of A is prefix-free or, more generally, if for all
x, xy ∈ L(A) the accepting run of A on x is a prefix of the accepting run of A on xy. Given
that (one of) these requirements are (is) satisfied, the algorithm of [6] correctly computes
the desired probabilities. We are not aware of any results that allow the computation of
satisfaction probabilities of DTMCs against arbitrary UFA-specifications in polynomial time.
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