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Abstract
Minimizing the size of finite automata is a fundamental problem in theoretical computer science.
Beyond standard minimization, further reductions can be achieved by decomposing an automaton into
smaller components whose languages combine via intersection or union to recover the original language.
However, in general, no polynomial-time algorithm is known for computing such decompositions.

In this paper, we focus on automata that recognize ideals, that is, languages at level 1/2 in
the Straubing–Thérien hierarchy. Equivalently, these languages are expressible as a finite union of
languages of the form Σ∗a1Σ∗ . . . Σ∗anΣ∗ where Σ is an alphabet and ai are letters of Σ. We show
that the two problems of deciding whether an automata recognizing an ideal can be decomposed
into an intersection or a union of smaller automata are decidable in NL. Moreover, we provide a
polynomial-time algorithm that computes a decomposition into an intersection, if one exists, while
ensuring that the resulting components also recognize ideal languages.
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1 Introduction

Finite automata are fundamental tools in computer science, with applications ranging from
text processing to system modelling and machine learning, thanks to their strong algorithmic
properties. In contexts such as model verification, automata can grow prohibitively large,
limiting applicability to industrial-scale problems. Significant research has focused on
automata minimization (see for instance [11, 15, 17, 5]), yet an alternative approach consists
in decomposing complex systems into simpler components [7].

In this context, the notion of deterministic automaton decomposition was introduced
by O. Kupferman and J. Mosheiff [22]. In this paper, we push this line of research further
and distinguish two types of decompositions. An intersection [resp. union] decomposition
of an automaton A is a finite collection of smaller automata A1, . . . , An such that the
intersection [resp. union] of their recognized languages coincides with that A. When no
such decomposition exists, A is called prime. Such decompositions reduce the complexity of
models or specifications by splitting them into simpler components. For instance, verifying
that a system satisfies a specification that has an intersection decomposition reduces to
verifying whether the system satisfies each component individually. This approach can
improve computational efficiency, for instance through distributed computation [29, 3, 6].
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16:2 Decomposition of Automata Recognizing Ideals

We focus on decomposition problems for the class of ideal languages, that occupy level
1/2 in the Straubing–Thérien hierarchy [8, 30, 32]. Formally, this the class of languages
expressible as a finite union of languages of the form Σ∗a1Σ∗ . . . Σ∗anΣ∗ where Σ is a
finite alphabet and ai are letters. Ideal languages are also known as shuffle ideals [9], or
simply ideals, and they arise naturally in the study of word combinatorics [10] and the
formal verification of systems with communication channels [1]. They also correspond to
the languages definable by the existential fragment of FO(<) [2], and generate, via Boolean
combinations, the class of piecewise testable languages [26, 21, 20, 23]. Moreover, ideal
languages are upward closed under the subword relation, a property that has been studied
in relation to state complexity [19, 24] and combinatorial properties of words [18]. This
property underlies the relevance of the class of ideals.

Contributions. We study both intersection and union decompositions for automata recogniz-
ing ideals, focusing on the complexity of deciding primality and on the effective construction
of decompositions. Note that these two problems are interreducible in general, since an
automaton is prime for intersection if and only if its complement is prime for union. However,
ideal languages are not closed by complement, thus these two problems are different in that
case. Our results first address intersection decomposition.

▶ Theorem 1. Given a minimal automaton A recognizing an ideal, deciding whether A is
prime for intersection is in NL.

▶ Theorem 2. Let A = (S, Σ, ι, F, δ) be an automaton recognizing an ideal. Determining
whether A has an intersection decomposition can be done in time O(|A||Σ|), and if so, such
a decomposition can be constructed in time O(|A||Σ|2).

We then turn to union decomposition, and prove a symmetric complexity result.

▶ Theorem 3. Given a minimal automaton A recognizing an ideal, deciding whether A is
prime for union is in NL.

Related work. The general problem of intersection decomposition was introduced in the
seminal work of Orna Kupferman and Jonathan Mosheiff [22], which defines prime automata,
i.e., automata that are not decomposable, and shows that deciding whether an automaton
is prime for intersection is in EXPTIME. To date, no better algorithm is known, and the
problem is only known to be NP-hard [28]. Subsequent work has focused on specific subclasses
of automata. For automata over a single-letter alphabet, intersection primality is decidable
in NL [13], and for permutation automata, where each input letter induces a bijection over
the state set, intersection primality is decidable in NP [14].

Permutation and aperiodic automata play complementary roles in the algebraic study of
regular languages: by the Krohn–Rhodes theorem, every regular language can be decomposed
into a cascade of permutation and aperiodic components. With the permutation case
understood, the next step is to tackle aperiodic automata. Prior work in this direction has
addressed acyclic automata, providing a polynomial time criterion for their intersection
decomposability [27]. Moreover, for almost-acyclic automata, that might contain sink states
with self loops, the problem is known to be NP-complete [28]. In this paper, we focus on
automata recognizing ideals, another subclass of aperiodic automata.
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Structure of the paper. The paper is organized as follows:
Section 2 recalls standard notions and notations for finite automata and ideals.
Section 3 studies intersection decomposition of non-linear automata recognizing ideals,
i.e., automata whose state sets cannot be totally ordered compatibly with the transition
function. We prove that every automaton of this form is decomposable into at most
|Σ| smaller automata, each recognizing an ideal, and that such a decomposition can be
computed in polynomial time (Theorem 6).
Section 4 focuses on intersection decomposition of linear automata recognizing ideals, and
provides a primality criterion. Moreover, we show that every decomposable automaton of
this form is decomposable into two smaller automata, each recognizing a ideal, and that
such a decomposition can be computed in polynomial time (Theorem 15).
Section 5 addresses union decompositions, and provides a primality criterion (Theorem 21).
Finally, Section 6 combines the results of the two previous sections to establish that
intersection primality of automata recognizing ideals is decidable in NL (Theorem 1) and
computable in polynomial time (Theorem 2).

All results are proven; proofs omitted from the main text are deferred to the extended
version [4].

2 Preliminaries

Mathematics. For all n, m ∈ N, we denote by Jn, mK the set {k ∈ N | n ⩽ k and k ⩽ m}.
For every set E and for every subset F of E, the subset E \ F is just denoted F when there
is no ambiguity on E.

Ordered relations. For every set S, a binary relation ⩽ on S is a partial order if ⩽ is
reflexive, transitive and antisymmetric. A partial order ⩽ is said to be total if for all q, r ∈ S

either q ⩽ r or r ⩽ q. For an order ⩽ on S, an element x of some subset X ⊆ S is a minimal
[resp. maximal] element of X if for all y ∈ X, y ⩽ x implies x = y [resp. x ⩽ y implies
x = y]. If x is a minimal [resp. maximal] element of X such that every y ∈ X satisfies x ⩽ y

[resp. y ⩽ x], then x is called the least element [resp. greatest element] of X. Note that if
a subset X has a least [resp. greatest] element, then it is unique and denoted min X [resp.
max X]. Note too that any finite subset X admits at least one minimal and one maximal
element.

Words and languages. An alphabet is a finite set whose elements are called letters. A finite
word over an alphabet Σ is a finite sequence of letters of Σ. The empty sequence is called the
empty word and is denoted ε. A word (w(i))i∈J1,nK is classically written w1 . . . wn. Its length
n is denoted |w|. The empty word is the unique word of length 0. For every alphabet Σ, the
set of all finite words over Σ is denoted Σ∗. Subsets of Σ∗ are called languages over Σ.

Shuffle product. Let Σ be an alphabet and let u, v ∈ Σ∗ be words of respective length
m and n. The shuffle of u and v, denoted by u v, is the set of words w ∈ Σ∗ of length
m + n such that there exist two strictly increasing sequences (i(k))k∈J1,mK and (j(k))k∈J1,nK

whose images partition J1, m + nK and such that uk = wi(k) for all k ∈ J1, mK and vℓ = wj(ℓ)
for all ℓ ∈ J1, nK. This notion extends to languages in the usual way: for two languages
L1, L2 ⊆ Σ∗, the shuffle of L1 and L2 is the language L1 L2 =

⋃
u∈L1,v∈L2

u v. For all
u, v ∈ Σ∗, if v ∈ {u} Σ∗ we say that u is a sub-word of v and that v is an upper-word of u.
Every language L ⊆ Σ∗ satisfies L ⊆ L Σ∗. A language is an ideal if L Σ∗ = L, or,
equivalently, if for all u ∈ L every upper-word of u also belongs to L.

CONCUR 2026
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Finite automata. A finite state automaton is a 5-tuple A = (S, Σ, ι, F, δ) where S is a finite
set of states, Σ is an alphabet, ι ∈ S is the initial state, F ⊆ S is the set of accepting (or
final) states and δ ⊆ S ×Σ×S is the set of transitions. If for all q ∈ S and for all a ∈ Σ there
exists at least [resp. at most] one q′ ∈ S such that (q, a, q′) ∈ δ, the automaton is said to be
complete [resp. deterministic]. By abuse of notation, for a complete deterministic automaton,
the unique state q′ ∈ S such that (q, a, q′) ∈ δ is denoted δ(q, a). For deterministic complete
automata, the notation δ is extended to words in the following way: for all q ∈ S we set
δ(q, ε) = q, and for all u ∈ Σ∗ and a ∈ Σ we define inductively δ(q, ua) = δ(δ(q, u), a). Let
w ∈ Σ∗ and q1, q′

n ∈ S. A run σ of A over w from q1 to q′
n is a sequence of transitions

(qi, wi, q′
i)i∈J1,nK satisfying w1 . . . wn = w and such that for all i ∈ J1, n − 1K, the state q′

i is
equal to qi+1. The size of a deterministic automaton A, denoted |A|, is its number of states.
For every automaton A = (S, Σ, ι, F, δ), the language recognized by A, denoted by L(A),
is the set of words w ∈ Σ∗ such that δ(ι, w) ∈ F . Let A = (S, Σ, ι, F, δ) and q ∈ S. The
residual of A in q, denoted R(A, q), is the language recognized by the automaton (S, Σ, q, F, δ)
obtained by replacing the initial state of A by q. A language is regular if there exists an
automaton that recognizes it. A deterministic complete automaton is called minimal if
there is no smaller automaton that recognizes the same language or, equivalently, if it is the
minimal automaton of its language. In a minimal automaton A, if R(A, q) = R(A, q′), then
q = q′. We say that a state q of a deterministic complete automaton is a sink state if for
all a ∈ Σ one has δ(q, a) = q. For any regular language L, there exists a unique minimal
deterministic complete automaton (up to state names) recognizing L called the minimal
automaton of L.

Accessibility for automata. Let A = (S, Σ, ι, F, δ) be a deterministic complete automaton
and let q, r ∈ S. We say that r is accessible from q when there exists w ∈ Σ∗ such that
r = δ(q, w). In that case we denote it by q ≼A r. When q ≼A r and q ̸= r, we write
q ≺A r. When either q ≼A r or r ≼A q we say that q and r are comparable. When A is clear
from the context we simply write ≼ and ≺. A deterministic complete automaton is called
trim if every state is accessible from the initial state and from every state there exists an
accessible final state. In this paper all automata are assumed to be deterministic complete
and trim unless otherwise stated. Let A be a deterministic complete automaton, and let q

be a state of A. The set of ancestors of q, denoted AncA(q), is {s ∈ S | s ≼A q}. The set of
descendants of q, denoted DescA(q), is {s ∈ S | q ≼A s}. The family of q, denoted FamA(q),
is Anc(q) ∪ Desc(q). When A is clear from the context we simply write Anc(q), Desc(q) and
Fam(q). An automaton A is called linear if ≼A is a total order on its set of states, otherwise
A is non-linear. For instance, the automaton on Fig. 1 is non-linear since q1 and q2 are not
comparable. We denote I the set of automata recognizing ideal.

Decomposition Problems. For a minimal automaton A, an intersection [resp. union]
decomposition of A is a finite sequence of automata (Ai)i∈J1,nK such that |Ai| < |A| for all
i ∈ J1, nK, and

L(A) =
⋂

i∈J1,nK

L(Ai) [resp. L(A) =
⋃

i∈J1,nK

L(Ai)] .

When A admits an intersection [resp. union] decomposition, we say that A is composite
for intersection [resp. for union] and otherwise it is prime for intersection [resp. for union].
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ι q0

q1
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q4
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c
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a, b, c

Figure 1 Minimal automaton of {cabb, cacca, cbca} {a, b, c}∗.

2.1 Ideals
In this section, we recall several useful results on ideals. Most of them follow either from
Higman’s Lemma [10] (there is no infinite language of incomparable words for the subword
relation), or from the fact that ideals form a positive variety of languages [25]. See also [9, 31].
An example of a minimal automaton accepting an ideal is shown in Fig. 1. These classical
results can be summarized as follows.

▶ Proposition 4. The following properties hold.
1. All ideals are regular.
2. If L is an ideal, then there exists a finite language K such that L = K Σ∗. Moreover,

there exists a unique finite language with this property of minimal cardinality, which we
denote by Lmin. Finally, for any u ∈ Lmin, every strict subword v of u satisfies v /∈ L.

3. If A is a deterministic automaton recognizing an ideal, then for all q ∈ S, R(A, q) is an
ideal.

4. If A is a minimal automaton recognizing an ideal, then A is trim and ≼ is a partial order.
5. If A is a minimal automaton recognizing an ideal, then it has a unique final state, and

this final state is a sink state.
We now provide more technical statements that directly follow from these known properties.

▶ Proposition 5. Let A = (S, Σ, ι, F, δ) be an automaton recognizing an ideal. The following
properties hold.
1. Let q, r be two states satisfying q ≼ r. One has R(A, q) ⊆ R(A, r).
2. Let q ∈ S and u, v ∈ Σ∗. One has R(A, δ(q, u)) ⊆ R(A, δ(q, vu)).
3. Let q ∈ S and u, v ∈ Σ∗. Then either δ(q, u) ≼ δ(q, vu), or δ(q, u) and δ(q, vu) are

incomparable.
4. Let q ∈ S be a sink state. If L(A) ̸= ∅ then q ∈ F .

We will denote by I the class of minimal automata recognizing ideals.

3 Intersection-decomposition of non-linear automata

In this section, decomposition and prime automata are understood with respect to intersection.
We show that every non-linear automaton recognizing an ideal is decomposable.

▶ Theorem 6. Let A be a non-linear minimal automaton over an alphabet Σ that recognizes
an ideal. Then A has a decomposition into at most |Σ| automata, each recognizing an ideal.

CONCUR 2026
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ι q2 qsep

ρ1

ρ2 q3

q4 qf

A :

a

b

a

b

a

b

a
b

a
b

b

a

a, b
a, b

Figure 2 A non-linear automaton recognizing an ideal.

The proof follows from the results established in the following sections. In Section 3.1, we
define a set of states, the separator set Ssep, and establish its main properties. In Section 3.2,
we associate with each state ρ ∈ Ssep a family automaton A(ρ), and prove that these
automata form a decomposition of A. More precisely, for each ρ ∈ Ssep the automaton A(ρ)
is strictly smaller than A (Proposition 11) and recognizes an ideal (Proposition 13). Moreover,
L(A) =

⋂
ρ∈Ssep

L(A(ρ)) (Proposition 14). The bound on the size of the decomposition
follows from the fact that |Ssep| ⩽ |Σ| (Proposition 10.3).

3.1 Ranks and Separation States
We introduce in this section the key notion of separator state qsep of a non-linear automaton A.
Intuitively, this state is the first point in A at which a branching towards two incomparable
states occurs. We then define the notion of rank on the states of A. This notion provides an
alternative characterization of the separator state (Lemma 9), and also allows us to introduce
an important ingredient of our construction: the separator set Ssep, which consists of the
states immediately following the separator state.

Separator state. We characterize the state in non-linear automata just before the first
two states that are not comparable. To introduce this notion formally, we first establish a
structural property on non-linear automata recognizing ideals.

▶ Proposition 7. Let A = (S, Σ, ι, {qf }, δ) be a minimal automaton accepting an ideal. Then
A is non-linear if and only if the subset of states

{q ∈ S \ F | Desc(q) \ {q} has no least element for ≼}

is non-empty and has a least element for ≼.

Now for every non-linear automaton A = (S, Σ, ι, F, δ) that recognizes an ideal, the
separator state of A, denoted qsep, is defined by

qsep = min≼ {q ∈ S | Desc(q) \ {q} has no least element for ≼} .

In other words, qsep is the least element (for ≼) whose strict successors do not admit a least
element. This notion is illustrated in Fig. 2: the set {qsep ∈ S | Desc(qsep) \ {qsep}} has two
distinct minimal elements ρ1 and ρ2.

Rank. The notion of rank is a classical one in directed acyclic graphs and corresponds
intuitively to a depth notion in the graph. This notion represents how far a state can be
from the initial state. More formally, let A = (S, Σ, ι, {qf }, δ) be in I and let q ∈ S. The
rank of q, denote rk(q), is the size of a longest path in A from ι to q that doesn’t visit twice
any state We denote by Ssep the set of states of the lowest rank held by at least two states.
It has the property that there exists a transition from qsep to each state of Ssep.
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ι q2 qsep

ρ1 q4 qf

A(ρ1):

a

b

a

b

a

b

a
b a, b

a, b

ι q2 qsep ρ2 q3

q4 qf

A(ρ2):

a

b

a

b

a

b
a

b

b
a

a, b

a, b

Figure 3 Naive decomposition of the automaton A depicted in Fig. 2 into automata that don’t
recognize ideals. The transitions modified compared to the initial automaton are dashed.

For instance, on illustrating Fig. 1, we have rk(ι) = 0, rk(q2) = 1, rk(qsep) = 2, rk(ρ1) =
rk(ρ2) = 3, rk(q3) = 4, rk(q4) = 5 and rk(qf ) = 6.

The main properties linking ranks and states are summed up in Proposition 8.

▶ Proposition 8. Let A = (S, Σ, ι, {qf }, δ) be in I. The following statements holds.
1. For all q, s ∈ S verifying q ≺ s, one has rk(q) < rk(s).
2. For all q, s ∈ S. If rk(q) = rk(s) and q ̸= s then q and s are incomparable for ≼.
3. Let q ∈ S and n ∈ N such that n ⩽ rk(q). There exists r ∈ Anc(q) of rank n.

These statements allow us to define another characterization of qsep.

▶ Lemma 9. Let A = (S, Σ, ι, {qf }, δ) be a non-linear automaton in I and for all m ∈ N let
am = | {s ∈ S | rk(s)=m} |. Then qsep is the only state of rank max {n∈N | ∀m⩽n, am =1} .

Separator set. The rank characterization of the separator state makes it natural to consider
the set of states of rank rk(qsep)+1. The decomposition we construct contains one automaton
for each state in this set. We also introduce the set of letters leading from qsep to the separator
set. More formally, let A = (S, Σ, ι, {qf }, δ) be a non-linear automaton in I. The separator
set, denoted Ssep, is the subset of S defined by Ssep = {q ∈ S | rk(q) = rk(qsep) + 1}.

Finally we can define the technical properties of qsep and Ssep.

▶ Proposition 10. Let A = (S, Σ, ι, {qf }, δ) be a non-linear minimal automaton recognizing
an ideal.
1. If q ∈ S satisfies q ≼ qsep, then Fam(q) = S.
2. If ρ ∈ Ssep, then ≼ induces a total order on Anc(ρ) \ {ρ}.
3. Let ρ ∈ Ssep. There exists a ∈ Σ such that δ(qsep, a) = ρ.
4. 2 ⩽ |Ssep| ⩽ |Σ|.

3.2 Decomposition of non-linear Automata
Let us first describe intuitively the proposed construction to decompose non-linear automata.
For every state ρ of Ssep we define a family automaton A(ρ) whose set of states is Fam(ρ).
The main idea is to redirect into Fam(ρ) all the transitions of A that leave this set, while
preserving the property of recognizing an ideal. A naive approach, illustrated on Fig. 3,
would be to redirect such transitions to the unique final sink state. Although this yields a
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ι q2 qsep

ρ1 q4 qf

A(ρ1):

a

b

a

b

a

b

a
b a, b

a, b

ι q2 qsep ρ2 q3

q4 qf

A(ρ2):

a

b

a

b
a
b

a
b

b

a

a, b

a, b

Figure 4 Decomposition of the automaton A depicted in Fig. 2 into its family automata A(ρ1)
and A(ρ2). The transitions modified compared to the initial automaton are dashed.

decomposition of A, it does not, in general, preserve automata recognizing ideals. Ensuring
that the decomposition remains within this class therefore requires a more careful construction.
The two main results underlying Theorem 6 are Proposition 13, which shows that each family
automaton A(ρ) recognizes an ideal, and Proposition 14, which ensures that the family
automata (A(ρ))ρ∈Ssep provide a valid decomposition of A.

Family automaton. Let A = (S, Σ, ι, {qf }, δ) be a non-linear minimal automaton that recog-
nizes an ideal. For all ρ ∈ Ssep, we define the family automaton A(ρ) = (Fam(ρ), Σ, ι, F, δρ),
where the set of transitions δρ is defined as follows. For all q ∈ Fam(ρ) and a ∈ Σ, we let

δρ(q, a) = δ(sρ
(q,a), a), where sρ

(q,a) = min {s ∈ Fam(ρ) | q ≼ s ∧ δ(s, a) ∈ Fam(ρ)} .

The existence of the least element is provided by Lemma 12 which is deferred to appendix.
This construction is illustrated in Fig. 2 and 4: the automaton depicted in Fig. 2 is decomposed
into the two automata Aρ1 and Aρ2 depicted in Fig. 4. Note that the set of states of each
automaton A(ρi) is a strict subset of the sets of A, providing the size constraint for the
decomposition. All the transitions starting from a removed state are deleted. Furthermore,
δρi

and δ coincide on transitions whose source and target both belong to Fam(ρi). The two
sets of transitions critically differ for transitions starting from a state of Fam(ρ) and leaving
this set: in this case, the transition set δρi redirects the transition to the least state greater
than or equal to ρi pointed by the same letter in δ. We show that the family automata are
smaller than A.

▶ Proposition 11. Let A be a non-linear automaton that recognizes an ideal. Then, for
every ρ ∈ Ssep, one has |A(ρ)| < |A|.

Proof. Proposition 10.4 states that |Ssep| ⩾ 2, hence there exists q ∈ Ssep \ {ρ}. Then, by
definition of Ssep, rk(q) = rk(ρ), and Proposition 8.2 implies q /∈ Fam(ρ). Consequently, the
construction of A(ρ) excludes at least one state of |A|, namely q, hence |A(ρ)| < |A|. ◀

▶ Lemma 12. Let A = (S, Σ, ι, {qf }, δ) be in I. Let ρ ∈ Ssep, q ∈ Fam(ρ) and a ∈ Σ. The
set {s ∈ Fam(ρ) | q ≼ s ∧ δ(s, a) ∈ Fam(ρ)} has a least element.

Proposition 13 applied to the initial state yields that A(ρ) accepts an ideal. The proof is
rather technical, relying both on the partially ordered structure of the automata and on the
subword closure of ideals.

▶ Proposition 13. Let A = (S, Σ, ι, {qf }, δ) be a non-linear minimal automaton that recog-
nizes an ideal and ρ ∈ Ssep. For all q ∈ Fam(ρ), the language R(A(ρ), q) is an ideal.
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q0A : q1 q2 q3
b, c

a

b

c

a

a, b

c a, b, c

q1A0 : q2 q3

b

c

a

a, b

c a, b, c

q0A1 : q2 q3
a, b, c a, b

c a, b, c

Figure 5 An automaton A, along with two smaller automata satisfying L(A0) ∩ L(A1) = L(A).

Finally, to prove Theorem 6, it remains to show that the language of A is equal to the
intersection of the languages of its family automata.

▶ Proposition 14. Let A = (S, Σ, ι, {qf }, δ) be a non-linear minimal automaton that recog-
nizes an ideal. One has

L(A) =
⋂

ρ∈Ssep

L(A(ρ)) .

The proof is deferred to the extended version [4]; the key idea is that,by construction,
L(A) ⊆ L(A(ρ)), one directly has that every word accepted by A is also accepted by all the
A(ρ). The reverse inclusion can be showed by proving that for any w /∈ L(A), there exists a
A(ρ) that doesn’t accept it.

4 Intersection-decomposition of linear automata

The goal of this section is to prove Proposition 15, which characterizes intersection-composite
linear automata recognizing ideals. Therefore, during the whole section, we use terms such
as “composite” and “prime” to specifically refer to the intersection decomposition.

We introduce notations adapted to linear automata. For any linear automaton A, we
denote it set of states as {q0, q1, . . . , qn}, where the state enumeration agrees with the
transition relation: qi ≼ qj if and only if i ⩽ j. Remark that ι = q0 as otherwise q0 is not
reachable. Moreover, if A is a minimal automaton recognizing an ideal, it set of final states
is {qn} as Proposition 4.1 implies that such automata have one final sink state, and qn is the
only sink state of A.

. . . qk−1 qk . . .

Σ1

Σ2

Σ1 ∪ Σ2

Figure 6 Illustration of a damping pattern between qk−1 and qk.

Damping pattern.. We characterize composite linear automata through the notion of
damping patterns. A damping pattern of a linear automaton is a pair of consecutive states such
that each letter that either keeps the first state unchanged or moves from the first state to the
second also induces a loop on the second state. Formally, let A = ({q0, q1, . . . , qn}, Σ, q0, F, δ)
be a linear automaton. For all i, j ∈ J1, nK, we denote by Σi,j(A), or simply Σi,j when the
automaton is clear, the set {a ∈ Σ | δ(qi, a) = qj} of letters labelling the transitions from qi

to qj . For all k ∈ J1, n − 1K, A has a damping pattern between qk−1 and qk if

Σk−1,k−1 ∪ Σk−1,k ⊆ Σk,k.
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For instance, this pattern is illustrated in Fig. 6. And the automaton A in Fig. 5 has a
damping pattern between q0 and q1. Indeed in that case Σ0,0 ∪ Σ0,1 = {a} = Σ1,1. The figure
shows that A is composite, which is consistent with the presence of a damping pattern: the
following proposition states that damping patterns characterize composite linear automata.

▶ Theorem 15. Let A be a linear minimal automaton that recognizes an ideal. Then A is
prime if and only if it has no damping pattern. Moreover, if A is composite it is decomposable
into two linear automata recognizing ideals.

The proof of Theorem 15 in the case where A linear is done in the next two subsections.
In Section 4.1, we show how to decompose automata that have a damping pattern between

two states qk−1 and qk. To this end, we define the reduced automata Ak−1 and Ak, obtained
by removing the state qk−1 (resp. qk) from A, and redirecting the transitions leading towards
the removed state to its successor qk (resp. qk+1). We prove that both automata recognize
ideals (Proposition 16), and that they satisfy L(A) = L(Ak−1) ∩ L(Ak) (Proposition 17).
Since both automata have strictly fewer states than A, this establishes that A is composite.

In Section 4.2 we show that the automata without damping patterns are prime. To that
end, we rely on the notion of primality witness of an automaton A, which is a word w ∈ Σ∗

that does not belong to L(A) but is in the language recognized by every automaton that
is strictly smaller than A and recognizes a superset of L(A). Formally, we construct a set
of words Swit(A) ⊆ Σ∗ that is non-empty as long as A does not have a damping pattern
(Lemma 18). Then, we prove that Swit(A) ∩ L(A) = ∅ (Proposition 19) yet Swit ⊆ L(A′) for
every automaton A′ satisfying |A′| < |A| and L(A) ⊆ L(A′) (Proposition 20). Therefore the
intersection of every sequence of languages recognized by automata strictly smaller than A
either does not contain L(A) or contains Swit, which proves that A is prime.

4.1 Decomposition of automata with a damping pattern
In this section, we show that every automaton with a damping pattern can be decomposed
into two automata recognizing ideals. We begin by defining, for every k ∈ J1, n − 1K, an
automaton Ak, called the reduced automaton, obtained by removing the state qk from A and
redirecting the transitions heading to qk toward qk+1. We then show that, if A recognizes
an ideal, so does each reduced automaton. Finally, we prove that every pair of reduced
automata corresponding to a damping pattern yields a decomposition of A.

Reduced automaton.. Let A = ({q0, q1, . . . , qn}, Σ, q0, {qn}, δ) be a linear automaton. For
every k ∈ J0, n − 1K, the reduced automaton Ak is defined as follows. Let

δ−
k = {(q, a, qk) ∈ δ | q ∈ S} and δ+

k = {(q, a, qk+1) | (q, a, qk) ∈ δ} .

Then we set Ak = ({q0, q1, . . . , qn} \ {qk}, Σ, ιk, {qn}, δk), where

δk = (δ \ δ−
k ) ∪ δ+

k and ιk =
{

q1 if k = 0;
q0 if k > 0.

Fig. 5 illustrates this construction by showing an automaton A along with the automata
A0 and A1 obtained by this process. Remark that this construction guarantees that each
reduced automaton is linear. Our first result states that if A recognizes an ideal, so do its
reduced automata.

▶ Proposition 16. Let A be a linear automaton that recognizes an ideal. For all k ∈ J0, n−1K,
the automaton Ak also recognizes an ideal.
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To conclude, we show that the reduced automata can be used to form a decomposition of A.

▶ Proposition 17. Let A be a linear automaton that recognizes an ideal. If A has a damping
pattern between two states qk−1 and qk, then L(A) = L(Ak−1) ∩ L(Ak).

4.2 Primality witnesses of automata without damping patterns

For every linear automaton A = (S, Σ, ι, F, δ) we define a set of words Swit(A), we show that
this set is not empty if A does not have a damping pattern (Lemma 18), and that all the
words in this set are primality witnesses of A (Lemma 20).

Witness set. Let A be a linear automaton without damping pattern. The witnesses of A
are defined by concatenating smaller words as follows:

Swit(A) = {w(1) . . . w(n − 1) ∈ Σ∗ | δ(qi−1, w(i)) = qi ̸= δ(qi, w(i)) for every i ∈ J1, n − 1K} .

We denote the elements of Swit(A) by their decomposition in words w(1) . . . w(n − 1), and
implicitly assume that this decomposition satisfies the above condition.

▶ Lemma 18. Every linear automaton A without damping pattern satisfies Swit(A) ̸= ∅.

Proof. Let A = ({q0, q1, . . . , qn}, Σ, q0, F, δ) be a linear automaton without damping pattern.
Then for every i ∈ J1, n − 1K we have (Σi−1,i−1 ∪ Σi−1,i) \ Σi,i ̸= ∅, and we can set

w(i) =
{

a ∈ Σi−1,i \ Σi,i if Σi−1,i \ Σi,i ̸= ∅;
a1a2 ∈ (Σi−1,i−1 \ Σi,i) · Σi−1,i if Σi−1,i \ Σi,i = ∅ and Σi−1,i−1 \ Σi,i ̸= ∅.

Both cases imply that δ(qi−1, w(i)) = qi ̸= δ(qi, w(i)) as required by the definition of Swit(A),
hence the word w(1)w(2) . . . w(n − 1) is in Swit(A). ◀

To prove that each word wwit = w(1) . . . w(n − 1) ∈ Swit(A) is a primality witness, we rely on
the following technical lemma stating that, while wwit /∈ L(A), duplicating any w(i) yields a
word in L(A).

▶ Proposition 19. Let A be a linear minimal automaton that recognizes an ideal. Every
wwit = w(1) . . . w(n − 1) ∈ Swit(A) satisfies wwit /∈ L(A) and

w(1)w(2) . . . w(i − 1)w(i)w(i)w(i + 1) . . . w(n − 1) ∈ L(A) for all i ∈ J1, n − 1K.

▶ Proposition 20. Let A be a linear minimal automaton that recognizes a non-empty ideal.
For every automaton A′ smaller than A, L(A) ⊆ L(A′) implies Swit(A) ⊆ L(A′).

5 Union decomposition

Throughout this section, the notions of decomposition, composite and prime refer to union
decomposition. The main result is Theorem 21, which characterizes prime minimal automata
recognizing ideals. For composite automata, we show how to construct a decomposition
into |Lmin| prime automata recognizing ideals. The characterization relies on the notion of
accelerating patterns.
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. . . qk−1 qk . . .

Σ1

Σ1

Figure 7 Illustration of an accelerating pattern between qk−1 and qk.

q0 q1 . . . qn−1 qn
w1

Σ \ {w1}

w2

Σ \ {w2}

wn−1 wn

Σ \ {wn}
Σ

Figure 8 Example of Aw when w = w1 . . . wn.

Accelerating pattern. An accelerating pattern in a linear automaton recognizing an ideal
is a state such that each letter labelling an incoming transition from its greatest pre-
decessor also labels an incoming transition from a strictly smaller state. Formally, let
A = ({q0, q1, . . . , qn}, Σ, q0, {qn}, δ) be a linear automaton recognizing an ideal such that
qk−1 ≺ qk for all k ∈ J1, nK. For all k ∈ J1, nK, A has an accelerating pattern if there exists k

such that

Σk−1,k ⊆
k−2⋃
j=0

Σj,k.

For instance,this pattern is illustrated in Fig. 7. And the automaton A in Fig. 5 has an
accelerating pattern in q2. This automaton can be decomposed into automata accepting
w Σ∗ for w ∈ {ab, ba, bb, ca, cb}. This illustrates the connection between accelerating
patterns and decomposability, which we now formalize.

▶ Theorem 21. Let A be a minimal automaton that recognizes an ideal. We denote L(A) = L.
If we denote m = max {|w| | w ∈ Lmin} then the following are equivalent:
1. A is prime.
2. The size of A is equal to m + 1.
3. A is linear and has no accelerating pattern.

Before proving the above theorem we need to define the automata used in the decomposition.
They are the ones that recognize languages of the form {w} Σ∗ where w is a word.

Principal Automata. The principal automaton generated by w ∈ Σn, written Aw, is the
minimal automaton that recognizes {w} Σ∗. Its set of states is Sw = {qi | i ∈ J0, nK}, its
alphabet is Σ, its initial state is q0, its final state is {qn} and its set of transitions δw is

{(qi−1, wi, qi) | i ∈ J1, n − 1K} ∪
⋃

i∈J0,n−1K

{(qi, a, qi) | a ∈ Σ \ {wi+1}} ∪ {(qn, a, qn) | a ∈ Σ} .

This definition is illustrated in Fig. 8.

Proof. We show that (1.) and (2.) of Theorem 21 are equivalent. The equivalence between
(2.) and (3.) is proved in the extended version [4].

Let w ∈ Lmin such that |w| = m. We first claim that every automaton of size smaller
than or equal to m recognizing w also recognizes at least one word that is not in L. Let A′ =
(S, Σ, ι, F, δ) be an automaton such that |A′| ⩽ m and w ∈ L(A). Let (qi)i∈J0,mK ∈ Sm+1 be
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the states visited by the accepting path on w. Then q0 = ι, qm ∈ F and δ(qi−1, wi) = qi for
all i ∈ J1, mK. By a cardinality argument, there exist two i, j ∈ J0, mK such that i < j and
qi = qj . Let w′ = w1 . . . wi−1wiwj+1wj+2 . . . wm. By construction, δ(ι, w′) = qm, proving
that w′ ∈ L(A′). But w′ is a subword of w. By Proposition 4.2, w′ /∈ L, proving the claim.
Hence |A| ⩾ m + 1 always hold.

Let us now show that (2.) implies (1.). Assume now that |A| = m + 1. Towards building
a contradiction, assume that A admits a decomposition (Ai)i∈J1,kK. Since w ∈ L(A), there
exists i ∈ J1, kK such that w ∈ L(Ai). Using the claim, either |Ai| ⩾ m + 1 or Ai recognizes
a word that is not in L(A), and both cases contradict the fact that Ai is a component of a
union-decomposition of A. Therefore A is prime, proving that (2.) implies (1.).

To finish we show that (1.) implies (2.). Assume that the size of A is not m + 1. Since
w ∈ L(A), using the claim, |A| ⩾ m + 1. Therefore |A| > m + 1. But, one has

L(A) Σ∗ =
⋃

u∈Lmin

{u} Σ∗ .

By construction of principal automata, |Au| = |u|+1. Therefore(Au)u∈Lmin is a decomposition
of A in |Lmin| linear automata that recognize ideals, proving that A is not prime, which
proves that that (1.) implies (2.). ◀

Note that the proof of equivalence of (1.) and (2.) is constructive: whenever A is composite
we can first compute Lmin using the algorithm in [9], and then the present proof yields a
decomposition into |Lmin| prime linear automata that recognize ideals.

6 Complexity results

In this section, we show that the problems of deciding whether a minimal automaton
recognizing an ideal is decomposable with respect to intersection and union are both in
NL. We also give bounds on the size of the decomposition into prime automata obtained by
iterating the algorithms.

▶ Theorem 1. Given a minimal automaton A recognizing an ideal, deciding whether A is
prime for intersection is in NL.

Proof. Since the Immerman-Szelepcsényi theorem [12] states that NL = co-NL, it suffices to
design an NL algorithm deciding whether A is composite. To this end, we use five procedures:
InterComposite, NoPath, NonLinear, NoNext and NoDamping, depicted in Fig. 9.

Our main procedure, InterComposite, is based on the characterization of intersection-
prime automata given by Theorems 6 and 15: A is composite if and only if it is non-linear
or admits a damping pattern. Accordingly, the algorithm first invokes NonLinear, which
determines whether A is non-linear. If this is not the case, it nondeterministically guesses
two states, invokes NoNext to test whether they are consecutive, and then Damping to
check for the existence of a damping pattern. We now describe each subroutine in detail and
show that they all operate in logarithmic space.

Path and NoPath respectively decide whether there is a path or no path between two
given states. It is known that both problems are in NL [12], therefore we do not redefine
the corresponding routines here.
NonLinear takes as input an automaton and accepts if it is non-linear. It guesses
two states and returns True if and only if they are incomparable, using NoPath as
a subroutine to perform the reachability checks. Since only two state indices need to
be stored in addition to the workspace of the NL NoPath procedure, this algorithm is
in NL.
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InterComposite(A)
if NonLinear(A) then

return(True)
else

guess q, r ∈ S

return(Next(q, r) ∧ Damping(q, r))
end

NoDamping(qi, qj)
for a ∈ Σ do

if δ(qi, a) ∈ {qi, qj} ∧ δ(qj , a) ̸= qj

then
return(True)

end
end
return(False)

NonLinear(A)
guess q, r ∈ S

return(NoPath(q, r) ∧ NoPath(r, q))

NoNext(qi, qj)
if NoPath(qi, qj) ∨ i = j then

return(True)
else

guess q ∈ S \ {qi, qj}
if Path(qi, q) ∧ Path(q, qj) then

return(True)
end
return(False)

end

Figure 9 An NL algorithm deciding whether a minimal automaton A recognizing an ideal is
composite for intersection, together with auxiliary NL procedures performing local structural checks:
detecting a damping pattern between two states, determining whether an automaton is linear, and
checking whether two states are consecutive.

NoNext decides whether, in a linear automaton, qj is not the direct successor of qi for the
total order on states. The first if statement relies on NoPath to check whether qi ̸≼ qj

or qi = qj , both of which witness that qj is not the direct successor of qi. Otherwise,
since qi ≺ qj , it remains to check whether there exists q such that qi ≺ q ≺ qj , which is
checked using the Path subroutine. Since only three state indices need to be stored in
addition to the workspace of the NL Path and NoPath procedures, this algorithm is in
NL. And since Nl = co-Nl, there exists Next an NL algorithm.
NoDamping decides, given i and j, whether there is no damping pattern between qi and
qj . The if statement checks whether there exist a letter a ∈ Σi,i ∪Σi,j which is not in Σj,j .
Since a damping pattern corresponds to the inclusion Σi,i ∪ Σi,j ⊆ Σj,j , the existence of
such a letter witnesses its absence. Only two state indices and one letter name need to
be stored, which can be done in logarithmic space. Moreover, since NL = co-NL, there
also exists an NL algorithm for the complement Damping of NoDamping. ◀

We show that these steps can be performed in linear time, relying on a topological sorting
(e.g., Kahn’s algorithm [16]). Such a sorting can be used, first, to determine whether the
automaton is linear. If it is not, it can then be used to compute the separator set. Otherwise,
we simply traverse the states in topological order while searching for a damping pattern.

▶ Theorem 2. Let A = (S, Σ, ι, F, δ) be an automaton recognizing an ideal. Determining
whether A has an intersection decomposition can be done in time O(|A||Σ|), and if so, such
a decomposition can be constructed in time O(|A||Σ|2).

We now study the size of the decomposition obtained by iteratively applying our construc-
tions until reaching intersection-prime components. We show that repeated application of our
procedure on a non-linear automaton yields at most exponentially many linear automata, and
that this bound is tight. Similarly, applying our procedure to a linear automaton produces
at most exponentially many prime components, and this bound is also tight. In both cases,
we construct families of automata witnessing the tightness of the exponential bound.
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Figure 10 Example of the construction of An non-linear that is decomposed by the algorithm in
2|A|/2−1 linear automata.

▶ Proposition 22. Let A = (S, Σ, ι, {qf }, δ) be an non-linear minimal automaton that
recognizes an ideal. Iterating the decomposition described in Theorem 6 yields at most
2|DescA(qsep)| linear automata.

We conjecture that this bound can be lowered to 2
|DescA(qsep)|

2 , and we know it cannot be
further improved. Indeed, for all n ∈ N, let An be the automaton in Fig. 10. This automaton
has 2n + 2 states, and is decomposed in 2n linear automata by iterating the construction of
Theorem 6, one for each path from state 0 to state 2n + 2.

▶ Proposition 23. Let A be a linear automaton that recognizes an ideal. Iterating the
decomposition described in Theorem 15 yields at most 2|A| automata.

The bound of Proposition 23 is tight. Let A = (S, Σ, ι, {qf }, δ) and A′ = (S′, Σ, ι′, {q′
f }, δ′)

be two minimal automata that recognize ideals. We define A · A′ = (S ⊔ S′ \ F, Σ, ι, F ′, δ′′),
where ⊔ is the disjoint union (we rename states if necessary) and where

δ′′ = {(q, a, q′) ∈ δ | q′ ̸= qf } ∪ {(q, a, ι′) | (q, a, qf ) ∈ δ} ∪ δ′ .

We write, for an automaton A that recognizes an ideal and n ∈ N \ {0}, A1 = A and
inductively An = An−1 · A. Let A, A0 and A1 be the automata of Fig. 5. The size of
An is then 3n + 1. Using iteratively Proposition 15, An is decomposed in {Ai(1) . . . Ai(n) |
(i(j))j∈J1,nK ∈ {0, 1}n}, which contains 2n = Ω(2|Ai|) prime automata. Using the two previous
propositions, one can conclude the following:

▶ Corollary 24. Let A be a minimal automaton recognizing an ideal. Using algorithms of the
previous sections, one can compute an intersection-decomposition of A into at most 22|A|

intersection-prime automata that recognize ideals.

We now investigate the complexity of deciding the primality for the union decomposition.

▶ Theorem 3. Given a minimal automaton A recognizing an ideal, deciding whether A is
prime for union is in NL.

Proof. Since the Immerman-Szelepcsényi theorem [12] states that NL = co-NL, it suffices to
design an NL algorithm deciding whether A is composite. To this end, we use five procedures:
UnionComposite, NoPath, NonLinear and Next, depicted in Fig. 9 and Fig. 11. We
refer the reader to the proof of Theorem 1 for the detailed description of the subroutines and
the fact that they are in NL.

The main procedure UnionComposite relies of the characterization of union-composite
automata stated in Theorem 21: A is composite if and only if it is non-linear or has an
accelerating pattern. Accordingly, UnionComposite first calls NonLinear to check whether
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UnionComposite(A)
if NonLinear(A) then

return(True)
else

guess q, s ∈ S ; // We guess a state that has the accelerating pattern
if Next(q, s) ; // Verify that that q = qi−1 and s = qi

then
for a ∈ Σ do

if δ(q, a) = s ; // For all a ∈ Σi−1,i

then
guess r ∈ S ; // we try to guess a qj such that a ∈ Σj,i

if ¬(Path(r, q) ∧ r ̸= q ∧ δ(r, a) = s) then
return(False)

end
end

end
return(True) ; // We accept if for all a ∈ Σi−1,i we found a qj

else
return(False)

end
end

Figure 11 An NL algorithm deciding whether a minimal automaton A recognizing an ideal is
composite for union. The procedure guesses candidate states witnessing the accelerating pattern
and verifies locally the required transition constraints.

A is non-linear. If it is the case, it accepts. Otherwise, it tries to guess a state s = qi

that may witness an accelerating pattern, together with its predecessor q = qi−1. Next, it
sequentially enumerates all the letters a in Σ, and for each a ∈ Σi−1,i it nondeterministically
guesses a state qj ≺ qi−1 such that a ∈ Σj,i. If this succeeds for all letters, then the algorithm
has found an accelerating pattern and accepts. Otherwise, the algorithm returns False. At
each step, a fixed number of state indexes and letter names must be stored, which can be
achieved using a logarithmic space. ◀

7 Conclusion

We studied decomposition problems for automata recognizing ideal languages, a subclass
of aperiodic languages corresponding to level 1/2 of the Straubing-Thérien hierarchy. We
showed that both intersection and union primality can be decided in NL, which contrasts
with the general setting, where no algorithms below EXPTIME are known. We now discuss
how our results relate to wider open questions.

Are there efficient decomposition algorithms for aperiodic languages? A natural direction
for future work is to extend our techniques beyond ideals, and to climb further in the
Straubing–Thérien hierarchy. Higher levels are obtained by iterating Boolean and polynomial
closure operations. The techniques developed in this work for both intersection and union
decompositions may provide a starting point for studying Boolean closures of ideals.
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Which classes of regular languages are preserved by decomposition? One notable aspect
of our results is that decompositions preserve the class of ideal languages: whenever an
automaton recognizing an ideal is decomposable (either as an intersection or as a union), it
can be decomposed into automata that also recognize ideals. This mirrors what is known for
permutation automata [14]. In contrast, for automata recognizing finite languages, existing
decomposition techniques do not preserve the class [27]. This contrast raises several natural
questions: can one prove that some finite languages necessarily require infinite languages in
their decompositions? More generally, can we characterize which subclasses of languages are
closed under decomposition, and which are not?

How to decompose infinite word languages? In the context of model checking, it would be
particularly worthwhile to explore how the various decomposition results extend to infinite
words. Investigating the languages defined by LTL formulas, or equivalently by FO(<),
presents a natural and relevant challenge, especially with the aim of simplifying specifications.
A promising starting point would be the first existential fragment of FO(<), which, over
finite words, corresponds to the ideals studied in this paper.
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