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—— Abstract

Probabilistic Boolean circuits have recently been proposed as a string-diagrammatic foundation for
finite probabilistic programming. In this paper, we present a complete set of axioms for their semantics
in terms of Markov kernels. Our approach is based on two intermediate results: completeness for
partial Boolean circuits and completeness for probabilistic Boolean tapes, a diagrammatic language
for rig categories.
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1 Introduction

Diagrammatic languages play a central role in computer science, with classical examples
including Petri nets, graph rewriting systems [23, 29], and data- and control-flow diagrams [5],
among others. More recently, the increasing importance of spatial structure in computation
led Milner to move beyond the traditional term-based syntax of process calculi and introduce
bigraphs [53]. Similar trends arise in quantum computing [63, 25, 1, 20, 3, 39] and probabilistic
programming [49, 26, 62, 67, 51], where—unlike in classical computation-information cannot
be freely copied or discarded. More broadly, the shift towards viewing data as a physical
resource rather than a purely logical entity (see, e.g., [58, 37]) has driven the widespread
adoption [4, 14, 16, 30, 31, 38, 55, 61, 13, 18, 44, 60, 12, 28, 27, 45, 54, 34, 33, 36, 67, 59, 35, 32]
of string diagrams [47, 65] as a graphical syntax.

Formally, string diagrams are morphisms in the symmetric monoidal category freely
generated by a monoidal signature X, which we denote by Diags,. The signature contains
a basic set of generating symbols and complex diagrams are built via horizontal (;) and
vertical (®) composition. Such diagrams are typically interpreted in a monoidal category C
via a map ((-)): Diagy, — C assigning semantics to each diagram. When ((-)) is a monoidal
functor—i.e., it preserves both ; and ®-the semantics is compositional, and the induced notion
of semantic equality forms a congruence. Axiomatizing this congruence is a central challenge,
as it enables equational reasoning directly at the level of diagrams.
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Completeness for Probabilistic Boolean Tapes

In this paper, we provide a complete axiomatisation of probabilistic Boolean circuits [60].
These circuits are string diagrams generated by the following monoidal signature, where p
belongs to (0,1).

PB

D - @ < — > @ (PrB)

B

The first three generators are the standard Boolean gates: D~ takes two inputs and
returns their conjunction; —— maps an input to its negation; and @- produces the constant
1. The generator —«_ duplicates its input, while —e discards it. The gate »— can be seen
as a dual of —«(: it takes two inputs and returns their common value if they agree, and
otherwise fails. Finally, @ is a probabilistic generator that outputs 1 with probability p
and 0 with probability 1 — p. A circuit ¢ with n inputs and m outputs denotes a function
{c): 2" — D<(2™), where 2 = {0,1} and D<(X) is the set of subdistributions over X.
Categorically, the semantics ((-)) is a functor from Diagp, 5, the category of probabilistic
circuits, to LL(D<), the Kleisli category of the subdistribution monad (see e.g. [41]).

The brace below (PrB) highlights an important fragment: diagrams in Diag s correspond
to standard Boolean circuits, hence denote Boolean functions. As such, they can be freely
copied and discarded, meaning respectively that the following equalities hold:

: The= 2

The brace above (PrB) identifies a larger fragment: diagrams in Diagpz denote Boolean
partial functions. Indeed, »— may fail to produce an output. In this setting, copying is
still free, but discarding is not: for instance, »—; —e and —e ® —e are not equal. Crucially,
general probabilistic Boolean circuits cannot even be copied. For example, duplicating the
result of a coin toss, as in @—; —«, is not equivalent to tossing two independent coins, as in
a xa-

While we refer the reader to [60] for a discussion of the practical relevance of this
formalism, we emphasise here the advantages of diagrammatic syntax over traditional
term-based representations. Standard Boolean identities fail in the probabilistic setting—for
instance, x A = x does not hold when z € D(2). However, these laws hold in diagrammatic
form, where copying and discarding are made explicit; see, e.g., (B5) in Figure 1. The
latter collects the axioms of Boolean algebra which, as shown in [60], yields a complete
axiomatisation of the Boolean fragment Diagg.

Our first contribution is a complete axiomatisation of partial Boolean circuits, i.e., circuits
in Diagpp. The axioms extend those of Boolean algebra in Figure 1 with additional laws
governing »—, presented in Figure 3. Completeness —in Theorem 9- is crucial for the second
contribution.

For the full language, rather than axiomatise Diagp, 5 directly, we consider a more
expressive formalism—probabilistic Boolean tapes— which, as illustrated in [9, Ex. 30], can
faithfully express probabilistic Boolean circuits. Probabilistic Boolean tapes arise from a
general construction applied to partial Boolean circuits. Concretely, by freely adding convez
biproducts to Diagp g, we obtain a category T (Diagpy) representing the syntax, together
with a semantic map [-] : T(Diagpp) — KL(D<) extending (-)): Diagppy — KL(D<).
Crucially, T(Diagpg) is, like KL(D<), a rig category [50, 46], featuring two monoidal
structures: ® and @. Moreover, [-] is a morphism of rig categories, i.e. it preserves ;, ® and
@. As a consequence, the semantics remains compositional. Finally, probabilistic Boolean
tapes admit an intuitive graphical syntax, closely related to string diagrams. The raison
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d’étre of tape diagrams [11] is precisely to represent the three forms of composition—®, @,

and ;—uniformly within two dimensions, rather than requiring an additional dimension as e.g.

in [22].

The move from circuits to tapes allows us to reason not only about the monoidal product
® in KL(D<), but also about the operation @, which plays a fundamental role in many
probabilistic frameworks [67, 19, 51]. As discussed in Example 13, the presence of @ provides
a natural way of modelling probabilistic control and, perhaps more importantly, leads to a
structurally transparent axiomatisation. In addition to the equalities induced by the tape
construction in Figure 4, our axiomatisation comprises the three additional laws shown in
Figure 5. The third of these is an implication expressing cancellativity. Although not purely
equational, cancellativity is a standard reasoning principle that arises naturally in a wide
variety of algebraic structures.

Relying on completeness for partial Boolean circuits and on a result from [7]-stated here
as Corollary 18—characterising tape diagrams as stochastic matrices of string diagrams, we
prove completeness for probabilistic Boolean tapes in Corollary 29. Consequently, as stated
in Corollary 30, semantic equality of probabilistic Boolean circuits reduces to equality of
their encodings as tapes.

Related Work. Figures 4 and 5 of [60] provide an axiomatisation of probabilistic Boolean
circuits. Crucially, the induced equivalence is strictly coarser than semantic equality, i.e.,
the one induced by ((—)). In fact, two diagrams ¢ and d are equivalent in [60] if and only if
{(c) x (d)), where o is the relation on KLL(D<) defined by f « g whenever there exists A > 0
such that f(x)(y) = A-g(x)(y) for all x € X and y € Y. Hence, several axioms in [60]-in
particular F2 and F7-are unsound with respect to ((-)). Interestingly, as shown in Lemma 4,
axiom F8 of [60] is derivable from our system.

To the best of our knowledge, partial Boolean circuits have not previously been axiomatised.

In contrast, [60] gives a complete axiomatisation for the causal fragment, i.e., circuits
generated by all gates in (PrB) except —»—. In [7], the characterisation of tapes as stochastic
matrices is used to derive an alternative axiomatisation for the same fragment. Despite
exploiting the same result, the two axiomatisations differ substantially. Indeed, among all
the axioms in Figures 3 and 5, (T3) is the only one that is even expressible with the tapes
in [7].

Synopsis. Our presentation of probabilistic Boolean circuits is staged: we begin in Section 2
with Diagg, then Diagpg in Section 3 and finally Diagp, 5 in Section 4. Hence, the
axiomatisation for partial Boolean circuits and its proof of completeness are illustrated in
Section 3. Section 5 recalls from [9] probabilistic Boolean tapes as well as the encoding
of circuits into tapes; Section 6 illustrates several general results from [7] about the tape
construction. These are used in Section 7 to provide a complete axiomatisation of probabilistic
Boolean tapes and prove its completeness. Appendix A contains additional material: in
particular the axioms in Table 3 already appear in the form of tapes in Figure 4 in the main
text.

An extended version of this paper, including full details of the proofs, is available in [6].

2 Boolean Circuits

We commence our exposition by recalling how Boolean circuits can be regarded as string
diagrams.
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A monoidal signature is a tuple (S, %, ar, coar) where S is a set of basic sorts, hereafter
denoted by A, B,..., X is a set of generators, denoted by s,t,..., and ar, coar: ¥ — S*
assign to each symbol its arity and coarity, i.e., words over S, denoted by U,V,.... We
consider terms generated by the following context free grammar, where A, B € § and s € X:

cu=idy |idy | s | 055 | e | c®ec

The rules in Table 1 assigns a type U — V to terms. Well-typed terms, taken modulo the
axioms in the same table, are the arrows of (Diagy,, ®,1), the strict symmetric monoidal
category freely generated by X. Its objects are words in §*. Arrows of Diagy, admit a
graphical representation in terms of string diagrams [47, 65]. The grammar above can be
depicted diagrammatically as follows:

v—c}v
v—{c v

cuo= a—a | | a{s| 1 >8 | v{HFv |

The diagrammatic notation internalises the axioms in Table 1, yielding proofs that are both
more concise and more intuitive. Throughout the paper, we will also rely on the term-based
notation, which is often more succinct for inductive definitions.

A monoidal theory T = (X, F) consists of a monoidal signature ¥ and a set F of pairs
of arrows of Diagy, of the same type. Let =t be the congruence closure (w.r.t. ; and ®)
of E. We write Diagy for the monoidal category obtained as the quotient of Diagy, by
=1 and Qr: Diagy, — Diagy for the monoidal functor mapping each diagram into its =p
equivalence class.

Table 1 Typing rules (top) and axioms (bottom) for freely generated strict symmetric monoidal
categories.

idi:1—1 ida: A— A U%}B:A®B—>B®A
ar(s)=U coar(s)=V c¢:U—=V d:V W c:U —- WV d: Uy — Vo
s:U—=V cd:U—W cRd: U1 @Us > V1 Vs
(¢;d);e =c; (dse) idy;c=c=cidg idy @c=c=c®idy (c®d) ®e=c® (d®e)

(c1 ® c2); (d1 @ da) = (c15d1) ® (c23d2) ouv;ovu = idugv (s ®@idw);ov,w = ouw; (idw ® s)

Consider the monoidal signature with a single sort, S & {A}, and generators

B d:ef {D, —>, &7 {7 4’}
Arities and coarities are determined by the number of ports on the left and on the right: for
instance, 7~ has arity A? = AA and coarity A, while —e has arity A and coarity A% = 1.

The first three generators of B correspond to the operations and constants of Boolean
algebras, namely A, -, and 1. The generator copy, denoted by —«_, takes a Boolean signal
as input and produces two identical outputs. The generator discard, denoted by —e, takes a
Boolean signal as input and discards it. To make this formal, we interpret each generator
s € B with arity A™ and coarity A™ as function {(s)p: 2™ — 2™ where 2 is the set of
Booleans {0,1} and 2° is the singleton set 1 = {e}.

(TO-MB:2x2 — 2 (—Np:2 — 2 (@)p:1 — 2
(x,y) — xAy r = oz o — 1 Q
(<2 — 2x2  (—hp:2 — 1
x = (z,z) T = e
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(B21) (B2r)
Gp = gD

®5)

— - —_—

(B7)
oY "r
(B91) (B9r)
o~

(B15)

C i (B10) 4<
T

(B16)

—e

Figure 1 The monoidal theory of Boolean algebras.

Such interpretation gives rise to a symmetric monoidal functor (—))p from (Diagp,®,1)
to (Set,®,1). The latter is the category of sets and functions where the monoidal tensor
is simply cartesian product. The functor (—)p: (Diagg, ®,1) — (Set,®, 1) is defined on
objects as (A")p = 2" and on arrows as

(ida)s = idy (idi)p = idy (of Np = 08 (cd)s = (s (s (c® dhs = (Np® (d)s (2)

We regard diagrams as syntax and {(—)p as the map assigning semantics to syntax.
Semantic equality—i.e., the congruence induced by {((—)p— is axiomatised by the laws in
Figure 1. The equalities in the first block are the standard axioms of Boolean algebras, where
the constant @ and the or gate ~7>- are defined as expected (see Figure 2). Note that,
in the string-diagrammatic setting, the structural maps —«_ and —e must be made explicit,
for instance in (B6) that is the usual law of non contradiction. The equalities in the second
block state that —«_ and —e form a commutative comonoid. The equalities in the third and
fourth blocks impose naturality of —« and —e, respectively.

We write B for the monoidal theory consisting of the signature B and the axioms in
Figure 1.

» Theorem 1 (From [60]). For all ¢,d € Diagg, (c)s = (d)s iff c =5 d.

We conclude this section by fixing some syntactic sugar, collected in Figure 2. The znor
gate =) >— takes two inputs and outputs 1 if they are equal and 0 otherwise. The multiplexer
j} takes three inputs and returns one output: if the first input is 1, then it outputs the

second input, otherwise the third input. The m-ary multiplexer %{:@ works similarly, but it
takes 2m + 1 inputs: if the first input is 1, then it outputs the first m inputs, otherwise it
outputs the second m inputs. Figure 2 also defines m-ary discard —e and copier 2—«__. Note

that, for the sake of readability of string diagrams, we label wires by some natural number n
as an abbreviation for A™.

» Lemma 2. Let ¢ be a diagram in Diaggln,m]. The following derived laws hold:

D1 m D2 m D3
:Z, m (: B) m ]': m (: B) m QED> (: IB) jji
D4 , , , D5) m
n - m (:IB) n n - m : (:]B) L
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def def
= e —

¢ =aca —

Figure 2 Definitions of or gate, @ and multiplexer (top); definitions of xnor gate and inductive
definition of m-ary copier (middle); m-ary multiplexer (third row); @ and n-ary dischargers
(bottom).

3 Partial Boolean Circuits

def

Now consider the monoidal signature PB = BU{ »} obtained by adding to B the generator
cocopy »—. Intuitively, »— is the dual of —«: it compares two inputs and, if these are
equal, it outputs that value; otherwise, it produces no output. Thus, »— does not denote a
function but a partial function.

Let (Par,®,1) be the category of sets and partial functions, where ® is the cartesian
product of sets and, for all partial functions fi1: X7 — Y; and fo: Xo = Y5, f1 ® fo: X1 X
Xy = Y] x Yy is defined for all (z1,22) € X; X X5 as

f1® fo(w1,22) = (3)

otherwise

Myh@m&@ﬁ)ﬁﬁ@ﬂ#Lﬁ@ﬂ#i
L

Above and in the rest of the paper, we write f(z) = L to say that f is undefined on x. The
obvious injection P: (Set,®,1) — (Par, ®, 1) is easily proved to be a symmetric monoidal
functor.

The generators in PB can all be interpreted as arrows of Par: —»— is interpreted as

<<}>>p322><2 — 2
(@y) o {x ife=y (4)

1 else

while generators s € B as ((s) pp = P({(s)p). The inductive extension, analogous to (2), of

the above interpretation provides a symmetric monoidal functor {(—)) pp: Diagpz — Par
mapping each diagram in its semantics. For example, the semantics of the following diagrams

=¥, _p= a = (5)
is illustrated below.

(-DYpp:2 — 1 (-®Ypp:2 — 1 (@-)pp:1 — 2

o ifzx=1 o ifz=0
T T o — L
1  else 1 else

In this section, we present a complete axiomatization of the equality induced by (=) p5.
The axioms are illustrated in Figure 3: the equalities in the first row assert that —»— is
associative, commutative and idempotent; in the second row, (P4) and (P5) are the usual
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® = ®2)
j 2 i <D D o & —i
E o = > OB =_g

Figure 3 The monoidal theory of partial Boolean algebras.

Frobenius equalities ruling the interaction of ~»— with —«_; the remaining axioms are more
peculiar: (P7) states that Ay = 1 iff x = y = 1; (P6) provides a decomposition of »— in
terms of D, =) >— and . We write PB for the monoidal theory consisting of the
signature PB and the axioms in Figures 1 and 3. Simple computations confirm that the
axioms are sound.

» Proposition 3 (Soundness). For all c,d € Diagpp, if ¢ =ps d, then {c))pp = (d))pB-

The remainder of this section is devoted to proving the converse implication, namely
completeness. Although this fact is not required for our proof, it is worth noting that the
axiom F8 in [60]-corresponding to (D7) in the following lemma-—can be derived within PB.

» Lemma 4. The following derived laws hold:
D6 D7 D8l) ..... (D8r
pa ? @ & ap= e
The strategy for proving completeness is as follows. First, we show that any diagram c in

Diagpp can be decomposed into two Boolean circuits D, and T, in Diagy (Proposition 6).
We then appeal to the completeness result for Boolean circuits (Theorem 1).

» Definition 5. For all ¢ € Diagpg[A™, A™], the Boolean circuits D, € Diagg[A™, A] and
T, € Diagg[A™, A™] are inductively defined as

def def . .
D, = ne@ T. = ¢ for allceBU{zdl,sz,U%A};
def def
D = T~ = D
De.a
def def E
Dc;d = Tc;d = —
D d_ef " T d_ef m/
c@d = [57] D c@d = [m
d

Intuitively, D. and T, represent, respectively, the domain and the total component of ¢. The

diagram D, returns 1 if the input of ¢ lies in the domain of definition of ¢, and 0 otherwise.

The diagram T, returns the output of ¢ when the input lies in its domain, and a vector of 0
otherwise. For instance, the domain of “»— is the xnor gate: it returns 1 if and only if the
two inputs are equal. Its total part is given by the A gate: it returns 1 precisely when both
inputs are 1. Similarly, the domain of ¢ ® d is given by the conjunction of the domains of ¢
and d. Its total part returns the total parts of ¢ and d when the domain evaluates to 1, and
0 otherwise.

-DC 1
» Proposition 6. For all c € Diagpp, it holds that =+ =ps " ]
Te :

21:7
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Proof. We proceed by induction on the structure of ¢. For the base case, if ¢ € B U
{idy,id 4, JE’,AL then the statement follows by

n m (Bgr) n m (Dg]) n m H(D5) n H
B =rB - =pB - =rB mo

If ¢ is T»—, then the statement is exactly axiom (P6) in Figure 3. Now, in the case c¢; d, then
assuming that the statement holds for ¢ and d, we have

D,.
(B15)+(B16) n D (s
s (Ta} TR

where now the statement follows by inductive hypothesis. Finally, the case ¢ ® d is proved
in [6]. <

Now observe that, by Theorem 1, every b € Diagp[1, A"] is =g-equal (hence =pz-equal)
to a Boolean vector, i.e., a circuit of the form ;- b; for b; € {@-, @} if n > 0, and if
n =0.

» Lemma 7. Let b € Diagg[l, A"] and ¢ € Diagpg[A™, A™]. If b;D. = @, then
b; Te =em @

» Lemma 8. For allb € Diagg[l, A" and ¢,d € Diagpg[A™, A™],
if (b;c)pp = (b;d)) pB, then (b; Dc))pp = (b; Da)) P and (b;Tc)) p = (b; Ta) PB-

» Theorem 9 (Completeness). For all ¢,d € Diagpg[A™, A™], if {c)pe = (d)pp then
C =pB d.

Proof. For all b € Diagp[1, A", functoriality of (—)) ps and the hypothesis entail that

(b chpe = (b)) pB: () p = (b)) PB; (d) PB = (b;d) PB-

By Lemma 8, (b; D.Y pp = ((b; Da)) pp and {(b;Tc)) pp = {(b; Ta) pp for all b € Diagg[1, A™].
Hence {(D.)pp = (Da)pp and (T.)pp = (Ta)pp. Now, since D., D4, T, and T, are
Boolean circuits in Diagy, then by Theorem 1 it holds that D. =g Dy and T, =p Ty. Finally,
by Proposition 6, since ¢ and d decompose through the same domain and total part, we have
that ¢ =pp d. ]
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Moreover, one can characterise exactly the image of Diagpy through (—) pp. Let Pary be
the full subcategory of Par where objects are powers of the set 2, i.e., 2™ for all n € N.

» Proposition 10. The functor {(—)) pp: Diagpp — Par factors as

Diagpp L Diagpg = > ParyC Par

where the rightmost functor is the obvious injection and the central arrow is an isomorphism.

Theorem 9 also provides a useful characterisation of diagrams in Diagpg[1, A™]. We fix
def

@ =@ : A— A" where — : A — A™ is inductively defined as follows.

{0 def {n-%—l det 4’((:”
» Lemma 11. For all ¢ € Diagpg[l, A"], either ¢ =z @ or ¢ =pg b for some b €
Diagp[1, A™].

4 Probabilistic Boolean circuits

def

We now recall probabilistic Boolean circuits from [60]. The signature is PrB = PB U {@- |
p € (0,1)}. The gate @- outputs a Boolean value, which is 1 with probability p and 0 with
probability 1 — p.

To provide a formal semantics, it is convenient to recall some key notions. We write
D<(X) for the set of all (finitely supported probability) subdistributions over a set X, namely,
functions d: X — [0,1] such that )\ d(z) <1, and d(x) # 0 for finitely many = € X.
For all z € X, we write ¢, € D<(X) for the Dirac distribution at x; * € D<(X) for the
null subdistribution: *(z) = 0 for all z € X; for all p € (0,1) and dy,dy € D<(X), we write
dy +, dg for the subdistributions mapping each « € X into p - di(x) + (1 — p) - da(z).

The assignment X — D<(X) extends to a monad D<: Set — Set (see e.g., [41]). Its
Kleisli category is denoted by KL(D<): objects are sets; morphisms f: X — Y are functions
X — D<(Y). We often write f(y | z) for f(z)(y), as this number represents the probability
that f returns y given the input x. Identities idx : X — D<(X) map each z € X to d,. For
two functions f: X — D<(Y) and g: Y — D<(Z), their composition in L(D<) is defined
as fig(z |2) =Y oy fly|2)-9(2]y)

This category carries a symmetric monoidal structure (KL(D<),®,1), where ® is the
cartesian product of sets and, for arrows f: X; - Yy and g: Xo = Y5, f®g: X7 X Xo —
Y1 x Y5 is defined as

F@g((yy2) | (w1,22)) = fyr | 21) - g2 | 22). (7)

Finally, the symmetric monoidal functor J: (Par,®,1) — (K£(D<),®,1) is the identity
on objects and associates to a partial function f: X — Y the function J(f): X — D<(Y),
mapping z to ¢y, if f(z) is defined and to the null distribution x otherwise.

The semantics is given by interpreting the generators in PrB as arrows in LL(D<): @
as

2

(@):1
o 01 +p 6o

%

8
. (®)
while generators s € PB as ((s) = J({(s)pp). Analogously to the previous sections,
the inductive extension of the above interpretation yields a symmetric monoidal func-
tor ((—)): Diagp, 5 — KL(D<), assigning to each diagram its semantics. For instance,
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(@2 a@); D) = (@) ={(@)); (ZO-)) which, by (8) and (7), is the KL(D<)-arrows
mapping e into 61 42 do, i.e., (@@ ). Similarly, one can check that (@—; —<«_;-D-)) = (@))-
This fact is also witnessed by (B5) in Figure 1.

A natural goal, mirroring the case of (partial) Boolean circuits, is to obtain a complete
axiomatisation of semantic equality. Instead, we establish a complete axiomatisation for
probabilistic Boolean tapes, a formalism into which circuits can be encoded.

5 From circuits to tapes

Example 30 in [9] encodes probabilistic Boolean circuits as probabilistic Boolean tapes.
This relies on KL(D<) having finite coproducts, which induce a second monoidal structure
(KL(D<),®,0), where & is disjoint union of sets with units 0 = {}; for f: X; — ¥} and
g: Xo — Yy, the arrow f@g: X1 P Xo — Y1 @ Y5 is defined, for all u € X1 B X, v € Y1 @ Y5,
by

. flyr | z1) ifw=11(x1) and v = ¢1(y1),
foglu) =S gys | a2) if u=ta(22) and v = 12(ya), 9)
0 otherwise.

Here ¢; and iy are the coproduct injections. In KL(D<), ® distributes over &, so
(KL(D<),®,®,0,1) forms a rig category, aka bimonoidal category [50]. Moreover, for
each object X, the arrows

My: X - XX ly:x 50 Tx:05X Dx:X0X =X 10)

T = 5L1(ac) +p 5L2(ac) T = *x Lz(l‘) — 5@
are central: (>, f x) and (K, 4 x ) form, respectively, a natural and coherent monoid and
co-pointed convex algebra, namely they satisfy the laws in Tables 3d and 3e in Appendix A.

These structures are exploited in T(Diagpp), the category of probabilistic Boolean tapes.
Consider the following context-free grammar, where p € (0,1), U,V € §*, and c is an arrow
in Diagpp:

tu=ry | by | €| Tu | by |idy | idy | oy | Gt ] tat (11)

We restrict to terms typable by the rules of Table 3a. Types are arrows P — (), where
P,Q € (S§*)* are viewed as sums ;_, U;, with each U; = @}, A.

The category T(Diagpp) has as set of objects (§*)*. Arrows in T(Diagpp)[P, Q] are
terms of type P — ) modulo the axioms in Table 3, i.e., those of natural and coherent monoids,
co-pcas and strict symmetric monoidal categories. By the latter axioms, (T(Diagpg), ®,0) is
a symmetric monoidal category. Define P®Q = @, @, UV for P=@,U; and Q = D, Vj;
together with definition of t; ® t in Table 4 in Appendix A, this yields another symmetric
monoidal structure (T(Diagpp), ®,1), which makes (T(Diagpg), ®,®,0,1) a rig category.
Crucially, there is a morphism of rig categories [—] : T(Diagpp) — KL(D<) assigning to
each tape its semantics in KL(D<):

[Foan] ® 2z [ban] Edon [E1ZI(Nre)  [Tan] E T [pan] Eoom
lidan] idoe [ido] ido [of ] Fofian [AE BN BedE El ol
(12)
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(cPmat) v Q=W N N (o-inv) y
S < ¥ = T e
R TR s UvR.
(|>:a=) (I>:un) pe— (> ;Zym) DEIL
v
(P< -as) (P< -idem) (Pa-sym) U
= = vE=r = vy
v
P Q —
I'::,\Z:] (P<t -nat) ’[::ﬁ ) [ ':‘:::j’ (>-nat) [:i j I”: (b-nat) ”[:ﬁ i:ji (T-nat) :Ql
B! = EC) ) = ) ) =T EeiD CtE =@
- 4 P '

P Q P Q

Figure 4 Axioms for probabilistic tape diagrams, where p =f pq and § f pd—q)

1-pgq -~
Table 2 The encoding £(—): (Diagp,5,®,1) = (T(Diagpg),®,1).
E(c) £ < force PBU{ida,id,0% 1} | E(d) = E(c)E(d)
fa@) = Se@d) < &) ®Ed)

Arrows of T(Diagpp) have a diagrammatic representation. The grammar in (11) is

depicted as
P S Q

9

t = U%” UB| UV ‘GU | U%U | 1Y | | U%V || P Q
U U v U I:zj

Note that in vH<Hv , v—{c}-v isan arrow in Diagpp, i.e., a string diagrams. Hence, string
diagrams occur within tapes. Moreover, vertical composition of string diagrams corresponds
to ®, while vertical composition of tapes to @. For instance, @@ : 1 > A® A and

@ S @ 141 — A®D A are drawn respectively as g m

representation embodies several axioms of Table 3. Those axioms that are not implicit in
the graphical representation are displayed in Figure 4.
Consider the tape X1; (@ @ @ );>4: 1 — A which is drawn as the diagram below.

défA

By (12), its semantics [ @] is &1; (J((@-) p5) ® J((@-) p5) ); >2 which by (1), (9) and
(10)- is the function e — &1 4, o . Note that this is exactly (@-)) as defined in (8). This
simple observation is at the core of the encoding £(—): (Diagp, 5, ®,1) — (T(Diagpg), ®,1)
from [9] reported in Table 2.

and

. The graphical

(13)

» Proposition 12. For all ¢ € Diagp, 5, (c) = [E(¢)].

The above result asserts that the encoding £(—) preserves the semantics. Thus, instead
of axiomatising the equivalence induced by the semantics on probabilistic Boolean circuits,
we rather axiomatise the one on tapes (Corollary 29) and then check equivalence of circuits
by encoding them into tapes (Corollary 30). Before illustrating the axiomatision for tapes
and proving its completeness in Section 7, we recall some key results from [7] in the next
section. We conclude this section by recalling from [9] an example comparing the expressivity
of circuits and tapes.

21:11
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» Example 13. In [60], probabilistic control is realised via a multiplexer, represented by the

tape =} . Intuitively, when | @, and are connected, respectively, to the

first, second, and third inputs of the multiplexer, the resulting output coincides with that of

¢ with probability p and with that of d with probability 1 — p. Formally, this behaviour is

captured by the composite (@4 ® ® ); = which, by the definition of
@ in (13) and of ® in Table 4, corresponds to the tape shown on the left below.

Although the two diagrams above exhibit similar behaviour, a crucial difference emerges when
d (or symmetrically c¢) is instantiated as [@. In this case, the circuit on the left always fails:
see (D7). By contrast, the circuit on the right still produces the output of ¢ (respectively
d) with probability p (respectively 1 — p). Since the composition of any behaviour with a
null behaviour via ® necessarily results in a null behaviour, we believe that issues analogous
to the one above are inherent in approaches relying exclusively on the monoidal product ®.
The introduction of €, on the other hand, offers a natural and expressive means of modelling
probabilistic control.

6 On Freely Generated Convex Biproduct Categories

The category T(Diagpp) of probabilistic Boolean tapes is an instance of a general construc-
tion, introduced in [8], which associates to any category C a category T(C). The latter is
defined analogously to T(Diagpy), but with S* replaced by Ob(C) and arrows of Diagpy
replaced by arrows of C. Consequently, the objects of T(C) are elements of Ob(C)*, and its
arrows are equivalence classes of well-typed terms generated by the grammar in (11), where
now U,V € Ob(C) and ¢ ranges over arrows of C.

In this section, we briefly recall from [8] the properties of T(C) that are needed for the
completeness proof. Throughout, all categories are tacitly assumed to be locally small, and
Cat denotes the category of locally small categories.

6.1 PCA-enriched categories

Recall from [68, 15] that a pointed conver algebra (pca) consists of a set X, a designated
element * € X and, for all p in the open real interval (0, 1), a function +,: X x X — X such

~ def p(l1—q)

that, by fixing § & pq and § g the following laws hold for all 21, z9, 25 € X.

(.’£1 +q ZL'Q) +p T3 = X1 +[3 (.TQ +q~ 1’3) X +;D To = Xg +1—p I X +p 1 =21 (14)

We denote by PCA the category of pcas and their morphisms, i.e., functions preserving
and +,.
In any pca, +, is easily extended to any p € [0, 1] by fixing x+1y <z and 4oy £ y. This

def

can be further extended for any n € N and p1,...,p, € [0, 1] inductively as Z?Zl pi- (=) = %
and Y20 py - (=)i = (<)1 s Xy 4y - (=) where (=); = ()it and g5 is 255 if py # 1
and 0 otherwise. For n = 1, this is the multiplication by a scalar p € [0,1], shortly defined as
p-x B T +p *.

The archetypical example of a pca is D<(X) with +, and * defined as in Section 4. Such

pca enjoys an additional property called cancellativity. A pca (X, +,, *) is cancellative (or, in
the terminology of [66], cancellative at x) if for all z,y € X and p € (0,1): p-x =p-y = x =y.
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A category C is PCA-enriched if every homset carries a pca structure and composition
of arrows is a pcas morphism, namely that the following equalities hold for all properly typed
arrows e, f, g, h.

&(f+tpg)=(ef)+ples9)  (FHpg)ih=(fih+pg:h)  fix=x=xf (15)

A functor F' is PCA-enriched if it preserves the pca structure of each homset. PC A-enriched
categories and functors form a category, denoted by PCACat.

Moreover, a monoidal category (C, ®, 1) is monoidally enriched over PCA if the following
holds.

e@(f+pg) = (e®@f)+p(e®g)  (fHp9)@h = (fOh)+,(g®h)  *@f=x= f@x (16)

The category KL(D<) is monoidally enriched over PCA: forall f,g: X Y,z e X,y€Y

and p € (0,1), f +, g(ylz) = p- f(ylz) + (1 —p) - g(y|z) and xx y (y|z) = 0. Also T(C) is
def

PCA-enriched: f+,9= Kx;(f®g);>y and xxy = cLX; Ty. Such enrichment is monoidal
whenever (C,®,1) is a symmetric monoidal category: see [9, Thm. 27].

6.2 Convex Biproduct Categories

We now recall the definition of convex biproduct categories from [8], which are suitable
PCA-enriched categories where coproducts enjoy an additional universal property, similar
to the one of products.

» Definition 14. Let X1, X5 be two objects of a PCA-enriched category C. The convex
product of X1 and Xs is an object Z with two arrows w1: Z — X1 and mo: Z — X5 satisfying
the following property: for all p1,pa € [0,1] such that py +p2 < 1 and all arrows f1: A — X,
fo: A — Xo, there exists a unique arrow h: A — Z such that h;m = p1-f and h;me = pa - g.

Similarly, the convex product of n objects X1,..., X, is an object Z with arrows m;: Z —
X; for i« = 1,...,n satisfying the following property: for all py,...,p, € [0,1] where
Yo pi <1 and arrows f;: A — X;, there exists a unique arrow h: A — Z such that
h;mi =p; - fi foralli =1,...,n. Observe that, by definition, the 0-ary convex product is
a final object. Hereafter, we will denote the unique arrow h by (fi,..., fn)y where p'is a

compact notation for py,...,py.

» Definition 15. A convex biproduct category is a PCA-enriched category C with an object
0 which is both initial and final and, for every pair of objects X1, Xa, an object X7 & Xo
and morphisms m;: X1 ® Xo — X; and v;: X; — X1 @& Xy such that (X7 © Xa,t1,12) is a
coproduct, (X1 @ Xo, 1, m2) is a convex product and v;;m; = idx, if i = j and ;7 = *x, x;
ifi# 7.

A morphism of convexr biproduct categories is a PCA-enriched functor F': C — D
preserving finite coproducts. We write CBCat for the category of convex biproduct categories
and their morphisms.

Note that the above definition is obtained from that of category with finite biproducts [52, 21]
by just replacing products by convex products. Examples of convex biproduct categories
include KL(D<), its continuous analogue (see [8]) and, most importantly, T(C).

» Theorem 16. T(C) is a convex biproduct category. In particular, for every arrow
t: U — @, U; in T(C), there exist n arrows t;: U — U; such that t = (t1,...t,)5 for some
ﬁ: pl’ R 7pn'

21:13

CONCUR 2026



21:14

Completeness for Probabilistic Boolean Tapes

Crucially, the assignment C +— T(C) extends to a functor T(—): Cat — CBCat which
is left adjoint to the forgetful functor U: CBCat — Cat.

» Theorem 17. T(—): Cat — CBCat is left adjoint to U: CBCat — Cat.

In other words, T(C) is the convex biproduct category freely generated by C. Theorems 1 and
2 in [7] illustrate that such adjunction is decomposed in the following two adjunctions, where
PCACat denotes the category of PCA-enriched categories and PCA-enriched functors:

(=)7* StMat(—)
CatZ___ L ~PCACat____ L _~CBCat (17)
U U

» Corollary 18. For all categories C, T(C) is isomorphic to StMat(C") in CBCat.

While it is not strictly necessary for our completeness proof, it is useful to provide some
intuition about the two constructions in (17).

The leftmost adjunction is an instance of a general result about enriching over arbitrary
algebraic theories: see [17, Prop. 6.4.7] or [69, Cor. 1]. For every category C one obtains
PCA-enriched category Ct: objects of CT are those of C; for all objects X,Y’, the homset
is defined as C*[X,Y] = D<(C[X,Y]). For d;: X —» Y and dy: Y — Z, their composition
di;dy: X — Z is defined for all h € C[X, Z] as dy;da(h) = 3 (5.4 framny d1(f) - da(g); The
identity idx: X — X is given by ;a4

The second adjunction is an adaptation of [52, Exercises VIII.2.5-6] which constructs a
category of matrices from a category enriched over commutative monoids. Given a PCA-
enriched category C, StMat(C) is the category of stochastic matrices over C. In a nutshell,
objects of StMat(C) are words in Ob(C)*, while arrows M: @,_, Uy — @, Vi are
matrices with (j,¢)-entries given by pairs (pj;, fj;) where f;; € C[U;,V;] and pj; € [0,1]
satisfy 27:1 pji; < 1. The composition of two morphisms is given by matrix multiplication
where addition is given by the pca enrichment of C and multiplication by composition of
arrows in C.

7 A Complete Axiomatisation for Probabilistic Boolean Tapes

Corollary 18 informs us that T(Diagpp) is isomorphic to StMat(Diag} ;). That is,
probabilistic Boolean tapes are in bijective correspondence with stochastic matrices whose
entries are subdistributions over diagrams in Diagppz. This correspondence-summarised in
Figure 6—can be illustrated by the example below, where a tape (on the left) is paired with
its associated matrix (on the right):

7= :

- AA 1
i +p D
1 p{ O'*l,l
! A\Q=-p)- > 1 (@ +, @)

1 +q

We now consider the axioms in PB and the category Diagpp, obtained as the quotient of
Diagpp by PB. By applying Corollary 18 with C = Diagpy, we obtain that T(Diagpy)
is isomorphic to StMat(Diagpg). By Proposition 10, the latter is in turn isomorphic to
StMat(Par;). Altogether:

T(Diagpg) = StMat(Diagy;) = StMat(Pary ). (18)
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Figure 5 Axioms for tapes of partial Boolean circuits.

However, StMat(Parj) does not embed faithfully into KL(D<): morphisms in
StMat(Pary ) carry strictly more information than those in XL(D<). To see this, consider
the tapes 1 and | @4, together with their corresponding matrices in StMat(Par;):

= 1 - 1
2 (0) 2 (1 - <<&>>pB>

The unique entry in the left matrix is the null subdistribution x € D<(Par[1, 2]), whereas
the entry in the right matrix is the Dirac distribution concentrated on the partial function
(@-)pp: 1 — 2. These are two distinct morphisms in Par] [1,2]. Nevertheless, one readily
verifies that [[ = ﬂ and [[ G—]] coincide as morphisms in L(D<): both correspond to
the arrow x1 2: 1 — 2, i.e., the function 1 — D<(2) sending the unique element o € 1 to the
null subdistribution * € D<(2).

7.1 Axiomatisation

To obtain a complete axiomatisation, we need to add to PB the axioms in Figure 5.

First, the axiom (T1) forces the equality of [@ and = . Then, consider the tape
diagram on the right-hand side of (T2): with probability 3 it tests if the input is 1 and
returns 1 and, with probability %, tests if the input is 0 and returns 0. The equality (T2)
forces such tape to be equal to % -id4. Finally, axiom (T3) is an implication which asserts
cancellativity: see Section 6.1.

From the theory PB together with the axioms in Figure 5, we generate a congruence ~
on T(Diagpp) via the inference rules below.

(T1) (T2)

t1 ="t ="t - t1~to ti~ty tots
; (T1) ; (T2) — (R) ; S — (D)
t~ty t~ty t~t oty ti~t3
(;:WEJZ (PB) D t“:‘il’ ‘5 (T3) ti~to .51*52 ; t1~to . 5162 t~to . 6162
iNi t~s t1;81~1o; 59 t1 B si~ty D sy t1 ®s51~ty ® 59

(19)
A straightforward verification shows that the axioms are sound.
» Proposition 19 (Soundness). For all s,t € T(Diagpg), if s~t then [s] = [t].

For the completeness proof, it is convenient to work with T(Diagpy) rather than
T(Diagpg). To this end, consider the functor T(Qpp): T(Diagpy) — T(Diagpy), obtained
by applying T(—) to the quotient functor Qpg : Diagpz — Diagpg, i.e., the canonical functor
identifying diagrams modulo =pg. Moreover, let ~ denote the congruence on T(Diagpy)
defined as ~ but without the rule (PB). The following result shows that reasoning with ~
suffices.

» Proposition 20. For all s5,t € T(Diagpg), s~t iff T(Qpp)(s) ~ T(Qpes)(t).
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Henceforth, we write B[1, A"] for the set of n-ary Boolean vectors, i.e., the set of tapes in
def def

T(Diagpg)[1, A"] of the form 7 &, bi, where each b; € {{ @, @} if n # 0, and 7
id; when n = 0. Given T e B([1, A"], we denote by D the tape @, b; € T(Diagpg)[A", 1],
where b} is defined as follows: b, = | if b; = @, and b, =H® | if b; = [ @

We can now illustrate three key properties of ~. First, axiom (T1) easily entails the
following.

> Lemma 21. %40 4 ~ @,

The second property crucially relies on axiom (T2) and on the monoidal enrichment in

(16).

— =
> Lemma 22. For alln €N, 2 - idan ~ Z—b>EB[1 An) '

Note that for n = 1, the lemma above reduces to axiom (T2). Combining Lemma 22 and
axiom (T3) we obtain the third key result.

_>
> Lemma 23. Let s,t € T(Diageg)[A", A™]. If, for all 5 € B[L,A"], ;s ~ b:t, then
5~ t.

7.2 Completeness

We denote by T(Diagpg)~ the quotient of T(Diagpy) by ~, and by Q. : T(Diagpg) —
T(Diagpg)~ the corresponding quotient functor. By Propositions 19 and 20,
[-]: T(Diagpp) = KL(D<) factors as

T P ~
T(Diagp;) o3 T(Diagys) —> T(Diagps)~ ' > KL(Dx<)

for some functor I. Proving completeness amounts to showing that I is faithful.

Now, observe that J: Par — KL(D<) from Section 3 restricts to Jo: Pary — KL(D<).
Since KLL(D<) is a convex biproduct category, by the two adjunctions in (17), there exists a
functor

Jy: StMat(Pary ) — KL(D<).

Consider the diagram below, where the vertical isomorphisms are those in (18). Such
diagram commutes, as stated by the following result where H is the composition of the left
vertical isomorphisms with J3.

. Q~ .
T(Diagpy) —— T(Diagps)~
>y
StMat(Diaggy) I
=y
StMat(Pary) —— KL(D<)

’
2

» Lemma 24. 1oQ. =H.
We first observe that H is faithful for subdistributions of Boolean vectors.

» Lemma 25. For all t,t' € T(Diagg)[A°, A™], if H(t) = H(Y'), then t=1'.
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Moreover, by Lemma 11, we have the following normal forms for tapes t: A2 — A™.

» Lemma 26. For allt e T(Diagm)[ﬁo, A™], there exist, p,q € [0,1] and fori=1,... n,
pi € (0,1) such that > p; =1, and b; € B[1, A™] such that

- —
t=_pi- bi)+p (ka0.am +4 @)
i=1
The previous two results, combined with Lemma 21 allow us to prove the following key
property.
» Lemma 27. For all t,t' € T(Diagpg)[A°, A™], if H(t) = H(t'), then t ~ ',
» Theorem 28. I: T(Diagpy)~ — StMat(L(D<)2) is faithful.

Proof. Let [, [s]~ € T(Diagpy)~[A", A™] be such that I([t].) = I(]s]~). Then:

I([]~) = I([s]~) = H(t) = H(s) (Lemma 24)
— — —
= forall b € B[1,A"],H(b);H(t)=H(b);H(s)
— forall b e B[1, A", H(?;t) = H(?;s) (Functoriality)
— T
= forall b € B[1,A"], b;t~ b;s (Lemma 27)
= t~s (Lemma 23)

Hence, [t]. = [s]~. The above derivation proves that I is faithful for arrows of type A" — A™.
For arrows of type AF — @._, A™ one can rely on convex products (Definition 14) and
reduce to the previous case. While for arrows of arbitrary type 6930':1 Ak — @, A™, one
can easily rely on the universal property of coproducts. See [6] for all details. |

» Corollary 29 (Completeness). For all s,t € T(Diagpg), if [s] = [t] then s~t.

» Corollary 30. For all c,d € Diagp, g, () = {(d) iff £(c)~E(d).

8 Conclusions and Future Work

We introduced an axiomatisation of partial Boolean circuits (Figures 1 and 3) and proved it
complete (Theorem 9). Extending this, we gave laws of probabilistic Boolean tapes (Figures 4
and 5) and, using a general result from [7], established their completeness (Corollary 29).
Combined with the encoding in [9], this allows checking semantic equality of probabilistic
Boolean circuits [60] (Corollary 30).

In Example 13, it is shown that the combined use of @ and ® allows probabilistic tapes
to realise probabilistic control effectively. Extending tapes with traces for d—following the
approach of [10], which provides a unifying account of several program logics [42, 56, 2, 24]-
would enable the representation of iteration and, potentially, provide algebraic foundations
for probabilistic program logics [48, 57]. Indeed, such extended tapes can encode probabilistic
regular expressions from [64]. For instance, the expression i; clPl: t is depicted as the tape on
the left below.
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This extension is technically feasible since, as shown in [43], KL(D<) is a traced monoidal
category satisfying the uniformity principle [40] as well as the axiom on the right above.
Combining this axiom with the laws introduced in this paper may lead to a proof principle
analogous to martingales.
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A Additional figures and tables

Table 3 Type system, syntactic sugar and axioms for T(C).

Ky U—=UsU by:U—=0 ol :UsV Vel bsp:UaU—U Ty:0-U

) c:U—=V tP—=>Q s:Q—R t:P—Q 5: Py = Qo
idy: 0 =0 idy:U—-U —
LU—)V t/ﬁP-)R t@EPl@PQ%Q1®Q2

(a) Typing rules.

def

o Lidy b idy  bverElveds  po%ide  To%ide Tuer®Tie’ls

Kygp = (Ky @ Kp); (idy ® oyp ®idp) Duep = (idy ® opy @ idp); (>u ® >p)

(b) Inductive definition of monoid and co-pca structures.

(fighih=fi(g:h)  ddpsf=f= fridg ido®f=f=f®idy (fDg) Dh=f@ (gOh)
(f1 @ f2); (91 @ g2) = (f1;01) @ (f2; 92) oPQi0Q.p = idpaq (s idr);oQr = 0pR; (idr @ 5)
ddp =idp  cd =c;d  (Tape)

(c) Axioms for strict symmetric monoidal categories and Tape axioms.

(idp ®>p);>p = (>p Bidp);>p (>>-as) (Tp @ idp);>p = idp (>-un)
fo = ido >o = ido (?0, >o-coh) opp;>p =0Dp (>-sym)
Treo=Tra@lo (T-coh)  Drag = (idp ® 0o.p ®ido); (>p ®>g)  (>-coh)
Trir=Ta (T-nat) Bpif=(f&f)i>q (>-nat)
(d) Axioms for natural and coherent monoids in a strict monoidal category.

p; (%p @ idp) = Zip; (idp @ &) (x-as) 5 pg i p1<1 pg)
Kp;>p =idp (*-idem) PAdpopp = Kp (-sym)
o = ido (®p-coh) J>o = idp (cLo—coh)
Lpgo =dp @ bo (b-coh)  Eipeg = (Kip @ Kig); (idp @ opo ®idg)  (*i-coh)
fido =bp (b-nat) fPaq = "p;(f @ f) (%-nat)

(e) Axioms for natural and coherent co-pcas in a strict monoidal category.

Table 4 Inductive definitions of left distributor 5%’@ r and ®-symmetry agQ (top); monomial
and polynomial whiskerings (center); definition of ® (bottom).

Shori PO(Q®R) = (P2Q)® (PQR) 0ho: POQ— Qe P, with P=@,U;

aer ot : - : et ot ¢ —
Shor = ido  Spepor = (idueen ® 0 g r)i (iueq ® 0fgnr paq ®idrer) 05, =ide  0hyeo = Ipv.oi (@, vy ®ofe)

Lr (ido) = idy Luhet) = Ly(h)ely(t) (“71) = ido Ru(ti @) = Ry(t)®Ru(t)
Ly(c) = ddpo@c Lu(tzt) = Lu(h)ilu(t) Ru(c) 2 ¢c®idy Ru(tiit) = Ru(t);Ru(ts)
af g af @
Lu (U‘ w) = UKJ::V,UW Ry (U& w) = Uﬁv.m
& EC (b)) by Ry (% e ong, Ru(by) & vu
Lu(av) yy Lu(sv) vV v (v) Qyy v(ov) VU
Ly(bv) = ouv w(ly) & Ty Ru(Gv) = byo Ro(fv) & Ty
Lo(t) = idy Lwes () = Lw®oLls() | Ro(t) = idy Rwes () = 0pwei (Rw(t) ®Rs (8); 05 w.sr
@ty = Lp(t);Rs(t) (fort: P—Q,ta: R—S)
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Symbol Diagram Matrix
- U
2y U@U U p-U—U
U U\(l—p)- v—uvu
=
by =) U ()
- U
< v B V(1o )
U
o &v SO
" = U U
>u %U U(1~U—U 1 (—U)
U
= U
idy T U (1. Ufy>
ido T 0
= U \%
»® U v 1% 0-*u,v 1-v—u
vy 1% U U .

tdt

1-v—vu 0-*xvu

matrix multiplication

direct sum of matrices

Figure 6 Dictionary of correspondences.
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