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—— Abstract

Behaviour-oriented concurrency (BoC) is a recently established programming model in which

programmers define concurrent operations that execute atomically across multiple isolated resources.
This allows for expressive interactions but introduces complex causal dependencies determined by
dynamic resource overlap. Previous work defines the causal guarantees of BoC operationally, but
mixes intended design constraints with incidental implementation details, leading to unintended
causal orders. BoC is now being implemented across multiple languages and runtimes, all relying on
the operational descriptions of causality. This paper develops an axiomatic model of BoC executions
that makes the intrinsic orders explicit and derives the intended causal relation from their interaction.
Using a set of representative programs and candidate executions, we motivate the design of this
causal relation. We then prove that a representative minimal core calculus for BoC is sound with
respect to this axiomatic model. Together, these results provide an implementation-independent
foundation for reasoning about BoC causality across runtimes, schedulers and optimisation decisions.
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1 Introduction

Modern concurrent programming must balance the efficiency benefits of parallelism against
the complexity of reasoning about program execution. Behaviour-oriented concurrency (BoC)
is a programming model in which tasks declare required isolated resources; tasks with disjoint
requirements may execute concurrently, while tasks with overlapping requirements are subject
to explicit ordering guarantees, simplifying reasoning about program execution [10]. Previous
work on BoC defines these ordering guarantees operationally, but mixes intended design
constraints with incidental implementation details, inducing unintended causal orders [10].
BoC is now being developed in multiple languages and runtimes, including C++ and Python
runtimes, and research languages such as Verona [22, 12, 13, 4]. As these efforts evolve, they
rely on the informal and overly restrictive descriptions of causality inherent in the operational
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when Behaviours Have to Happen

1 def main(src: cown[Account], dst: cown[Account]) %
2 when(src) { @ src.balance += 10; }
3 when(dst) § dst.frozen = true; %
4 when(src, dst) { @
5 if (!dst.frozen && !src.frozen && src.balance >= 10) {
6 src.balance -= 10;
7 dst.balance += 10;
s 1%t %
Figure 1 Bank account operations using cowns and behaviours.
Initially, both stc and dst have balance 0.

(a) Update path (src then dst). (b) Diagnostic path (dst then src).

1 when(src){ @ src.balance += 10; } 1 when(dst){ @ print(dst.balance); }

2 when(dst){ dst.balance += 10; % > when(src){ @ print(src.balance); }

Figure 2 Independent concurrent behaviours with unintended induced causality.

semantics. This impedes the development of optimisations and tooling, and makes it difficult
to reason about the intended causal guarantees of BoC across implementations. In this
paper, we introduce an implementation-agnostic axiomatic account of BoC that captures the
intrinsic orders as well as the intended causal order.

In BoC, an isolated resource is called a cown (pronounced “cone”) and the concurrent
tasks are called behaviours. Figure 1 shows an example of BoC where cowns src and dst
each own a unique bank account and behaviours perform asynchronous atomic tasks over
accounts. The keyword when denotes spawning a behaviour which requires the declared cown
set. The behaviours will execute asynchronously once all previously spawned behaviours that
require overlapping cowns have completed (and thus the cowns are available). Behaviour
© deposits money into the source account, behaviour freezes the destination account
(making future operations on it unavailable), and behaviour @ performs a transfer from the
source to the destination account if neither is frozen and the source has sufficient balance.
The intention of this program is that the deposit and freeze behaviours (@) and () always
occur before the transfer behaviour (@) (thus observing the effects of the deposit and freeze),
while the deposit and freeze behaviours may proceed concurrently. This example relies on
the causal order guaranteed by BoC to ensure that these intentions are met: because the
transfer behaviour is spawned after the deposit and freeze behaviours, it will only execute
after they have completed, and thus will see their effects.

Figure 2 illustrates a different example in BoC, where the intended behaviour is that
the update and diagnostic paths are independent and their behaviours can execute in any
order. However, the operational semantics for BoC, presented in earlier work [10], induces
an undesirable causal order between the two paths, which is more restrictive than intended.
In the operational semantics, it is not possible to have both @@ execute before @) and
execute before @, which would print src = @ and dst = 10. This outcome stems from the
structures and relations defined in the operational semantics, which are not intrinsic to the
BoC model but rather reflect a particular implementation strategy.

In order to separate intrinsic causal guarantees from implementation artefacts, we will
define causality in BoC using an axiomatic model. Our model follows the event-and-relation
methodology used in modern weak-memory axiomatic frameworks [2], but instantiates it
with the lifecycle events of behaviours and their dynamic ordering. We introduce the model
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Table 1 Sequential executions for Figure 2, grouped by printed output. In the status row,
denotes desirable and permitted under the operational semantics; A denotes desirable but excluded.

src=0, dst=0 src=0, dst=10 src=10, dst=0 src=10, dst=10

0060 000 00606 00006
o, 0000 ©06GO 006 0600

0006 00006 0000 060

060 00006 000 0006

0600 00060 0000 000
Status A

through a series of example programs and their candidate executions. We then demonstrate
that a minimal core calculus, inspired by the prior operational semantics, is sound with
respect to this axiomatic model. This establishes the axiomatic model as a foundation for
reasoning about BoC causality across runtimes, schedulers and optimisation decisions.

Contributions

m  An informal characterisation of the intended BoC ordering constraints (Section 2).
An axiomatic model for BoC capturing these constraints precisely (Section 3).

= A representative minimal core calculus for BoC, together with a mechanised Lean proof
that its executions are sound with respect to the axiomatic model (Section 4).

= An analysis of the practical utility of the axiomatic model for reasoning about tooling,
optimisation, and program transformations (Section 5).

2  An informal description of causality

In earlier work, we provided an informal definition of the happens-before guarantee in the
operational semantics for BoC [10]. It is reproduced in Definition 1.

» Definition 1 (Restrictive informal happens-before). A behaviour b will happen before another
behaviour b’ iff b and b’ require overlapping sets of cowns, and b is spawned before V.

This definition restricts behaviours to happen before each other based on their spawning
order, which may just be an artefact of an execution, rather than an intrinsic property of the
program. Under this definition, we get the desired ordering of behaviours in Figure 1, but
we also get the unintended ordering in Figure 2. Table 1 presents the possible interleavings

of behaviours for the program in Figure 2 and whether the order is a permissible execution.

Only 16 of the 24 possible orders are permissible, and all of the permissible orders have either
© happen before @ or @ happen before (. We summarise this as Observation 2:

» Observation 2. In Figure 2 @) happens-before @V @ happens-before

In every execution, @) will be spawned before and @ before @), reflecting the program

order. Now, assume that we want to print src = 0. It must be that @ is spawned before €.

This means in such an execution, transitively, @ will be spawned before (', and thus we
will always see dst = 0 for the restrictive definition of happens-before.

23:3
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when Behaviours Have to Happen

(a) Apply and log account update. (b) Deposit money.

def update(account: cown[Account], amount: int) % 1 update(a, +100)

1
2 when(account) { @

3 if (account.balance + amount >= 0) %

4 account.balance += amount (c) Withdraw money.
5 val id = account.id update(a, -100)
6

7

8

1

when(log) $
log.record(id, amount)

Pttt
Figure 3 Independent concurrent behaviours with intended induced causality.

Table 2 Sequential executions for Figure 3, grouped by update and logging order (4 behaviours
corresponds to deposit, — to withdraw). v desirable and permitted; X undesirable and excluded.
upd(+-), log(+-) upd(+-), log(-+) upd(-+), log(+-) upd(-+), log(-+)

0+0+0-0- 0+0-0-0+ @-0+0+0- Q-0+0-0+
Order
Q+Q-0+0- Q- 0-Q+0+

Status

Now consider Figure 3, where the restrictive order provides the desired guarantees for
a program. The update method uses nested when blocks to access the account, determine
whether the update is valid, and then log the update. The recorded log can then be used for
auditing or rebuilding the state of the account.

Two independent concurrent updates are shown on the right of Figure 3, one to deposit
money and one to withdraw money. Accounts cannot be withdrawn from if they do not have
sufficient balance, and such operations will be rejected (Line 3). For example, with an initial
balance of 0, if the deposit is applied first, then the final balance after the withdrawal will be
0; whereas, if the withdraw update is applied first, then the final balance after the deposit
will be 100. This means the order that these updates are applied will affect the final state of
the account, and we want that whichever update is applied first must also be logged first to
ensure the log is correct and useable.

Table 2 shows the possible interleavings of the program in Figure 3, whether they are
possible under the operational semantics, and whether this is desirable. We denote the
deposit, update and log behaviours using a “+” suffix, and the withdraw behaviours using
a “—7” suffix. In this instance, the desirable and permitted executions are the same, and
the undesirable and excluded executions are the same. As summarised by Observation 3,
whichever update is applied first will also be logged first.

» Observation 3.

In Figure 3 (@+ happens-before @Q— + happens-before (1)—)
A (@— happens-before @+ <+~ — happens-before (1+)

These examples demonstrate that whilst the operational semantics for BoC captures some
of the intended causal order, it does not capture all of it. It is also more restrictive than it
needs to be. We could modify the operational semantics to permit the desired executions in
Figure 2, but this would complicate the semantics. Instead, in the next section we abstract
away from the operational semantics and define the intended causal orders in terms of the
intrinsic orders of the programming model.
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3 An Axiomatic Model of Causality in BoC

We now use the intuition of causality from the previous section to construct an axiomatic
model of BoC executions and judge whether candidate executions are wvalid or invalid. In
particular, we define the structure of events and relations that form the model, and then
define axioms on these relations that determine which executions are valid. This includes
defining the more precise happens-before relation that permits the desired executions for our
motivating examples in Figure 2 and Figure 3.

3.1 Candidate Executions

Candidate executions represent the possible sequences of events in a BoC program.

» Definition 4 (Structure of BoC executions). Assuming two sets BId and CId of behaviour
and cown identifiers respectively, a candidate execution is a tuple (E, po,co):

(1) Spawn C {S; |i € BId} (4) E = Spawn U Run U Complete

(2) Run C{R;|i< BId} (5) co C (CId x Complete x Run)

(3) Complete C {C; | i € BId}

(6) po C (Run x Spawn) U (Run x Complete) U (Spawn x Spawn) U (Spawn x Complete)

Definition 4 defines the structure of a candidate execution, including the events and relations.

A candidate execution is a tuple of a set of events [E, a program order relation po, and a cown
order relation co. There are three types of events: spawn events, start events, and completion
events. These events are self explanatory, with the subscript indicating the behaviour they
relate to. The program order (po) relation captures the static order in which a behaviour
starts, spawns subsequent behaviours, and completes. The cown order (co) captures the
dynamic order in which behaviours using the same cowns complete and start. We do not
define the cowns that are used in an execution directly; this information is attached to the
order of events in the cown order. This structure assumes that all behaviours have unique
identifiers, and that the events of a behaviour are uniquely identified by the behaviour’s
identifier and the type of event.

For the remainder of this section, we fix an execution (E, po,co). All derived relations
and functions are defined relative to this fixed execution.

» Definition 5 (Derived relations). The following relations are derived:
(1) r = {(Sz,Rz) | S; € E, R; € ]E}

(2) coc ={(C, R;j) | (¢, Ci, Rj) €co }

(3) cox = Uececia coc

In Definition 5 we derive three additional relations from the structure of candidate executions:
spawn-run order (r), a cown-specific cown order (co.), and an global cown order (co,). The
second relation projects the cown order onto specific cowns, allowing us to determine the
order of events that use the same cowns. The third relation aggregates the cown-specific
orders into a single global order, capturing the overall ordering of events across all cowns.
Let us take the example in Figure 3 and illustrate the structure of the candidate execution
and the derived relations. We will take an execution where @+ happens-before @)— and
thus (+ happens-before (/' —. This execution is illustrated in Figure 4, where the events
are ordered from left to right, and the relations are shown as labelled arrows between events.

23:5
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when Behaviours Have to Happen

e Y

S@+ --:-> Rgy, —— S, —— Co. Ry, —25 Cy.
_—r—_
,”,— N\\‘A
S@f——;—)Rme)S 77)007 R 7T)C _

Figure 4 A valid execution of the program in Figure 3, with the events and relations illustrated.

3.2 Deriving Happens-before

We now have the intrinsic events and relations of a BoC execution that enable us to precisely
define the intended causal ordering constraints.

» Definition 6 (Cowns). We define the function cowns : Bld — P(CId), which maps a
behaviour identifier to the set of cowns that behaviour uses, as follows:

cowns(i) = {c| (¢,_, R;) €co V (¢,Ci,_ ) €co }

» Definition 7 (Happens-before). We use the notation _ T to denote the transitive closure of
a relation. Happens-before is defined as the relation ho C Complete X Run such that:

hb = {(Ci, R;) | Si (poUzxU co)™ S; A cowns(i) Ncowns(j) #0 A {C;,R;} CE}

Definition 7 captures the happens-before guarantees which satisfy the intended causal
ordering for our motivating examples. For a given complete event C; and run event R;, we
can determine whether C; happens-before R; by finding the spawn events S; and S; that
correspond to C; and R;, then traversing the program order, cown order, and spawn-run
order relations to determine whether S; is causally before S;. This states that if behaviour
1 is causally, and not incidentally, spawned before behaviour j, and they use overlapping
cowns, then the completion of behaviour i happens-before the run of behaviour j.

3.3 Axioms for Valid Candidate Executions

We want all executions which are well-formed, and whose event orders respect the happens-
before orders, to be valid executions. In the execution in Figure 4, we can see that Cg, |
happens-before Ry, _, since Sg, | po C®+ coq R@— po S _, and cowns({ +)Ncowns({ ' —) =
{log}. If we add the happens-before edges to the execution in Figure 4, presented in Figure 5a,
we can see that the happens-before edges are consistent with cown order of the execution.
Thus, this is a valid execution.

Invalid executions are those where the intended happens-before guarantees are not
respected. One such execution is a variant of the execution in Figure 4 where Cqy _ cojoq R 4
instead of C, | cojoy Ry, which would correspond to the withdrawal being applied before
the deposit but the log recording the deposit before the withdrawal. This is presented in
Figure 5b, where the events and relations are the same as in Figure 4 except for the cown
order between Cy, , and Ry, . We also include the derived happens-before relation, which
includes the intended happens-before between C,, and R

To judge whether an execution is valid or invalid we use the axioms of the axiomatic
model, which define the constraints that a valid execution must satisfy.
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Sou % gy 5, g, gy Pacyl Ty, gy,
0+ > 'O+ + @+ O+ —> Y0+, A+ > YO+
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. | , |

. I "
ho o7 I J } _x. hb s }
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®- 1'-) ® po po HJ ! ~  po - ‘\ ~  po -

(b) An invalid execution (log
order violation).

(a) A valid execution.

Figure 5 Two candidate executions of the program in Figure 3.

» Definition 8 (Valid execution). An execution (E, po, co) is valid if it satisfies the following

constraints:
(1) Vei,ea . €1 poey V ey coey — {61, 62} C E Relations only relate events in the execution
(2) VeelE.3di. R;po*e FEvery event has a corresponding run event

(3)
4)
(5)
(6)
(7
(8)

VRiGE.CjGE.RipO*CJ‘ == 1=

V61,62,€3€E.61 poes N ez poes3 = €1 = €2

Corresponding run and complete events
Unique ancestors in program order

Vei,es,e3 EE . e poes A €1 poes = e =e3 Unique descendants in program order

Veq,ea,e3 €EE,c . €1 co. e3 A ey co. 63 = €1 = €y Unique ancestors in cown order

Veq,eq,e3 €EE,c. e co. eg Aej co. e3 = €9 = €3 Unique descendants in cown order
Veq,ea,e3,e4 € Eyc . €1 coc eaAeg coc egNep # es = ea(po U coc)*e3Veyq(po U coe)*eq

Cown order forms a single path

V€1,€2 ckE. el(po Ucoy Ur U hb)+€2 — €1 7’5 (D]

(9) Causal consistency
Items 1-8 are sanity constraints on the structure of executions, ensuring that the relations
only relate events in the execution (1), that every event has a corresponding run event (2),
that a run event corresponds to the complete event of the same behaviour (3), that the
relations do not form a branching structure (4-7), and that the cown order (together with
program order) forms a single linear path (8). The final constraint, 9, ensures that the
execution is causally consistent; this is achieved by ensuring the transitive closure of the
union of the relations, including the happens-before relation, is acyclic. Note that we do not
require a constraint that all run events have a corresponding spawn event; such a constraint
paired with 2 would require an infinite chain of events (or a cycle precluded by 9).

We can now judge both that the execution in Figure 5a is valid, and that the execution
in Figure 5b is invalid. The execution in Figure 5a is valid because it satisfies all of the
constraints in Definition 8, including the final constraint of causal consistency, since there
are no cycles in the union of the relations. The execution in Figure 5b is invalid, since the
happens-before relation between Cy, | and Ry,  forms a cycle, which violates the causal
consistency constraint (item 9).

Moreover, all of the executions in the earlier Table 1 are valid under Definition 8, including
those excluded by the operational semantics. Figure 6a presents one such valid execution,
excluded by the operational semantics, where () runs and completes before @, and @ runs
and completes before @). There is a deliberate and desired absence of happens-before edges,
since no behaviour is causally before any other. In fact, no matter which order the behaviours
run and complete, there would be no derived happens-before edges; there is no causal path
from the spawn of one behaviour to the spawn of another that uses the same cowns.

23:7
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S0->Rp—>Cop Co<Re<-S¢ Sp«:o (o <5 5@
lpo lpo lpo hbos ~‘::::":::’— hbos lpo
Se-»Ro 2 Co  Co < Fo <~ Se Se =7 <59

(a) Definition 7 does not induce any happens-before ~ (b) The operational semantics happens-before, from
relations from the candidate execution. Definition 9, induces a cycle.

Figure 6 A valid execution which cannot happen in the operational semantics.

- =~

- T ~

T po “po po
1 when(src) { @ So e % _ﬁbsx—_')' C R _),
2 when(log) { I lpo .07 ,’,
3 }; T k, po I/
4 when(src, dst) { @ %; SQ --> RQ TG CQ / hb
5 when(dst) { @ -7 !
¢ when(log) { @ ¢ lpo L/ D
7 %
o - fo % o 2 Co 1%?%
~ Ir -

~ o -

Figure 7 Leap-frogging causality from program order, transitive dependencies, and nesting.

3.4 Causality Through Transitivity

The happens-before relation can also leap-frog over program order, transitive dependencies,
and nesting. This is an important result as it shows that the happens-before relation can
capture orderings between behaviours whose parents do not use the same cowns. In Figure 7,
we have a program where @ and @ are directly linked only by program order, but are
indirectly linked by the intermediate behaviour @), which uses the same cowns as @) and .
This means that the completion of @ happens-before the run of ), creating a subsequent
happens-before relation from the run of to the run of @. This is illustrated in the
execution on the right of Figure 7.

3.5 Capturing the Operational Semantics Happens-before

We can also capture the happens-before relation that would make the operational semantics
complete with respect to the axiomatic model. In Definition 9, the happens-before relation
acts to retroactively order the spawn events of behaviours based on the cown order of their
completion and run events:

» Definition 9 (Operational Semantics Happens-before). If a behaviour i completes before a
behaviour j runs and they use overlapping cowns, then it must have been that behaviour i
was spawned before behaviour j.

hbos = {(Si,Sj) | C; cox Rj}

We illustrate the happens-before relation under the operational semantics definition, in
Definition 9, in Figure 6b. Under this definition, the happens-before relation retroactively
orders the spawn events of behaviours based on the cown order of their completion and run
events, which induces ordering constraints between the behaviours that are not intended by
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i € Bld e € Event={S;, R;,C;|ieBId}
¢ € Cld H € History = (BId — Event) x (CId — Event)
s == when(¢){s};s | done (Statements)
b == (i,5,8) (Behaviours)
cfg == (b,b) (Configuration)

Figure 8 Syntax of histories and the core BoC calculus. We use T for zero or more z’s in sequence.

the programmer. In particular, we can see that Cg cosrc Rg induces a happens-before edge
from S@ to SQ, and C coget RG induces a happens-before edge from S~ to SG' This
forms a cycle in the relations of the execution, which would violate the causal consistency
constraint and would make the execution invalid.

4 Connecting the Axiomatic and Operational Models of BoC

In this section we define a core calculus describing BoC. It is similar to a previous calculus for
BoC [10], but differs in that it has a concrete (albeit minimal) sequential language and that
it produces a log of events. We relate the core calculus to the axiomatic model and prove
that every execution is valid. All definitions and proofs (modulo notational conveniences)
have been been mechanised in the Lean theorem prover [7].

4.1 Syntax and Semantics of a Core BoC Calculus

Figure 8 shows the syntax of histories and our core calculus. A history H maps behaviour
identifiers ¢ and cown identifiers ¢ to sequences of events. Through slight abuse of notation, we

write H (i) and H(c) for looking up the event sequences of behaviours and cowns respectively.

Events are defined as the Spawn (S), Run (R) or Complete (C) events of some behaviour, as
in the previous section. The intuition is that H (i) contains the history of events caused by
behaviour 4, while H(c) contains run and completion events of behaviours that require cown
c. A history is total and initially maps behaviours and cowns to empty sequences.

A statement s is a sequence of when blocks, each of which lists its required cowns and the
statement to be run. A behaviour b has an identifier, a set of required cowns and its current
statement. A configuration cfg consists of a collection of currently running behaviours and a
queue of spawned but not yet running behaviours. In the semantics we use b, and b, for
the collections of running and pending behaviours respectively. We write b,.[(i,¢, s)] for a
collection b/, : (i,¢, s) : b/, allowing us to focus on a single behaviour in a collection. We use
the shorthands H[i+=¢] and H[¢+=¢] to append an event e to the history of a behaviour or
a set of cown histories respectively.

Figure 9 shows the small-step semantics of our core calculus. The sequential part of
the calculus has a single rule STEP which executes the next when block, emitting a tuple
of its required cowns ¢ and internal statement s;. The remaining three rules describe the
concurrent semantics of the calculus. They each take the shape cfg/H ~ cfg’' /H', performing
some scheduling action on c¢fg and extending the history H with the corresponding event.

The SPAWN rule non-deterministically picks a running behaviour and executes its next
when block (via the STEP rule). A new behaviour with a fresh identifier j and the emitted
cowns and statement are appended to the end of the queue of pending behaviours. The

23:9
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STEP

when(c){s1};50 — s2| (¢, 51)

s1 <= s2|(¢3,83)  jfresh

Brloer. o)) 5p) / H = (bol(iser52)] 5y G cansa))  Hlir= 5]

C={clced AN ( ,d, )eb.Uby} Cne=10 R
— — UN
(b1 : (1.2.5) : bya) | H ~~ (b : (i..).5,1 < bya) / H[i+= Ri][e+= R}
— — — COMPLETE
(b,[(i,c,done)], by) / H ~ (b,[€],b,) / H]i+=Cj][e +=C;]
Figure 9 Semantics of the core BoC calculus with histories.
WFB-EMPTY — WFB-NEMPTY
il—be zl—szS(Cﬁ)
F. E
— WFC-EmpTY —F+H WFC-SINGLE @ ——n—— WFC PAIR
'70 € Fc R'L R O

Figure 10 Well-formedness rules for behaviour and cown histories.

history of behaviour ¢ is extended with the spawn event of the new behaviour. The RUN rule
picks a pending behaviour whose required cown set does not overlap with the cown set of
any running behaviour, nor any behaviour before it in the queue, and adds it to the set of
running behaviours. The history of this behaviour is initiated with the run event of that
behaviour. Similarly, the history of each required cown is extended with the same run event.
Finally, the COMPLETE rule picks a running behaviour whose statement has been reduced
to done and removes it. This releases the cowns held by the behaviour and allows pending
behaviours with overlapping cown sets to spawn in the future. The history of the behaviour
as well as the histories of its required cowns are extended with the completion event of that
behaviour. Note that the semantics cannot get stuck: it is always possible to apply at least
one of the rules until there are no more running or pending behaviours left.

4.2 Properties of Histories

As a program executes, the resulting history describes how that program executed. In this
section we define properties of the histories that may be produced by the semantics in the
previous section.

A history consists of a set of histories for behaviours and a set of histories for cowns, each
of which is a sequence of events. These components have their own well-formedness rules,
shown in Figure 10. The behaviour history of behaviour ¢ is well-formed if it has zero or
more events, the first which is the run event of ¢. It is followed by zero or more spawn events
and may end with the completion event of 7. A cown history is well-formed if it consists of
pairs of run and completion events for the same behaviour.
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Since we are interested in which event happens before another, we recreate an order using
a timestamping function 7 : Event — N. We use this timestamping function to formulate
the order requirements of histories.

» Definition 10 (Well-timed history). A history is well-timed with respect to a timestamping
function T, written T by H, if the following conditions are met:

(1) Vijer,ea . H(i)=_:e1:e2:_ = 7(e1) < 7(e2) Behaviour histories are ordered
(2) Ve,e1,es . H(C) =_ej:€x:_ —> T(el) < T(eg) Cown histories are ordered
(3) Vi,j . S; € H(j) N Rie H(i) = 7(S;) < 7(R;) Spawns are ordered before runs

(4) Ve,i,j . C; € H(c) N Rj € H(c) N 7(C;) < T(Rj) = 7(S;) < 7(S5;)

Spawns over the same cowns are ordered by how they ran and completed

In a well-timed history, events in behaviour and cown histories are ordered before subsequent
events (1 and 2), spawn events are ordered before their corresponding runs (3), and spawn
events for behaviours using the same cown are ordered according to their completion and
run events (4). Note that the last timing requirement corresponds to the hbes relation in
Definition 9.

» Definition 11 (Well-formed history). A history is well-formed with respect to a timestamping
function, written T = H, if the following conditions are met:

(1) Vi.ibky H(7) (2) Ve . k. H(c) B)rH H See Figure 10 and Definition 10
(84) Vi,j,k.j#k N S;€ H(j) = S; ¢ H(k) Spawn events are unique
(5) Ve,e . e € H(C) = di.e€ H(z) Cown history events are also in some behaviour history
(6) Ve,i . R, € H(e) N C; € H(i) = C; € H(c) Cown histories don’t miss completion events

A well-formed history combines the three previous relations (1-3) and adds three additional
requirements: the same spawn event cannot appear in multiple behaviour histories (4); each
event in a cown history corresponds to some event in a behaviour history (5); and if a
behavior ran on a cown and later completed, then the completion event appears in that
cown’s history (6).

In order to connect the semantics to the axiomatic model we define a translation from
histories to candidate executions and show that such executions are always valid.

» Definition 12 (Translation to axiomatic model). A history H is translated to a model [H]
by getting the program order from adjacent events in behaviour histories and the cown order
from adjacent completion and run events in cown histories:

[[Hﬂ = (]E7po,co)

where
E ={e|J.ec HG)}
po = {(e1,e2) | Fi.H(i)=_:e1:eq:_}
co = {(Ci,Ri,e) |H(c)=_:C;: Ry : _}

» Theorem 13 (Translation soundness). A well-formed history translates into a valid execution:
FH = [H] valid

Proof. Most constraints of Definition 8 are straightforward properties of lists — the more
involved parts of the proof are items 8 and 9. For item 8, we prove that there is always a path
from one event in a cown history to a later, either via co. (adjacent complete/run events)
or via po* (the run and completion events in the same behaviour history). For item 9, we
prove acyclicity using the well-timedness in Definition 10 to show that the timestamp always
increases along the four kinds of relations. We refer to the mechanisation for details [7]. <
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4.3 Soundness of Core Calculus According to the Axiomatic Model

In the previous section, we showed that a well-formed history translates to a valid execution
in the axiomatic model. In this section we show that the semantics is sound according the
axiomatic model by proving that it always produces a well-formed history.

In addition to general well-formedness, the history of an execution is going to match the
specific configuration that it was produced together with.

» Definition 14 (Matching history). We say that a history matches a configuration, written
H; 7+ (by,by), if the following conditions are met:

(1) 1o ={i | (4,_,_) € b} Running behaviours have unique identifiers
(2 Vi.(,_, )e b, <= R, € H(i) N C; ¢ H(i) Running behaviours have started
3) v, _,_)e E . R; ¢ H(i) Pending behaviours have not started
(4) v(i,_,_)e E .35 .S € H(j) Pending behaviours have been spawned

(5) Vi,j.Si€ H(j) = (i,_, )€b, V (i, _,_)€b. V C; € H(i)
Spawned behaviours are pending, running or have completed
6) Vi .Ci;e H(i) = (j,_,_) ¢ b, U E Completed behaviours are meither running nor pending
(7) Vi,e. ((i,e, ) €b A cet) — (Ric H(e) A Ci ¢ H(c))
Cown histories reflect the cown set of running behaviours
(8) Ve,i . R; € H(C) = dj. 5, € H(j) Running behaviours requiring cowns were spawned
(9) [T(Si) | (i,_, )€ E] increasing The pending queue is sorted on spawn order
(10) Yi,j,c. Ri€ H(c) A (j,¢,_)€b, AN cec = 7(5;) <7(85;)

Pending behaviours were spawned after behaviours that have started

In a history H that matches some configuration, we have that: no two running behaviours
share the same identifier (1); a behaviour is currently running if and only if H contains
its run event but not its completion event (2); if a behaviour is pending then H does not
have its start event (3) but some behaviour has its spawn event (4); if there is a spawn
event for some behaviour in H then that behaviour is either pending, running, or its history
has a completion event (5); if there is a completion event for some behaviour in H then
this behaviour is neither running nor pending (6); a running behaviour is holding cowns ¢
if and only if the history of each of these cowns has a run event but no completion event
for this behaviour (7); and if a behavior ran on a cown, it must have been spawned by
some behavior (8). The last requirement prevents out-of-thin-air behaviours, but avoids the
chicken-and-egg problem of how the initial behaviour was spawned by allowing run events to
exist without a corresponding spawn event as long as these behaviours do not require any
cowns. Furthermore, the pending behaviours must be strictly increasing according to the
timestamps of their spawns (9) and a running behaviour that holds some cown must have
been spawned before any pending behaviour requiring the same cown (10).
The semantics preserves both well-formed and matching histories.

» Theorem 15 (Preservation of well-formed and matching histories). Starting from a well-
formed and matching history, evaluation produces another well-formed and matching history:

THH A H;tkcfg A cfg/H ~ cofd/H = 37" . 7' H AN H;7' & cff

Proof. By cases on the evaluation relation. For each case we select a 7' that is 7 extended
so that the new event produced by that evaluation step is given a timestamp larger than any
previous timestamp. Preservation of each of the two relations can then be proved separately.
We refer to the mechanisation for details [7]. <
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when(busy, idle) { @ when(src) { @ 1 when(src) { @

1 1 valid

> val r = busy.use(); > when(log) { } 2 when(log) { %

3 idle.use(r); T . 3 3 I

no early ' !

a _When(log) i ‘& %; ! rclease 4 when(src) { @ %; when(src, dst) {

s idle . use more(); s when(dst) { @ ; s 0+Q 3;

o 3 o when(dst) { @ £ 5 when(dst) { @

7 when(busy) { ©@ ;  when(log) { @ 1t invalia 7 when(log) { @ 1

8 when(log) { @ ? s 1 s ¢}

9 %
(a) We can only release busy after @ (b) We can merge two behaviours, but we cannot necessarily
has spawned its last behaviour. split a behaviour into two.

valid

when(src) { @
when(dst) {

%
when(dst) { @

when(dst) { @ ?
when(src) { @
when(dst) { t
A

A w N R

invalid

(c) We can swap two behaviours when the second (and its children)
do not causally depend on the first.

Figure 11 Potential transformations of behaviours with respect to causality.

Together with Theorem 13 this proves that the semantics is sound with respect to the
axiomatic model.

5 Discussion

The theorems in Section 4 establish that the operational semantics is sound with respect
to the axiomatic model, but not complete. This gap is not a flaw: the axiomatic model
characterises the full space of valid executions through intrinsic orders and the derived
happens-before relation, serving as a specification for implementations and optimisations
beyond what the operational semantics alone permits. We discuss two aspects: program
transformations that the model enables and how the model’s design could be extended and
refined.

5.1 Program Transformations with Respect to Causality

Like Java and C/C++, many languages use axiomatic models to capture relaxed memory
semantics and define clear optimisation boundaries. Our axiomatic model of BoC can play a
similar role: it defines optimisation boundaries within which compilers and runtimes may
optimise while preserving the causal dependencies between behaviours.

Releasing Cowns Early. One potential optimisation is to release cowns early, once they are
no longer needed, but before the completion of a behaviour. This can allow more concurrency
between behaviours that require the same cowns. Such an optimisation would be useful in
cases where a cown is heavily contended. Figure 11a shows an example where the behaviour
@ uses cowns busy and idle, and then spawns a behaviour that uses log. Assume that
the use of the two cowns in @) is such that they must appear together, but once busy has
been used, idle can be used independently. We can use the model of causality to understand
that we cannot release busy until after @) has spawned (. If we were to release busy before
spawning (-, then @) could run and spawn @ before @ has spawned (), which would
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violate the intended causal dependencies between () and ). However, we can release busy
after spawning () (Line 4) and before the second use of idle (Line 5), as this will not violate
any causal dependencies. This means that early release of a cown is sound as long as the
cown is only released after the last behaviour spawn of a behaviour holding the cown.

Merging and Splitting Behaviours. It may also be useful to merge or split behaviours. This
could reduce the overhead of spawning and scheduling small behaviours (for example when
multiple behaviours require the same cowns), or to increase the granularity of concurrency.
Merging two behaviours into one behaviour that requires the union of their cowns is always
sound, but splitting a behaviour into two behaviours that require subsets of the original
cowns is not always sound. Figure 11b shows an example of this imbalance. It is sound
to merge @ and @) into a single behaviour that requires both src and dst, but it is not
sound to split this merged behaviour back into two separate behaviours, as this would
violate the causal dependencies between and ° To split the behaviours would require a
transformation where the behaviours are split to enable concurrency, and then followed by
an empty behaviour that requires both cowns to preserve the causal dependencies. Note also
that this would violate the atomicity of the original behaviour @@+ @.

Reordering Behaviours. Figure 11c shows how this transformation is also asymmetric. The
example contains two behaviours @) and @ that require the different cowns, and ( which is
spawned by @ and requires the same cowns as ). We can swap the order of @) and @ from
left to right without violating the causal dependencies. This will induce a new happens-before
edge between @ and (1, but the executions before and after the transformation will still
be valid. However, we cannot swap the order of o and e from right to left, as this would
violate the causal dependency between @ and (: this transformation would allow to be
spawned and run before @ has completed.

5.2 Refining the Axiomatic Model

The model we have introduced in this paper defines the causal dependencies between
behaviours. We can use these guarantees to further understand the outcomes of a program,
for example, to understand cown read and writes. To model these cown operations explicitly,
we could add corresponding events and constrain the causal relations of these access events
from the existing behaviour relations. For example, we could require that each read observes
the most recent write in happens-before order.

In this paper, we assume that all behaviours can both read and write the cowns they
require. This is the model used in prior BoC work, but richer access modes are possible. For
example, some behaviours could require a cown only for reading, while others require it for
writing. This would permit finer-grained concurrency: read-only behaviours on the same
cown could run concurrently, while writers would still require exclusive access. The model
could capture this either by relaxing the cown-order axioms to allow fan-out and fan-in, or
by enriching the cown order with access mode information. In either case, cown events must
remain consistent with each behaviour’s declared access mode.

6 Related Work

Memory Models. Memory models are often defined axiomatically, and they have been used
to define the relaxed behaviour of concurrent programs on modern hardware architectures
and programming languages [14, 2, 17]. These models are similar to our axiomatic model in
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that they define a set of events and relations between them, and they specify the allowed
executions of a concurrent program. Our model is not focused on memory consistency, but
rather on the causal dependencies between behaviours in a concurrent program. Because
BoC requires isolation of cowns, the coherence order and reads-from employed in traditional
memory models are derivable from the program order and the cown order (cf. Section 5.2).

Actor Model Programming. The Actor model is a well-known paradigm [11, 1], widely
implemented in practical actor runtimes [3, 19]. Its operational presentation is natural
because the original model has no explicit inter-behaviour or inter-actor causal dependencies.
Some implementations of actor models do provide mechanisms or guarantees for causal
consistency and ordering behaviours [21, 20]. In earlier work, we compared actors with
BoC and showed that BoC decouples isolation from concurrency, enabling more expressive
synchronisation [9] This decoupling also introduces richer inter-behaviour causal dependencies,
which are better captured in an axiomatic style than in a purely operational one, where these
dependencies must be encoded directly in the semantic rules.

Causal Consistency in Distributed Systems. Causal consistency is a well-known consistency
model in distributed systems, ensuring that operations with causal relationships are observed
in the same order by all processes; it is classically defined using a happens-before relation [15]
and formalised in modern treatments of causal consistency for shared objects [18]. This
resembles our derived happens-before relation in that both capture causal dependencies
between events.

Consistency Models for Databases. Work on consistency models for databases uses axio-
matic models to characterise the visibility of updates between transactions [8]. These models
often abstract the nested structure of transactions, treating them as flat, atomic units. While
BoC is also concerned with the visibility of updates, the program structure and nesting of
behaviours are intrinsic to ordering and causality.

Deterministic Shared-memory Concurrency. Shared-memory deterministic concurrency
models, such as Deterministic Parallel Java [5, 6] and Deterministic Threads [16], have been
proposed to provide deterministic behaviour in concurrent programs. They typically enforce
determinism through combinations of static analysis and runtime checking of shared-memory
accesses. By contrast, BoC does not target full determinism nor expect shared memory; it
provides a causality-oriented account of concurrent behaviours accessing isolated resources,
grounded in dynamic execution.

7 Conclusion

In this paper, we presented an axiomatic model for BoC that captures the intended causal
dependencies between behaviours. Using representative example programs and executions,
we motivated the model design and showed how the derived happens-before relation separates
intrinsic causality from incidental operational ordering. We then established that operational
semantics presented in earlier work is sound with respect to this model via a representative core
calculus. Taken together, these results provide an implementation-independent foundation
for reasoning about BoC causality, while enabling more permissive yet valid executions to be
recovered through scheduling and compilation.
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