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Abstract
Memory models are formal specifications of concurrent-program executions, accounting for weak
behaviors introduced by compiler and architectural optimizations. The increase of their number
and complexity has spawned efforts for uniform verification across whole classes of models, by
axiomatizing the models in an adequate metatheory that admits a uniform treatment. In this work,
we formally study Monadic Second-Order logic (MSO) as a metatheory for weak memory, by proving
results on the treewidth and MSO-expressibility of various popular weak-memory models, as this
combination allows us to uniformly tackle several verification problems. In summary, our results are
as follows.

First, we prove that executions under Sequential Consistency (SC) have bounded treewidth,
while already those under Total Store Order (TSO) do not. Second, we prove that a broad range of
models, including Release/Acquire and the full RC20, are MSO-axiomatizable, while others, such as
Strong Release/Acquire and TSO, are not, unless the Orthogonal Vectors problem – which requires
quadratic time under SETH – can be solved in linear time. Finally, we introduce the notion of
reads-from robustness, as an extension to recent work on coarse robustness criteria. We show that
our treewidth bounds (both upper and lower) have far-reaching algorithmic implications for any of
our MSO-axiomatizable models MM: there is an algorithm that, for every program P, either verifies
P under MM or reports that P is not reads-from robust against MM. Overall, our results establish a
rich and versatile theoretical framework for weak-memory verification and robustness.
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1 Introduction

The traditional sequential view (SC) of concurrent systems, introduced by Lamport in [57],
does not reflect how programs execute on modern software and hardware platforms. Compiler
optimizations, cache hierarchies, instruction prefetching and speculative execution are only
some of the means that a concurrent program may deviate from its sequential behaviors,
introducing weak data consistency between the executing threads. Weak memory models
are formal specifications of all subtle behavior that a program may exhibit in such settings,
and are becoming a standard approach to rigorous concurrent programming, both for
software [15, 74, 52, 56, 47, 39, 11, 51, 62] and hardware [72, 10, 68, 67].

Since weak behaviors can be tricky to predict, or even understand for non-experts,
there has been considerable work on developing program-analysis methods to support
debugging, verification and testing of concurrent programs under weak memory, along various
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directions. These include automated verification [12, 3, 5, 51], various notions of program
robustness (e.g., data-race freedom, execution-graph robustness) [43, 66, 23, 53], stateless
model checking [2, 6, 25, 50], testing [58, 42, 73, 27, 60], and program logics [75, 54, 46, 45].
Since the behavior of a concurrent program is generally memory-model dependent, virtually
each such method is specific to a memory model.

The abundance and complexity of memory models has spawned an interest for unified
theories that treat whole classes of memory models in a uniform way. Recent developments
enable bounded model checking and memory-model comparison for a range of memory
models [76, 44, 49, 48]. Although promising, the full potential of unified theories for weak
memory is still under exploration. For example, there is no unified approach to reasoning
about unbounded executions, performing program differentiation, or deciding program
robustness against a range of memory models.

In the setting of message-passing concurrency, a unified theory based on Monadic Second
Order Logic (MSO) [32] has been highly effective. Indeed, most common message-passing
protocols have been proven expressible in MSO [38], paving the road for utilizing Courcelle’s
celebrated metatheorem [33] for a variety of tasks, such as under-approximate verification over
unbounded executions (by bounding some width parameter instead) [36, 35] and deciding
synchronizability [20]. Perhaps surprisingly, however, the connections of MSO to weak
memory have thus far remained unexplored. Which memory models are axiomatizable in
MSO and what common verification tasks can this be used for? What is the treewidth of
weak-memory executions? Are there MSO-definable robustness criteria that are less sensitive
than existing ones based on execution-graphs? In this work, we make the first steps to utilizing
MSO as a unifying theory for weak memory, proving powerful theoretical capabilities, but
also limitations.

1.1 Our Contributions
Throughout this work, we represent program executions using reads-from (rf-) graphs of the
form G = ⟨E, sb, rf⟩, which are analogous to Message Sequence Charts (MSCs) in message-
passing systems [38]. Here, the events in E act as vertices of G, while the sequenced-before
relation sb and the reads-from relation rf are binary relations over E. In contrast to the
more common execution graphs ⟨E, sb, rf, mo⟩, rf-graphs represent only program-observable
behavior – in particular, how each thread executes (sb) and which write a read obtains
its value from (rf) – and abstract away the low-level architectural detail captured by the
modification order mo, i.e., the order in which writes appear in the shared memory.

We state here our main contributions. We delegate a number of proofs and discussions to
the full version of this paper [30].

1. The treewidth of weak memory. First, we study the treewidth of executions under
various memory models. We prove that executions under Sequential Consistency (SC), i.e.,
those that do not exhibit weak behavior, have bounded treewidth, but executions under any
model as weak as Total Store Order (TSO) have unbounded treewidth. We show that weak
executions may still enjoy bounded treewidth, and present experiments that indicate that
they tend to stay within the treewidth they would have under SC.

2. The MSO of weak memory. We then ask the question: which popular weak-memory
models can be axiomatized in MSO? We prove that this is the case for Release/Acquire
(RA) [15], Relaxed [15], Weak Release/Acquire (WRA, aka Causal Consistency [22]) [51], as
well as the Read-Modify-Write (RMW)-free fragment of Strong Release/Acquire (SRA, aka
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Causal Convergence [22]) [52]. We further remark that our MSO axiomatization extends to
the full RC20 memory model for C/C++ [61], although we defer its treatment to [30] due to
space constraints. The MSO axiomatization of each of the aforementioned memory models
enables us to equip Courcelle’s theorem [33] to tackle a range of fundamental algorithmic
questions, in a unified way. We also prove that SC, TSO, Partial Store Order (PSO), and
the full SRA (with RMWs) are not axiomatizable in MSO, unless the Orthogonal Vectors
problem – which requires quadratic time under SETH – can be solved in linear time.

3. Reads-from robustness. We introduce the notion of reads-from (rf-) robustness. This is
a relaxation of standard execution-graph robustness [23, 53], and a fitting next step in the
recent line of more permissive robustness criteria [53, 61, 65]. A program P is rf-robust against
a memory model MM if the set of rf-graphs of P is the same under MM and SC. We show a
fruitful algorithmic interplay between rf-robustness and verification: for every MSO-definable
memory model MM that satisfies a natural contiguity property (satisfied by all models in
(2) except Relaxed), there is an algorithm that either solves verification for P under MM, or
reports that P is not rf-robust against MM. For memory models which have undecidable
reachability, like RA, this result implies that the hard instances can be algorithmically
classified as non-rf-robust. To our knowledge, rf-robustness is the first computationally useful
robustness notion that reasons purely about program-observable behaviors, disentangling
them from lower-level architectural details involving the order in which writes appear on
the shared memory. We further extend the above to observational rf-robustness, which is a
relaxation in a similar spirit to observational execution-graph robustness [61], that effectively
filters out robustness violations due to read operations that are unused by the program.

2 Concurrent Programs and Memory Models

In this section we develop general notation, introduce the memory models we consider in
this work, and define program semantics in an automata-theoretic way.

General notation. Given an integer i, we define [i] = {1, · · · , i}. For a binary relation R,
we denote the reflexive, transitive, reflexive-transitive closures and inverse relations of R as
R?, R+, R∗, and R−1, respectively. We occasionally call (e1, e2) ∈ R an edge, and write it as
e1

R−→ e2. The composition of R1 and R2 is denoted by R1; R2. We write acy(R) and irr(R)
to denote that a relation is acyclic and irreflexive, respectively. Given a set S, we write [S]
for the identity relation on S. We use x ≜ y to denote that x is defined to be equal to y.

Program domains. We consider concurrent programs consisting of threads over a finite
domain Tid, communicating over a finite set of shared registers Reg, which store values over
a finite value domain Val.

2.1 Executions
Here we set up standard notation for representing concurrent executions.

Labels and events. A (event) label1 is either a read label r(t, x, v), a write label w(t, x, v),
or a read-modify-write (RMW) label rmw(t, x, vr, vw), where t ∈ Tid is a thread id, x ∈ Reg
is a shared register, and v, vr, vw ∈ Val are values. We let Lab be the domain of labels. An

1 In related literature, events sometimes also carry an access mode, but this will be clear from the context
in our setting.
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event e represents an execution step of the program, and is defined as e = ⟨id, lab⟩, where
id ∈ N is an identifier and lab ∈ Lab is a label. We write lab(e) for the label of e, tid(e) and
loc(e) for the thread id and register of e, while op(e) ∈ {r, w, rmw} returns the operation of
e. If op(e) ∈ {r, rmw}, we write valr(e) for the value read by e, and if op(e) ∈ {w, rmw}, we
write valw(e) for the value written by e. We often identify events by their label when their
id is not important, e.g. we may refer to events w(t, x, v). We occasionally ignore the value
of an event when it is clear from the context or not important, e.g., we may refer to events
w(t, x), or even w(x). We let E be the domain of events, and further distinguish the sets
of read events R = {e ∈ E : op(e) = r}, write events W = {e ∈ E : op(e) = w}, and RMW
events RMW = {e ∈ E : op(e) = rmw}. Given a set of events X and a register x ∈ Reg, we
let Xx = {e ∈ X : loc(e) = x}, e.g., Wx denotes all writes on register x. Similarly, given a
thread t ∈ Tid, we let Xt = {e ∈ X : tid(e) = t}, e.g., Rt denotes all reads of thread t. We
extend the sub/super script notation to binary relations R over E, i.e., Rx = [Ex]; R; [Ex]
and Rt = [Et]; R; [Et].

Execution graphs. In the context of weak memory, (concrete) program executions are often
represented as execution graphs [56] (aka candidate executions [15]). An execution graph is
a tuple G = ⟨E, sb, rf, mo⟩, where E ⊆ E is a finite set of (distinct) events, and sb, rf, and
mo are binary relations over E, satisfying the following conditions.

The sequenced-before order sb records the order of events executed in each thread. The
sb relation is not transitive, but instead relates each event to its immediate successor. In
particular, letting the program order po ≜ sb+, we require that (i) pot is a total order
for each t ∈ Tid, and (ii) sb coincides with the (unique) transitive reduction of po.
The reads-from relation rf ⊆

⋃
x∈Reg(Wx ∪ RMWx) × (Rx ∪ RMWx) relates a write/RMW

event to a read/RMW event, and indicates that the latter reads its value from the
former. The values of the related events must match, i.e., for each e1

rf−→ e2, we have
valw(e1) = valr(e2), and rf−1 must be a function, i.e., (i) if e1

rf−→ e and e2
rf−→ e then

e1 = e2, and (ii) for all e ∈ E ∩ (R ∪ RMW), there exists some e′ ∈ E such that e′ rf−→ e.
The modification order mo ⊆

⋃
x∈Reg(Wx ∪ RMWx) × (Wx ∪ RMWx) captures the order

in which the write events on each register take effect, i.e., mox is total for each x ∈ Reg.
We often write G.E, G.sb, G.rf and G.mo for the respective components of G, or simply E,
sb, rf and mo when G is clear from the context. The requirement that every read event reads
from some write event in E reflects the assumption that registers hold no initial value.

Reads-from and sequenced-before graphs. In our setting, we primarily represent program
executions using abstractions of execution graphs. In particular, a reads-from graph (aka a
partial execution [73]) is a tuple G = ⟨E, sb, rf⟩, i.e., it lacks the mo component of an execution
graph. Going one step further, a sequenced-before graph (aka an abstract execution [27]) is a
tuple G = ⟨E, sb⟩, i.e., it lacks both the mo and rf components of an execution graph.

2.2 Memory Models
As per standard in literature, we define memory models using a declarative approach. Each
memory model is defined as a collection of axioms that the underlying execution graph G

must satisfy. These axioms are phrased in terms of the relations of G, as well as some derived
relations, defined below.

Derived relations. Besides po, the various consistency axioms use the following derived
relations.
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Table 1 Consistency axioms.

acy(po ∪ rf ∪ mo ∪ fr) (sc) irr((hb ∪ mo)+) (strong-write-coherence)
acy(pox ∪ rfx ∪ mox ∪ frx) (sc-per-loc) irr(hb) (irr-hb)
acy(ppo ∪ rfe ∪ moe ∪ fre) (external-hb) irr(mo; hb) (write-coherence)
acy(pppo ∪ rfe ∪ moe ∪ fre) (pso-external-hb) irr(mo; hb; rf−1) (read-coherence)
irr(hbl; [W]; hb; rf−1) (weak-read-coherence) irr(mo; mo; rf−1) (atomicity)

[RMW]; rf−1; rf; [RMW] = [RMW] (weak-atomicity)

Table 2 Weak-memory models we consider in this work. MM\rmw denotes the RMW-free fragment
of MM.

SC (sc) WRA (irr-hb), (weak-read-coherence),
(weak-atomicity)

TSO\rmw (sc-per-loc), (external-hb) RA (irr-hb), (write-coherence),
(read-coherence), (atomicity)

PSO\rmw (sc-per-loc), (pso-external-hb) SRA (strong-write-coherence),
(read-coherence), (atomicity)

Relaxed (sc-per-loc)

fr ≜ rf−1; mo hb ≜ (po ∪ rf)+ rfe ≜ rf \ po moe ≜ mo \ po
fre ≜ fr \ po ppo ≜ po \ (W × R) pppo ≜ ppo \ (Wx × Wy)x ̸=y

The from-reads relation fr orders a read/RMW before all the writes/RMWs that executed
after its own writer. The happens-before relation hb captures causality chains in program
execution. The external relations rfe, moe and fre exclude same-thread events from the
respective relations. Finally the preserved program order ppo and partially preserved program
order pppo exclude write-read and write-read/write-write orderings from po. For simplicity,
we disregard RMWs in ppo and pppo, as we only reason about the RMW-free fragments of
the models they appear in (TSO and PSO).

Memory models. In the scope of this work, a memory model MM is defined declaratively
as a collection of consistency axioms, the full set of which is shown in Table 1. We use the
notation MM\rmw to refer to the RMW-free fragment of MM. At a high level, each axiom
declares that a certain relation is acyclic or irreflexive, except for (weak-atomicity) which
requires that no two RMWs read from the same event. Table 2 defines the memory models
considered in this work. SC is the standard model of Sequential Consistency [57], while TSO
is the Total Store Order model, made popular by the x86 and SPARC architectures [72], and
PSO is a further weakening known as Partial Store Order. We only define their RMW-free
fragments here as we only establish hardness results for them that already hold without
RMWs. RA and Relaxed refer to the fragments of C11 using release/acquire and relaxed
atomics, respectively [53], while SRA (Strong RA) and WRA (Weak RA) are stronger and
weaker variants of RA, respectively [51], aka Causal Convergence and Causal Consistency [22].

Consistency. Given a memory model MM and an execution graph G = ⟨E, sb, rf, mo⟩, we
say that G is consistent in MM, denoted G |= MM, if G satisfies the consistency axioms
of MM. This notion naturally extends to rf-graphs, i.e., for an rf-graph G = ⟨E, sb, rf⟩, we
have G |= MM if there exists a modification order mo such that resulting execution graph
G′ = ⟨E, sb, rf, mo⟩ yields G′ |= MM. We let JMMK = {G = ⟨E, sb, rf, mo⟩ : G is an execution
graph and G |= MM} and JMMKrf = {G = ⟨E, sb, rf⟩ : G is an rf-graph and G |= MM} be the
sets of MM-consistent execution graphs and rf-graphs, respectively. Note that, although Tid,
Reg and Val are fixed, JMMKrf is infinite in general. Given two memory models MM1, MM2,
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Figure 1 A sequence of increasingly weak execution graphs. Each graph is consistent in its
respective memory model and the models to its right, but inconsistent in the models to its left.
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r(x, 1)
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w(y, 0)
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(a) Pseqt1
and Pseqt2

.
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(b) G ∈ L(P).
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w(x, 1)

(c) G ∈ JPKrf
SC.

Figure 2 A concurrent program P = ⟨Pseqt1 , Pseqt2 ⟩ (a), an sb-graph in L(P) (b), and an rf-graph
in JPKrf

SC(c).

we say that MM1 is stronger than MM2, written MM1 ≼ MM2, if JMM1K ⊆ JMM2K. For
example, SC ≼ TSO ≼ SRA ≼ RA ≼ {Relaxed, WRA}. Figure 1 shows examples of execution
graphs consistent in different memory models.

2.3 A Model for Programs

Labeled Transition Systems. A Labeled Transition System (LTS) is a tuple A=⟨Q,Σ,∆,init⟩,
where (i) Q is a finite set of states, (ii) Σ is a finite alphabet, (iii) ∆ is a (labeled) transition
relation over Q × (Σ ∪ {ϵ}) × Q, and (iv) init ∈ Q is an initial state. We often write
p α↪−→ q to denote (p, α, q) ∈ ∆. The language of A is L(A) = {α1α2 . . . αn ∈ Σ∗ : init α1↪−→
p1

α2↪−→ . . . αn↪−−→ pn}. For clarity, we may represent a word as a sequence of comma-separated
elements of Σ, e.g, α1, α2, . . . , αn ∈ L(A).

Sequential programs. Given some thread t ∈ Tid, the sequential program of t is a transition
system Pseqt = ⟨Qt, Σt, ∆t, initt⟩, where Σt = Labt. Intuitively, each transition of Pseqt

emits the label of an event executed by that thread.

Concurrent programs and their semantics. A concurrent program is a collection of se-
quential programs P = ⟨Pseqt1 , . . . , Pseqt|Tid|

⟩. Given an sb-graph G and a thread t ∈ Tid, let
G⇂t

sb = lab(e1), lab(e2), . . . , lab(en), where e1, e2, . . . , en is the linear sequence of G.Et accord-
ing to sb. The language of P is defined as L(P) = {G = ⟨E, sb⟩ : G is an sb-graph and ∀t ∈
Tid. G⇂t

sb ∈ L(Pseqt)}. In words, L(P) contains all sb-graphs in which each thread t executes
according to its own sequential program Pseqt. Given a memory model MM, we define
the rf-semantics of P as JPKrf

MM = {G = ⟨E, sb, rf⟩ : ⟨E, sb⟩ ∈ L(P) and G |= MM}, and the
execution semantics of P as JPKMM = {G = ⟨E, sb, rf, mo⟩ : ⟨E, sb⟩ ∈ L(P) and G |= MM}.
See Figure 2 for an example. Note that JPKrf

MM and JPKMM are infinite in general, even though
P is finite.
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3 The Treewidth of Memory Models

In this section we investigate the treewidth of consistent rf-graphs under different memory
models. We prove that SC enjoys bounded-treewidth rf-graphs but TSO already does not.
Later, we use treewidth for the verification of concurrent programs under weak memory.

3.1 Treewidth
Treewidth is an elegant graph-theoretic notion that measures how similar a graph is to a
tree [70]. Below, we introduce this notion formally.

Tree decompositions and treewidth. Given a (di)graph G = (V, L), where V is a set of
vertices and L is a set of edges, a tree decomposition of G is a tuple ⟨{Xi : i ∈ I}, T = (I, F )⟩,
where T is a tree and each Xi ⊆ V is called a bag, such that the following conditions are met.

Every vertex appears in some bag, i.e.,
⋃

i∈I Xi = V .
Every edge appears in some bag, i.e., for all (u, v) ∈ L there exists some i ∈ I with
u, v ∈ Xi.
Every vertex appears in a connected subgraph of T, i.e., for all i, j, k ∈ I, if j is on the
path from i to k in T, we have Xi ∩ Xk ⊆ Xj .

The width of a tree decomposition is maxi∈I |Xi| − 1. The treewidth of G, written tw(G),
is the smallest width among the tree decompositions of G. A tree decomposition of G is
optimal if its width equals tw(G). See [30] for an example.

The treewidth of rf-graphs. The notion of tree decompositions and treewidth naturally
extends to rf-graphs G = ⟨E, sb, rf⟩, where the vertex set is E and the edge set is sb ∪ rf. We
will thus be using the above notation for (plain) graphs and rf-graphs interchangeably, and
we will write tw(G) for the treewidth of an rf-graph G. Given a memory model MM, we say
that MM has bounded treewidth if there exists some k ∈ N+ such that for every G ∈ JMMKrf ,
we have tw(G) ≤ k.

3.2 On The Treewidth of Memory Models
We now study the treewidth of different memory models. Succinctly, our main question is
what is the strongest memory model that gives rise to unbounded treewidth?

The treewidth of SC. We first show that SC has bounded treewidth.

▶ Lemma 1. For every rf-graph G, if G |= SC then tw(G) ≤ |Tid| + |Reg|.

We remark that this bound is tight up to an additive term +1, in the sense that for all
values of |Tid| and |Reg|, there exists an SC-consistent rf-graph of treewidth ≥ |Tid|+ |Reg|−1
(see [30]).

The treewidth of weak-memory. The |Tid| + |Reg| bound on the treewidth of SC makes
it natural to seek extensions for weak memory models. Clearly, weaker models must admit
executions of larger treewidth, that may become unbounded when the model becomes very
weak. It turns out that unbounded treewidth arises already in TSO, which might be somewhat
surprising given how conceptually similar TSO is to SC [55].

▶ Lemma 2. For every n > 0, there exists an rf-graph Gn ∈ JTSOKrf of O(n2) events, 2
threads and 2 registers, such that tw(Gn) ≥ n.
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r⟨2,4⟩(x)
w⟨3,4⟩(y)
r⟨3,1⟩(x)
w⟨4,1⟩(y)
r⟨3,2⟩(x)
w⟨4,2⟩(y)
r⟨3,3⟩(x)
w⟨4,3⟩(y)
r⟨3,4⟩(x)
w⟨4,4⟩(y)

(1, 1) ↔ (2, 1)

(1, 2) ↔ (2, 2)

(1, 3) ↔ (2, 3)

(1, 4) ↔ (2, 4)

(2, 1) ↔ (3, 1)

(2, 2) ↔ (3, 2)

(2, 3) ↔ (3, 3)

(2, 4) ↔ (3, 4)

(3, 1) ↔ (4, 1)

(3, 2) ↔ (4, 2)

(3, 3) ↔ (4, 3)

(3, 4) ↔ (4, 4)

(b) The rf-graph G4 that has the 4 × 4 grid as a minor.

Figure 3 The 4 × 4 grid is obtained from G4 by contracting the events that share a subscript into
the single vertex carrying that label, and then deleting every remaining edge except those joining
vertices adjacent in Figure 3a. Horizontal (filled) edges are encoded by the sb of the left thread, and
vertical (dashed) edges are encoded by the sb of the right thread. Note that G4 is not SC-consistent,
due to the cycle w⟨1,4⟩(x) po−−→ r⟨2,1⟩(y) fr−→ w⟨2,2⟩(y) po−−→ r⟨1,3⟩(x) fr−→ w⟨1,4⟩(x), with the highlighted
fr edges.

Our proof constructs such a Gn that has an n × n grid as a minor. Figure 3 illustrates
the 4 × 4 grid and G4. Since the treewidth of an n × n grid is n and treewidth is closed
under minors [71], this gives tw(Gn) ≥ n.

▶ Corollary 3. All memory models of Table 2 except SC have unbounded treewidth.

Weak behaviors of bounded treewidth. In light of Lemma 2, it is natural to ask how large
treewidth relates to weak behavior at a conceptual level. By generalizing our construction
behind Lemma 1, it can be shown that large treewidth requires very weak behavior, in the
following sense.

▶ Lemma 4. For any k ∈ N, if tw(G) ≥ |Tid| + k · |Reg|, then every total extension σ of
(G.sb ∪ G.rf)+ contains an rf-edge e1

rf−→ e2 such that there are ≥ k writes/RMWs on loc(e1)
between e1 and e2 in σ.

It is worth highlighting, however, that the opposite is not true: there are executions
with very weak behavior that, nevertheless, enjoy small treewidth. In Figure 4, we show
3 examples of rf-graphs that display weak behaviors but have treewidth bounded by 3. A
minimum-width tree decomposition for Figure 4b is shown in Figure 5. A complete discussion
of these examples appears in [30].
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w1(x)
w2(x)

...
wn(x)

w1(y)
w2(y)

...
wn(y)
r1(x)
r2(x)

...
rn(x)

r1(y)
r2(y)

...
rn(y)

(a) Store Buffer.

w1(x)
w2(x)

...
wn(x)

w1(y)
w2(y)

...
wn(y)
r1(x)
r2(x)

...
rn(x)

r1(y)
r2(y)

...
rn(y)

(b) Extended Store Buffer.

w1(x)
w2(x)

...
wn(x)

w1(y)
w2(y)

...
wn(y)

r1(x)
r2(x)

...
rn(x)

r1(y)
r2(y)

...
rn(y)

(c) Extended Load Buffer.

Figure 4 Examples of rf-graphs with very weak behavior but low treewidth.

r1(x)
w1(x)
r1(x)
w2(x)

r1(x)
r1(x)
w2(x)
r2(x)

r1(x)
w2(x)
r2(x)
w3(x)

r1(x)
r2(x)
w3(x)
r3(x)

r1(x)
rn−1(x)
wn(x)
rn(x)

r1(x)
wn(x)
w1(y)
r1(y)

r1(x)
w1(y)
r1(y)
w2(y)

r1(x)
r1(y)
w2(y)
r2(y)

r1(x)
rn−1(y)
wn(y)
rn(y)

Figure 5 A tree decomposition of the rf-graph of Figure 4b.

Experiments. In order to obtain an early assessment on the applicability of MSO for weak
memory in practice, we gathered statistics on the treewidth of rf-graphs of typical benchmarks
in the weak-memory literature, taken from the GenMC repository [50]. We find that even
under weak memory, the executions of all benchmarks analyzed never exceed their treewidth
bound under SC that we prove in Lemma 1. A full description of the experimental analysis
is presented in [30].

4 The MSO Axiomatization of Memory Models

In this section we recall some basics on MSO (Section 4.1), prove the MSO-definability of
common weak-memory models (Section 4.2), highlight interesting algorithmic implications
of this fact (Section 4.3), and show the non-MSO-definability of other common models
(Section 4.4).

4.1 The Monadic Second-Order Logic of Concurrent Executions
We begin with MSO adapted to rf-graphs, and recall Courcelle’s theorem.

Monadic Second Order Logic. The set of MSO formulas over rf-graphs is given by the
grammar

φ ::= true | e1 = e2 | lab(e) = α | sb(e1, e2) | rf(e1, e2) | e ∈ X | φ ∨ φ | ¬φ | ∃e.φ | ∃X.φ

where α ∈ Lab, e, e1, and e2 are first-order variables interpreted as events, and X is a second
order variable interpreted as a set of events. We also use common shorthand notation such
as ̸= and ∧, as well as label predicates of the form op(x) ∈ {w, rmw}. The semantics of MSO
is rather intuitive – we refer to [32] for a formal definition. For instance, if R is some relation
expressible in MSO (e.g., sb or rf), the transitive and reflexive-transitive closures of R can
be expressed by the following formulas.

φR+(e1, e2) ≜ ¬∃X. (e2 ̸∈ X ∧ ∀e3, e4. ((e1 = e3 ∨ e3 ∈ X) ∧ R(e3, e4) =⇒ e4 ∈ X)) (1)
φR∗(e1, e2) ≜ e1 = e2 ∨ φR+(e1, e2) (2)

CONCUR 2026
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We call an MSO formula closed if it has no free variables. Given a closed MSO formula φ and
an rf-graph G, we write G |= φ to denote that G satisfies φ, and write JφK = {G : G |= φ}.
A class C of rf-graphs is MSO-definable if there exists an MSO formula φ such that JφK = C.
Courcelle’s celebrated metatheorem [33] gives a fixed-parameter tractable procedure for MSO
model checking, which in our setting has the following form.

▶ Theorem 5 (Courcelle’s Theorem). There exists an algorithm that, given a closed MSO
formula φ, a natural number k ∈ N+ and a graph G = ⟨E, sb, rf⟩, verifies whether tw(G) ≤ k

and G |= φ in time O(f(|φ|, k) · |G|), for some computable function f .

The proof of Theorem 5 also yields the following corollary regarding satisfiability in
MSO [34].

▶ Corollary 6 (Courcelle’s Theorem). Given a closed MSO formula φ and some k ∈ N+, the
problem of whether there exists an rf-graph G = ⟨E, sb, rf⟩ with tw(G) ≤ k and G |= φ is
decidable.

The set of rf-graphs. Towards our MSO treatment of program semantics under various
memory models, we start by establishing that the set of (well-formed) rf-graphs is MSO-
definable.

▶ Lemma 7. The set {G = ⟨E, sb, rf⟩ : G is an rf-graph} is MSO-definable.

The free rf-graphs of a program. Given a concurrent program P, we define its language
of free rf-graphs as Lrf(P) = {G = ⟨E, sb, rf⟩ : G is an rf-graph and ⟨E, sb⟩ ∈ L(P)}, i.e., it is
the set of rf-graphs which, if we ignore the rf component, are generated by P. Note that here
G is not necessarily consistent in some memory model, hence the term “free”. The following
lemma states that this language is MSO-definable. It is established by conjuncting the MSO
formula behind Lemma 7 with an MSO formula ΦP which expresses that ⟨E, sb⟩ ∈ L(P), in
spirit similar to the Büchi–Elgot–Trakhtenbrot theorem on the MSO definability of regular
languages [26].

▶ Lemma 8. For any concurrent program P, the language Lrf(P) is MSO-definable.

In light of Lemma 8, for any memory model MM, the rf-semantics JPKrf
MM are MSO-

definable as long as the set JMMKrf (i.e., the memory model itself) is MSO-definable. Towards
this, in the coming sections we study the MSO definability of the memory models of Table 2.

4.2 The MSO-Definability of RA, SRA\rmw, Relaxed, and WRA
Here we prove the following theorem, by establishing the MSO-definability of the consistency
axioms of the corresponding memory models.

▶ Theorem 9. For any memory model MM ∈ {RA, SRA\rmw, Relaxed, WRA} and concurrent
program P, the set JPKrf

MM is MSO-definable.

The case of RA. The MSO formula for RA is a conjunction of three formulas: Φ(irr−hb),
enforcing (irr-hb); Φ(weak−atomicity), enforcing (weak-atomicity); and ΦRA

(coherence), enfor-
cing (read-coherence), (write-coherence), and (atomicity) under the assumption that (weak-
atomicity) already holds.



G. K. Conrado and A. Pavlogiannis 25:11

Expressing Φ(irr−hb) and Φ(weak−atomicity). The first two formulas are somewhat straightfor-
ward, as the corresponding axioms do not involve an mo, and can thus be phrased directly on
the components of an rf-graph. To define Φ(irr−hb), we first express that two events e1, e2 are
such that e1

hb−→ e2 in the formula φhb = φR+ , where φR+ is the transitive-closure formula
(Equation (1)) and R(e1, e2) = rf(e1, e2) ∨ sb(e1, e2). Then

Φ(irr−hb) ≜ ¬∃e.φhb(e, e) (3)

To define Φ(weak−atomicity), we observe that (weak-atomicity) is even first-order definable.

Φ(weak−atomicity) ≜ ¬∃e1, e2, e3.(e2 ̸= e3 ∧ rmw(e2) ∧ rmw(e3) ∧ rf(e1, e2) ∧ rf(e1, e3)) (4)

Expressing ΦRA
(coherence). We now turn our attention to the coherence and atomicity axioms.

These are more challenging because they involve the mo relation, which is not present in an
rf-graph, and thus has to be guessed. Our main insight behind the MSO definability of RA
is that there exists an MSO-definable, sound and complete partial modification order for RA,
that can be used instead of mo. Next, we outline our approach.

An RMW chain is a maximal sequence w1
rf−→ rmw2

rf−→ rmw3
rf−→ · · · rf−→ rmwm. Any rf-

graph that satisfies (weak-atomicity) (which is expressed independently by Φ(weak−atomicity)
in Equation (4)) guarantees that all its write and RMW events are decomposable into disjoint
RMW chains (i.e., every such event appears in exactly one RMW chain). First, we observe
that given any RMW event rmw, the (unique) write w heading the RMW chain of rmw can be
captured in MSO. This allows us to infer mo-orderings only between write events – and not
between RMWs – using MSO, in non-fixed-point style. Second, we prove that the acyclicity
of these inferred orderings is nevertheless sufficient and necessary for consistency.

We start with the following (first-order) formula that identifies a conflicting triplet
⟨e1, e2, e3⟩ for which (i) op(e1) ∈ {w, rmw}, and (ii) e2

rf−→ e3, since this may imply the
existence of an mo edge.

φconf(e1, e2, e3) ≜ e1 ̸= e2 ∧ e1 ̸= e3 ∧ loc(e1) = loc(e2) ∧ op(e1) ∈ {w, rmw} ∧ rf(e2, e3) (5)

The following formula infers mo-orderings between write events e1, e2. We infer e1
mo−−→ e2

if e1
hb−→ e2, due to (write-coherence), or there exists a conflicting triplet ⟨e3, e4, e5⟩ such

that (i) e3
hb−→ e5, (ii) e3 (resp., e4) is in the RMW chain headed by e1 (resp., e2), and

(iii) it is not the case that e3 and e4 are in the same RMW chain with e3 preceding e4, due
to (read-coherence) and (atomicity).

φRA
mo(e1,e2) ≜ op(e1) = w ∧ op(e2) = w ∧ loc(e1) = loc(e2) ∧

[
φhb(e1, e2) ∨ ∃e3, e4, e5.(

φconf(e3, e4, e5) ∧ φhb(e3, e5) ∧ ¬φrf+(e3, e4) ∧ φrf∗(e1, e3) ∧ φrf∗(e2, e4)
)]

(6)

Finally, we express coherence and atomicity as the requirement that φRA
mo is acyclic, using

the transitive closure formula φR+ from Equation (1) with R = φRA
mo,

ΦRA
(coherence) ≜ ¬∃e.φR+(e, e) (7)

and define

ΦRA ≜ Φ(irr−hb) ∧ Φ(weak−atomicity) ∧ ΦRA
(coherence) (8)

The following lemma, together with Lemma 7, concludes the MSO-definability of JRAKrf .

▶ Lemma 10. For any rf-graph G = ⟨E, sb, rf⟩, we have G |= ΦRA iff G |= RA.

The case of RA acts as a template for the other memory models, which admit simpler
axiomatizations. We describe these here at a high level, and refer to [30] for their full lemmas
and MSO formulas.
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The case of Relaxed. The model Relaxed requires only (sc-per-loc). Recall that, for a single
register, Relaxed and RA coincide. It thus suffices to tailor the formulas for RA to a single
register, and conjoin the resulting per-register formulas, together with Φ(weak−atomicity), over
all x ∈ Reg.

The case of SRA\rmw. The RMW-free fragment of SRA requires (strong-write-coherence)
and (read-coherence). As for RA, we infer mo orderings between writes via an MSO-definable
partial order φSRA

mo , here capturing only the orderings due to (read-coherence). This is simpler
than φRA

mo for two reasons: we do not need to infer w1
mo−−→ w2 from w1

hb−→ w2, as (strong-write-
coherence) mixes hb and mo; and, since there are no RMW chains, an ordering w1

mo−−→ w2
arises only from a conflicting triplet ⟨w1, w2, r⟩ with w1

hb−→ r.

The case of WRA. Recall that we have already defined Φ(irr−hb) and Φ(weak−atomicity),
respectively expressing (irr-hb) and (weak-atomicity). It remains to express (weak-read-
coherence), which is straightforward, as it is directly translatable to MSO.

4.3 Algorithmic Implications
We now state some direct algorithmic implications of Lemma 8 and Theorem 9, by equipping
Courcelle’s theorem to solve a number of fundamental algorithmic problems concerning the
behavior of programs restricted to bounded-treewidth graphs. Given a memory model MM,
a concurrent program P, and some k ∈ N+, let JPKrf,k

MM = {G ∈ JPKrf
MM : tw(G) ≤ k}.

Reachability. One of the most fundamental algorithmic questions is that of state reach-
ability: given a concurrent program P = ⟨Pseqt1 , . . . , Pseqt|Tid|

⟩ and a sequence of states
⟨s1, . . . , s|Tid|⟩, is there an execution that, for each i ∈ [|Tid|], brings Pseqti

to state si? A
natural generalization to this question is to decide whether P exhibits an execution that
satisfies an arbitrary MSO specification. As the following lemma states, this question is
decidable when restricted to graphs of bounded treewidth.

▶ Lemma 11. For any memory model MM ∈ {RA, Relaxed, SRA\rmw, WRA}, concurrent
program P, natural number k ∈ N+ and MSO formula φ, the question of whether there exists
an rf-graph G ∈ JPKrf,k

MM such that G |= φ is decidable.

Note that state reachability for RA is undecidable [3], even when restricted to RMW-free
executions [31]; furthermore, although state reachability for SRA and WRA is decidable [51],
MSO reachability is not, due to the fact that execution graphs under these models include
large grid minors (Section 3.2), and MSO satisfiability over grids is undecidable [34].

Verification. Another fundamental problem is that of verification: given a concurrent
program P and a specification φ, is it the case that all executions of P satisfy φ? Since
MSO is closed under negations, Lemma 11 implies that this problem is decidable for
MM ∈ {RA, Relaxed, SRA\rmw, WRA} when φ is an MSO formula and we consider only
executions of bounded treewidth.

Robustness and differentiation. Given two memory models MM1 and MM2 with MM1 ≼
MM2, the robustness question of a concurrent program P wrt (MM1, MM2) asks whether P
exhibits executions under MM2 that are not possible under MM1. On the other hand, given
two concurrent programs P1 and P2 under a memory model MM, the differentiation question
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asks whether P1 exhibits behaviors that are not possible under P2. The MSO definability
of memory models implies that robustness and differentiation are decidable over graphs of
bounded treewidth.

▶ Lemma 12. For any MM1, MM2 ∈ {RA, Relaxed, SRA\rmw, WRA}, two concurrent programs
P1, P2, and natural number k ∈ N+, the question of whether JP1K

rf,k
MM1

⊆ JP2K
rf,k
MM2

is decidable.

4.4 Non-MSO-Definability for SC, TSO, PSO and SRA

We now turn our attention to memory models which are not expressible in MSO, under
standard beliefs in complexity theory.

Orthogonal vectors. The orthogonal vectors problem (OV) is stated on two sets X, Y ,
each containing n boolean d-dimensional vectors. A solution to OV is a pair of vectors
⟨x1, · · · , xd⟩ ∈ X, ⟨y1, · · · , yd⟩ ∈ Y that is orthogonal, i.e.,

∑
i∈[d] xi · yi = 0. OV is easily

solvable in O(n2 · d) and O(2d · n) time. The OV hypothesis states that this problem has no
O(n2−ϵ · dc) algorithm, for any fixed ϵ, c > 0 [24]. We establish the following theorem, which
states that a hypothetical MSO definability of the stated memory models would require, not
only to break the OV hypothesis, but to actually achieve nearly-linear complexity for OV.

▶ Theorem 13. For any memory model MM ∈ {SC\rmw, SRA, TSO\rmw, PSO\rmw}, the set
JMMKrf is not MSO-definable unless OV is solvable in O(n · d) time.

Naturally, the impossibility of Theorem 13 extends to memory models with mixed accesses
that subsume any of the above, such as the C++ memory model with SC accesses [15], and
the POWER architecture for programs compiled from the release/acquire fragment of C++,
since those enjoy SRA semantics [52]. The proof for each case of Theorem 13 is shown in [30].

5 Reads-From Robustness

Robustness against a memory model MM is the property of a concurrent program P of not
exhibiting new behaviors under MM compared to SC. A robust program enjoys the best
of MM and SC: its weak-memory operations provide efficiency, while its SC-only behaviors
makes it amenable to simpler reasoning and analysis methods. Robustness comes in different
variants, based on what exactly constitutes program behavior in this context. In this section
we show that the treewidth and MSO, as developed in the previous sections, have appealing
applications to robustness.

State robustness. One of the least sensitive notions of robustness is wrt to states: P is state
robust if every state of P that is reachable via an execution in JPKMM is also reachable via an
execution in JPKSC. State robustness against MM is decidable iff state reachability under MM
is decidable [37]. In particular for RA, this implies the undecidability of state robustness [3].

Execution-graph robustness. A concurrent program P is execution-graph robust against a
memory model MM if JPKMM = JPKSC. Execution graph robustness is more sensitive than
state robustness, and is decidable against TSO [23] and RA [53].
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r(x) r(y)

(a) G1 ∈ JPKRA \ JPKSC.

w(x) w(x)

w(y) w(y)
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(b) G2 ∈ JPKRA ∩ JPKSC.
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(c) G3 ∈ JP∗KRA \ JP∗KSC.
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ck(y)
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(d) G4 ∈ JP∗KRA ∩JP∗KSC.

Figure 6 A program P that only produces the execution graphs shown in (a) and (b) is rf-robust,
but not execution-graph robust. The augmented program P∗ that only produces the execution
graphs shown in (c) and (d) is observationally rf-robust, but not execution-graph robust, rf-robust,
or observationally execution-graph robust.

Reads-from robustness. In this work, we introduce the notion of reads-from robustness
(or rf-robustness). A concurrent program P is rf-robust against a memory model MM if
JPKrf

MM = JPKrf
SC. It is easy to see that execution-graph robustness implies rf-robustness, and

this relationship is strict, in the sense that there exist programs that are rf-robust but not
execution-graph robust (see Figures 6a and 6b for an example). Hence, this notion is a step
closer to state robustness, by being insensitive to mo.

5.1 Reads-From Robustness and State Reachability
Is rf-robust decidable for common memory models? This is a challenging question, but,
perhaps surprisingly, we can establish a conceptually stronger result: for MSO-definable
memory models MM that further exhibit a contiguity property, every program P either
enjoys decidable state reachability, or it is “obviously” not rf-robust; and this distinction is
decidable. Our key insight is that treewidth divergence is both (i) necessary for undecidable
reachability/state robustness, due to Lemma 11, and (ii) sufficient for rf-non-robustness, due
to Lemma 1. In the following, we make these insights formal.

(sb ∪ rf)-contiguity. We call a memory model MM (sb ∪ rf)-contiguous if (i) for every
rf-graph G ∈ JMMKrf , (G.sb ∪ G.rf) is acyclic, and (ii) for every program P and G ∈ JPKrf

MM,
removing an event e from G that is maximal wrt (sb ∪ rf)+ (together with any adjacent sb-
or rf-edges) yields a graph G′ ∈ JPKrf

MM. All memory models in Table 2, except Relaxed, are
(sb ∪ rf)-contiguous.

Treewidth contiguity. Given a natural number ℓ ∈ N+, a memory model MM is ℓ-treewidth-
contiguous (or ℓ-tw-contiguous) if for every concurrent program P and rf-graph G ∈ JPKrf

MM
with tw(G) ≥ ℓ, there is an rf-graph G′ ∈ JPKrf

MM with tw(G) − ℓ ≤ tw(G′) < tw(G). In words,
tw-contiguity excludes large treewidth gaps on the rf-graphs of P under MM. The following
lemma follows from the facts that (i) removing a single vertex from a graph decreases its
treewidth by at most 1, and (ii) the treewidth of a graph is upper-bounded by its size.

▶ Lemma 14. Every (sb ∪ rf)-contiguous memory model (and thus all memory models in
Table 2 except Relaxed) is also 1-tw-contiguous.

Exact-treewidth satisfiability. Consider a concurrent program P over an MSO-definable
memory model MM, and some natural number k ∈ N+. The question of whether there exists
an rf-graph G ∈ JPKrf

MM with tw(G) ≤ k is decidable, as a special case of Theorem 5 where
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the corresponding MSO formula is simply true. In order to be able to detect treewidth
divergence in P, we need to be able to decide whether JPKrf

MM exhibits a graph with treewidth
exactly k. We achieve this based on the fact that optimal tree decompositions of graphs can
be computed via MSO transductions [18, 19], which can be checked to have width exactly k.
Formally, we obtain the following satisfiability lemma as a strengthening of Corollary 6.

▶ Lemma 15. Given an MSO formula φ and some k ∈ N+, the problem of whether there
exists an rf-graph G = ⟨E, sb, rf⟩ with tw(G) = k and G |= φ is decidable.

An algorithm for reachability and rf-robustness. We are now ready to establish the
algorithmic interplay between reachability and rf-robustness. Let MM be an MSO-definable
memory model that is also ℓ-tw-contiguous, for some ℓ ∈ N+. Consider a concurrent program
P, and let k = |Tid| + |Reg|. For each m ∈ {1, . . . , ℓ}, we can decide whether there exists an
rf-graph G ∈ JPKrf

MM with tw(G) = k + m, using Lemma 8 and Lemma 15. We distinguish
the following cases.

If the answer is negative for all such m, since MM is ℓ-tw-contiguous, we are guaranteed
that JPKrf,k

MM = JPKrf
MM, i.e., all rf-graphs of P have treewidth ≤ |Tid| + |Reg|. Then,

Lemma 11 implies that state reachability (and thus also state robustness) is decidable.
If the answer is positive for any such m, then the program is not rf-robust, since every
rf-graph G ∈ JPKrf

SC is such that tw(G) ≤ k, due to Lemma 1.

▶ Lemma 16. For any ℓ-tw-contiguous and MSO-definable memory model MM, there is an
algorithm that receives a program P as an input and either (i) solves state/MSO reachability
for P under MM, or (ii) reports that P is not rf-robust against MM.

In turn, Lemma 16, Lemma 14 and Theorem 9 yield the following theorem.

▶ Theorem 17. For any memory model MM ∈ {RA, SRA\rmw, WRA}, there is an algorithm
that receives a program P as an input and either (i) solves state/MSO reachability for P
under MM, or (ii) reports that P is not rf-robust against MM.

Theorem 17 is particularly interesting for RA, for which verification is undecidable in
general, and also achieves better complexity than state-reachability algorithms for the other
models, whose complexity is non-primitive recursive [51].

5.2 Observational Reads-From Robustness
The robustness notions mentioned thus far are sometimes too sensitive. One example is
when a program executes speculative reads, followed by a validation step that determines
whether these reads obtained obsolete data that should be ignored [17]. Such programs are
not even state-robust, yet it is desirable to classify them as robust since the reads responsible
for the violation are unused. In order to deal with such spurious violations, execution graph
robustness has been relaxed to observational robustness, effectively disregarding unused reads
from triggering a violation [61]. Here we show that reads-from robustness also supports this
type of observational coarsening.

Augmented concurrent programs. In order to avoid introducing heavy extra notation, we
make some simplifying assumptions on the structure of programs. In particular, each thread
t executes an augmented LTS Pseq∗

t where the following hold wlog.
(1) Pseq∗

t starts with a sequence of w(t, x, ⊥), w(t, y, ⊥), . . . of writes to each shared register,
where ⊥ is a fresh value not written by any other transition.
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(2) There is an additional event label error(t), which signifies that t reached an error state.
(3) There is an additional label ck(t, x), which signifies that t is about to use its most recent

read on x. Given a sequence of labels σ = r(t, x, v), α1, α2, . . . , αm, we say that r(t, x, v)
is unused in σ if for all i ∈ [m], if αi = ck(t, x), then there exists some j < i such that
op(αj) ∈ {r, rmw} and loc(αj) = x. Then Pseq∗

t must satisfy the following invariance
under unused reads property: for every sequence σ1 · r(t, x, v) · σ2 ∈ L(Pseq∗

t ), if r(t, x, v)
is unused in r(t, x, v) · σ2, then for all v′ ∈ Val, we have σ1 · r(t, x, v′) · σ2 ∈ L(Pseq∗

t ).
At the source-code level, these three conditions can be satisfied by simple, syntactic transform-
ations. The first two are rather trivial. The third condition can be achieved by (i) directing
every load on x to a dedicated local register lx, and (ii) executing a check instruction ck(t, x)
right before reading the contents of lx, or right after a read-modify-write instruction on x

(regardless of whether it succeeds). An augmented concurrent program is represented as
P∗ = ⟨Pseq∗

t1
, . . . , Pseq∗

t|Tid|
⟩.

Augmented graphs. We lift the definitions of execution-/rf-graphs to augmented execution-
/rf-graphs naturally, by also considering ck(t, x) and error(t) events. We say that an
augmented rf-graph G reaches error if error(t) ∈ G.E, for some thread t.

Given an augmented graph G, we define the set of its unused reads UnR(G) in the natural
way: a read r(t, x, v) of G is unused if for every check ck(t, x) such that r(t, x, v) sb+

−−→ ck(t, x),
there exists a read/RMW event e with loc(e) = x and r(t, x, v) sb+

−−→ e sb+
−−→ ck(t, x). We

say that G and G′ are equivalent, written G ≃ G′, if they are component-wise equal, except
for the values and rf-edges of their unused reads. Formally, there is a bijective function
f : G.E → G′.E satisfying the following.
(1) For all e1, e2 ∈ G.E, we have (e1, e2) ∈ G.sb iff (f(e1), f(e2)) ∈ G′.sb.
(2) For all e ∈ G.E \ UnR(G), we have e = f(e) and f(e) ∈ G′.E \ UnR(G′).
(3) For all e ∈ UnR(G), we have that op(f(e)) = r and loc(e) = loc(f(e)).
(4) For all e1, e2 ∈ G.E with e2 ̸∈ UnR(G), we have (e1, e2) ∈ G.rf iff (f(e1), f(e2)) ∈ G′.rf.

Observational rf-robustness. An augmented program P∗ is observationally rf-robust against
MM if for all G ∈ JP∗Krf

MM, there exists some G′ ∈ JP∗Krf
SC s.t. G ≃ G′. Note that rf-robustness

implies observational rf-robustness, but the latter notion is strictly coarser (see Figure 6).
Finally, observational rf-robustness implies robustness against error reachability.

▶ Lemma 18. Consider a memory model MM and a (augmented) concurrent program P∗

that is observationally rf-robust against MM. If there exists some G ∈ JP∗Krf
MM reaching

error, then there exists some G′ ∈ JP∗Krf
SC also reaching error.

Observational rf-robustness vs reachability. Given Lemma 18, we would like to have
a decision procedure for detecting when an augmented program violates observational rf-
robustness, analogously to Theorem 17 for rf-robustness. At a first glance, this seems
not possible, as observationally rf-robust programs might generate augmented rf-graphs of
unbounded treewidth. Nevertheless, we show that this is possible by defining a reduced
variant of rf-graphs that has bounded treewidth for all observationally rf-robust programs.
The full procedure is detailed in [30]. This allows us to arrive at the following theorem.

▶ Theorem 19. For any memory model MM ∈ {RA, SRA\rmw, WRA}, there is an algorithm
that receives an augmented program P∗ as an input and either (i) solves error reachability
for P∗ under MM, or (ii) reports that P∗ is not observationally rf-robust against MM.
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6 Related Work

Here we discuss related work on the automated analysis of concurrent systems, and connect
the results of this paper to existing research directions.

MSO and treewidth. The study of computational models under the lens of treewidth+MSO
has been long and fruitful. In [59], it was shown to yield efficient algorithms for automata
with access to various types of unbounded storage (e.g., multiple stacks/queues), for which
verification is undecidable in general. The executions of multi-stack automata have also
been parameterized by splitwidth [36, 35], which is similar to treewidth and also enables
efficient decision procedures based on MSO. In a distributed setting, MSO was recently
shown capable to capture most common message-passing communication protocols [20, 38],
leading to similar decision procedures.

Our work is inspired by aforementioned literature, but our results are novel and based
on distinct insights for weak memory. For example, in contrast to message passing, we
show that several weak-memory models are not MSO-definable, via novel connections to
fine-grained complexity (Section 4.4). Moreover, the features that allow axiomatization in
MSO can be subtle (e.g., recall that RMWs break the MSO definability of SRA but not RA),
and hint towards a connection to (non) multi-copy atomicity, a notion existing primarily in
shared-memory concurrency.

At a technical level, our axiomatization relies on an MSO-definable partial modification
order, i.e., a subset of mo that can be inferred directly from rf and po, and is sufficient to
establish consistency (aka “saturation”). Beyond the models of Section 4.2, a partial mo
is known to suffice for Causal Memory [22], as well as for certain weak database isolation
levels [16, 63]. We remark, however, that saturability does not always imply MSO-definability;
in fact, our proof behind Theorem 13 is over execution families where saturation is sound
and complete.

Bounded analyses. The analysis of shared-memory concurrent programs has been a long
and burgeoning topic. Typical algorithms perform some sort of bounding of the space of
program executions, in order to obtain a tractable, or even decidable, version of the analysis.
The most common bounding concerns the length of the executions, enabling stateless model
checking algorithms [41, 1, 2, 28, 6, 50, 25, 9]. Another popular type of bounding is on
context switches between threads, and has strong practical [69, 13, 64, 4] and complexity-
theoretic [40, 29] implications. Although verification under a context bound is typically
decidable, this is not the case for programs executing under RA [3], which was amended by
the significantly stronger notion of view bounding.

This paper develops this direction further, by proposing treewidth as another dimension
of bounding. Bounded-treewidth executions are an appealing approximation mechanism,
since (i) they are of unbounded size, (ii) they capture very weak behaviors, even involving
arbitrary causality cycles, which are challenging to all existing methods, and (iii) they may
be complete in practice, as programs appear to naturally restrict the treewidth of their
executions.

Although treewidth and context-bounding are incomparable, executions with bounded
view-switching yield rf-graphs of bounded treewidth. A crude treewidth bound of
O(|Tid||Reg|+k|Reg|) for an execution with k view switches can be derived from a construction
similar to that of Lemma 1.
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Robustness. Program robustness has been a long-standing concept in weak-memory con-
currency, utilized by both researchers and programmers. The simplest and most common
guarantee of robustness has been data-race freedom (DRF) [8, 7, 43], variants of which hold
for TSO [66] and the C/C++ memory model [14, 56]. Although DRF implies state robustness,
it is generally considered too sensitive, in the sense that simple (state-) robust programs
contain races. To this avail, researchers have proposed the coarser notion of execution graph
robustness, and proved its decidability against TSO [23, 21] and RA [53]. This direction of
ever coarser robustness criteria was recently extended with observational robustness [61] and
induced subgraph robustness [65].

The notion of reads-from robustness (together with its observational relaxation) that we
introduce in this work constitutes a further step toward coarser robustness criteria. This is the
first algorithmically useful robustness notion that reasons purely about program-observable
behaviors, disentangling them cleanly from the lower-level architectural details captured in
the modification order.

7 Conclusion

We have studied weak-memory concurrency under the lens of treewidth and MSO, giving
a systematic account of whether and under what conditions various memory models are
MSO-axiomatizable, and characterizing the treewidth of their reads-from semantics. MSO
and Courcelle’s theorem are usually the first approach to tackling a number of challenging
problems, by revealing insights to be exploited by more refined methods. In similar spirit,
our work suggests a number of interesting future directions, such as establishing precise
complexity bounds for the studied problems (analogously to complexity refinements made
for message-passing [35]), possibly exploring different width parameters of rf-graphs, and
practical tooling.
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