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—— Abstract
Quotients have only been studied for a handful of equivalences in the linear time-branching time
spectrum, for which there are results pertaining to canonicity and minimality. We extend these
results to weak simulation equivalence and coupled similarity, two closely related equivalences
induced by simulation preorders. We describe abstract procedures for transforming an LTS into a
unique representative of its equivalence class, and for transforming an LTS into an equivalent state-
and transition-minimal LTS. Moreover, we show the minimisation problem is NP-complete.
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1 Introduction

A Labelled Transition System is a mathematical model for capturing how a system performs
actions to evolve from one configuration to another. LTSs are typically used as a target
model for higher-level languages such as Process Algebras or Petri nets, providing these
languages with a formal semantic model. Concepts such as behavioural equivalence are
often studied at the level of LTSs. For instance, in [23] and [24], van Glabbeek introduced
the linear time-branching time spectrum of behavioural equivalences for systems with and
without unobservable actions (7-steps), respectively.

Given an equivalence relation on LTSs, one common transformation is to reduce the state
space whilst preserving semantic equivalence. A common reduction technique is quotienting,
which involves the merging of states into equivalence classes, and adding transitions between
equivalence classes according to a certain schema. Quotienting is interesting for a variety of
reasons. It is often used in compositional and modular reasoning, thereby helping to combat
the infamous state space explosion problem in practice; this is used in the CADP toolset [9],
and, to a lesser extent, also in the FDR toolset [10] and in the mCRL2 toolset [16, 5].
Moreover, quotienting also offers a more abstract view on a system’s behaviour by removing
distinctions in the LTS that are not semantically important.

In [14], quotienting functions were found for all behavioural equivalences studied in [23].
Of the behavioural equivalences studied in [24], quotienting functions have been found for
(divergence preserving) weak bisimilarity [4], (divergence preserving) branching bisimilarity [8],
and trace equivalence, where the latter is a well-known result from automata theory.

It seems natural to assume that quotienting works for all the behavioural equivalences,
but this is not known, nor is there — to the best of our knowledge — any argument for an
underlying reason as to why it should. For instance, even though quotienting functions exist
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Quotients for Simulation Equivalences

for the most common behavioural equivalences, the quotients themselves differ in a number
of ways. For bisimilarity, the quotient is canonical (i.e. unique up to isomorphism), and
minimal in the number of states and transitions. For branching bisimilarity, the same holds
if 7-loops are removed afterwards [8]. For weak bisimilarity, so-called duplicate transitions
need to be removed as well [8]. For these equivalences:

the minimal LTS is unique;
it can be computed in polynomial time [11, 12]; and

the quotient is state minimal if unreachable states are removed.

Yet, for trace equivalence, this is not the case. Whilst there is a unique and minimal
deterministic LTS for a given equivalence class, there may be multiple distinct and minimal
LTSs if non-determinism is permitted. Additionally, the quotient LTS may not be state
minimal, and the computation of a minimal LTS is PSPACE-complete. Thus, there are few
recurring patterns amongst quotients for different equivalences.

In this paper, we study the canonicity and minimality for quotienting for coupled
simulation equivalence [22] and weak simulation equivalence [18, 24]. First, we generalise
the notion of duplicate transitions from the setting of weak bisimilarity. Then, we introduce
transformations based on the 7-laws for weak simulation equivalence and for coupled similarity,
namely 7.(z + y) =z +y and 7.(7.x + y) = 7.z + y. Applying the 7-laws from left to right
is deterministic, and provides the ingredients for obtaining a canonical quotient. Applying
them from right to left is non-deterministic, and provides the means for a minimal quotient.

When applying the 7-laws from right to left, there is an optimal choice that provides
the largest reduction in size. However, finding a minimal quotient can be as hard as finding
such an optimal choice, which itself is as hard as finding a minimal set cover, which is
NP-complete, and minimisation turns out to be NP-complete, too. The procedure we give
for computing a minimal quotient relies on some solver for the set cover problem. This way,
we can leverage state of the art algorithms for the set cover problem in order to minimise
state spaces. Moreover, the instances of the set cover problem that need to be solved are
typically small.

Related Work. 1In [14] it is shown that a quotienting function exists for every equivalence
in [23]. It is shown in [15] that this is because quotienting preserves and reflects a class
of modal formulas that characterise most of the equivalences in [23]. A canonical and
minimal quotient for simulation equivalence (without internal 7-steps) in the context of
Kripke structures was found in [6]. The results from [6] extend to LTSs using translations
found in [20]. As for the equivalences in [24], in [4] it is shown how LTSs can be quotiented
w.r.t. weak bisimilarity by solving the relational coarsest partition problem. It was shown
in [7] that by removing so-called redundant transitions from a quotiented LTS, the resulting
LTS is unique and minimal w.r.t. weak bisimilarity. The results from [7] were generalised to
branching bisimilarity and their divergence-preserving variants in [8].

Outline. Section 2 contains preliminaries. In Section 3 we show that the V-quotient is sound
for both equivalences, though not necessarily state- or transition-minimal, nor canonical. In
Section 4, we describe a procedure for a canonical quotient, which is not necessarily minimal.
In Section 5 we describe a procedure for a minimal quotient. This procedure can be modified
so that the output is also canonical. Lastly, in Section 6 we conclude our findings. Proofs
can be found in the accompanying technical report [17].
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2 Preliminaries

We recall Labelled Transition Systems, discuss the two notions of equivalence considered in
this paper, and introduce the notational conventions we use throughout the paper.

» Definition 2.1 (Labelled Transition System). A labelled transition system (LTS) is a 4-tuple
L={(S, A, —, 1) with:

S a set of states;

A. a set of actions of which T, the unobservable action, is an element;

— C S x A, xS a transition relation; and

L € S is the initial state.

Henceforth, we only consider transition systems with a finite number of states and
transitions. We fix the set of actions A;, and write A to denote A, \ {7}. Elements of A are
called wvisible, whereas T is invisible. We use the following notation:

p % ¢ denotes (p,a, q) € —,

P X g, for X C A., denotes p — ¢ for each o € X,

p = means there exists some ¢ € S such that p = g,

p % ¢ denotes (p, v, q) & —.

Moreover, for a transition p — ¢, we call p and ¢ the source and target states of the transition,
respectively.

For an LTS, L = (S, A;,—,t), we may remove or add transitions as follows. Let
Y CSx A, xS. Then the LTSs LUY and L\ Y are defined as follows:

LUY =(S,A;,— UY,); and similarly

L\Y = (S, A,,—»\Y,.).

We frequently consider LTSs with some states in common. Say there are LTSs L, L, L;
that have some states, p, ¢, in common. To distinguish transitions in each LTS, we use the
following notational conventions:

p % ¢ as usual means “(p, o, q) is a transition of L”,

P = @ is shorthand for “(p, a, q) is a transition of L”, and

pi — ¢; is shorthand for “(p, o, q) is a transition of L;”.

Here, we assume that the names p, p;, g, ¢; are not part of the LTSs.

The main behavioural equivalences we discuss in this paper are weak simulation equivalence
and coupled similarity. Whilst not the main focus, weak bisimilarity is relevant as well.
These equivalences are defined using weak transitions:

p = q iff ¢ is reachable from p using zero or more 7-transitions, and

p=qif W, ¢ pHp S d S

On the other hand, transitions of the form p = ¢ with o € A, are called strong transitions.

» Definition 2.2 (Weak Simulation). Let L = (S, A.,—,¢) be an LTS. A binary relation R
on S is a weak simulation on L iff for all (p,q) € R,a € A;,p' € S, the simulation condition
holds:

pHp = I eSS qg= ¢ NpRY

We write p Eg q iff there exists a weak simulation R such that pRq, and say that q simulates p.
Moreover, a symmetric weak simulation is called a weak bisimulation. We write p <, q iff
there exists a weak bisimulation R such that pRq, and say that p and q are weakly bisimilar.
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» Definition 2.3 (Coupled Simulation). Let L = (S, A, —,¢) be an LTS. A relation R on S
is a coupled simulation on L iff it is a weak simulation, and moreover for all (p,q) € R, the
coupling condition holds:

3 €S qg=qd N{Rp

We write p Cos q iff there exists a coupled simulation R such that pRq, and say that q
coupled simulates p.

Throughout this paper, we use the fact that Cg is the greatest weak simulation, and
Cog is the greatest coupled simulation [2].

In this paper, we provide a number of results that apply to both preorders and their
induced equivalences. To avoid repetition, we fix z € {S,CS} so that C, describes the weak
simulation preorder, or the coupled similarity preorder. An z-simulation is a weak simulation
if x = 5, and a coupled simulation if z = C'S. For states p, ¢, and LTSs L and L’ with initial
states ¢ and ¢/, respectively, we write:

p=.qiff pE,; qand q &, p,

p Ce qiff pE, g, but not ¢ &, p,

p d. qand p 3, ¢ iff ¢ C, p and ¢ C,, p, respectively,

L=, L'iff t =,/ in the disjoint union of L and L/,

[p].: for the =, equivalence class of p, and

p O, to denote the set {¢|p Js q}.

When we say equivalent, we mean equivalent with respect to =,. The examples in this paper
work for both =g (weak simulation equivalence) and =c¢g (coupled similarity) unless stated
otherwise. An inert transition is one of the form p = ¢ such that p and ¢ are equivalent.

Quotienting describes the merging of equivalent states in an LTS in such a way that the
resulting LTS is again equivalent to the starting LTS.

» Definition 2.4 (Quotient). An LTS, L = (S, A.,—,1), is a quotient LTS iff for all states
p,q €S, p=z q itmplies p=q. A function Q mapping one LTS to another is a quotienting
function iff for all LTSs L, Q(L) =, L and Q(L) is a quotient LTS. We say that Q(L) is a
quotient of L.

We use isomorphism to describe uniqueness of a quotient.

» Definition 2.5 (Isomorphism). Let L = (S, A;,—,¢) and L' = (8', A.,—',1") be two LTSs.
We say L and L’ are isomorphic, written L ~ L', iff there is a bijection f : S — S’ such that:
flb)y="; and
(p,a,q) € — iff (f(p), o, fq)) € ="
Let Q be some quotienting function and L some LTS. We say Q(L) is canonical or unique

iff Q(L) ~ Q(L') for all L' =, L.

As is typical when discussing quotients [6, 8], we define the size of an LTS using a
lexicographic ordering on states and transitions, thereby prioritising a reduction in the
number of states over a reduction in the number of transitions.

» Definition 2.6 (Size). Let L = (S, A.,—,¢) and L' = (8", A.,—',1/) be two LTSs. We
write |L| < |L'| iff:

|S] < |S7|; or

|S] = || and |=| < |=].
We say L is minimal (for =, ) iff |L| < |L'| for all L' =, L.
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3 Universal Quotient and Redundant Transitions

In this section, we explore existing concepts for quotients, and extend them to the context of
=,. We do so with the (false) hopes that these concepts are sufficient to define canonical
and minimal quotients for =,. We start with the universal quotient, or V-quotient, which is
a common transformation [6] for various behavioural equivalences involving the merging of
equivalent states, see Figure 1. It gets its name from the V-quantifier that appears in the
definition of the transition relation.

» Definition 3.1 (V-Quotient). Let L = (S, A, —,t) be an LTS. The V-quotient of L is an
LTS, L)= = (S/=, Ar, = /=, [t]z), where:

S/E ={[plz|p € S}; and

=== {(Ples o, [q)o) |V € [P)e, 30" € [a)e -0 = 0 Na=7 = P/ £ ¢)}.
» Remark 3.2. The transition relation for the V-quotient is defined such that L, has no
inert transitions. Successive transformations we define require the absence of such inert
transitions, and also do not introduce inert transitions.

b
f

Figure 1 The V-quotient maps the left LTS to the right LTS, where s’ € [s],.

That the V-quotient is indeed a quotienting function is stated in Proposition 3.7, the
proof of which relies on the following lemmas. These require the following definitions, where
a € A, and X is a set of states, in the context of an LTS L = (S, A, —,1).

Galp)={p' |lp =1}
max(X) ={pe X|Vge X :pC, ¢ = q L. p}
min(X)={peX|Vge X :qC,p = pLC,q}

We remark that whenever X is non-empty and finite, then max(X) and min(X) are non-empty.

» Lemma 3.3. If p = ¢, then ¢ C, p.

» Lemma 3.4. If p T, q and p = p/, then there exists ¢ such that ¢ = ¢ and p' C, ¢'.

» Lemma 3.5. Let p € S, € A,;. Then, for all ¢ =, p and all p' € max(G,(p)), there is
some ¢’ € S such that ¢ = ¢’ and p' =, ¢ .
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» Lemma 3.6. Let p € S and suppose x = CS. Then, for all ¢ € S such that p C q, and all
P’ € min(G,(p)), there is some ¢’ € S such that ¢ = ¢’ and p' =, ¢'.

» Proposition 3.7 (V-Quotient). The function mapping an LTS L to its V-quotient, L=, is
a quotienting function. Moreover, any state p of L is equivalent to the state [pl, of L/=.

If an LTS has at least two equivalent states, then the V-quotient guarantees a reduction in
the size of the LTS. However, if no two states are equivalent, then the V-quotient essentially
computes the transitive closure of the given LTS. That is, it adds a p — ¢ transition whenever
p = ¢, potentially creating a duplicate transition and increasing the size of the LTS.

» Definition 3.8 (Duplicate Transitions [8]). Let L = (S, A,, —, 1) be an LTS without inert
transitions. We say a transition p - q of L duplicates p' = ¢ iff:

p=7,

¢ = q, and

(r,q) # (', q).

We say p = q is a duplicate if there is some p' = ¢' that p ~ q duplicates.

Conversely, if some p = ¢ transition is a duplicate, then p can reach ¢ with a weak
a-transition without using the duplicate p = ¢ transition, which can be removed. Consider
the LTS, L, on the right in Figure 1, and the LTS, L', on the left in Figure 2. The two
LTSs are equivalent, and computing the V-quotient of L’ results in (an LTS isomorphic to)
the larger LTS L. Conversely, removing all duplicate transitions of L results in (an LTS
isomorphic to) the smaller LTS L'.

Figure 2 Two equivalent LTSs illustrating the need for a stronger notion of duplicate transitions.

Removing all duplicate transitions after quotienting results in an LTS no larger than the
input LTS — we prove a slightly different result in Proposition 3.13. For weak bisimilarity,
this procedure describes a canonical, minimal LTS [7, 8]. However, this is not the case for
coupled or weak simulation equivalence, as there may be removable transitions that are not
included in the notion of duplicate transitions. Consider the LTSs in Figure 2. The p % r
transition may be removed since p — g and r C, g. Consequently, 7 may be removed since it
is unreachable. The p % r transition is what we call a covered transition. Removing covered
transitions is similar to removing duplicate transitions, except that we do not require a weak
transition to the same state as the covered transition, but simply to some greater state, see
Figure 3. The concept of a covered transition resembles that of a “little brother” in the
context of simulation equivalence for Kripke structures [13, 6].
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» Definition 3.9 (Covered Transitions). Let L = (S, A.,—,t) be an LTS without inert
transitions. We say a transition p = q of L is covered by p’ = ¢’ iff:

p=7,

qEq, and

(pq) # (' q).

We say p — q is covered if there is some p' <> ¢’ that covers p = q.

Figure 3 Comparing duplicate and covered transitions. The p = ¢ transition on the left (right)
is duplicated (covered) by the p’ =+ ¢’ transition.

» Lemma 3.10. Let L = (S, A, —, 1) be an LTS without inert transitions, and p ~ q some
transition of L covered by p' = ¢'. Let s,t € S be arbitrary, then:

s S¢S tinl = s=p S¢S tinL\{(pa,q)}

» Corollary 3.11 (Removing Covered Transitions). Let L = (S, A, —,¢) be an LTS without
inert transitions, and let p =5 q be some covered transition of L. Let L == L\ {(p,a,q)}.
Then L =, L. Moreover, for all s € S, it holds that s in L is equivalent to s in L.

The following lemma states that a covered transition remains covered after the removal
of some other covered transition. Therefore, one may identify all the covered transitions of
some LTS, L, remove them all at once, and the resulting LTS is equivalent. Moreover, since
removing a covered transition does not introduce new covered transitions, the resulting LTS
has no covered transitions.

» Lemma 3.12. Let L = (S, A,,—,1) be an LTS without inert transitions. Let p = q and

s 25 t be two distinct covered transitions of L. Let L .= L\ {(p,,q)}, then s B tisa
covered transition of L.

By computing the V-quotient of an LTS, and then removing all covered transitions, we
obtain a reduction.

» Proposition 3.13. Let L = (S, A.,—,1) be an LTS. Let L = (S, A,,=,i) be the LTS
obtained from L by computing its V-quotient and subsequently removing all covered transitions.
Then |L| < |L|.

Surprisingly, even with a generalised notion of duplicate transitions and the subsequent
removal of unreachable states, we do not have a canonical or minimal quotient. Consider
the LTSs in Figure 4. They are both equivalent, yet we cannot reduce the number of states
of the left LTS using the transformations listed so far. Therefore, this procedure does not
lead to a minimal quotient. Similarly, the transformations listed so far do not introduce new
states, so we do not have a canonical quotient since this would require reducing the number
of states of the left LTS, or increasing the number of states of the right LTS.

26:7
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Figure 4 The two LTSs are equivalent, but with the transformations introduced so far we cannot
reduce the size of the left LTS, or increase the number of states with the right LTS.

Moreover, the problem of finding a canonical quotient cannot necessarily be solved by
finding a minimal quotient, for there are classes of LTSs that do not have a unique minimal
LTS. For example, the two LTSs in Figure 5 are both minimal in size, so a canonical minimal
quotient would need to be able to distinguish between minimal LTSs.

a a
O 0T e
T T

Figure 5 The two LTSs are equivalent and minimal. In particular, we cannot map between them
using the transformations listed so far.

4 Desaturation and Canonicity

The previous sections showed that transformations resembling those found in the literature
are insufficient to obtain a canonical quotient. It turns out that with the introduction of one
more transformation, 7-desaturation, we are able to describe a quotient that is canonical.
This transformation is based on the axioms 7. = z and 7.(1.x +y) = T.x + y for weak
simulation equivalence and coupled simulation, respectively [1, 19]. They describe the removal
of a 7-transition followed by the saturation of the source state with the outgoing transitions
of the target state, see Figure 6. For coupled similarity, this requires that the target state
also has an outgoing 7-transition.

Figure 6 7-Desaturation maps the left LTS to the right LTS by removing the p = g transition
and adding p = ¢ for each ¢ = ¢’. For coupled similarity, we require that ¢ has an outgoing
T-transition.
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» Proposition 4.1 (7-Desaturation). Let L = (S, A, —, ) be an LTS without inert transitions.
Let p,q € S be such that p = q. Assume x = C'S implies ¢ = r for some r € S. Define:

L= (Lu{lp,a,d) g~ dH\ {70}
Then L =, L. Moreover, for all s € S, it holds that s in L is equivalent to s in L.

Since 7-desaturation may introduce new T-transitions, it is not immediately clear whether
or not the repeated application of 7-desaturation terminates. The following proposition
states that it does. As a consequence, we may obtain an LTS with no 7-transitions in the
case of weak simulation equivalence, or no consecutive T-transitions in the case of coupled
simulation. We call such an LTS desaturated.

» Proposition 4.2. Let L = (S, A;,—,1) be an LTS without inert transitions. The repeated
application of T-desaturation terminates.

Reconsider the LTSs in Figure 4. Applying 7-desaturation on the left LTS to remove
the p = ¢ transition results in the state ¢ being unreachable. This unreachable state can
subsequently be removed, and as such we obtain the LTS on the right of Figure 4. Likewise
for the LTSs in Figure 5, we can apply 7-desaturation on the left LTS to remove the p = ¢
transition. One of the added transitions is a p % 7 transition, but this transition is covered
(since p = ¢ N r) and thus it can be removed, resulting in the LTS on the right of Figure 5.

We now have the necessary transformations to obtain a canonical quotient for =,. We
say an LTS is reduced if:

it is desaturated;

it has no covered transitions;

it has no unreachable states;

it has no inert transitions; and

no two states are equivalent.

It turns out that whenever two equivalent LT'Ss are reduced, they are also isomorphic, as
claimed by Theorem 4.4. The proof of this theorem uses the following observation to show
that z-similarity and weak bisimilarity coincide on reduced LTSs:

» Lemma 4.3. Let L = (S, A;,—, 1) be a desaturated LTS with no covered transitions. Let
p = q be some transition of L and let p' =, p. Then there exists some state ¢’ =, q such
that p' = ¢'.

» Theorem 4.4. Let L = (S, A.,—,1) and L = (S, A,,=,1) be two reduced LTSs. Then
L=,Liff L~L.

Proof. It is clear L ~ L implies L =, L. To show that L =, L implies L ~ L, we use
Lemma 21 from [8] which states that if:

1. L+, L, and

2. L and L are state minimal w.r.t. <, and

3. L and L have no duplicate transitions,
then L ~ L. For (1), it immediately follows by Lemma 4.3 that

R={p.q9) € SxS|p=,atU{(P.q) €SxS|p=sq}

is a weak bisimulation. For (2), state minimality for weak bisimilarity requires that no two
states are weakly bisimilar, and all states are reachable [8]. Since <z, C =, [24], and no
two states are equivalent w.r.t. =, it holds that L and L are state minimal w.r.t. ¢3,,. For
(3), note that L and L have no covered transitions, so it suffices to show that all duplicate
transitions are covered. Consider some p = ¢ that duplicates p’ = ¢’. Then by Lemma 3.3,
it holds that ¢ C,, ¢/, and therefore p = ¢ is covered by p’ = ¢/. Hence, p = ¢ is covered. <

26:9
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Algorithm 1 computes a reduced LTS equivalent to the input LTS. The order of op-
erations is important: it is essential to first compute the V-quotient in order to eliminate
inert transitions and ensure the correctness of the remaining transformations; we need to
desaturate before removing covered transitions, since covered transitions may be introduced
by desaturation; and we need to remove covered transitions before removing unreachable
states, since states may become unreachable by removing covered transitions.

Algorithm 1 A quotienting function that yields a canonical quotient.

1. procedure CANQUOTIENT(L)

2 L, = L/E

3 Lo = Desaturate L

4: L3 := Remove covered transitions from Lo
5 L4 := Remove unreachable states from L3
6 return L4

This algorithm can be implemented to run in polynomial time since C, can be computed
in polynomial time [3], desaturation needs to look at no more than two consecutive transitions,
and likewise the removal of covered transitions needs to look at no more than two consecutive
transitions due to the preceding desaturation step.

5 Saturation and Minimality

The procedure described in the previous section does not necessarily yield a minimal quotient.
This is because T-desaturation may cause a strict increase in the number of transitions, as
shown in Figure 7. Yet, 7-desaturation is needed because it reduces the number of incoming
transitions to a state, and if this number is reduced to zero, the size of the LTS can be
reduced by removing the state.

T T

- O —

a b

Figure 7 7-Desaturation maps the left LTS to the right LTS.

In this section, we provide a procedure for obtaining a minimal quotient for =, the
key to which is the inverse operation of 7-desaturation. Consider Figure 7: to go from the
right LTS to the left LTS, observe that one may reintroduce the p = ¢ transition, and then
remove the covered p = r and p 2, 1 transitions. The introduction of the p = ¢ is known as
T-saturation, and this transformation is sound since g C,, p.

» Proposition 5.1 (7-Saturation). Let L = (S, A, —,t) be an LTS. Let p,q € S be such that
q C. p, and define L :== LU {(p,7,q)}. Then L =, L. Moreover, for all s € S, it holds that
s in L is equivalent to s in L.

A reduction is then given by performing 7-saturation whenever doing so would result
in covered transitions that can be removed. We say a transition p = ¢ of an LTS, L, is
coverable if it can be made covered by a T-saturation step, i.e. if it is an element of:

Coverable(p) := {(p,a,q) |3/ Co p: p = q is covered in LU {(p,7,p')}}
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» Remark 5.2. In the definition above, we require p’ C, p rather than p’ C, p since (p, 7,p’)
cannot be inert.

The existential quantifier in this definition strongly suggests that there may not be
a unique, deterministic way to remove coverable transitions, for there may be several 7-
saturation steps that can be used to cover a transition. This raises the following question: in
case we are given such a choice, is one more optimal than the other?

» Example 5.3. In this example, we show that this choice matters. Consider the LTS in
Figure 8. Here, it holds that each s; C, u, and consequently we may 7-saturate by adding
u = s,. Note that if we add a © = s; transition, then each u — L transition for which
a € S; becomes covered, and therefore may be removed. Since each v ~ L transition is such
that « is in some 5;, we may remove every such transition using 7-saturation.

U= {CL17 az,as, CL47’7—}

S1 = {a1,a9,7}
Sy = {az, a3, 7}
Sz = {as, a4, 7}

Figure 8 Example showing that T-saturation must be performed carefully.

To demonstrate that the order of 7-saturation is important, suppose we add a u — so
transition. Then we may remove the u 2y | transition for each o € Ss. So one transition
was added, three were removed, and we are left with a « — L transition, and a u —% L
transition. The net effect is the removal of two transitions. At this point, T-saturation will
not reduce the overall number of transitions: we could add a u =+ s; transition, but only one
transition would be removable, and likewise for s3.

If instead of adding a u = s, transition, we add a v — s; and v = s3, then each u = L
transition becomes covered, so we may remove five transitions at the cost of adding two.
This reduction performs better than when we added the u = s, transition, so we conclude
that the choice of 7-saturation is important.

Whereas Coverable(p) describes the set of transitions that can be covered using some
T-saturation step, we define CoverableBy((p, T, p’)) as the set of transitions that are covered
by a given T-saturation step.

CoverableBy((p, 7,7")) == {(p,, q) | p = ¢ is covered in LU {(p,7,p")}}

For a given state p and set Y C {(p,a,q) |p = q}, we say a set, X C {(p,7,7') |p' Co p}, is
a cover of Y iff J, . \ex CoverableBy((p,,p")) 2 Y, and say X is a cover of p iff X is a
cover of Coverable(p). What the previous example highlights is that some covers are smaller
than others, and thus result in better reductions. As suggested by this example (and the
terminology we use), the problem of finding a minimal cover is NP-complete!, by reduction
to and from the set cover problem.

1 Typically, the notion of “completeness” is reserved for decision problems. We extend the notion to
optimisation problems here since, in this case, there exist polynomial-time reductions between the
decision and optimisation variants.
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» Definition 5.4 (Set Cover Problem). An instance of the set cover problem is a pair (U,S)
where | Jgeg S = U. We call U the universe and S the collection. A cover of U is some
subset C of S such that Jgcp S = U. A solution to the problem is some minimal cover of U.

By considering (Coverable(p), {CoverableBy((p, 7,p")) |p’ C. p}) as an instance of the set
cover problem, it is not too hard to see that an algorithm for solving the set cover problem
can be used to find a minimal cover for some state p. Likewise, given an instance (U, S) of
the set cover problem, one may construct an LTS similar to the one Figure 8, such that a
minimal cover of the initial state corresponds to a minimal set cover of the given instance. It
turns out that minimisation w.r.t. =, is NP-hard for similar reasons.

» Theorem 5.5. Minimisation w.r.t. =, is NP-hard.

Algorithm 2 describes a procedure for computing a minimal quotient, as claimed by
Corollary 5.10. First, note that Line 3 is superfluous since Ls is reduced, and hence
Ls ~ CANQUOTIENT(L) holds by Theorem 4.4. Thus, Algorithm 2 essentially computes
CANQUOTIENT(L), and then covers each state optimally. As a consequence, an efficient
algorithm for the set cover problem allows us to efficiently minimise LTSs w.r.t. =,.

The reason for including the superfluous Line 3 is because it simplifies the minimality
proof, due to Proposition 3.13. As a consequence, we need only show that |Ly| < |Ls| to
show that |[MINQUOTIENT(L)| < |L|. Then, minimality follows from the fact that Ls is a
canonical representative of its =,-equivalence class.

Algorithm 2 A quotienting function that yields a minimal quotient.

1: procedure MINQUOTIENT(L)

2 L, = L/E

3 Lo = Remove covered transitions from L
4 L3 := Desaturate Lo CANQUOTIENT(L)
5: L4 := Remove covered transitions from L3
6 L5 := Remove unreachable states from Ly
7 for all p € S do

8 Xp = be a minimal cover of p

9 Le¢ = LsU UpesXp

10: L7 := Remove covered transitions from Lg
11: return L,

To reason about an LTS, L, throughout different stages of Algorithm 2, we shall henceforth
use L; for 2 < i < 7 to denote the LTS in Algorithm 2 indicated by L;. Likewise, we shall
parameterise Coverable and CoverableBy by i as follows:

Coverable;(p) == {(p,a,q) | 3’ o p: pi — ¢; is covered in L; U {(p,7,p")}}
CoverableBy; ((p,,p')) = {(p, @, q) | pi = g; is covered in L; U{(p,,p')}}

After Line 2, the transformations used preserve C,, and therefore we do not find the need
to parameterise C, by i. We shall use the three LTSs in Figure 9 to demonstrate various
claims, and illustrate why |L7| < |La|.

Firstly, observe the middle LTS. This LTS is reduced, so it is unique. Note that the
p = randp Ly 1 transitions are coverable. The former can be covered by adding a p = ¢
transition, and the latter can be covered by adding a p — s transition. Hence, we indicate
these pairs of transitions using dashed and dotted transitions.
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Figure 9 Three weak simulation equivalent LTSs used to demonstrate various claims. They are
not coupled similar. Some transitions are dashed or dotted for later reference.

Let L be some LTS such that Lo is given by the left LTS of Figure 9. Then L5 is given by
the middle LTS. The p % r transition was added by the 7-desaturation step that removed
the p = ¢ transition. Reintroducing the transition allows us to remove the p = r transition
again. Generally speaking, whenever there is a coverable transition of Ly that is not a
transition of Lo, then there is some 7T-desaturation step that can be reverted in order to
remove this transition. This is given by Corollary 5.7.

» Lemma 5.6. Let L = (S, A,,—,t) be an LTS without inert transitions. Let L be obtained
from L by some number of T-desaturation steps. Suppose p — q in L, but not in L. Then
there is some state p' # p such that p — p' = q in L, but p - p' in L.

» Corollary 5.7. Let L = (S, A, —, ) be an LTS such that Lo and Ly have the same set of
states. Let Z, = {(p,7,p') | pa — ph A p3 - ps}. Suppose ps 2 g5 and py 5 qo. Then there
ezists some (p,7,p’) € Z, such that (p,a, q) € CoverableBys((p, 7,p")).

Thus, we can use the set Z, defined in Corollary 5.7 to cover and remove part of
Coverables(p). When we remove transitions in this way, the resulting LTS is no larger than
L. However, not all coverable transitions get removed. In our previous example, the p LAgH
transition does not get removed. This transition can be removed by extending Z, with the
p = s transition, and we obtain the LTS on the right of Figure 9. In general, the set Z, can
always be extended in this way in order to cover p.

» Lemma 5.8. Let L = (S, A;,—,1) be an LTS such that Ly and Ly have the same set of
states, and let:

Y, be a cover of {(p,a,q) € Coverables(p) | p2 — go}

Zy ={(p,7,0') | p2 = Py A3 = P}
Then Y, U Z, is a cover of p in Ls.

If the set Y, in Lemma 5.8 is minimal, then Y}, is no larger than the subset of Coverables(p)
covered by elements of Y,,. Thus, removing transitions using Y}, does not increase the size of
the LTS. Since this was also the case for Z,, we can use Y, U Z, in place of X, on Line §,
and this guarantees that |Ls| < |L7|. Then, since X, is no larger than Y, U Z,, and it covers
all the same transitions, we also guarantee |Lo| < |L7| by using X,.

» Theorem 5.9. Let L be an LTS. Then |L7| < |L|.

26:13

CONCUR 2026



26:14

Quotients for Simulation Equivalences

Proof. As previously discussed, we need only show that |L7| < |Ls|. This requires showing
that if Lo and Ly have an equal number of states, then L; has at most as many transitions as
Ls. Suppose Ly and L7 have the same number of states. Then none of the transformations
after Line 3 modify the set of states, and hence Lo and L; have the same set of states.
For an arbitrary state, p, let X, be the set defined on Line 8, let Y, be a minimal cover
of Yp = {(p, @, q) € Coverables(p) |p2 ~ ¢z}, and let Z, = {(p,7,p) | p2 — Py A ps -~ ph}.
Figure 10 depicts an injection, f, from the transitions of L7 to the transitions of Ly, with
the following form:

_ (p,oz,q) lf (p,oz, q) ¢ Xp
Al e.0)) = {repp o gp((p, ;) if (0, q) € X,

(P, q) if (p,a,q) € Z,\ Y,
hp((pvaaQ)) lf (p,Oé,q) S Yp

rep,((p, @, q)) = {

4 ) id 4 )

-§<>

N

Figure 10 Structure of an injection from transitions of L7 to transitions of L. Each arrow
represents an injection, and id is the identity function.

- J

By Lemma 5.8, Y, U Z, is a cover of ps. Since X, is a minimal cover of ps, there is
an injection from X, to Y, U Z,. Let g, be such an injection. Now we show that there
is an injection from Y}, to Yp. Consider some (p,7,p’) € Y, and suppose for the sake of
contradiction that for each (p, a, q) € CoverableBys((p, ,p'))NY, there is some (p, 7, p") € Y,
such that p’ # p” and (p,«,q) € CoverableBy;((p,7,p")) N Y. Then Y, \{(p,7p)} is a
smaller cover of Y, contradicting our choice of Y},. Therefore, we may construct an injection
from Y, to f’p by mapping each (p, 7,p") € Y, to some (p,a,q) € Y that is uniquely removed
by (p,7,p’). Let hy, be such an injection, thereby concluding the construction of f.

Now we show that rep,, is an injection. Since both h;, and the identity are injections,
it suffices to show that Y, N (Z, \ Y,) = 0. By definition of Y, each of its transitions is a
transition of Ls. By definition of Z,, each of its transitions is not a transition of L3, and
hence not a transition of Ls. Therefore, these two sets do not intersect.

Now we show that f is an injection. Note that f maps a transition with source p to
another transition with source p. Therefore, we may fix p and show that:

1. f((p,a,q)) € Y, implies (p, o, q) € X,, and

2. f((p,a,q)) € Z, \ Y, implies (p, @, q) € X,.

For (1), take f((p,, q)) € ¥, and assume for the sake of contradiction that (p,a,q) ¢ X,.
Then f((p, @, q)) = (p,a, q), and (p, @, q) is a transition of both Ly and L;. However, f/}, is
a set of removable transitions in L5, and therefore no transition of f/p is a transition of L.
This contradicts pr — 7.
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For (2), take f((p, o, q)) € Z,\Y, and assume for the sake of contradiction that (p, a, q) ¢
X,. Then f((p, @, q)) = (p, @, q), and (p, o, q) is a transition of both Ly and L;. However, Z,
is a set of transitions that do not belong to L3, which means the (p, o, ¢) transition was added

on Line 9, and therefore (p, o, q) € X,,. This contradicts our assumption that (p, @, q) ¢ X,,.

Thus, f is an injection from transitions of L7 to Lo, which was what we wanted. |

» Corollary 5.10. Algorithm 2 computes a minimal quotient.

As discussed previously, finding minimal covers of states is NP-complete, so Algorithm 2
cannot be implemented efficiently unless P = N P. However, this procedure allows us to
leverage state of the art algorithms for the set cover problem. Moreover, the instances
of the set cover problem that need to be solved are typically small. Recall that finding a
minimal cover of some state p corresponds to finding a minimal set cover for the instance
(Coverable(p), { CoverableBy((p, 7,p')) | p’ T p}). The size of Coverable(p) is bounded by

the out-degree of p since, in the worst case, every outgoing transition of p is coverable.

Thus, the size of the set that needs to be covered is small. Furthermore, by the following
proposition it suffices to consider all p’ € max(p 3J,.), rather than all p’ C, p, both in
the construction of the universe, Coverable(p), and in the construction of the collection,
{CoverableBy((p, T,p')) |p’ C.. p}. Lastly, note that CoverableBy((p, 7,p’)) may be empty, so
the size of the collection may be reduced even further.

» Proposition 5.11. Let L = (S, A,,—,t) be an LTS without inert or covered transitions,
and let p,p’ € S be such that p' T, p. Then CoverableBy((p,T,p")) C CoverableBy((p, 7,p"))
holds for all p" satisfying p' T, p” Cg p.

The output of Algorithm 2 is — generally speaking — not canonical since on Line 8§,
there may be multiple minimal covers to choose from. To show how this step can be made
deterministic, take some LTS L, and suppose the states of Ls can be ordered p1,...,p,. A
cover for some p; can be written as a binary array of length n, where the jth bit equals 1 iff
pi = p; belongs to the cover. Then one can deterministically assign a minimal cover to p;
by choosing the cover that is lexicographically minimal w.r.t. the chosen order. Since L
is canonical, we only need some algorithm that returns the “same” ordering for isomorphic
LTSs. Specifically, if L; ~ Ls and the states of L are ordered ¢, ..., qn, then f: p; — ¢; is
an isomorphism.

Algorithms for canonical forms of graphs work by computing such an ordering, and
labelling vertices accordingly. It is shown in [21] how this can be done for LTSs, assuming a
universal ordering on the set of actions. In practice, this is a fair assumption since one could
order actions by their unicode representations. Current algorithms for computing canonical
forms have an exponential worst case complexity, so one may choose to forego this step.

6 Conclusion

We investigated the problem of finding canonical and minimal quotients for coupled and
weak simulation equivalence, two closely related notions of equivalence for LTSs. While
both equivalences turn out to admit canonical quotients, we showed that these are not
necessarily minimal. Furthermore, somewhat to our surprise, for both equivalences, the
problem of computing a minimal quotient turns out to be NP-complete. While this is worse
than for strong, weak and branching bisimilarity, for which quotients can be computed in
polynomial time, it is better than for (weak) trace equivalence, for which the problem is
PSPACE-complete.
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The quotienting function we describe for obtaining a minimal quotient essentially computes
a canonical quotient and subsequently reverses some of the operations that ultimately led
to an increase in size. Assuming a universal ordering on the set of actions, computing the
canonical quotient as an intermediary step allows the quotienting function to compute a
canonical minimal quotient, since we may take advantage of canonical labelling algorithms.

Interestingly, our approach relied little on specific properties of the equivalences in
question. For example, the proof of Theorem 4.4 relies mainly on Lemma 4.3, which shows
that equivalent LTSs that are desaturated and have no covered transitions are weakly bisimilar.
Afterwards, we use a previously established fact for canonicity of weakly bisimilar LTSs.

Our notion of 7-desaturation depends on the 7-law for the given equivalence. It happens
to be that coupled and weak simulation equivalence have similar 7-laws, which allows the
results in this paper to generalise well to both equivalences. However, we cannot reasonably
expect this to be the case for the remainder of the linear time-branching time spectrum.
Therefore, it would be worthwhile to investigate how the 7-laws for different equivalences can
be used to describe canonical and minimal quotients, as they do here. In particular, it would
be interesting to see whether there is a relation between the spectrum and the computational
complexity of minimising with respect to a given equivalence, and identify the inflection
points across this spectrum.
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