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—— Abstract

Over the years, bisimulations have emerged as a pervasive paradigm, finding applications in numerous

areas, including concurrency theory, model checking, automata theory, logic, programming languages
and category theory. In this paper, we establish a connection between bisimulations and data
compression. More precisely, we study the relationship between bisimulations and Wheeler automata
(Alanko et al., SODA 2020), a class of automata that has received considerable attention in recent
years. The standard notion of bisimulation is not appropriate, so we introduce Wheeler bisimulations,
that is, bisimulations that respect the convex structure of the considered Wheeler automata. We
show that Wheeler bisimilarity induces a unique minimal Wheeler NFA (analogously to standard
bisimulations). In particular, in the deterministic case, we retrieve the minimal Wheeler deterministic
automaton of a given language. We also show that the minimal Wheeler NFA induced by Wheeler
bisimulations can be built in linear time. This is in contrast with standard bisimulations, for which
the corresponding minimal NFA can be built in O(mlogn) time (where m is the number of edges
and n is the number of states) by adapting Paige-Tarjan partition refinement algorithm. Compared
to previous state-reduction techniques, our bisimulation-induced construction is the first for which
(i) we obtain a canonical Wheeler NFA and (ii) the resulting Wheeler NFA can be built in linear
time.
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1 Introduction

Bisimulations were first introduced by Milner and Park in the early 1980s to model processes
that cannot be distinguished by an external agent [52, 55]. Over the years, bisimulations
have emerged as a pervasive paradigm, finding applications in numerous areas, including
concurrency theory, model checking, automata theory, logic, programming languages and
category theory. We refer the reader to standard books on the topic [7, 58, 47, 2]. Here we
mainly focus on bisimulations between automata (see in particular [47]), but a similar theory
of bisimulations can be developed for other labeled systems [7] (see also [64, 13] for Petri
nets and [37] for Kripke structures).

Let A= (Q, E,s,F) be an NFA, with |Q| = n and |E| = m. Then, up to isomorphism,
there exists a unique minimal NFA bisimilar to A [47]. The algorithmic problem of computing
the minimal bisimilar NFA has a long history. In the deterministic setting, it corresponds
to the problem of minimizing a DFA, which can be solved using, e.g., Moore algorithm [53]
or Hopcroft algorithm [43]. In the general setting, the problem can be solved using, e.g.,
Kanellakis-Smolka algorithm [45] or Paige-Tarjan algorithm [54]. The most efficient algo-
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rithms are Valmari and Lehtinen’s variants of Hopcroft algorithm and Paige-Tarjan algorithm,
both running in O(mlogn) time (see [63, 62]). The bound O(mlogn) is achieved under the
standard assumption that the edge labels can be sorted in linear time [62, Section 4.3].

In this paper, we establish a connection between bisimulations and data compression.
More precisely, we study the relationship between bisimulations and Wheeler automata [4, 42],
a class of automata that has received considerable attention in recent years (we refer the
reader to [31] for a survey). A Wheeler automaton is a (conventional) NFA A endowed with
a total order < on the set of all states. Intuitively, if for some state u and v we have u < v,
then the strings that reach state u must be co-lexicographically smaller than the strings that
reach state v, up to intersections (see Section 3 for details).

The idea of ordering the states of an automaton dates back at least to the seventies, when
Shyr and Thierrin introduced ordered automata [59]. Wheeler automata are perhaps the
most elegant and successful implementation of this paradigm:

A Wheeler automaton can be stored using only (elogo)(1 4 o(1)) + O(e) bits, where

e is the number of edges and o is the size of the alphabet [42]. At the very least we

need elog o bits to store the edge labels (we need log o bits per edge), so intuitively the

topological complexity of a Wheeler automaton can be stored succinctly.

We can decide whether a string of length m is accepted by a Wheeler automaton in

time O(mloglog o) [42]. For general automata, the time complexity is Q(me!~¢), where

€ > 0 is an arbitrarily small constant (under the Orthogonal Vector hypothesis) [40].

Remarkably, the algorithm running in O(mloglogo) time does not need to access the

explicit representation of a Wheeler automaton, but only its compressed representation

(consisting of (elogo)(1+ o(1)) + O(e) bits).

In other words, Wheeler automata extend the most important data structures for solving
pattern matching queries on compressed texts (based on the suffiz array [51], the Burrows-
Wheeler transform [18] and the FM-index [41]) from strings to automata. In particular,
Wheeler automata are closely related to Bruijn graphs, which are used in bioinformatics to
perform Eulerian sequence assembly (see [16]).

The regular languages recognized by Wheeler automata are called Wheeler languages.
The class of Wheeler languages is one of the richest subclasses of regular languages:

If a regular language is recognized by some Wheeler non-deterministic automaton, it is

also recognized by some Wheeler deterministic automaton [5].

Every Wheeler language admits a unique minimal Wheeler deterministic automaton

(which, in general, is larger than the standard minimal DFA) [5], and a Wheeler deter-

ministic automaton can be minimized efficiently [3].

Every Wheeler language admits an algebraic characterization based on the Myhill-Nerode

theorem [4].

It is possible to efficiently detect if a regular language is Wheeler by looking at the cycle

structure of its (standard) minimal automaton [10].

Among other topics, previous work has investigated string-labeled Wheeler NFAs [25, 30,
26], the state complexity of Wheeler languages [36], their relationship with locally testable
languages [9] and circular strings [29, 27], and more sophisticated applications in data
compression [21, 33, 6, 24].

1.1  Qur Contribution

In the deterministic setting, both regular languages and Wheeler languages admit a unique
minimal automaton up to isomorphism. Note that, in general, the minimal Wheeler au-
tomaton can be larger than the standard minimal automaton [5] (we remark that different
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trade-offs between the size and the compressibility of a DFA recognizing a given language can
be obtained by extending the ideas behind Wheeler automata to arbitrary automata [32, 34]).
In the non-deterministic setting, a regular language can admit multiple minimal automata,
and the problem of building such a minimal automaton is notoriously PSPACE-complete [60].
By introducing additional constraints, bisimulations make it possible to recover the unique-
ness of a minimal automaton in the non-deterministic setting: two bisimilar automata
recognize the same language, but two automata that recognize the same language need not
be bisimilar [47].

In this paper, we study the minimality problem for Wheeler languages in the non-
deterministic setting. We start our investigation by observing that, in general, Wheeler
languages are not recognized by a unique minimal Wheeler NFA (Example 6). Then, we
study the relationship between Wheeler languages and nondeterminism through the lens of
bisimulations. The standard notion of bisimulation is not appropriate (see Example 8), so we
introduce Wheeler bisimulations, that is, bisimulations that respect the convex structure of
the considered Wheeler automata (Definition 9). We show that Wheeler bisimilarity induces
a unique minimal Wheeler NFA (analogously to standard bisimulations), see Theorem 16
and Corollary 17. In particular, in the deterministic case, we retrieve the minimal Wheeler
deterministic automaton of a given language (Theorem 20 and Corollary 21).

We also study Wheeler bisimulations from an algorithmic perspective. We show that
the minimal Wheeler NFA induced by Wheeler bisimulations can be computed in linear
time (Theorem 22). Consequently, in the Wheeler setting we can do better than in the
conventional setting (where the best algorithm runs in O(mlogn) time). We remark that, in
general, the minimal Wheeler NFA induced by Wheeler bisimulations can be distinct from
the minimal NFA induced by conventional bisimulations. We achieve linear time under the
usual assumption that the edge labels can be sorted in linear time, and we complete the
picture with a lower bound showing that, in the comparison model, there exists no linear-time
algorithm for the same problem (Theorem 29). In linear time we can also decide whether
there exists a Wheeler bisimulation between two Wheeler NFAs (Corollary 28).

We can informally summarize our main results as follows.

» Theorem 1. Let (A, <) be a Wheeler NFA. Then, up to isomorphism, there exists a unique
minimal Wheeler NFA (Ax, <.) for which there exists a Wheeler bisimulation from (A, <) to
(As, <i). Moreover:
(A, <i) can be built from (A, <) in linear time.
If (A, <) is a Wheeler DFA, then (A, <.) is the minimal Wheeler DFA equivalent to
(A, <).
In linear time we can also decide whether there exists a Wheeler bisimulation between two
given Wheeler NFAs.

Consider a Wheeler language £. We know that every Wheeler NFA recognizing £ admits
a compressed encoding. To obtain an even more compressed representation of £, we should
select a Wheeler NFA with as few states as possible. Several papers have addressed this
challenge, typically by devising procedures to collapse some states in a given Wheeler NFA
recognizing £ [8, 23, 12, 11]. Remarkably, our bisimulation-induced construction is the first
for which (i) we obtain a canonical Wheeler NFA and (ii) the resulting Wheeler NFA can
be built in linear time. From a broader perspective, bisimulations confirm that Wheeler
languages form one of the richest and most robust subclasses of regular languages.

The paper is organized as follows. In Section 2, we discuss notation and preliminary
results. In Section 3 we introduce Wheeler automata, and in Section 4 we define Wheeler
bisimulations. In Section 5 we prove that Wheeler bisimilarity induces a unique minimal
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Wheeler NFA, and in Section 6 we study the algorithmic aspects of Wheeler bisimulations.
In Section 7 we present our conclusions and we discuss future work. Due to space constraints,
some proofs and some auxiliary results are deferred to the full version on arXiv.

2 Preliminaries

2.1 Relations

Let Q and @’ be sets, and let R C @Q x Q' be a relation from @ to Q’. For every u € Q
and for every v/ € Q’, we write v R «' if and only if (u,u’) € R. For every u € @, let
R(u) = {v' € Q| u R '}, and for every U C @, let R(U) = J, .y R(u). If R is a function
from @ to Q" and u € Q, we identify R(u) and its unique element.

If RC Q x @ is arelation, let R~ C Q' x @ be the inverse relation. If R C Q x Q' and
R C Q' x Q" are relations, let R’ o R C @ x Q" be the composition of the two relations. Let
idg C @ x @ be the identity function from @ to Q.

An equivalence relation on @ is typically denoted by = or ~. For every u € @Q, let
[ulz = {v e Q| u=wv}. Then, {[ul= | u e Q} is a partition of @, denoted by P=. Every
element of P= is an =-equivalence class. A total order on @ is typically denoted by <. For
every u,v € @, we write u < v if (u < v) A (u # v).

2.2 Convexity

To introduce Wheeler bisimulations (Definition 9), we will need the notion of convexity. Let
Q@ be a set, and let < be a total order on Q. We say that a subseteq C' C Q is <-convezr if
for every u,v,w € @ such that v < v < w and u,w € C we have v € C. In particular, ) and
Q are <-convex, and {u} is <-convex for every u € Q.

It is easy to check that, if C; and C5 are <-convex, then C; N Cs is <-convex. However,
in general, Cy U C3 need not be <-convex. For example, if Q = {1,2,3,4,5}, < is the total
order on @ such that 1 <2 <3 <4 <5,Cy ={1,2} and Cy = {4,5}, then C; and Cs are
<-convex, but C; U Cy is not <-convex. Nonetheless, if C; N Cy # @, then C; U Cy must be
<-convex, as shown in the following lemma.

» Lemma 2. Let QQ be a set, and let < be a total order on Q. Let Cy and Cy be <-convex
sets. If C1 N Cy # (), then C1 U Cy is <-convex.

Proof. Since C; N Cy # B, we can pick z € C; N Cs. Let u,v,w € @ such that u < v < w
and u,w € Cy U Cy. We must prove that v € C; U Cy. Assume that v < z (the case z < v
is analogous). Then, u < v < z. Assume that u € C; (the case u € Cs is analogous).
From v < v < z and u, z € C; we obtain v € C because C; is <-convex, so we conclude
v e CLUCs. A |

Lastly, we extend the notion of convexity to partitions and equivalence relations. Let @
be a set, and let < be a total order on ). A partition P of @ is <-convex if every U € P is
<-convex. An equivalence relation = on ) is <-convex if the partition P= of ) is <-convex
(equivalently, if [u]= is <-convex for every u € Q).

2.3 Automata

Let ¥ be a fixed finite alphabet. We denote by ¥* the set of all finite strings over X, where
€ € ¥* is the empty string. Given a language £ C X*, we denote by Pref(L) the set of all
prefixes of some element of £, that is, Pref(£) = {a € ¥* | (3o’ € T*)(ac’ € L£)}.
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A non-deterministic finite automaton (NFA) is a 4-tuple A = (Q, E, s, F'), where Q is the
finite set of states, F C Q x @ x X is the set of edges (also known as transitions), s € @Q is the
(unique) initial state and F C @ is the set of final states. We denote by L£(A) the language
recognized by A. Throughout the paper, we assume that, for every u € @), we have that u is
reachable in A (that is, there is a walk from the initial state s to u) and w is co-reachable
in A (that is, there is a walk from u to a final state, and in particular u is co-reachable if
u € F). These are standard assumptions in automata theory because, if a state u is not
reachable or is not co-reachable, then it can be removed without changing £(.A) (as long as
the set of states does not become empty). Note that, under these assumptions, the empty
language is not recognized by any NFA.

Let A= (Q, E, s, F) be an NFA. For every u € @, we denote by I:* the set of all a € ¥*
such that a can be read following some walk from s to u (in particular, e € I{!). Note

that £(A) = U,cp I:'. Moreover, we have I3 # () for every u € Q because every u € Q is
reachable in A, and Pref(£(A)) = U,cq I because every u € @ is co-reachable in A.

An NFA A= (Q,E,s, F) is a deterministic finite automaton (DFA) if for every u € @
and for every a € 3 there exists at most one v € @ such that (u,v,a) € E (so in this paper
a DFA needs not be total). If A = (Q, E,s, F) is a DFA, then for every u,v € @ such that
u # v we have IA N TA = ().

Let A=(Q,E,s,F)and A" = (Q',E',s', F') be two NFAs. A bijective function ¢ from
Q to Q' is an isomorphism from A to A’ if (i) for every u,v € @ and for every a € ¥ we have
(u,v,a) € E if and only if (¢(u), d(v),a) € E', (ii) ¢(s) = s" and (iii) for every u € Q, u € F
if and only if ¢(u) € F’.

When we consider a class C' of NFAs, we say that an element A of C' is a minimal element
of C' if every element of C' has at least as many states as A.

3 Wheeler Automata

As customary in the literature on Wheeler languages (e.g., [4, 32, 21]), we fix a total order
=< on X. In our examples, we always assume that 3 is the English alphabet and =< is the
usual total order on X such that a < b, b < ¢, ¢ < d, and so on. Moreover, we extend =< to
>* co-lexicographically, that is, for every a € ¥* we have a < 3 if and only if the reverse
string o is smaller than the reverse string 4 in the standard dictionary order. Formally,
let v be the longest common suffix of o and g (possibly, v = ¢), and let o/, 8’ € ¥* such that
a =o'y and § = 8'y. Then, we have a < 3 if and only 8’ # € and one of the following is
true: (i) o/ =€ or (ii) o # € and a < b, where a is the last character of o’ and b is the last
character of 5’. For example, we have a < aa and dba < ca.
Let us recall the definition of Wheeler automata.

» Definition 3. Let A= (Q, E,s, F) be an NFA, and let < be a total order on Q. We say
that (A, <) is @ Wheeler NFA if:
(Aziom 1) For every u € Q, s < u.
(Aziom 2) For every u,v,u’,v" € Q and for every a,b € X, if (u,v,a), (v',v',b) € E and
v <, thena < b.
(Aziom 3) For every u,v,u’,v" € Q and for every a € 3, if (u,v,a), (v',v',a) € E and
v<v, thenu <u.
We say that < is a Wheeler order on A. If A is a DFA, we say that (A, <) is a Wheeler
DFA. Moreover, L C ¥* is a Wheeler language if there exists a Wheeler NFA (A, <) such
that L(A) = L.

27:5
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See Figure 1 for an example of a Wheeler NFA and for a graphical interpretation of
Axiom 3 (if we list all states consistently with the Wheeler order, we duplicate the list, and
we draw the edges of the Wheeler NFA starting from the bottom list and reaching the top list,
then Axiom 3 ensures that equally labeled edges do not cross). This graphical interpretation
is useful to follow some proofs (see for example Lemma 24).

Figure 1 Left: A Wheeler NFA. The states are numbered following the Wheeler order. Right:
Edges labeled with the same character (e.g., a) do not cross.

Let us recall some properties of Wheeler NFAs.

» Lemma 4 (|5, Lemma 3.7]). Let L C X* be a Wheeler language. Then, there exists a
Wheeler DFA (A, <) such that L(A) = L.

In other words, every language recognized by a Wheeler NFA is also recognized by a
Wheeler DFA.

» Lemma 5 ([5, Lemma 3.2]). Let (A, <) be a Wheeler NFA, with A= (Q,E,s,F). Let
u,v € Q, and let a € I and B € I* such that {o, B} L IANIA. Then, u < v if and only

if a < p.

In other words, a Wheeler order must be consistent with the strings reaching each state,
up to intersections. For example, in Figure 1 we have a € I;fz, aa € I;i, {a,aa} & I;:‘z N I;fs,
2 < 3 and, consistently, a < aa. If we interpret the strings in I;* as the set of all “prefixes”
of u, then Lemma 5 intuitively states that a Wheeler order must (co-lexicographically) sort
the prefixes of the states. This explains why Wheeler automata can be seen as a non-trivial
extension of prefix arrays and suffix arrays from strings to automata, which was the original
motivation for studying Wheeler automata [42]. The condition {a, 3} Z IAN I of Lemma 5
implies that the order between two states is not disambiguated by the strings reaching
both states. For example, consider the NFA A = (Q, E, s, F), where Q = {s,u1,uz2,us}
consists of four pairwise distinct states, E = {(s,u1,a), (s,u1,b), (u1,ua,c), (u1, us,c)} and
F = {uz,u3}. Let < be the total order on @ such that s < u; < ug < uz. Then, (A, <) is a
Wheeler NFA. Notice that bc € I;j;, ac € I{g , Us < uz and ac < be. This does not contradict
Lemma 5 because {ac,bc} C Izt NI

Recall that, if A is a DFA, then u # v implies I;* N I;* = (). This means that, if (A, <) is
a Wheeler DFA | Lemma 5 can be restated as follows: let u,v € @ such that u # v, and let
a € I and B € IA; then, u < v if and only if & < 3. In particular, if A is a DFA, then there
exists at most one Wheeler order < on A, because the order between two states u,v € @
such that u # v is uniquely determined by any a € I/* and 8 € I;*. In other words, if (A, <)
is a Wheeler DFA, then < is uniquely determined by A. In general, this is not true for
Wheeler NFAs. For example, if we consider the NFA A = (Q, E, s, F), where Q = {s,u,v}
consists of three pairwise distinct states, £ = {(s,u,a), (s,v,a)} and F = {u,v}, then both
total orders in which s comes first are Wheeler orders on A.
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Every Wheeler language is star-free [5], so (aa)* is not Wheeler because (aa)* is the
classical example of a regular language that is not star-free [61]. A more interesting example
is the regular language £ = ae*b + ce*d on the alphabet ¥ = {a,b, ¢, d, e}. Notice that L is
star-free because e* is the complement of ¥*(a + b+ ¢ + d)¥*, where * is the complement
of . However, L is not Wheeler, as proved next (we adapt [5, Example 3]). If £ were
Wheeler, then £ would be recognized by a Wheeler DFA (A, <) by Lemma 4. Let o; = ae’
if i is odd and «; = ce® if i is even. For every i we have a; € Pref(L), so there exists
a (unique) state u; of A such that «; € I;‘ Notice that a3 < as < a3 < ..., so by
Lemma 5 we have vy < us < ug < ..., and the finiteness of the number of states implies that
U; = Ujp1 = Ujqo = ... for some . We can assume that ¢ is odd. Then, «a;, ;41 € I;:‘i (the
two strings reach the same state), so a;b € L if and only if a;11b € L. This is a contradiction
because a;b = ae’b € L and a;11b = ce' b & L.

4 Wheeler Bisimulations

Let £ C X* be a Wheeler language. As mentioned in the introduction, up to isomorphism
there exists a unique (state)-minimal Wheeler DFA (A, <) such that £(A) = £ [5]. The
first result in the paper is a simple example showing that this is not true for Wheeler NFAs
(analogously, in general there is not a unique minimal NFA recognizing a given regular
language).

» Example 6. Consider the regular language £ = aa™. No (Wheeler) NFA with one state
can recognize £, and Figure 2 shows two non-isomorphic Wheeler NFAs with two states
recognizing L.

a a

a a
start start °

Figure 2 Two non-isomorphic minimal Wheeler NFAs recogning £ = aa™ (see Example 6). The
states of each NFA are numbered following the corresponding Wheeler order.

Our goal is to introduce a meaningful notion of minimality for Wheeler NFAs that
ensures uniqueness up to isomorphism. To this end, let us recall the standard definition of
bisimulation (see, e,g., [47, 7]).

» Definition 7. Let A and A’ be NFAs, with A= (Q,E,s,F) and A’ = (Q',E',s', F'). A
relation R C Q x Q' is a bisimulation from A to A’ if:
For every u,v € Q, v € Q" and a € X, if u R u' and (u,v,a) € E, then there exists
v’ € Q' such that v Rv' and (u',v',a) € E'.
For everyu € Q, v',v' € Q' anda € X, if u Ru' and (v',v',a) € E’, then there exists
v € Q such that v Rv' and (u,v,a) € E.
We have s R s'.
For every u € Q and v’ € Q such that u Ru', we have u € F if and only if u’ € F'.

Let us recall why bisimulations lead to a notion of uniqueness for (standard) NFAs. Fix
an NFA A, and consider the class of all NFAs A’ such that there exists a bisimulation from A
to A’. Then, all the minimal NFAs in this class (that is, all the NFAs in the class having the
minimum number of states) must be isomorphic [47, 7]. In other words, up to isomorphism,
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there exists only one NFA A’ = (Q', E', s, F’) for which (i) there exists a bisimulation from
A to A" and (ii) for every NFA A" = (Q", E",s", F") such that |Q"| < |Q’|, there exists no
bisimulation from A to A”.

It is tempting to directly use the notion of bisimulation on Wheeler NFAs to identify a
unique minimal Wheeler NFA. However, the next example shows that such an attempt fails.

Figure 3 The three NFAs used in Example 8. On the left, the Wheeler NFA (A, <). In the
center, the Wheeler NFA (A’, <’). On the right, the NFA A”. The states of (A, <) and (A’,<’) are
numbered following the corresponding Wheeler orders.

» Example 8. Consider the Wheeler NFAs (A, <) and (A’, <’) in Figure 3, where A =
(Q,E,s,F) and A" = (Q',E',s',F'). Let R C @ x Q" be the relation described by the
following pairs: uy R v}, us R ub, ug R uf, us R u}, ug R uj. It is easy to check that R is a
bisimulation from A to A’. Moreover, idg is a bisimulation from A to A.

We want to show that every Wheeler NFA (.A#, g#) for which there exists a bisimulation
from A to A#¥ must have at least four states. Since A and A’ are non-isomorphic and have
four states, the notion of bisimulation does not lead to a unique minimal Wheeler NFAs.

The NFA A" = (Q", E”,s"”, F") in Figure 3 is a minimal NFA such that there exists a
bisimulation from A to A”, and from the theory of bisimulation we know that A" is unique
up to isomorphism [47, 7]. Since A" has three states, we only need to prove that there exists
no total order <” on Q" such that (A", <"”) is a Wheeler NFA, because this implies that
every Wheeler NFA (A%, <#) for which there exists a bisimulation from A to A% must have
at least four states. Suppose for the sake of a contradiction that there exists a total order <"
on @ such that (A", <") is a Wheeler NFA. Let us show that both v < w and w < v lead
to a contradiction. We cannot have v < w because from (u,v,c), (u,w,b) € E" we would
obtain ¢ < b by Axiom 2. We cannot have w < v because from (u,w,b), (u,v,a) € E” we
would obtain b < a again by Axiom 2.

We conclude that, in general, the standard notion of bisimulation does not induce a
unique minimal Wheeler NFA.

In view of Example 8, to retrieve a unique minimal Wheeler NFA, we now define Wheeler
bisimulations. The main idea is that we should only consider bisimulations that respect the
convex structure of the considered Wheeler NFAs.

» Definition 9. Let (A, <) and (A',<') be Wheeler NFAs, with A = (Q,E,s,F) and
A = (Q,FE' s, F'). A relation R C Q x Q" is a Wheeler bisimulation from (A, <) to
(&, <) if:

(Property 1) R is a bisimulation from A to A’

(Property 2) For every C C Q, if C is <-convez, then R(C) is <'-conver.

(Property 3) For every C' C Q', if C" is <'-convex, then R=1(C") is <-convez.

Notice that the bisimulation R defined in Example 8 is not a Wheeler bisimulation
from (A, <) to (A, <’), because R({us}) = {ub,u}}, {us} is <-convex, but {uh,u}} is not
<’-convex.



N. Cotumaccio

Consider the class € of all Wheeler NFAs, and for all Wheeler NFAs (A, <) and (A’, <)
let (A, <) ~¢ (A, <) if and only if there exists a Wheeler bisimulation from (A, <) to
(A', <. Tt is not difficult to see that ~¢ is an equivalence relation on €. Consequently, our
goal is to prove that, in every ~g-equivalence class, all Wheeler NFAs having the minimum
number of states must be isomorphic.

Let £ C ¥*. Note that the class of all Wheeler NFAs (A, <) such that £(A) = £ may
intersect infinitely many ~¢-equivalence classes, as shown in the next example.

» Example 10. Consider the language £ = a*. Fix k > 3. Let A®) = (Q*), E*) (k) (k)
be the NFA defined as follows. Let Q%) = {ugk),uék), e ,uék)} be a set consisting of k
pairwise distinct states, E(*) = {(ul(-k)7u§_lf_)17a) [1<i<k-1}U {(ugk)7u§k), a)}, stk = ugk)
and F*) = {ugk),u,(ck)}. Moreover, let <) be the total order on Q) such that ugk) <

uék) << u,(f). It is immediate to check that (A®), <(®)) is a Wheeler NFA such that
L(AF)) = L (see Figure 4).

Fix 3 < h < k. Let us prove that there exists no Wheeler bisimulation from (.A(h)7 §(h)) to
(A® <(k)) Suppose for the sake of a contradiction that there exists a Wheeler bisimulation

RC Q™ x Q™ from AM to AM),
(h)

Let us prove that u, ' R ul(-k) for every 1 < 7 < h. We proceed by induction on

i. Since R is a bisimulation from A" to A®) by Property 1, we have s(*) R s*) or

equivalently, ugh) R ugk). Now assume that 2 < ¢ < h. By the inductive hypothesis,

we know that ul@l R ugli)l. We know that R is a bisimulation from A™ to A% so

from (u(h) u(h),a) € E™ we obtain that there exists v’ € Q*) such that ul(-h) R v and

i—1° 7

(u(-k)l, u',a) € E®). If i > 3, we must necessarily have u/ = ugk) by the definition of E*). If

i = 2, by the definition of E*) we have (u/ = uék)) V(u = ugk)). However, the case u’ = ugk)
leads to a contradiction because R is a bisimulation from A" to A%*) and we would obtain
ugh) R ugk), with uéh) ¢ F") (because h > 3) and ugk) € F*®). We conclude that in both
(k)

cases we must have v’ = w;"’, so from uz(-h) R v we obtain ugh) R ugk).
In particular, we have uELh 'R uglk). This is a contradiction because R is a bisimulation

from A" to AR, u%h) ¢ F(M and uzk) € F®) (because 3 < h < k).

N W

Figure 4 The Wheeler NFAs (A®), <®)) and (AW, <®) used in Example 10.

5 Minimality

Let A be an NFA. An autobisimulation on A is a bisimulation from A to A. It is well known
that every NFA A admits a maximal autobisimulation which can be used to quotient .4, and
the quotient NFA is the minimal NFA bisimilar to A [47, 7].

In this section, our goal is to extend these results to Wheeler NFAs and Wheeler
bisimulations. We define Wheeler autobisimulations slightly differently from conventional
bisimulations. The key idea is to add one more requirement, namely, reflexivity. The intuition
is that, in this way, we can use Lemma 2 to infer that the union of Wheeler autobisimulations
must be a Wheeler autobisimulation.
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Figure 5 The Wheeler NFA (A, <) used in Example 13. The states are numbered following the
Wheeler order <.

» Definition 11. Let (A, <) be a Wheeler NFA, with A = (Q, E, s, F). A relation R C QX Q
is a Wheeler autobisimulation on (A, <) if R is a reflexive Wheeler bisimulation from (A, <)

to (A, <).

We can now show that every Wheeler NFA (A, <) admits a maximum Wheeler auto-
bisimulation =4 <. Crucially, =4 < is always <-convex.

» Theorem 12. Let (A, <) be a Wheeler NFA, with A = (Q, E, s, F). Then, there exists a
(unique) mazimum Wheeler autobisimulation =4 < on (A, <), that is, a Wheeler autobisim-
ulation = 4,< on (A, <) that contains every Wheeler autobisimulation on (A, <). Moreover,
=4,< 15 a <-convex equivalence relation on Q.

Fix a Wheeler NFA (A, <). Consider the maximum Wheeler autobisimulation =4 < on
(A, <), and consider the conventional maximum autobisimulation =4 on A. Both =4 < and
=4 are always equivalence relations, and =4 < is always <-convex (see Theorem 12 and [47]).
In particular, =4 < is a conventional autobisimulation (by Property 1), so by the maximality
of =4 we obtain that every =4 <-equivalence class is contained in some = 4-equivalence
class. However, the next example shows that, in general, =4 < cannot be obtained from =4
by simply splitting each = 4-equivalence class into its <-convex components.

» Example 13. Let (A, <) be the Wheeler NFA in Figure 5. The =_4-equivalence classes
are {u1}, {us, us}, {ua,us}, {us,ur}, {us} and the =4 <-equivelence classes are {u1}, {us},
{us}, {ua}, {us}, {us}, {ur}, {us}, so the =4-equivalence class {us, us} must be split into
{ug} and {us} even if the set {us,uz} is <-convex.

Let us show how to define the quotient Wheeler NFA (A, <,) starting from the Wheeler
NFA (A, <). The key point is that the quotient NFA A, can always be endowed with a
Wheeler order <,.

» Lemma 14. Let (A, <) be a Wheeler NFA, with A= (Q, E,s, F). Let Q. = P=, _, and

let <, be the relation from Q. to Q. such that, for every U,V € Q., we have U <, Viif and

only if there exist u € U and v € V' such that u < v.

1. Let U,V € Q. be such that U <, V. Then, for every u € U and for every v € V we have
u <.

2. <, is a total order on Q..
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3. Let Ay = (Q, Ex, s, Fy), where:
E,.={U,V,a) € Qi xQxxX| (FuelU)(IveV)((u,v,a) € E)}.
Se = [s]=, <
F,={U€Q.|(BuelU)(ueF)}.
Then, (A, <.) is a Wheeler NFA.
4. If A is a DFA, then A, is a DFA.

The following lemma shows that, if there exists a Wheeler bisimulation from (A4, <)
to (A’, <), then the corresponding quotients must be isomorphic, and the isomorphism is
witnessed by a bisimulation R that respects the convex structure of each quotient.

» Lemma 15. Consider a ~¢-equivalence class C, let (A, <) and (A’, <') be two elements
of C, and let (A., <) and (AL, <) be the corresponding Wheeler NFAs built in Lemma 14,
with Ay = (Q«, Ex, 84, Fy) and A, = (Q.,E.,s'.,F.). Let Q. = {U1,Us,...,U,} and
Q. ={U1,Us,...,U,}, where Uy <, Uz <, -+ <, Uy and U] <, Uy <!, --- <, U},. Then,
n = n'. Moreover, let ¢ be the function from Q. to Q' such that ¢(U;) = U] for every
1 <i<n. Then, (i) ¢ is a Wheeler bisimulation from (A, <.) to (AL, <L), (ii) ¢ is the
unique Wheeler bisimulation from (A, <) to (AL, <L), and (iii) ¢ is an isomorphism from

A to Al

Proof (Sketch). One can show that there must exist a Wheeler bisimulation R from (A, <)
to (AL, <), and R must be an isomorphism (which implies n = n’). To conclude the proof,
we only need to prove that we must have R(U;) = U/ for every 1 < i < n. We proceed
by induction on i. For ¢ = 1, we have U; = s, and U] = s, by Axiom 1, and we
know that R(s.) = s, because R is an isomorphism from A, to A, so R(U;) = R(s.) =
s, = Uj. Now assume that 2 < ¢ < n. By the inductive hypothesis, we know that
R(U;) = UJ’» for every 1 < j <4 — 1. We must show that R(U;) = U/. Let 1 < k <mn
be such that R(U;) = Uj. We must prove that k = i. We only need to prove that we
cannot have £ < ¢ and we cannot have ¢ < k. We cannot have k < ¢ because by the
inductive hypothesis we would have R(Uy) = U}, so we would have {Uy,U;} € R™(U})
and R would not be injective. Moreover, we cannot have ¢ < k because by the inductive
hypothesis we would have R({U1,Us,...,U;—2,U;_1,U;}) = {U{,Us,...,U/_,,U/_;,U; },
which would be a contradiction because R is a Wheeler bisimulation from (A, <) to
(AL <L), {U1,Us, ..., U;—9,U;1,U;} is <,-convex, but {U7,Us,...,U/_,,U/_;,U}.} would
not be <’ -convex. <

We can now prove that, if we consider the ~¢-equivalence class C' of a Wheeler NFA
(A, <), then (A, <,) is a minimal element of C' and, up to isomorphism, is the unique
minimal element of C' (Theorem 16 and Corollary 17).

» Theorem 16. Consider a ~¢-equivalence class C, and let (A, <) and (A, <') be two
minimal elements of C. Then, there exists an isomorphism from A to A’.

» Corollary 17. Consider a ~¢-equivalence class C, let (A, <) be an element of C, and let
(As, <) be the Wheeler NFA of Lemma 14. Then, (A, <) is a minimal element of C.

We now show that every Wheeler language admits a unique minimal Wheeler DFA (up
to isomorphism). This result was already proved in [4] using a different method; here, we
use Wheeler bisimulations. In addition, we will show that all Wheeler DFAs (A, <) such
that £(A) = £ must be in the same ~¢-equivalence class T, and the minimal element of T
(unique up to isomorphism by Theorem 16) is the minimal Wheeler DFA. Note that a similar
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result holds for standard bisimulations: all DFAs recognizing a given regular language must
be in the same bisimulation class, and the miminal element of this bisimulation class is the
minimal DFA of the language [39).

To prove our results, we will use the following lemma. Intuitively, in the deterministic
case, equivalent Wheeler automata are always related through a Wheeler bisimulation.

» Lemma 18. Let (A, <) and (A', <) be Wheeler DFAs, with A= (Q,E,s,F) and A" =
(Q,E', ', F"). If L(A) = L(A"), there exists a Wheeler bisimulation R C Q x Q" from (A, <)
to (A, <').

Proof. Let R C @Q x Q' be the relation such that, for every u € Q and for every v’ € Q’, we
have u R v’ if and only if I;A N I;j}/ # (). Let us prove that R is a Wheeler bisimulation from
(A <) to (A, ).

Property 1 is true because R is a bisimulation from A to A’ (see [39]).

Let us prove Property 2. Let C' C @ be a <-convex set. We must prove that R(C) is
<'-convex. Fix v/, v',w’ € Q" such that v/ <’ v/ < w' and v, w’ € R(C). We must prove
that o' € R(C). If (v =u') V (v/ = w’), the conclusion is immediate, so we can assume
u <o <

Since u',w’ € R(C), there exist u,w € C such that v R v’ and w R w’. This means that
there exist a € I;f‘ﬂ[;ﬁ/ and 7y € I;;‘ﬂ[;j,/. We know that I;f}l # 0, so we can pick 3 € I;)‘,V.
In particular, 3 € Pref(L£(A")), so 8 € Pref(L(A)) (we have Pref(L(A)) = Pref(L(A))
because L£(A) = L(A")), and we conclude that there exists v € Q such that 8 € I,

Let us prove that o < 5 < . We only prove that o < 8 because one can prove analogously
that 8 < 7. Since A’ is a DFA and v’ # v’, we have Iﬁ/ N I{f}/ = (. We have v’ <’ v/,
o€ Iﬁ/ and 8 € I;f}l7 so by Lemma 5 we obtain a < .

Let us prove that u < v < w. We only prove that u < v because one can prove analogously
that v < w. Assume that u # v. We need to prove that u < v. Since A is a DFA and
u # v, we have I N IA = (). We have a < 8, a € I and 8 € I4, so by Lemma 5 we
obtain u < v.

We know that C' is <-convex, so from v < v < w and u,w € C' we conclude v € C. We
have v R v/ because 8 € IAN T4, sov' € R(O).

Let us prove Property 3. Let C' C Q' be a <'-convex set. We must prove that R=(C")
is <-convex. The proof is analogous to the previous point. |

Fix a Wheeler language £ C ¥*. We define D, and T as follows.

Let D, be the class of all Wheeler DFAs (A, <) such that £(A) = L.

By Lemma 4, there exists some Wheeler DFA (A, <) such that £(A) = £. Let T, be the
~g-equivalence class to which (A, <) belongs. By Lemma 18, the definition of T does
not depend on the choice of (A, <). This means that, for every Wheeler DFA (A’, <’), if
L(A") = L, then (A’, <) belongs to T;. Notice that this is consistent with Example 10
because the Wheeler NFAs A%)’s used in Example 10 are not Wheeler DFAs.

In particular, we have ) G Dp C Tp.
The key result is that D, and T, have the same minimal elements, as shown in the next
lemma.

» Lemma 19. Let £ C ¥* be a Wheeler language, and let (A, <) be a Wheeler NFA. Then,
(A, <) is a minimal element of D if and only if it is a minimal element of Tr. In particular,
every minimal element of Ty is a Wheeler DFA.
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We can now prove that every Wheeler language admits a unique minimal Wheeler DFA
(up to isomorphism).

» Theorem 20. Let £ C X* be a Wheeler language, and let (A, <) and (A, <) be two
minimal elements of Dy. Then, there exists an isomorphism from A to A'.

Proof. By Lemma 19, (A, <) and (A’, <) are two minimal elements of Tz. By Theorem 16,
there exists an isomorphism from A to A’. <

Lastly, the minimal Wheeler DFA of a Wheeler language can be obtained by quotienting
any Wheeler DFA that recognizes the same language.

» Corollary 21. Let £ C ¥* be a Wheeler language, let (A, <) be a Wheeler DFA such that
L(A) =L, and let (A, <.) be the Wheeler automaton built in Lemma 14. Then, (A, <4)
is a minimal element of D..

Proof. By Corollary 17, (A, <.) is a minimal element of T, so by Lemma 19 (A, <,) is a
minimal element of D. <

6 Algorithms

Consider a Wheeler NFA (A, <), with A = (Q, E, s, F), and assume that the edge labels can
be sorted in O(|E|) time. The main result of this section is that the quotient Wheeler NFA
can be built in linear time.

» Theorem 22. Let (A, <) be a Wheeler NFA, with A = (Q,E,s,F). We can build the
Wheeler NFA (A, <.) of Lemma 14 in O(|E|) time.

In the special case where A is a DFA, Theorem 22 states that we can compute the
minimal Wheeler DFA in linear time (see Section 5), as already proved in [3]. However, in
the non-deterministic setting, the algorithm and the correctness proof become much more
involved. At the same time, our algorithm only requires a queue to achieve linear time, while
the algorithm in [3] relies on auxiliary data structures.

Let us discuss the main ideas required to prove Theorem 22. Fix a Wheeler NFA (A, <),
with A = (Q, E, s, F), and write Q = {u1,us,...,uq(}, where uy < us < -+ < ujg| (in
particular, s = u; by Axiom 1). Recall that the set of all states of the quotient Wheeler NFA
is the set of all =4 <-equivalence classes (see Lemma 14). To prove Theorem 22, the most
difficult part is to efficiently compute a suitable representation of =4 <.

A bit array is an array whose entries are equal to zero or one. Let B <[2,|Q]] be the bit
array such that for every 2 < ¢ < |Q| we have By <[i] = 1 if and only if u;_1 Z4 < u;. The
idea is that B4 <[2,|@Q]] stores all the information required to compute =4 < because =4 <
is <-convex by Theorem 12. More precisely, we have the following result.

» Lemma 23. Let (A, <) be a Wheeler NFA, with A = (Q,E,s,F). Then, for every
1 <4,7 <|Q|, we have u; =4 < uy if and only if for every min{i,i'} +1 < k < max{i,i'}
we have B <[k] = 0.

Proof. Recall that =4 < is a <-convex equivalence relation on @ by Theorem 12. Fix
1 <4,i <|Q|. We must prove that u; =4 < u; if and only if for every min{s,¢'} +1 < k <
max{¢,i'} we have B <[k] = 0.

(«) For every min{i,i'} + 1 < k < max{4,4'}, we have B4 <[k] = 0, 80 up—1 =4,< ug.

Since =4, < is transitive, we have Unyinfiir} =A4,< Umax{i,i’}- We know that =4 < is symmetric,
S0 U; =A,< Ui
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Figure 6 The three cases considered in the proof of Lemma 24. Left: the case i < i’ would
imply that equally labeled edges cross (see Figure 1). Center: the case i’ = i would contradict the
minimality of £"™. Right: the case i’ < i would imply B4 <[i] # 1 because =4 < is <-convex.

(=) Since u; =4,< uy and =4 < is symmetric, we obtain Umyin{i,i"} =A,< Umax{i,i’}- For
every min{i, '} + 1 < k < max{7,4'}, we have umingi,iry =a,< ux because min{i, 7'} +1 <
k < max{i, i} and =4 < is <-convex by Theorem 12. We know that =4 < is an equivalence
relation on @, so ux—1 =4,< uy for every min{i, s’} + 1 < k < max{s,4'}, and we conclude
B <[k] =0 for every min{i, '} + 1 < k < max{s,¢'}. <

Lemma 23 suggests that computing B4 <[2,|Q)|] is the key step required to prove Theo-
rem 22. To this end, let us define @, ¢min gmax ymax and Out(i) for every 1 <i < |Q.
For 2 <i < |Q|, let ™™ be the smallest character labeling some edge reaching u;. In
other words, let a!™™ be the smallest ¢ € ¥ (with respect to the total order <) such that
(uj,ui,c) € E for some 1 < j < |Q|. Note that a™™ is well defined because we know
that u; must have at least one incoming edge (because u; is reachable from the initial
state s). If u; has at least one incoming edge, define ai™™ in the same way; otherwise, let
aiin = 1.
For 2 < i < |Q|, let £ be the smallest 1 < j < |Q] such that (uj,u;,a™") € E. If
afit £ | define /M in the same way; if ™™ = 1|, define /" = |.
For 1 <i <|Q|, define a®®* and £"** in the same way as a!™and ¢, but replacing
“smallest” with “largest”.
For 1 <i < |Q|, let Out(i) be the set of all characters labeling some edge leaving ;. In
other words, let Out(i) be the set of all a € ¥ for which there exists 1 < j < |Q| such
that (u;,uj,a) € E.

Let us discuss some situations in which we have B4 <[i] = 1.

» Lemma 24. Let (A, <) be a Wheeler NFA, with A = (Q,E,s, F). Fix 2 < i <|Q| (in

particular, (5 £ 1).

1. If Out(i — 1) # Out(i), then B <[i] = 1.

2. If(ui,1 € FAu; Q/F) vV (ui,1 g FNu; € F), then B.A,S[i] =1.

3. Assume that Ba <[i] = 1. If " > 2 then Ba <[] = 1, and if ("% £ L) A (0024 <
|Q| — 1), then B4 <[t 4+ 1] = 1.

Proof (Sketch). The first two claims follow immediately because =4 < is a bisimulation
from A to .A. We only focus on the first part of the third claim.

Assume that B4 <[i] = 1 and £ > 2. We know that ¢"" # | (which implies a™ £ 1),
and By <[] is well defined because /"™ > 2. Suppose for the sake of a contradiction
that B <[(™"] £ 1. This means that Ugmin _1 =A< uemm Since =4 < is a bisimulation
from A to A and (ugmin, u;,a ait) € B, there exists 1 < i/ < |Q| such that uy =4 < u; and
(wpmin_1, wir, a™™) € E. We distinguish three cases, and we show that of all them lead to a
coﬁtradiction (see Figure 6).
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Case 1: i < /. From (ugmin,u;,a™™), (ugmin_1,uy,a™™) € E and i < i’ we conclude
gmin < gmin 1 hy Axiom 3, which is a contradiction.

Case 2: i =i. We have (ugmin_1,u;,ai™™) € E, so by the minimality of £ we conclude
gmin < gmin 1 which is a contradiction.

Case 3: i/ < i. We know that =4 < is <-convex (by Theorem 12), i’ < i—1 < i and
Uy =A< Ui, SO we obtain that u;—1 =4 < u; and we conclude that B4 <[i] # 1, which is
a contradiction. <

We are now ready to compute B <[2,|Q|]. Informally, we use Algorithm 1 to implement
the properties stated in Lemma 24. At the beginning of the algorithm, we initialize B[2,|Q)]
to zero, and at the end of the algorithm, we will have B[2, |Q|] = Ba <[2,|Q|]. We compute
the bit array Z[2,|Q|] such that, for every 2 < i < |Q|, we have Z[i] = 1 if and only if
Out(i — 1) # Out(i). Then, Lines 8-13 implement the first and the second properties of
Lemma 24, and Lines 14-24 propagate the third property of Lemma 24.

Algorithm 1 The input is a Wheeler NFA (A, <), with A = (Q,E,s, F). The output is
B4, <[2,]Q|]. The algorithm uses a queue K and two arrays Z[2,|Q|] and B[2,|Q]].

1: fori+ 1,2,...,|Q| do > Initialization
2 Compute £*® and £
3: end for

4: compute Z[2,|Q|] > Z[i] = 1 if Out(i — 1) # Ouit(i) and Z[i] = 0 if Out(i — 1) = Out()
5: initialize B[2,|Q|] to zero

6: initialize an empty queue K

7
8
9

: for i+ 2,3,...,|Q| do > Main part

if (ui_1 c F Awu; ¢F)v(ui_1 QF/\’LLZ' EF)\/Z[i] =1 then
10: Enqueue(K,1)
11: Bli] + 1
12: end if
13: end for

14: while K is nonempty do
15: 1 < Dequeue(K)
16:  if (6" > 2) A (B[] = 0) then

17: Enqueue(K, £™)

18: B[] 1

19: end if

200 HF (G0 £ 1) A (68 < 1QI — 1) A (BIEM +1] = 0) then
21: Enqueue(K, 672 + 1)

22: Bl 4+ 1]+ 1

23: end if

24: end while
25: return B[2,|Q|]

Let us show that Algorithm 1 correctly computes B4 <[2,|Q]].

» Lemma 25. Let (A, <) be a Wheeler NFA, with A = (Q,E,s,F). On input (A, <),
Algorithm 1 returns the array Ba <[2,|Q|].

Proof (Sketch). Fix 2 <i < |Q|. We must prove that at the end of the algorithm we have
Bli] = Ba<[i]. If B[i] = 1, then we intuitively obtain B4 <[i] = 1 by Lemma 24. The
difficult part is to show that, if B[i] = 0, then B4 <[i] = 0. In other words, we need to show
that the properties stated in Lemma 24 are sufficient to detect whether B[i] = 1. Intuitively,
we proceed as follows. Let ~ be the relation from @ to @ such that for every 1 <i,i <|Q|
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we have u; ~ uy if and only if for every min{s, ¢’} + 1 < k < max{4,4'} we have B[k] =0
at the end of the algorithm. In particular, by the definition of ~, we have u; 1 ~ u; for
every 2 < i < |Q| such that B[i] = 0 at the end of the algorithm. We only need to prove
~ is a Wheeler autobisimulation on (A, <), because then by the maximality of =4 < (see
Theorem 12) we have u;_1 =4 < u; for every 2 <4 < |Q| such that B[i] = 0 at the end of
the algorithm, and so B <[i] = 0 for every 2 <14 < |Q| such that B[i] = 0 at the end of the
algorithm. We prove that ~ is a Wheeler autobisimulation on (A, <) in the full version. <«

Let discuss the running time of Algorithm 1 (Lemma 27). We start with a remark.

» Remark 26. Let (A, <) be a Wheeler NFA, with A = (Q, E, s, F'). Recall that every u € Q
is reachable in A, so every u € @ \ {s} must have at least one incoming edge, which implies
|E| > |Q| — 1. In particular, if an algorithm has time complexity O(|Q| + |E|), we can simply
write that it has time complexity O(|E|).

» Lemma 27. Let (A, <) be a Wheeler NFA, with A = (Q, E,s, F). Algorithm 1 can be
implemented to run in O(|E|) time on input (A, <).

Proof (Sketch). The initialization (Lines 1-6) can be implemented in linear time because
the edge labels can be sorted in linear time. The main part of the algorithm (Lines 8-25) is
executed in linear time because every 2 < i < |Q] is added to the queue K at most once, so
we only need O(1) time per state. <

Theorem 22 implies that in linear time we can check whether two Wheeler NFAs are in
the same ~¢-equivalence class.

» Corollary 28. Let (A, <) and (A, <) be Wheeler NFAs, with A = (Q,E,s, F) and
A" =(Q',E',s',F"). We can determine whether there exists a Wheeler bisimulation from
(A, ) to (A, <) in O(E| +|BI") time.

Proof (Sketch). By Theorem 22, in linear time we can build the quotient Wheeler NFAs
of (A, <) and (A, <’). Then, Lemma 15 suggests that there exists a Wheeler bisimulation
from (4, <) to (A, <’) if and only if the two quotient Wheeler NFAs are isomorphic. We
can check whether the two quotient Wheeler NFAs are isomorphic in linear time because
(i) if the two quotient Wheeler NFAs do not have the same number of states, they cannot
be isomorphic, and (ii) if the two quotient Wheeler NFAs have the same number of states,
then by Lemma 15 they are isomorphic if and only if the (unique) bijection that respects the
Wheeler orders of the quotient Wheeler NFAs is an isomorphism. |

Let (A, <) be a Wheeler NFA, with A = (Q, E, s, F'). Theorem 22 states that we can
build the quotient Wheeler NFA in linear time, under the assumption that the edge labels
can be sorted in linear time. It is natural to wonder if it is possible to achieve linear time
even when the edge labels cannot be sorted in linear time. In principle, this does not seem
unreasonable: we know the Wheeler order <, and for every u,v € Q, if u < v, then by
Axiom 2 all characters labeling some edge reaching v must be smaller than all characters
labeling some edge reaching v. In other words, the Wheeler order < inherently contains
information on the mutual order of the edge labels. However, from the Wheeler order we
cannot retrieve any information on the mutual order of the characters labeling some edge
reaching the same state, and we will see that this prevents us from achieving linear time.

More concretely, we consider the comparison model, in which the only query allowed to
compare the elements of the alphabet ¥ is the following: given aq,as € 3, decide whether
a1 = az. The model assumes that each such query can be solved in O(1) time. We can show
that, in the comparison model, building the quotient NFA requires Q(|E|log |E|) time.
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» Theorem 29. Let (A, <) be a Wheeler NFA, with A = (Q,E,s,F). In the compar-
ison model, the time complexity of building the Wheeler NFA (A, <.) of Lemma 1/ is
O(|E|log|E|). This is true even if we know that A is a DFA.

Theorem 29 is consistent with Theorem 22 because it is well known that the complexity of
sorting n elements in the comparison model is not linear but Q(nlogn) (see, e.g., [46, 22, 28]).

7 Conclusions and Future Work

In this paper, we have introduced Wheeler bisimulations. We have shown that they induce a
unique minimal Wheeler NFA for every Wheeler language, which can be built in linear time.

Definition 7 refers to the most popular notion of bisimulation, often called strong bisimu-
lation. However, many variants appear in the literature. The properties listed in Definition 7
ensure that a bisimulation is propagated when following edges in a forward fashion, but it is
possible to require the same compatibility to hold when edges are followed in a backward
fashion (or both in a forward fashion and a backward fashion). In addition, several notions of
weak bisimulation have been proposed (such as stutter bisimulation and normed bisimulation),
which typically still induce a unique minimal NFA. Usually, every (strong) bisimulation is a
weak bisimulation, so weak bisimulations yield smaller minimal NFAs. For details, we refer
the reader to [19, 7]. Moreover, as we have seen in the introduction, bisimulations appear in
different domains, so there has been much effort to provide a unified view of bisimulation [56],
also via algebraic and co-algebraic approaches [14, 15, 44, 57, 50, 1]. Consequently, our
theory of Wheeler bisimulations can be extended in two directions: (i) by modifying the
definition of Wheeler bisimulation, and (ii) by switching from Wheeler automata to other
formalisms (which should probably capture similar ideas of convexity, see [35] for Petri nets).

The definitions of bisimulation and Wheeler bisimulation are symmetrical: each property
must hold even when the roles of the two automata are exchanged. This is not a mandatory
requirement: when this symmetry is broken, one works with simulations (and not bisimula-
tions), see [7]. It seems reasonable to define Wheeler simulations by removing Property 3 in
Definition 9 (because Property 2 and Property 3 are symmetrical).

One important point that needs further clarification is the relationship between Wheeler
bisimulations and logic. It is well known that the largest bisimulation on an NFA can
be characterized through several logics, notably CTL and CTL* ([20], see also [7]). In
general, the relationship between Wheeler languages and logic is not well understood. We
have seen in the introduction that Wheeler languages enjoy the typical properties of the
class of regular languages: determinism and non-determinism have the same expressive
power, there exists a unique minimal Wheeler DFA| and Wheeler languages admit a Myhill-
Nerode theorem. Nonetheless, no logical characterization of Wheeler languages is known,
while regular languages can be characterized via the monadic second-order logic [61]. A
characterization of Wheeler languages in terms of syntactic monoids is also missing.

Consider the class of all regular languages. Bisimulations lead to the most interesting
notion of uniqueness (up to isomorphism) for NFAs, but other formalisms achieve the same
goal, such as residual automata [38], the universal automaton [48], and the dtomaton [17]
(see [49] for more information and more options). The natural question is whether we can
also extend these results to Wheeler automata. We conjecture that this is possible at least
for residual automata. Indeed, residual automata are closely related to the Myhill-Nerode
theorem, and we know that there exists a Myhill-Nerode theorem for Wheeler automata [5].
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