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Abstract
We survey word automata with limited nondeterminism, a family of models lying between determin-
istic and fully nondeterministic automata. While determinism provides a simple algorithmic basis
for verification, reactive synthesis, and probabilistic analysis, determinisation incurs large state
blow-up, especially for ω-regular specifications. Limited nondeterminism offers a middle ground: it
preserves some of the succinctness of nondeterministic automata while retaining enough structure
for algorithmic use. We focus on three notions: unambiguous automata, in which each accepted
word has at most one accepting run; good-for-games automata, whose nondeterministic choices
can be resolved on the fly from the input prefix; and good-for-MDPs automata, which preserve
optimal satisfaction probabilities when composed with MDPs. We compare these models in terms of
expressiveness, succinctness, decision problems, minimisation, and applications to model checking,
synthesis, reinforcement learning, and stochastic planning. Finally, we discuss how these threads
converge: recent work has used good-for-games minimisation as a preprocessing step to reduce
unambiguous and good-for-MDPs automata before composition, yielding more compact constructions
for probabilistic analysis and planning. We present this as a recurring algorithmic pattern – resolving
an automaton’s nondeterminism before it is amplified by the product with the system – that unifies
otherwise separate lines of work.
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1 Introduction

Word automata provide a central bridge between logical specifications and algorithmic analysis.
In verification [79], reactive synthesis [63], and probabilistic reasoning [4], a specification is
often translated into an automaton, either to be analysed directly or to be composed with
a system model. This automata-theoretic perspective is powerful because it separates the
specification of desired behaviour from the algorithms used to analyse it. Traditionally, this
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3:2 Word Automata with Limited Nondeterminism

perspective has relied on deterministic automata: once the next input letter is fixed, the
automaton state evolves uniquely, making products with games, Markov chains, and Markov
decision processes conceptually straightforward.

The difficulty is that determinism is often expensive. For ω-regular specifications, determ-
inisation can cause a large state blow-up, which is then inherited by the constructions used
in model checking, synthesis, and planning. In contrast, nondeterministic automata can be
substantially more succinct [54, 55, 56, 48]. However, unrestricted nondeterminism is usually
not suitable for direct use in algorithmic products: choices may depend on future input, may
interact badly with strategies, or may destroy quantitative correctness. This has motivated
the study of automata models with restricted forms of nondeterminism that retain part of
the succinctness of nondeterminism while imposing enough structure for algorithmic use.

This survey focuses on three notions of limited nondeterminism, each tailored to a
different algorithmic setting. Unambiguous automata [75]allow nondeterministic branching
but require every accepted word to have at most one accepting run. This property has
proven to be useful in probabilistic model checking of Markov chains, where the uniqueness
of runs enables quantitative analysis without full determinisation [26, 7, 5]. Good-for-games
(GFG) automata [44] require nondeterminism to be resolved on the fly, using only the input
prefix seen so far, making them suitable for games and synthesis, where inputs are chosen
adversarially. Good-for-MDPs (GFM) automata [38] adapt this idea to probabilistic settings:
their nondeterminism must be compatible with product constructions over Markov decision
processes (MDPs), so that optimal satisfaction probabilities are preserved, a key requirement
in MDP analysis in general and reinforcement learning in particular [37].

Our goal is to present these notions as a common landscape between deterministic and
fully nondeterministic automata. They retain some of the succinctness of nondeterministic
automata, while imposing enough structure to support model checking, synthesis, minim-
isation, and stochastic planning. From this perspective, limited nondeterminism is not just
relaxed determinism, but a way to design automata that fit the algorithmic task at hand.

The survey is organised as follows. We first recall the common automata-theoretic and
probabilistic background needed to compare the different models in Section 2. We then
discuss unambiguous automata as a restriction based on the number of accepting runs,
emphasising their succinctness and their role in Markov-chain model checking [54, 55, 56, 5]
in Section 3. Next, we turn to GFG automata, where the central issue is the history-
dependent resolution of nondeterministic choices, and review their expressiveness, decision
procedures, minimisation results, and applications to synthesis [48, 2, 52, 70] in Section 4. We
then consider GFM automata, which provide a semantic criterion for sound product-based
MDP analysis and reinforcement learning by preserving optimal satisfaction probabilities
under product constructions [38, 73, 74] in Section 5. The final part of the survey brings
these threads together in Section 6. Recent work shows that limited nondeterminism can
also be exploited inside broader verification and planning pipelines. In particular, GFG
minimisation techniques [70] can be used as a preprocessing step to reduce unambiguous
and GFM automata before product construction, leading to more compact constructions for
probabilistic analysis and stochastic planning [57, 81]. This suggests a recurring algorithmic
pattern: handle the automaton’s nondeterminism before it is amplified by composition with
the system.

In this way, the survey offers a unified perspective on these developments. The central
question is not simply whether an automaton is deterministic, nondeterministic, unambiguous,
GFG, or GFM, but what kind of nondeterminism can be tolerated by which algorithmic
setting. This clarifies why different restrictions have emerged, how they relate to each another,
and why they are useful in probabilistic model checking, synthesis, and reinforcement learning.
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2 Preliminaries

We fix a finite alphabet Σ. A word is a finite or infinite sequence of letters of Σ; ε is the
empty word, and Σ∗, Σω are the sets of finite and infinite (ω-)words. We write w[i] for the
i-th letter of w and u · w (or uw) for concatenation.

Transition systems and automata. A transition system (TS) is a tuple T = (Q, I, δ) with
Q a finite set of states, I ⊆ Q the initial states, and δ : Q × Σ → 2Q a transition function,
extended to sets and words in the standard way. T is deterministic if I is a singleton set
and |δ(q, a)| ≤ 1 for all q, a, and nondeterministic otherwise. An automaton is a TS together
with an acceptance criterion.

A nondeterministic finite automaton (NFA) is a pair (T , F ) with F ⊆ Q a set of final
states. A run of an NFA on a finite word u is a sequence of states q0q1 · · · qn with q0 ∈ I

and qi+1 ∈ δ(qi, u[i]); it is accepting if qn ∈ F , and u is accepted if it has an accepting run.
For ω-words we use transition-based acceptance throughout, which is standard in recent

work on GFGness and essential for the canonicity and minimisation results discussed later.
Write ∆(δ) = {(q, a, q′) | q′ ∈ δ(q, a)} for the set of transitions. A run of a TS on w ∈ Σω is
an infinite sequence of transitions ρ = (q0, w[0], q1)(q1, w[1], q2) · · · with q0 ∈ I, and inf(ρ) is
the set of transitions occurring infinitely often in ρ. A nondeterministic parity automaton
(NPA) is a pair (T , p) with p : ∆(δ) → {0, . . . , k} assigning a priority to each transition; ρ

is accepting if max p(inf(ρ)) is even. A Büchi automaton (NBA) is the case when k = 1,
where ρ is accepting iff it takes a transition from the accepting set α = p−1(1) infinitely often;
dually, a co-Büchi automaton (NCA) accepts iff it takes a transition from the rejecting set α

only finitely often. An ω-word is accepted if it has an accepting run, and L(A) denotes the
language of A. NPAs – already NBAs – recognise exactly the ω-regular languages. A few
cited results are specific to state-based acceptance, where priorities are placed on states rather
than transitions; we flag these explicitly, as the distinction affects minimisation complexity
(cf. Section 4).

Markov decision processes. A Markov decision process (MDP) is a tuple M =
(S, Act, Σ, P, s0, L) [4] with S a finite set of states, Act a set of actions, P a transition
probability function, s0 an initial state, and L : S × Act → Σ a labelling of state-action
pairs; Act(s) denotes the actions available at s. M is a (labelled) Markov chain (MC) if
|Act(s)| = 1 for all s. A path alternates states and actions, ξ = s0a0s1a1 · · · with ai ∈ Act(si)
and P(si, ai, si+1) > 0, and its trace is the induced label sequence L(s0, a0)L(s1, a1) · · · ∈ Σω.
We write FPaths for the set of finite paths.

A strategy is a function µ : FPaths → Distr(Act) with µ(ξ) ∈ Distr(Act(lst(ξ))), where
lst(ξ) is the last state of ξ; it is memoryless if it depends only on lst(ξ) and finite-memory if
realisable by a finite automaton reading the path. A strategy resolves the nondeterminism of
M and induces a Markov chain Mµ (finite-state when µ is finite-memory), which, together
with an initial state and by the standard σ-algebra generated by cylinder-sets induces a
probability measure PMµ on infinite paths; for ω-regular language L we write PMµ(L) for
the measure of the paths whose trace lies in L.

A strongly connected component (SCC) is a maximal set of states C ⊆ S such that every
pair of states in C can reach each other in the underlying graph. A sub-structure of M that
is closed under its probabilistic transitions and strongly connected is an end-component; an
inclusion-maximal one is a maximal end-component (MEC). Almost surely, a path of M
eventually stays within some MEC, which makes MECs central to the analysis of ω-regular
objectives.

CONCUR 2026



3:4 Word Automata with Limited Nondeterminism

3 Unambiguous Automata

We begin with the oldest and syntactically simplest restriction: limiting the number of
accepting runs. This restriction is independent of how nondeterministic choices are made
during a run, and is particularly useful in probabilistic model checking of Markov chains.

q0 q1 q2 q3 . . . qn f

0, 1

1 0, 1 0, 1 $

0, 1

Figure 1 An NFA or NBA recognising the language of words that contain exactly one $, and in
which a 1 occurs exactly n positions before the occurrence of $. Double circles denote final states in
the NFAs, while double-lined transitions denote accepting transitions in the NBAs.

An automaton is unambiguous if it can make nondeterministic choices, but it is guaranteed
that there is at most one accepting run for every input word. Unambiguous automata are as
expressive as general nondeterministic automata, while being exponentially more succinct
than deterministic automata [54, 55, 56].

▶ Theorem 1 ([54, 55, 56]). Unambiguous automata can be exponentially more succinct than
deterministic automata. Nondeterministic automata can be exponentially more succinct than
unambiguous ones.

To illustrate this succinctness gap, fix n ∈ N and consider the language over the alphabet
{0, 1, $} with words in which exactly one $ occurs, and where a 1 occurs exactly n steps
before this $. This language is recognised by an unambiguous automaton with n + 2 states
(see Figure 1). In contrast, any deterministic automaton recognising this language requires
at least 2n states, as it must encode the positions of the 1’s among the last n input letters
preceding the $.

The exponential succinctness of unambiguous Büchi automata (UBAs) relative to de-
terministic automata also manifests itself in translations from linear temporal logic (LTL)
to automata. In particular, the automata obtained from LTL formulas via the classical
closure constructions [82, 79] are, in fact, unambiguous generalised Büchi automata (UG-
BAs), in which the acceptance condition consists of a finite collection of accepting sets,
and an accepting run is required to visit every accepting set infinitely often. Moreover,
these automata are separated, that is, different states recognise disjoint languages. (They
can be degeneralised easily, but this costs the separation property.) While translating LTL
formulas into deterministic ω-automata incurs a double-exponential blow-up in the worst
case, translation into separating UGBAs requires only a single-exponential blow-up. This
observation has been made in several works, see, e.g., [26, 60].

An important question is recognising unambiguous automata. The following theorem and
its proof are presented in [24, Remark 1], with a more detailed treatment for tree automata
given in [68, Lemma 5]. The proof is based on constructing a suitably modified product
automaton, which captures pairs of distinct runs. The original automaton is unambiguous if
and only if this product automaton has an empty language.

▶ Theorem 2 ([24]). Deciding whether a nondeterministic automaton is unambiguous is
in NL.
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For unambiguous finite automata (UFAs), the inclusion problem – asking whether the
language of one automaton is a subset of that of another – is decidable in polynomial time [77],
whereas it is PSPACE-complete for general nondeterministic automata. Consequently, the
equivalence problem for UFAs – whether two automata recognise the same language – and
the universality problem – whether a given automaton accepts all finite words – are also
decidable in polynomial time.

The minimisation problem for UFAs is NP-complete: membership in NP follows straight-
forwardly from polynomial-time equivalence checking, while NP-hardness is established
in [46, Corollary 3.1].

For unambiguous ω-automata, the precise complexity of the inclusion, equivalence, and
universality problems for UBAs remains a long-standing open problem.

3.1 Weaker and Stronger Notions
Degree of Ambiguity. Unambiguous automata can be generalised by relaxing the restriction
to a single accepting run per word; the maximal cardinality of accepting runs is referred
to as the degree of ambiguity. Formally, the degree of ambiguity of a word w in A is
defined as the number of accepting runs of A on w. The degree of ambiguity of A is
the maximum degree of ambiguity over all input words, if such a maximum exists, and is
infinite otherwise. In the former case, A is called finitely ambiguous, while in the latter
case it is called infinitely ambiguous. An unambiguous automaton has ambiguity degree
of one. Infinitely ambiguous NFAs can be further classified as polynomially ambiguous or
exponentially ambiguous, depending on the growth rate of the ambiguity as a function of
the word-length. Weber and Seidl [80] investigated both finitely and infinitely ambiguous
automata including polynomially ambiguous and exponentially ambiguous automata. They
obtained polynomial-time algorithms for deciding the membership of each classes, which
rely on structural characterisations of the respective classes. Language inclusion is in P
for k-ambiguous NFAs where k is fixed [77]. If k is given as part of the input, the problem
becomes PSPACE-complete. The lower bound follows from the PSPACE-completeness
of the emptiness problem for the intersection of k DFAs: equivalently, universality of the
union of k DFAs is PSPACE-complete, and connecting these DFAs through a fresh initial
state yields a k-ambiguous NFA. A recent survey [40] provides a comprehensive overview of
results on the degree of ambiguity and related measures of nondeterminism for NFAs.

For ω-automata, [59] initiated the study of finitely ambiguous NBAs. They investigate the
possible degrees of ambiguity for NBAs and provide a classification of ambiguity degrees for
Büchi automata, together with the complexity of the corresponding decision problems. Since
a single infinite word may admit infinitely many accepting runs – even uncountably many
– automata over ω-words exhibit additional forms of infinite ambiguity. In particular, one
distinguishes between finitely ambiguous, countably ambiguous, and uncountably ambiguous
automata. Similar to the finite word case, structural characterisations and polynomial
algorithms for membership of the classes are provided in [59, 66]. These characterisations
and algorithms can be adopted for other acceptance conditions, e.g., parity, Rabin, Muller,
etc., [68, 67].

q0 q1 q2 . . . qn−1 qn
0, 1 0, 1 1 0, 1

Figure 2 A DBA recognising the language Ln, the language of words whose n-th letter is one.
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3:6 Word Automata with Limited Nondeterminism

Separating Automata. One can further restrict unambiguity by requiring that the sets of
accepting runs from any two states are disjoint, i.e., an ω-word can only have one final path
in the automaton. Such automata are called strongly unambiguous or separating. Just like
unambiguous automata, they are as expressive as general nondeterministic automata [18] and
can be exponentially more succinct than deterministic automata, as illustrated by the example
in Figure 1. In contrast, DBAs can be exponentially smaller than separating automata –
unlike in the unambiguous case, where every DBA is already unambiguous. This is witnessed
by the example in Figure 2 from [17, Remark 3]. Note that the same family of languages
also witnesses that separating automata require more states than unambiguous automata,
as DBAs are unambiguous. For a fixed n ∈ N, let Ln be the set of words over {0, 1} whose
nth letter is 1. While Ln is recognised by a DBA with n + 1 states, any separating Büchi
automaton requires at least 2n−1 states. To see this, let An be a separating automaton
for Ln with fewer than 2n−1 states. Then there exist distinct w1, w2 ∈ {0, 1}n−1 such that
w110ω and w210ω are accepted from the same state q. Assume w.l.o.g. that w1 = w1w′

1
and w2 = w0w′

2. Let v be a word of length n − |w| − 1. Then vw1w′
110ω ∈ Ln, whereas

vw0w′
210ω /∈ Ln. Furthermore, any accepting run of the word vw1w′

110ω, must be in q after
reading v from the start state. Otherwise, if v goes to q′ for an accepting run of vw1w′

110ω,
then w1w′

110ω is accepted from q′, contradicting the separation property. But this yields an
accepting run for vw0w′

210ω – a contradiction.
Unlike UBAs, the language inclusion, equivalence, and universality problems for separating

Büchi automata are decidable in polynomial time [17]. This makes them, to the best of our
knowledge, the only classical nondeterministic automaton model recognising all ω-regular
languages for which language inclusion is known to be tractable.

The relevance of unambiguity becomes most apparent in quantitative analysis. Although
a UBA may admit many runs on a given word, at most one of them can be accepting. This
property is crucial in probabilistic model checking. For a general nondeterministic Büchi
automaton, different accepting runs of the same word correspond to different accepting paths
in the product with a Markov chain, making it difficult to relate acceptance probabilities to
probabilities of paths in the product. In contrast, for a UBA, every accepted word contributes
through a unique accepting run. Hence accepting runs correspond to disjoint probabilistic
events, preventing probability mass from being counted multiple times and enabling direct
quantitative analysis without determinisation.

3.2 Application to Probabilistic Model Checking
UBAs have found important applications in probabilistic model checking of finite-state
Markov chains. A polynomial-time procedure for UBAs representing safety properties
was proposed in [7], while [26] provides a polynomial-time algorithm for separating Büchi
automata. Furthermore, [5] presents the first correct polynomial-time (indeed, NC, which is
a subclass of P comprising the problems solvable in poly-logarithmic parallel time) algorithm
for this problem. All these approaches are based on solving systems of linear equations.

Given a labelled Markov chain M and a UBA U , the Markov chain model checking
problem is to compute the probability that a trajectory generated by M is accepted by U .
Let M have state space S with initial state s0, and U have state space Q with initial state q0.
Define χ⃗ ∈ RQ×S such that χ⃗(⟨q, s⟩) is the probability that a trajectory of M starting in s is
accepted in U starting from q. It suffices to compute χ⃗(⟨q0, s0⟩). We construct the product
of U and M, yielding a nonnegative matrix B ∈ R(Q×S)×(Q×S). The vector χ⃗ satisfies the
linear system Bx⃗ = x⃗, which does not uniquely determine the solution, and thus requires
additional constraints. If U is separating, it suffices to add x⃗(⟨q, s⟩) = 0 for all pairs in
rejecting bottom SCCs, and

∑
⟨q,s⟩∈C x⃗(⟨q, s⟩) = 1 for each accepting bottom SCC C [17].
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For general UBAs, the approach of [5] relies on linear-algebraic properties of the product
matrix B. Intuitively, one seeks components of the product in which probability mass
can persist indefinitely. These correspond to SCCs whose associated submatrices have
spectral radius 11, meaning that probability can remain in the component forever rather than
eventually leaking out. Such SCCs are called recurrent. These are classified as accepting or
rejecting based on the automaton transitions they contain. For rejecting recurrent SCCs, it
requires to impose x⃗(c) = 0, while for each accepting recurrent SCC C, it requires µ⃗⊺

C x⃗C = 1,
where µ⃗C is called a cut.

Overall, the system of linear equations is:

x⃗ = Bx⃗,

µ⃗⊺
C x⃗C = 1 for each accepting recurrent SCC C,

x⃗(c) = 0 for all c that cannot reach an accepting recurrent SCC. (1)

Unambiguity restricts the number of accepting runs, but it does not explain how to
choose transitions on the fly. For games, this is the central issue: nondeterministic choices
must be resolved while the input is being produced. This leads to good-for-games automata.

4 Good-for-Games Automata

The notion of good-for-games (GFG) automata was introduced by Henzinger and Piter-
man [44], who observed that determinism is not necessary for solving games with ω-regular
winning conditions. In the classical approach to reactive (Church) synthesis, one composes
the game with a deterministic automaton for the specification to obtain a game with a
standard acceptance condition. Henzinger and Piterman showed that some nondeterministic
automata, which they called good-for-games, have enough compositional structure for this
construction to work without determinisation.

Related ideas appeared independently in other settings. Kupferman, Safra, and Vardi
studied word automata in tree-based settings, leading to the notion later called good-for-
trees automata [50, 8]. Colcombet [23] introduced history-determinism for quantitative
automata with cost functions, capturing nondeterministic automata whose choices can be
resolved on the fly while preserving strong compositional and algorithmic properties. These
notions were later unified: for ω-regular languages, good-for-games, good-for-trees, and
history-deterministic automata coincide [12]. Since then, GFG automata have attracted
significant attention because they form a natural intermediate model between deterministic
and unrestricted nondeterministic automata.

Intuitively, a nondeterministic automaton is GFG if there exists a strategy to resolve its
nondeterministic choices based only on the input prefix, without knowledge of the future.
Formally, good-for-gameness (GFGness) of an automaton can be characterised by the outcome
of the letter game introduced by [44] (also called the HD game in, for example, [52]). A
play starts with a token in the initial state and proceeds in infinitely many rounds. In each
round, Adam selects a letter from the input alphabet, and Eve responds by moving the token
along a corresponding transition of the automaton. Adam constructs a word, while Eve
constructs a run for this word. Eve wins the play if either the word is not in the language
of the automaton, or the constructed run is accepting. In other words, there must exist a
uniform strategy that resolves nondeterminism on the fly, constructing accepting runs for all
words in the language without knowledge of future inputs.

1 Spectral radius of a matrix is the maximum of the absolute values of its eigenvalues
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3:8 Word Automata with Limited Nondeterminism

The expressive power of GFG automata was first studied in the context of derivable
tree languages [50, 61]. GFG automata are as expressive as deterministic ones. For finite
words, this follows directly from the fact that GFG automata are determinisable by pruning
(DBP). For ω-words, however, the situation is more subtle: GFG automata need not be
DBP as first observed in [8]. Figure 3, taken from [49], shows a GFG Büchi automaton that
is not DBP. It recognises words containing infinitely many occurrences of either a0a0 or
a1a1. Its only nondeterministic choice is at q0 on input a, and GFGness is witnessed by the
strategy that moves to q1 whenever q0 is visited initially or reached from q2 or q5, and to
q2 otherwise. Intuitively, this strategy guesses that an occurrence of a0 will be followed by
another a0. Since there are infinitely many occurrences of a0a0, this guess succeeds infinitely
often, ensuring that the transition from q1 to q3 is taken infinitely often in the constructed
run whenever a0a0 appears infinitely often in the word. Symmetrically, the same argument
applies when a1a1 appears infinitely often.

q0

q1

q2

q3

q4

q5

q6

a

1

0 a

0

1

a

0

1 a

1

0

Figure 3 A GFG Büchi automaton that is not DBP from [49].

Later, Kuperberg and Skrzypczak [48] analysed the succinctness of GFG automata relative
to deterministic automata. They showed that the cost of determinisation depends strongly on
the acceptance condition: GFG Büchi automata can be determinised with only a quadratic
blow-up, whereas GFG coBüchi automata may require an exponential blow-up [48]. In
particular, this established that GFG Büchi automata can be quadratically more succinct
than DBAs for the same language.

▶ Theorem 3 ([48]). GFG Büchi automata are up to quadratically more succinct than DBA.

▶ Theorem 4 ([48]). GFG coBüchi automata can be exponentially more succinct than DCAs.

Whether GFG Büchi automata can be strictly smaller than every language-equivalent
DBA at all – the most basic succinctness question left open – was settled only recently [22].

▶ Theorem 5 ([22]). There is a GFG Büchi automaton that has strictly fewer states than
every language-equivalent DBA.

For GFG automata to be useful as a specification formalism, one must be able to recognise
them and, ideally, reduce them. This leads to two central algorithmic questions: deciding
GFGness and minimising GFG automata.
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A straightforward approach to deciding GFGness for parity automata solves the letter
game directly and incurs exponential time, as it requires determinisation [44]. In 2015,
Kuperberg and Skrzypczak [48] gave a polynomial-time algorithm for coBüchi automata.
Their approach first constructs a language-equivalent GFG automaton, provided Eve wins the
Joker game (a necessary condition for GFGness), and then reduces the problem to checking
whether the original automaton simulates the constructed one. This was followed by Bagnol
and Kuperberg [2], who provided a polynomial-time algorithm for Büchi automata based on
the k-token game: Adam builds a word letter by letter, Eve constructs a run on a designated
token, and Adam simultaneously constructs runs on k additional tokens. Eve wins if whenever
any of Adam’s runs is accepting, so is her run. They showed that a Büchi automaton is GFG
if and only if Eve wins the 2-token game, yielding a polynomial-time decision procedure.
They also conjectured that this characterisation extends to all parity automata. Boker,
Kuperberg, Lehtinen, and Skrzypczak [9] confirmed the conjecture for coBüchi automata, via
a more involved and non-constructive argument. More recently, Lehtinen and Prakash [52]
proved the conjecture for parity automata, giving a polynomial-time algorithm based on the
2-token game for a fixed number of priorities. Their proof is constructive, as they obtain a
strategy for Eve in the letter game based on her strategy for the 2-token game.

▶ Theorem 6 ([52]). For every nondeterministic parity automaton A, Eve wins the 2-token
game on A if and only if A is GFG.

Consequently, deciding GFGness is in P for parity automata with a bounded number
of priorities. When the number of priorities is part of the input, the problem becomes
NP-hard [64] and is in PSPACE; its exact complexity remains open.

The minimisation problem for GFG Büchi automata, whether there is a language equival-
ent GFG Büchi automaton with at most k states, is NP-complete [69, Theorem 14] (matching
the complexity for state-based GFG Büchi automata [72]). The upper bound follows from the
fact that checking whether a parity automaton is GFG and language equivalent to a given
GFG parity automaton is in NP [72, Theorem 4]. Accordingly, one can nondeterministically
guess a smaller Büchi automaton as a candidate solution and verify its correctness by checking
GFGness and language equivalence.

▶ Theorem 7 ([69]). Deciding whether there is a language equivalent GFG NBA with at
most k states is NP-complete.

For GFG coBüchi automata, the picture is more promising. Abu Radi and Kupferman
showed canonicity and gave a polynomial-time algorithm that minimises any GFG coBüchi
automaton to a canonical minimal GFG automaton [70] (which is fundamentally different to
the NP-completeness of minimising state-based GFG coBüchi automata [72]). This result
has already proven useful in accelerating Markov chain model checking [57] and stochastic
planning [81], which we will briefly discuss in Section 6.

On the foundational side, it has also enabled extensions of normal forms to generalised
GFG coBüchi automata [21], full ω-regular languages, notably through chains-of-coBüchi
automata (COCOA) [31] and rerailing automata [29].

▶ Theorem 8 ([70]). Every GFG NCA can be minimised into a canonical minimal GFG
NCA in polynomial time.

The above results apply to ω-automata only with transition-based acceptance. For
state-based acceptance automata, the minimisation problem is NP-complete for GFG Büchi,
coBüchi, and parity automata [72].
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4.1 Related work and Generalisation

There is a rich body of work on GFG and history-deterministic automata. As noted
above, the two notions coincide for ω-regular languages [12]. Beyond classical Büchi and
coBüchi conditions, GFG automata have been studied for generalised Büchi and coBüchi [21],
Rabin [20], Muller, parity, and Rabin conditions [27, 19], and alternating automata [12, 10].
In quantitative automata, however, GFG-ness and history determinism no longer coincide [13];
token-game techniques were later extended to decide history determinism in this setting [14].
The study has also expanded to richer models, including ω-pushdown automata [53], timed
automata [16], one-counter nets [65], and Parikh automata [32].

GFG automata are generalised to explorable automata, where nondeterministic choices
can be resolved by building finitely many simultaneous runs instead of just one [41]. It is
k-explorable if the number of runs built simultaneously is k. Formally, one can extend the
letter game to a k-explorability game by giving Eve k tokens, and Eve wins if either the word
is not in the language of the automaton, or one of the k constructed runs is accepting. An
automaton is called k-explorable if Eve wins the k-explorability game and is called explorable
if it is k-explorable for some k ∈ N. Obviously, a GFG automaton is 1-explorable. There are
examples of automata that are k-explorable but not (k − 1)-explorable for any k. Deciding
whether an NFA or an NBA is explorable was shown to be decidable and EXPTIME-
complete. They also studied the notion of ω-explorable for infinite word automata, that
is, countably many runs are built simultaneously. It was shown all reachability automata
are ω-explorable, but this is not the case for safety ones. It was also shown that deciding
whether a safety automaton or a coBüchi automaton is ω-explorable is EXPTIME-complete.
Observe that the finite/countable/uncountable hierarchy of explorability exhibits a similar
structure to the finite/polynomial/exponential ambiguity hierarchy as noted in [41]. More
recently, these notions have also been extended to pushdown automata [6]. Other recent
works have generalised the resolver strategy to stochastic resolver, which gives a probabilistic
automata and words are only needed to be accepted with a threshold probability [62, 45].

4.2 Applications of GFG Automata

The game-theoretic motivation of GFG automata was discussed above; here we focus on
concrete applications. One synthesis application is given in [30], which extends GR(1)
(Generalised Reactivity(1)) synthesis. Recall that a GR(1) specification consists of safety
assumptions and guarantees together with finitely many fairness assumptions and guarantees,
and admits symbolic synthesis algorithms based on nested fixpoint computations. The
approach of [30] keeps the safety part still as a symbolic game graph while representing the
liveness part by COCOA, rather than by the GR(1) (Generalised Reactivity(1)) fragment of
LTL. This fragment admits efficient symbolic synthesis algorithms based on nested fixpoint
computations. This yields a fixpoint formula that can be evaluated symbolically on the game
graph, retaining much of the efficiency of GR(1) while supporting specifications beyond the
GR(1) fragment.

GFG automata have also been connected to relaxed synthesis notions such as good-
enough synthesis [1] and best-value synthesis [33]. Unlike classical Church synthesis, which
requires the system to satisfy the specification against all environment behaviours, these
relaxed notions ask for systems that succeed whenever a satisfying interaction with the
environment is possible. Deciding good-enough synthesis for deterministic specifications is
polynomially equivalent to deciding whether an automaton is GFG. Intuitively, the GFG
resolver corresponds to an online strategy that incrementally constructs accepting behaviours
during interaction with the environment. For further discussion, see [15].
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Interestingly, for GFG automata, language inclusion coincides with fair simulation [43],
reducing semantic model-checking questions to simpler game-theoretic simulation problems.

Klein et al. [47] shows that GFG automata can also be used in probabilistic model
checking. Despite this theoretical potential, GFG automata have not yet been widely adopted
in state-of-the-art verification tools for ω-regular properties, such as ePMC [34], PRISM [51],
IscasMC [36], and Storm [42], mainly due to the lack of efficient and practical constructions.

5 Good-for-MDPs Automata

GFG automata resolve nondeterminism against all possible adversarial inputs. In prob-
abilistic control, however, the relevant question is different: does the automaton preserve
optimal satisfaction probabilities when combined with an MDP? This motivates the weaker
semantic notion of good-for-MDPs (GFM) automata [38], which characterise nondeterministic
automata suitable for the analysis of finite-state MDPs. Intuitively, an automaton is GFM if
its nondeterminism can be resolved in a probabilistic setting without changing the optimal
satisfaction probability.

Several well-studied automata classes, including standard classes of limit-deterministic
automata (LDBAs) [78, 25, 35, 76, 37] and slim automata [38], fall within this framework.
Limit determinism means that the automaton is deterministic on all states reachable after
taking an accepting transition. Note, however, that LDBAs are not GFM in general, as
illustrated by Figure 4. The automaton there is clearly limit-deterministic, but not GFM:
once q1 is chosen, one loses words with only finitely many 0’s, and symmetrically, choosing q2
loses words with only finitely many 1’s. Thus the nondeterministic choice cannot be resolved
on the fly in an MDP. Note, however, that adding a self-loop on q0 labelled by both 0 and
1 makes the automaton GFM, see Figure 5, as the choice between q1 and q2 can then be
deferred. The definition of GFM is semantic in nature and is based on the syntactic product
construction of the automaton and an MDP, as formalised in [38].

q1 q0 q2
0, 1

0, 1

0

1

0

1

Figure 4 An LDBA that is not GFM.

q1 q0 q2

0, 1

0, 1
0, 1

0

1

0

1

Figure 5 A GFM Büchi automaton recog-
nising the universal language over {0, 1}.

Formally, let M = (S, Act, Σ, P, s0, L) be an MDP and A = (Q, {q0}, δ, α) be an NBA.
We define the product MDP M × A = (S×, Act×, Σ, P×, ⟨s0, q0⟩, L×, α×) augmented with
the acceptance condition α× where

S× = S × Q is the state space.
Act× = Act × Q is the action set.
P× : S× × Act× × S× → [0, 1] is the transition probability function such that
P×(⟨s, q⟩, ⟨a, q′⟩, ⟨s′, q′⟩) = P(s, a, s′) if P(s, a, s′) > 0 and q′ ∈ δ(q, L(s, a)).
L×(⟨s, q⟩, ⟨a, q′⟩) = L(s, a) for state ⟨s, q⟩ ∈ S × Q and action ⟨a, q′⟩ ∈ Act×, and
For Büchi, α× = {(⟨s, q⟩, ⟨a, q′⟩, ⟨s′, q′⟩) | P×(⟨s, q⟩, ⟨a, q′⟩, ⟨s′, q′⟩) > 0, (q, L(s, a), q′) ∈
α}.
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The semantic satisfaction probability of A on M is given by

Psem(M, A) = sup
µ

PMµ(A),

which is the best probability, over all strategies of M, that the trace generated by M lies
in A. The syntactic satisfaction probability is obtained instead from the product MDP: it
is the best probability that a run of M × A is accepting. An MEC of M × A is accepting
if its sub-MDP contains an accepting transition of α×; once a run enters such an MEC, a
suitable strategy almost surely satisfies the Büchi condition. Writing X for the union of the
accepting MECs, the syntactic probability is therefore

Psyn(M, A) = sup
µ

P(M×A)µ(FX).

Since FX is a reachability objective, this supremum is attained by a memoryless strategy
of M × A; computing Psyn(M, A) thus reduces to a maximal-reachability computation on
M × A. An automaton A is GFM if Psem(M, A) = Psyn(M, A) for every finite-state MDP
M. Note that a memoryless strategy of M × A corresponds, in general, to a finite-memory
strategy of M that uses the automaton component as memory; this is why Psem must range
over arbitrary strategies of M, even though Psyn is attained memorylessly on the product.

Every GFG automaton is also GFM, but the converse does not hold, as first observed
in [38, Figure 3]. A simplified example is shown in Figure 5. In this example, the automaton
is not GFG. Indeed, in the letter game, Eve must eventually commit to either q1 or q2 while
reading the word online. Choosing q1 loses words with infinitely many 1’s and only finitely
many 0’s, whereas choosing q2 loses words with infinitely many 0’s and only finitely many
1’s. Since the future behaviour of the word is not yet known, no online resolver can always
make the correct choice.

The situation is different in the MDP setting. A GFM automaton does not require
nondeterminism to be resolved uniformly for all possible futures. Instead, it only requires
that the optimal satisfaction probability be preserved after taking the product with the MDP.
In the automaton of Figure 5, the choice between q1 and q2 can therefore be postponed
until sufficient information about the long-run behaviour of the MDP has been revealed.
Intuitively, once the run enters an end-component that produces infinitely many 0’s almost
surely, the strategy moves to q1; symmetrically, it moves to q2 in an end-component producing
infinitely many 1’s almost surely. Thus, unlike GFG automata, GFM automata may exploit
the probabilistic and asymptotic structure of the MDP when resolving nondeterminism.
This makes GFM strictly more permissive than GFG while still preserving correctness for
probabilistic verification and control.

In terms of expressiveness, GFM Büchi automata recognise the full class of ω-regular
languages, matching the expressive power of general nondeterministic automata. GFM
automata also enjoy strong succinctness advantages over deterministic and GFG automata,
as witnessed by the automaton shown in Figure 6 from [74]. Let n ∈ N. This GFM automaton,
with n+2 states, recognises the language over {0, 1, $} of infinite words that contain infinitely
many sequences of the form 1 {0, 1}n−1$. Assume, towards a contradiction, that there exists
a DBA A recognising the language with fewer than 2n−1 states. By a pigeonhole argument
over words in {0, 1}n, at least three such words lead to the same state, among which two
have runs from q0 that either both visit an accepting state or both avoid accepting states
altogether. From these two words, one can construct distinguishing suffixes and iterate the
argument inductively, yielding two infinite words, one in the language and one outside it,
whose runs in A repeatedly merge and either both satisfy the Büchi condition or both fail it
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– a contradiction. Since GFG Büchi automata are only up to quadratically more succinct
than DBA for the same language [48], it follows that GFM Büchi automata are exponentially
more succinct than GFG Büchi automata.

▶ Theorem 9 ([74]). GFM Büchi automata are exponentially more succinct than DBAs.
GFM Büchi automata are exponentially more succinct than GFG Büchi automata.

q0 q1 q2 q3 . . . qn f

0, 1, $

1
0, 1

$
0, 1

$ $

$

0, 1
0, 1, $

Figure 6 The GFM Büchi automaton recognising the language over {0, 1, $} of infinite words
that contain infinitely many sequences of the form 1 {0, 1}n−1$.

To check whether or not a given NBA is GFM is intractable, according to [73, Theorem 9,
Corollary 18], and the exact complexity remains an open problem:

▶ Theorem 10 ([73]). Deciding whether an NBA is GFM is PSPACE-hard and in EXP-
TIME.

The minimisation problem for GFM Büchi automata, whether there is a language
equivalent GFM NBA with at most k states, is PSPACE-hard [73, Theorem 10], and lies in
EXPTIME by enumerating all automata of size up to k and checking language equivalence
(in PSPACE) together with GFMness (currently in EXPTIME). Its exact complexity
remains open; in particular, a PSPACE procedure for checking GFMness would immediately
yield a PSPACE upper bound for minimisation as well. The lower bound is known to be
PSPACE-hard:

▶ Theorem 11 ([73]). Deciding whether there is a language equivalent GFM NBA with at
most k states is PSPACE-hard. It is PSPACE-hard even for (fixed) k = 2.

The GFM property has also been studied for alternating automata [39]. In particular,
alternating GFM automata were shown to be exponentially more succinct than general
NBAs.

5.1 Applications
Given an MDP M and an NBA A, the model checking problem is to compute the maximal
probability, over all strategies of M, that a generated trajectory is accepted by A. For GFM
automata, this value can be computed directly from their semantic definition: it coincides
with Psem(M, A) and can be obtained by computing Psyn(M, A). This is achieved by
constructing the product MDP of M and A and computing the maximal probability of
reaching an accepting MEC in the product.

In practice, unlike in the standard MDP model checking setting, the transition probabilities
of the MDP modelling the environment are often not known a priori. Reinforcement learning
(RL) provides an effective framework for such scenarios, allowing an agent to interact with
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3:14 Word Automata with Limited Nondeterminism

the environment and improve its behaviour based on feedback obtained during execution.
Formally, the goal is to synthesise a strategy that maximises the probability that an MDP
M with unknown transition probabilities satisfies a given ω-regular specification φ.

GFM automata have proved particularly useful in this context, including standard classes
of LDBAs [78, 25, 35, 76, 37] and slim automata [38]. A natural approach is to first translate
the objective φ into a suitable automaton, then construct the product of this automaton
with the MDP modelling the environment. One then defines a reward function on the
product MDP, which serves as feedback for the learning agent, and applies an off-the-shelf
RL algorithm to learn an optimal strategy. Crucially, the automaton can be chosen to be
GFM, ensuring that optimal control in the product MDP corresponds to an optimal strategy
in the original MDP that maximises the probability of satisfying φ.

6 Combining the Models: Using GFG Minimisation for Probabilistic
Model Checking

The previous sections treated unambiguous, GFG, and GFM automata as separate restric-
tions. Recent work shows that these notions can also be combined algorithmically: GFG
minimisation can be used as a preprocessing step to reduce automata that are then used in
probabilistic analysis.

6.1 Markov Chain Model Checking

input UBA

U D P

Treat as DCA, L(D) = L(P)

M

input Markov Chain

W

New Alphabet Σ′

U × M P × W

Determinise
Σ′ (new)

minimise GFG

and resolve non-det
uniformly randomly

Figure 7 Overview of the pipeline constructions in [57].

As discussed in previous sections, unambiguous and GFG automata have been applied
independently to Markov chain model checking for nearly a decade. These two restrictions
of nondeterminism provide orthogonal generalisations of deterministic automata. However,
combining them directly is of limited interest, since automata that are both GFG and
unambiguous essentially collapse to deterministic automata [11].

To see the intuition behind this collapse, let A be an automaton that is both GFG
and unambiguous. Consider a state with several a-successors. Since A is GFG, one of
these successors must recognise a language containing the languages of all other a-successors.
Indeed, suppose there are two successors p and q such that neither language contains the other,
and moreover neither language is contained in the language of any other a-successor. Then
there exists a word u accepted from p but not from any other a-successor, and symmetrically
a word v accepted from q but not from any other a-successor. A resolver reading the initial
letter a would therefore have to choose between p and q without knowledge of the future
suffix: choosing p loses the word v, while choosing q loses the word u. Hence no GFG resolver
exists, contradicting the assumption that A is GFG. Consequently, every set of a-successors
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contains a successor whose language subsumes the languages of all others. Transitions to
the remaining successors can therefore be pruned without changing the recognised language.
Thus GFG automata may be assumed to be semantically deterministic, meaning that all
remaining a-successors of a state recognise the same language. For further discussion of
semantically deterministic automata and their relation to GFG automata, we refer to [71].
Since A is also unambiguous, there can be at most one such successor, as otherwise the same
word would admit two distinct accepting runs. Hence every state has at most one successor
for each input letter, and the automaton is deterministic up to semantic equivalence.

A recent work [57] reconciles these approaches via a non-trivial construction that integrates
unambiguous automata with the polynomial-time minimisation of GFG coBüchi automata
due to Abu Radi and Kupferman [70]. The key insight is to reinterpret unambiguous
behaviour through a controlled introduction of probabilistic choices, enabling the use of
GFG minimisation techniques while preserving quantitative semantics. More concretely, an
input UBA is transformed into a probabilistic automaton [3] that is suitable for quantitative
analysis over Markov chains. The automata has the additional property that every word is
accepted with probability either 1 or 0. The resulting automata can be exponentially smaller
than their deterministic counterparts [57]. A family of examples demonstrates significant
state-space reductions, suggesting substantial speed-ups in model checking for LTL [28, 5],
LDL, weak alternating automata [58], and UBAs in general, especially when the input Markov
chains are large, as is typical in practical applications.

While the standard UBA-based approach [5] constructs the product of the input UBA
and the Markov chain directly, the accelerated method proceeds via a polynomial sequence
of transformations, illustrated in Figure 7:
1. The input UBA U is determinised into a DBA over an extended alphabet Σ′, where each

letter encodes successor information. This step encodes the nondeterministic choices
explicitly at the level of the alphabet.

2. The DBA is then reinterpreted as a deterministic coBüchi automaton (DCA) D by
dualising the acceptance condition. The polynomial-time GFG coBüchi minimisation
procedure [70] is then applied to obtain a minimal GFG automaton while preserving
language equivalence.

3. The resulting GFG automaton is transformed into a probabilistic automaton P by
resolving nondeterministic choices via a uniform (or otherwise well-defined) probability
distribution. This step is crucial: it preserves acceptance probabilities while enabling
linear-algebraic analysis.

Before constructing the product, the input Markov chain M is lifted to a weighted
structure W over the extended alphabet Σ′, ensuring compatibility with the transformed
automaton. The product P × W is then formed. As in the classical UBA-based approach,
this induces a system of linear equations (cf. Equation (1)). By adding suitable constraints
for strongly connected components with specific acceptance properties, one obtains a unique
solution corresponding to the probability that a trajectory generated by M is accepted by
U . Compared to the direct product construction, the main advantage of this approach lies
in separating nondeterminism resolution from the product construction, thereby enabling
minimisation prior to composition and yielding substantial performance gains in practice.

6.2 MDP Model Checking
As discussed earlier, GFM automata can be used for MDP model checking by constructing
the product with the input MDP and analysing the resulting system directly. Recall that
the objective is to compute the maximal probability, over all strategies of a given MDP, that
a generated trajectory is accepted by a GFM automaton.
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Recent work [81] improves this approach by combining GFM automata with the
polynomial-time minimisation of GFG coBüchi automata, in close analogy to the advances
described above for Markov chains. The central idea is again to preprocess the automaton so
that nondeterminism is handled in a structured and optimisable way before constructing
the product. The input GFM automaton is transformed through a polynomial sequence of
steps, similar to the one in Figure 7, yielding a probabilistic automaton over an extended
alphabet Σ′. This construction parallels the transformation of unambiguous automata in
the Markov chain setting. Simultaneously, the input MDP is adapted to operate over Σ′

by refining its action space so that transitions encode the additional information required
by the transformed automaton. This results in a modified MDP M′ that is behaviourally
equivalent with respect to the property under consideration. Intuitively, the nondeterminism
of the input GFM automaton is transferred to the MDP by extending the action space of M
to obtain M′. The additional actions encode the choices that would otherwise be resolved
nondeterministically by the automaton. Consequently, the transformed automaton can be
viewed as deterministic over the extended alphabet Σ′, since its nondeterministic choices are
now resolved through the strategy of the MDP.

7 Conclusion

Overall, the survey shows that limited nondeterminism yields compact automata models
that remain amenable to model checking, synthesis, and reinforcement learning.

A common lesson across these models is that nondeterminism need not be eliminated
completely. Instead, it can be constrained according to the surrounding algorithmic context:
unique runs for quantitative analysis over Markov chains, history-dependent resolvability for
games, and probability preservation for MDPs. This perspective also explains why recent
reduction pipelines first simplify the automaton before composing it with the system model.

Several problems remain open. Since their introduction, GFG automata have become
increasingly well understood from a theoretical perspective, and their potential for solving
games and synthesis is compelling. We believe that the next major challenge is to turn this
potential into practical synthesis tools, as has been achieved for GFM and unambiguous
automata. A key step in this direction is to translate full ω-regular specifications into GFG
automata in a way that fulfils this promise.

Another open question is whether language inclusion for UBAs can be solved in polynomial
time, as is the case for UFAs. Finally, the exact complexity of deciding whether a parity
automaton is GFG, or whether a Büchi automaton is GFM, remains open.
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