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—— Abstract

Behavioural distances generally offer more fine-grained means of comparing quantitative systems

than two-valued behavioural equivalences. They often relate to quantitative modal logics that
characterize a given behavioural distance in terms of the induced logical distance. We develop a
unified framework for behavioural distances and logics induced by a special type of modalities that lift
two-valued predicates to quantitative predicates. A typical example is the probability operator, which
maps a two-valued predicate A to a quantitative predicate on probability distributions assigning to
each distribution the respective probability of A. Correspondingly, the prototypical example of our
framework is e-bisimulation distance of Markov chains, which has recently been shown to coincide
with the behavioural distance induced by the popular Lévy-Prokhorov distance on distributions.
Other examples include behavioural distance on metric transition systems and Hausdorff behavioural
distance on fuzzy transition systems. We establish a number of general results in this framework,
including existence and polynomial-time computation of distinguishing formulae in two characteristic
modal logics: A two-valued logic with a notion of satisfaction up to ¢, and a quantitative logic.
These general results instantiate to new results in many of the mentioned examples. Notably, we
obtain polynomial-time computation of distinguishing formulae for e-bisimulation distance of Markov
chains in a quantitative logic featuring a “generally” modality used in probabilistic knowledge
representation.
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1 Introduction

In systems carrying quantitative information, behavioural distances often provide a more
stable and fine-grained means of comparing the behaviour of processes than two-valued
equivalences [22]. Behavioural distances can be treated parametrically over the system type
(non-deterministic, weighted, probabilistic etc.) in the framework of universal coalgebra [34],
which encapsulates the system type in the choice of a functor on a suitable base category. For
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instance, Markov chains are coalgebras for the discrete distribution functor on the category
of sets. Coalgebraic treatments of behavioural distances are based either on liftings of the
given functor to the category of metric spaces [5] or on so-called (quantitative) laz extensions
of the functor, which extend the functor to act on quantitative relations [41]. Both lax
extensions and functor liftings can be induced from a choice of quantitative modalities,
interpreted coalgebraically as quantitative predicate liftings [41, 5]. A well-known example
is the standard Kantorovich distance on probability distributions, which is induced by the
expectation modality; that is, given a metric on the outcome space, the distance of two
probability distributions is defined as the supremum of the deviations between the respective
expected values, taken over all non-expansive predicates on the outcome space.

In the present work, we develop a coalgebraic framework for behavioural distances that are
based on fixing threshold values for allowed deviations in long-term behaviour. One central
example is the behavioural distance on labelled Markov chains induced by e-bisimilarity [13]:
One defines a notion of e-bisimulation, which, roughly speaking, works like the two-valued
notion of probabilistic bisimulation but allows probabilities to deviate by up to €; then, the
induced behavioural distance between states x,y is the infimum over all & such that x,y are
e-bisimilar. It was recently shown that this behavioural distance, originally called e-distance,
is induced by the Lévy-Prokhorov metric on distributions [14]; we hence refer to it as Lévy-
Prokhorov behavioural distance. Due to its favourable statistical robustness properties, the
Lévy-Prokhorov distance is popular in machine learning tasks such as conformal prediction [3]
and corruption resistance [9]; other related distances have been employed, for instance, in
mobile security [15] and in differential privacy [8].

Our coalgebraic treatment of similar distances, which we term threshold-based, starts from
the choice of a set of modalities of particular type: They are induced by predicate liftings
that turn 2-valued predicates on the base set into V-valued predicates on the functorial image
of this set, where we generally write V for the unit interval [0, 1]; we refer to such predicate
liftings as 2-to-V. For instance, Lévy-Prokhorov behavioural distance is induced by the single
2-to-V predicate lifting that just evaluates probability distributions on 2-valued predicates.
Beyond this, the framework subsumes many known examples of coalgebraic behavioural
distance, such as Hausdorff behavioural distances on metric [12] or fuzzy [41] transition
systems; the most notable non-example are Kantorovich-type distances on probabilistic
systems.

Throughout, we cover both symmetric distances, i.e. behavioural pseudometrics, and
asymmetric ones, i.e. behavioural hemimetrics such as simulation distance on metric transition
systems [16]. Correspondingly, we work with e-simulations, which take on the nature of
bisimulations if the underlying set of modalities is closed under duals. We proceed to develop
the meta-theory and algorithmics of this framework, obtaining the following main results.

1. We show that the behavioural distance induced from a notion of e-(bi-)similarity
coincides with the one induced by a threshold-based lax extension induced by the given
modalities (Theorem 3.11). In the probabilistic case, this lax extension is the Lévy-Prokhorov
extension, so one instance of this result is the mentioned characterization of e-distance as
Lévy-Prokhorov behavioural distance [14].

2. From the underlying 2-to-V predicate liftings, we construct quantitative predicate lift-
ings [35, 41], which lift V-valued predicates to V-valued predicates, by Sugeno integration [37]
(Section 6). We show that the lax extension induced by these quantitative Sugeno modalities
coincides with the threshold-based lax extension from Item (1) (Theorem 6.13). It then
follows from general results [27, 41] that the quantitative modal logic of the Sugeno modalities
is characteristic for threshold-based behavioural distance on finitely branching systems in
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the sense that logical distance coincides with behavioural distance. (Another consequence
is instantiation of a quantitative van-Benthem theorem [40].) In the probabilistic case, the
Sugeno modality is precisely the gemerally modality that has been used in probabilistic
knowledge representation [35] to model the notion “with high probability”; thus, one instance
of our generic result is a recent result showing that the generally modality induces the
Lévy-Prokhorov extension [43].

3. We introduce a two-valued modal logic equipped with a notion of satisfaction up
to €, which we show characterizes threshold-based behavioural distance on finitely branching
systems (Section 5). The probabilistic instance yields Desharnais et al’s characteristic logic
for Lévy-Prokhorov behavioural distance [13], restricted to finitely branching systems. All
other instances are new; these include a two-valued characteristic logic for behavioural
distance on metric transition systems [12].

4. For both the two-valued and the quantitative modal logic, we provide algorithms
that extract distinguishing formulae witnessing lower bounds for behavioural distance from
Spoiler strategies in a codensity-style [26] Spoiler-Duplicator game. The extracted formulae
are of polynomial dag size (the tree size of distinguishing formulae is worst-case exponential
even in standard two-valued Kripkean modal logics, e.g. [17]), and the algorithms run in
polynomial time under mild assumptions (Theorems 5.5 and 6.11). In the quantitative case,
this recovers a corresponding result for metric transition systems [12]. All other instances
are new; notably, we obtain polynomial-time computation of characteristic formulae, both
two-valued and quantitative, for Lévy-Prokhorov distance of Markov chains.

We use Lévy-Prokhorov behavioural distance as a running example for our main results,
presented in Sections 3—6, and discuss a range of further examples in Section 7.

Omitted proofs and additional details are found in the full version [20].

Related Work. As mentioned above, Desharnais et al. [13] introduce e-distance on labelled
Markov chains and an associated two-valued characteristic modal logic, without however
considering computational properties of the logic (they do provide an algorithm for the
computation of behavioural distance). The fact that the quantitative modal logic of generally
is characteristic for Lévy-Prokhorov behavioural distance follows from mentioned recent
results [43] by existing coalgebraic quantitative Hennessy-Milner theorems [27, 41, 18], which
however rely on fairly involved constructions that approximate non-expansive properties at
every modal depth using Stone-Weierstra3-type density theorems, and thus do not imply our
algorithmic results on computation of distinguishing formulae. Our generic algorithm for the
computation of distinguishing formulae takes inspiration from a corresponding algorithm
for the modal logic of metric transition systems [12], which as indicated above is at the
same time the only previously known instance of our general result. The computation of
distinguishing formulae for two-valued behavioural equivalences goes back to work on labelled
transition systems [11]; by now, corresponding algorithms have been designed in coalgebraic
generality [28, 45]. (The two-valued setting allows very stringent quasi-linear time bounds [45]
that presumably do not generalize to the quantitative case.) As mentioned above, one case
not covered by our framework of threshold-based behavioural distances are Kantorovich-type
distances on Markov chains, for which an algorithm computing distinguishing formulae
has been presented recently [33]. This algorithm works with a different specification: It
computes an exact witness of the distance under the n-th iterate of the functional defining the
behavioural distance as a fixpoint, while our algorithm finds a formula witnessing distance
strictly above a given e.
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2 Preliminaries

We assume basic familiarity with category theory (e.g. [2]). We recall basic notions on
distance functions and coalgebras, and fix some notation.

Distance functions and relations. We write V to denote the unit interval [0,1] C R, with
suprema and infima under the usual ordering of the reals written as V and A, and & and ©
used to denote truncated addition and subtraction on V, respectively (i.e. t®y = min(z+y, 1),
r ©y = max(z — y,0)). We generally work with predicates A € 2% where 2 = {T, L},
which we silently identify with subsets A C X when convenient. Let X,Y be sets. For
relations R C X x Y, we write R: X Y, and we write R°: Y - X for the converse of a
relation R: X - Y. We denote the relational composite of relations R: X +Y,S: Y + Z
by S-R: X + Z. The relational image R[A] € 2¥ of A € 2% under R is given by
RA]={y| 3z € A.z Ry}.

A V-valued relation r: X xY — V will be denoted by r: X 4 Y and its converse
by r°: Y by X, with r°(y,z) = r(z,y) for z € X, y € Y. We order V-valued relations
pointwise, i.e. by r < ¢/ iff r(z,y) < r'(z,y) for all z € X, y € Y. A V-valued relation
d: X by X is symmetric if it coincides with its converse, and a hemimetric if d(z,x) = 0 for
all z € X and d(z, z) < d(z,y) ® d(y, 2) for all z,y,z € X; a pseudometric is a symmetric
hemimetric. Similarly to the qualitative case, the composite s -r: X 4y Z of V-valued
relations r: X -y Y, s: Y 4y Z is given by

(s-1)(z,2) = /\er r(z,y) ® s(y, 2).

Universal coalgebra. Given an endofunctor F': Set — Set, an F'-coalgebra is a pair (X, §),
where X is a set of states and £: X — FX is the transition map. Coalgebras generalize
the notion of state-based systems: The transition map defines how individual states can
transition between each other, with the transition dynamic (nondeterministic, probabilistic,
etc.) being specified by the endofunctor F'. For instance, coalgebras for the subdistribution
functor S: Set — Set, where SX = {u: X — V [ {z | p(z) # 0} finite, ) |y p(z) < 1}
and Sf(p)(y) = X-,cp-1(y) M), are Markov chains that optionally terminate with some
probability in each state. The distribution functor is the subfunctor D of & where we
additionally require that )\ u(z) = 1.

A functor element a € FX is finitely supported if there exist a finite subset Xo C X and
an element ag € FXg such that Fi(ap) = a where ¢ denotes the inclusion map Xy — X.
We may identify F' X, with a subset of FX [6], and thus just write a € FX; in this case.
A coalgebra (X, €) is finitely branching if for each x € X, {(z) is finitely supported. A
functor F' is finitary if all its elements are finitely supported, so all its coalgebras are finitely
branching. Both S and D are finitary, as we restrict to finitely supported (sub-)distributions.
A homomorphism between two F-coalgebras (X, &), (Y, () is a function h: X — Y such that
(-h=Fh-£ Stateszx € X,y € Y in coalgebras (X, &), (Y, () are behaviourally equivalent
if there is a third coalgebra (Z,J) and coalgebra homomorphisms g: (X,¢) — (Z,d) and
h: (Y,¢) — (Z,6) such that g(x) = h(y); this captures standard notions of (e.g., probabilistic)
bisimilarity [1, 7, 25].

3 Threshold-Based Behavioural Distances

We proceed to introduce the central notion of threshold-based behavioural distances. These
distances generalize a distance on (labelled) Markov chains that has been termed e-distance [13,
14]; we will see in Section 7 that our general notion in fact subsumes many other well-known
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behavioural distances on various system types. As indicated above, e-distance is based on first
introducing a notion of e-(bi-)simulation in which probabilities under successor distributions
are allowed to deviate by at most ¢, and then defining the induced (symmetric or asymmetric)
distance between states z,y as the infimum over all £ such that x,y are e-(bi-)similar. Our
generalization works as follows.

We parametrize the overall framework over a set functor F' encapsulating the system type
in a coalgebraic modelling as recalled in Section 2. In this setting, both existing and our new
notions of behavioural distances and coalgebraic modal logics are closely tied to predicate
liftings, which provide a means of lifting predicates on the state space X of a coalgebra to the
space F'X or successor structures. We work with both two-valued and quantitative predicate
liftings, as well as with a new type of heterogeneous predicate lifting:

» Definition 3.1. A 2-t0-V (respectively 2-to-2, V-to-V) predicate lifting for F' is a collection
of maps Ax: 2% — VFX (respectively Ax: 2% — 28X \y: VX — VFX) subject to the
naturality condition Ax(g- f) = Ay (g) - Ff for all f: X — Y and all predicates g of the
appropriate type (g € 2Y or g € VY).

The naturality condition equivalently states that predicate liftings are natural transformations
involving the contravariant two-valued and V-valued powerset functors 2~ and V~. Hetero-
geneous predicate liftings of type 2-to-V can interact both with two-valued and quantitative
concepts by respectively casting them as predicate liftings of type 2-to-2 and V-to-). For
the former this is achieved by introducing a threshold value and then treating values above
that threshold as T and values below it as L, while for the latter this is achieved through a
process called Sugeno integration (see Section 6). These ideas respectively form the technical
cores of Sections 5 and 6.

» Definition 3.2. A 2-to-V predicate lifting A is monotone if whenever A, B € 2¥X and
A C B, then A\x(A)(a) < Ax(B)(a) for all a € FX. The dual X of \ is given by Ax(A)(a) =
1—Ax(X\ A)(a) for A€ 2% ac FX. Given a set A of 2-to-V predicate liftings, we write A
for the closure of A under duals, i.e. A =AU {\ |\ € A}.

We will generally use the terms predicate lifting and modality interchangeably. We restrict to
unary liftings purely in the interest of readability; the treatment of higher arities, i.e. predicate
liftings of type (27)® — V¥~ requires no more than additional indexing. One basic example
of a monotone 2-to-V predicate lifting is probability, given by

P(A)(n) = u(A) for A e 2% ueSX.

In a Markov chain £: X — SX, P(A)({(x)) gives the probability of transitioning from
into the set A € 2%, while P(A)(&(z)) is the probability of either transitioning into A or
terminating.

» Convention 3.3. For the remainder of the paper, we fix a functor F and a set A of
monotone 2-to-V predicate liftings.

From the given choice of 2-to-V predicate liftings, we obtain a notion of (asymmetric)
behavioural distance as follows:

» Definition 3.4 (c-(Bi-)simulation, threshold-based behavioural distance). Let £: X — FX,
(:Y — FY be F-coalgebras, and let ¢ € V. A (two-valued) relation R: X + Y is an
e-A-simulation (from (X, &) to (Y,()) if whenever x R y, then

ARIAD(C(y)) = MA)(E(x)) — e forall A€ 2X, X\ € A. (1)

35:5
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A relation R as above is an e-A-bisimulation if both R and its converse R° are e-A-simulations.
If states x € X, y € Y are related by some e-A-(bi-)simulation, then we say that y e-A-
stmulates x or that x and y are e-A-bisimilar, and write x <. o y or = ~, A y, respectively,
defining <. 5 and =, A as relations between X and Y. We define the induced (threshold-based)
A-behavioural distance dp between states x € X, y € Y by

da(z,y) = Me [z Zca y}-

» Remark 3.5. Like in the two-valued case [23] and in the purely quantitative setting [41], it
is easy to see that if A is closed under duals (i.e. A = A), then every e-A-simulation R is in
fact an e-A-bisimulation (in the notation of Definition 3.4, to see that R° is a A-simulation,
show A(R°[B])(&(z)) > M(B)(((y)) — ¢ for B € 2¥ and x R y by applying (1) to A and
A =X\ R°[B]). It follows that in this case, the threshold-based distance d, is symmetric,
hence a pseudometric. We thus focus almost entirely on e-A-simulations in the main line
of the technical development, as we obtain corresponding results on bisimulations by just
closing under duals.

» Example 3.6. The notion of e-A-simulation generalizes Desharnais et al’s e-simulations on
labelled Markov chains [13]. For the moment, we restrict to the single-action case, in which
we just speak of Markov chains (with optional termination), and treat the general case in
Example 7.1. As indicated in Section 2, a Markov chain is a coalgebra for the subdistribution
functor S. For A = {P}, e-A-simulations on Markov chains are precisely e-simulations in
the sense of Desharnais et al. Explicitly, a relation R: X + Y is an e-A-simulation between
Markov chains £: X — S§X, (: Y — SY if whenever x R y, then ((y)(R[A]) > &(x)(A) — ¢
for all A € 2X. We use this case as a running example, deferring the presentation of further
instances to Section 7. By Remark 3.5, e-A-simulations are precisely e-bisimulations in the
sense of Desharnais et al. (again restricted to the case of a single action for the moment,
with the general case covered in Example 7.1).

We note some basic properties of e-A-similarity:

» Lemma 3.7. Let&: X — FX, (: Y = FY be F-coalgebras.

1. The relation <. is the greatest e-A-simulation from (X,€) to (Y,().
Threshold-quantitative A-behavioural distance is a (class-sized) hemimetric.
Let§>e>0,z€ X, yeY. Ifx 2. ry, thenx <51 ¥.

Let x € X, y € Y such that da(z,y) <e. Then x 2. A y.

Suppose that (Y, () is finitely branching, and let e >0, x € X, y € X. If & <. o y for
every €' > ¢, then x <. p y. In particular, dp(z,y) < e iff £ <ca y.

LA ol

Without finite branching, Lemma 3.7.5 does not hold in general. Details are in the full
version.

Relators and Lax Extensions. We capture the notion of e-A-similarity more concisely
using (two-valued) relators over F, which we just understand as assignments L mapping
relations R: X Y to relations LR: FX + FY, subject only to monotonicity (R C S
implies LR C LS), following usage in earlier work [38, 32] (note that the term is sometimes
used with a stricter meaning [4, 30]). In this terminology, we have relators L. o over F for
all € > 0, given by

aL.ARb <= YA€ A AC X NR[A])(b) > MA)(a) — ¢
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for RC X xY,a€ FX,be FY. Then given F-coalgebras £: X — FX, (: Y — FY,
a relation R: X + Y is an e-A-simulation iff R is an L. -simulation, i.e. £(z) L. AR ((y)
for all (z,y) € R. We will see that this family of relators gives rise to a quantitative lax
extension of F', in the following sense:

» Definition 3.8. A mapping L of V-valued relations r: X +y Y to V-valued relations
Lr: FX+yFY isa (quantitative) laz extension of F if for all V-valued relations r,r': XY,
5:Y 4y Z and every function f: X — Y, we have

1. r<v = Lr<Ly (monotonicity)
2. L(s-r)<Ls-Lr (lax functoriality)
3. Lf<Ffand L(f°) < (Ff)° (extension)

where we treat f as a V-valued relation with f(z,y) = 01if f(z) = y and f(z,y) = 1 otherwise.

Using the family (L. )cey of relators, we define a lax extension L by
Lar(a,b) /\{5 €V |aL,are b} (2)

forr: X $ypY,a € FX, b e FY, where r. = {(z,y) € X XY | r(z,y) < e}. We defer
the proof that L, is in fact a lax extension — we show later that L, is induced by a set of
quantitative modalities via the so-called Kantorovich construction (Theorem 6.13), which by
general results always yields a lax extension [41]. We frequently consider cases where A consists
only of a single predicate lifting A; in this case, we write L. x and Ly in place of L. (1, and
Ly, respectively. Lax extensions restrict to liftings of pseudometrics (hemimetrics); that is,
whenever d is a pseudometric (hemimetric), then Ld is also a pseudometric (hemimetric) [41].

» Remark 3.9. Every 2-to-2 predicate lifting induces a 2-to-V predicate lifting by postcom-
posing with the inclusion of the sets 27X into the sets VF'X: we say that a 2-to-} predicate
lifting A is two-valued if it is induced in this way, and we then also use \ as a 2-to-2 predicate
lifting. If all predicate liftings in A are two-valued, then the relators L. 5 all coincide for
€ < 1 (indeed, they coincide with the two-valued lax extension induced by the corresponding
2-to-2 predicate liftings [31]). Nevertheless, Ly is typically properly quantitative, and in
fact often coincides with familiar quantitative lax extensions. For instance, in case F' = P
and A = {0} where O: 2= — 2P~ is the standard 2-valued diamond modality given by
Ox(A) ={S € PX | ANS # ()} for A € 2%, Ly is precisely the one-sided Hausdorff lax
extension given by Lar(S,T) =V, cg Ayerr(z,y) for S € PX, T € PY,and r: X HyY. By
Remark 3.5, the closure A of A under duals, A = {0, 0}, induces the symmetric Hausdorff lax
extension, which, when applied to a metric on X, yields the Hausdorff pseudometric on PX,
given by Lzr(S,T) = Lar(S,T) VLar°(T,5) = Vyes Nyer 7@, 9) V'V yer Apes (@, y) for
data as above.

» Example 3.10. Continuing Example 3.6, i.e. taking F' = S and A = {P}, we describe Lp
as a one-sided form of the Lévy-Prokhorov lifting [14], that is we have

Lpr(uv) = \{e | VA € 2X. v(rc[A]) > u(A) — €}

for py € SX, v € Y, and r: X -y Y. Correspondingly, L+ is the usual two-sided Lévy-
Prokhorov lifting, i.e.

Lyr(uv) = e | VA € 25 0(ri[A]) > u(4) — e AVB € 27 u((r°).[B]) > v(B) - ).

We note here that over probability distributions, i.e. subdistributions with total weight 1, P
and P coincide, so that already Lp defines the two-sided Lévy-Prokhorov lifting.
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Our version of the Lévy-Prokhorov lifting differs from that due to Desharnais and
Sokolova [14] in two regards. First, their version acts on pseudometrics, while ours acts more
generally on V-valued relations and hence in particular needs to use the converse r°. Second,
their version is defined with open instead of closed neighbourhoods. This choice does not
make a difference, as we show in the full version.

Quantitative lax extensions yield notions of quantitative simulations for F-coalgebras: If L is
a quantitative lax extension, and (X, ) and (Y, () are F-coalgebras, then a V-valued relation
s: X by Y is an L-simulation if s > (° - Ls- &, i.e. if

s(x,y) > Ls(&(x),¢(y)) forallz € X andy €Y.

As L is monotone, by the Knaster-Tarski fixed point theorem it follows that there is a
smallest L-simulation between (X, &) and (Y, (), which we call L-behavioural distance (from
(X,¢) to (Y,()), and often denote by d..

We show next that Lj-behavioural distance in this sense coincides with A-behavioural
distance in the sense of Definition 3.4 (generalizing recent results for the case of labelled
Markov chains [14]), so that L, captures e-A-similarity:

» Theorem 3.11. Let (X,§) and (Y, () be F-coalgebras. For states x € X, y € Y, we have

dA(.%‘,y) = dLA(x?y)'

» Example 3.12. As already indicated above, by Example 3.10, one instance of Theorem 3.11
yields the characterization of e-distance on labelled Markov chains [13] via fixpoints of the
Lévy-Prokhorov lifting established recently by Desharnais and Sokolova [14] (restricted for
the moment to the case with only one label, with the general case discussed in Example 7.1);
indeed we obtain this both for the two-sided (symmetric) and for the one-sided (asymmetric)
variant, respectively applying Theorem 3.11 to {P, P} or to {P}. Correspondingly, we
occasionally refer to this behavioural distance as Lévy-Prokhorov behavioural distance, adding
the qualification one-sided or two-sided when needed.

4  Threshold-Quantitative Codensity Games

With a view to using Spoiler strategies in the computation of distinguishing formulae, we
next introduce a Spoiler-Duplicator game for e-similarity.

» Definition 4.1. Let A be a set of 2-to-)V predicate liftings, and let £: X — FX,(: Y — FY
be F-coalgebras. The codensity game up to € on £ and ¢, played by Spoiler (S) and
Duplicator (D), is given by the following table detailing positions, ownership, and moves:

Position Owner | Moves
(z,9) € X XY S {(\, A, B) € Ax 2% x 2" | A(B)({(y)) < A(A)(£(x)) — ¢}
(M A, B) € Ax 2% x2Y D {(x,y) e X xY |z € Ay ¢ B}

As usual, any player who cannot move on their turn loses. Infinite plays are won by D.

Intuitively, we understand a position of the form (z,y) as D claiming that z and y are e-A-
similar, i.e. x <. Ao y. Spoiler can challenge such a claim by exhibiting predicates A and B
such that A(B)(¢(y)) < A(A)(§(x)) — €, which refutes D’s claim provided that < \[A] C B
(here, ¢ ,[A] C Y is the set of states that e-A-simulate some state in A). Thus, D needs to
challenge this inclusion by playing (2’,y’) where 2’ € A and y’ ¢ B, thereby claiming that
' <ea Y, Le. that ¥ € <. A[A]. The game is illustrated in Example 6.10 below.



J. Forster, L. Schroder, P. Wild, B. Konig, and P. Nora

» Theorem 4.2. Let&: X — FX, (Y — FY be F-coalgebras. Duplicator wins the position
(x,y) in the codensity game up to € on & and ¢ iff y e-A-simulates x.

In connection with Lemma 3.7.5, we obtain

» Corollary 4.3 (Game correctness). Let A be a set of 2-to-V predicate liftings, and let
& X - FX, ;Y — FY be finitely branching F-coalgebras. Then Duplicator wins the
position (x,y) in the codensity game up to € on & and ¢ iff dp(x,y) < e.

» Remark 4.4. We expect that the codensity game up to € can be cast as an instance of
the very general notion of codensity games on fibrations [26], in this case on the fibration of
binary relations over the base category Set? of pairs of sets (that is, the fibre over a pair
(X,Y) of sets consists of the relations of type R: X + Y). Desharnais et al. [13] present a
game for the specific case of Lévy-Prokhorov distance, which however is quite different in
spirit from the codensity game up to ¢.

As we aim to use Spoiler strategies to extract distinguishing formulae, we are interested
in computing them. Since the codensity game is a safety game, Spoiler’s winning region
is a least fixed point, and thus can be computed by Kleene iteration. The time estimate
for this computation necessarily depends on computational properties of the functor, whose
formulation requires a suitable finite representation of modalities A € A and functor elements
a € FX for finite X (e.g. [24]). Such representations are obvious in all of our main examples.
In general, not all elements of F'X will be representable; in particular, we regard only
such elements of SX as representable that have only rational probabilities. A coalgebra
&: X — FX is representable if £(x) is representable for every x € X. We generally assume
that numbers are coded in binary. The requisite condition is then quite simple:

» Definition 4.5. A set A of 2-to-V predicate liftings is polynomial-time solvable if given
0 < e € Q, representable functor elements a € FX, b € FY with X,Y finite, and a relation
S: X-+Y, one can decide in polynomial time (in the total size of the input a, b, S, £) whether
there exist A € 2%, B € 2¥, X € A such that A(B)(b) < A(A)(a) —e and A x (Y \ B) C S,
and then compute these data in polynomial time.

» Example 4.6. One typically establishes polynomial-time solvability by forming the com-
plement relation R = (X x Y) \ S, and taking B to be R[A]. This ensures the condition
A x (Y\ B) CS, so that only the inequality needs to be checked. For instance, polynomial-
time solvability of A = {P} follows in this way from a construction by Desharnais et al. [13],
who, given u € SX and v € SY, construct a flow network N (u, v, R) whose maximal flow
is at least u(X) — e iff for all A € 2%, P(R[A])(v) > P(A)(u) — ¢, i.e. v(R[A]) > u(A) —e.
In case the maximal flow (which can be computed in polynomial time by standard meth-
ods) is less than p(X) — ¢, one obtains A € 2%, B € 2¥ such that v(B) < u(A) — € and
Ax (Y\B) C S from a minimum cut of N'(u, v, R) (which in turn is read off from a maximal
flow in a standard manner); details are in the full version. Modifications for the two-sided
case (A = {P, P}) are straightforward.

» Theorem 4.7 (Strategy computation). Let &: X — FX, (: Y — FY be representable finite
coalgebras, and let 0 < e € Q. If A is polynomial-time solvable, then both the winning region
of Spoiler in the codensity game up to € on & and ( and a history-free winning strategy on
the winning region are computable in polynomial time.

By the correctness of the game (Corollary 4.3), this entails:

» Corollary 4.8. If A is polynomially solvable, then it is decidable in polynomial time whether
two given states in representable finite coalgebras have distance at most €.
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5 Two-Valued Distinguishing Formulae

We now introduce a two-valued coalgebraic modal logic equipped with a notion of satisfaction
up to &, with a view to certifying high behavioural distances by modal formulae (a quantitative
logic for similar purposes is discussed in Section 6). To this end, we convert the given 2-to-V
predicate liftings into 2-to-2 predicate lifting by means of threshold values; as a simple
example, for the probability modality A = { P} over subdistributions, one obtains the usual
threshold modalities ‘with probability at least ¢’ known from two-valued probabilistic modal
logics [29]. Satisfaction up to € then means essentially that ¢ is subtracted from all thresholds.
Generalizing Desharnais et al.’s logic for labelled Markov chains [13], we define the two-valued
logic Lo(A) as follows. The set Fa(A) of (two-valued) A-formulae p, 1), ... is given by the
grammar

e =L T oA [eVY[re (A€M qgeV).

The modal rank of a formula ¢ is the maximal nesting depth of modalities A, in .

We interpret this logic in terms of satisfaction relations up-to-¢, denoted |=., between
states « in F-coalgebras £: X — FX and A-formulae. The relation =, is defined inductively,
with the usual clauses for the Boolean connectives and with the modal case given by

vl Mg 1 AM[ple)(E(2) = gee

where [¢]. = {2z € X | z = ¢}. Intuitively,  |=. ¢ means that state z might not satisfy ¢
exactly, but satisfies it at least up to ¢; for € = 0, we just have classical satisfaction.

» Definition 5.1. Given states © € X, y € Y in F-coalgebras £: X — FX, (:Y — FY,
respectively, we say that x is logically included in y up to € if for all ¢ € F(A), whenever
T =g p, then y = .

(One can then in fact show that more generally, whenever x =5 ¢ for some 6 € V, then
Yy Es+e ¢; details are in the full version.) Satisfaction is preserved up to behavioural distance
(in generalization of the “if” direction of [13, Theorem 3]):

» Lemma 5.2 (Preservation). Let z € X, y € Y be states in F-coalgebras £: X — FX,
C:Y = FY, andlete € V. If da(z,y) < e, then x is logically included in y up to «.

Indeed, we can show that over finitely branching coalgebras, the threshold-based A-behavioural
distance dp is characterized by the logic £(A), a property often referred to as expressiveness:

» Definition 5.3. Let x € X, y € Y be states in F-coalgebras {: X — FX, (:Y — FY,
respectively. A formula ¢ € Fo(A) is e-distinguishing for (x,y) if z =g ¢ and y . ¢.

» Theorem 5.4 (Expressiveness, two-valued). Let x € X, y € Y be states in finitely branching
coalgebras §: X — FX, (.Y — FY. Thenda(z,y) < € iff x is logically included in y up to .

That is, whenever da(z,y) > €, then there exists an e-distinguishing formula for (z,y) in
L(A). We next focus on the computation of distinguishing formulae in case the involved
coalgebras £: X — FX, (:Y — FY are finite. Let s be a memoryless winning strategy
for Spoiler that wins all positions in the winning region of Spoiler in the codensity game
up to € on £ and ¢ as per Definition 4.1 (such a strategy exists because from Spoiler’s
perspective, the game is a reachability game). Since there are only k& = |X| x |Y'| Spoiler
positions in the game, Spoiler wins any position in their winning region in at most k moves.
We compute e-distinguishing formulae for all pairs (z,y) of states in Spoiler’s winning region
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in dag representation, i.e. sharing identical subformulae (cf. Remark 5.6), using dynamic
programming, with stages indexed by the remaining number of Spoiler moves. As positions
of the shape (z,y) € X X Y belong to Spoiler, this number is always greater than 0. In stage
i > 0, the algorithm proceeds as follows for each position (g, yo) won by S in ¢ moves:

» Algorithm 1 (Extraction of two-valued distinguishing formulae).

1. Put (M A,B) = s(xo,y0) (Spoiler’s winning move). By definition of the game,
A(B)(((y)) < g — & where ¢ = A(4)({(z)).

2. For every possible reply by D, i.e. every pair (x,y) € X XY such that x € Aandy ¢ B, S
wins (z,y) in at most ¢ — 1 moves, so we have already computed an e-distinguishing
formula ¢, for (z,y) in a previous stage.

3. Put

©=Viea /\er\B Pay- (3)
The e-distinguishing formula for (zq, yo) 1S @uoye = AgP-

The algorithm is illustrated in Example 6.10 below. In the interest of abstractness, we have
refrained from assuming representability of the input, which, of course, is a prerequisite for
the actual execution of the algorithm; we discuss this point in Remark 5.7. Nevertheless,
correctness of the algorithm and a size estimate for the constructed formulae can formulated
already for the abstract version.

» Theorem 5.5 (Extraction of polynomial-sized two-valued distinguishing formulae). Given
finite F-coalgebras £: X — FX, (: Y — FY and a Spoiler strategy s for the codensity game
up to € on & and C that wins all positions in Spoiler’s winning region, Algorithm 1 constructs
two-valued e-distinguishing formulae g, € Fa(A) for all pairs of states (z,y) € X XY such
that dp(z,y) > €. The formulae ¢, ,, are of quadratic modal rank and polynomial, specifically
quartic, dag size in | X|+ |Y|.

(For the quartic bound, just note that the algorithm constructs quadratically many formulae,
each of which contributes quadratically many logical connectives.)

» Remark 5.6 (Dag representation). As indicated above, we measure formulae in dag size,
i.e. the size of a representation where identical subformulae are shared, as opposed to the
tree size measured without sharing. Even in the two-valued base case, i.e. in the standard
modal logic of Kripke frames, the tree size of distinguishing formulae for non-bisimilar states
is worst-case exponential [17], and existing algorithms computing distinguishing formulae for
two-valued behavioural equivalences [11, 44] work with dag representations.

» Remark 5.7 (Constants, complexity). In the interest of succinctness, we have allowed real-
valued thresholds ¢ on modalities \,, following Desharnais et al. [13]. To restrict to rational
thresholds, and to ensure executability, call a modality A polynomially rational if for A € 2%
and representable t € F X, A(A)(¢) is rational and can be computed in polynomial time in ¢,
in particular is of polynomial size. For instance, our running example, the modality P over
Markov chains, is polynomially rational as it just sums over probabilities already given in
the input distribution. It is apparent from Algorithm 1 that in case the input coalgebras are
representable and all A € A are polynomially rational, the extracted formulae contain only
polynomial-sized rational thresholds. Moreover, the algorithm then becomes executable, and
runs in polynomial time.

In combination with Theorem 4.7, we obtain:
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» Corollary 5.8 (Polynomial-time computation of two-valued distinguishing formulae). If A
is polynomial-time solvable and all X € A are polynomially rational, then e-distinguishing
formulae of states x,y of threshold-behavioural distance dp(x,y) > € in representable finite
coalgebras can be computed in polynomial time in the overall size of the input.

» Example 5.9. Continuing Example 3.6, we obtain Desharnais et al’s expressiveness result
for e-logic w.r.t. e-simulation [13], restricted to finitely branching (and, for the moment,
single-action) Markov chains, as an instance of Theorem 5.4 (we leave a generalization of
Theorem 5.4 to countable branching as covered by Desharnais et al. to future work). As a new
result, we obtain a polynomial size estimate for distinguishing formulae for e-(bi-)simulation
on finite Markov chains, and polynomial-time computation of such formulae on representable
Markov chains. Additional discussion is in Example 7.1.

6 Quantitative Distinguishing Formulae

Having seen a characteristic two-valued modal logic for threshold-based behavioural dis-
tance dy, we next develop a properly quantitative modal logic from the given 2-to-) predicate
liftings. This logic will also be shown to be characteristic for dy, now in the sense that
behavioural distance equals the supremum over all deviations in truth values of quantitative
modal formulae.

To this end, we now convert the given 2-to-) predicate liftings A € A into V-to-V predicate
liftings S* (with components S% : VX — VEX) — the Sugeno modalities — by putting

SX(f)(a) = \/66‘)5 AXf)(a) for feVX, aeFX (4)

where the 2-valued predicate f. € 2% is given by f.(z) = T iff f(z) > . We put S[A] =
{S* | A € A}. We combine these modalities with a propositional base used standardly
in quantitative modal logics characterizing behavioural distances, which besides minimum
and maximum operators notably includes constant shift operators [39, 42, 27, 41]. This
propositional base is designed to ensure non-expansiveness of formula evaluation, and is
correspondingly sometimes termed the non-expansive propositional base [21]. We define the
set Fy(S[A]) of (quantitative) A-formulae ¢, by the grammar

FSAD e v =T | LAY | oV |e@qleoq|Ste  (geV)

The modal rank of a formula ¢ is the maximal nesting depth of modalities S* in ¢.

Given a coalgebra ¢: X — FX, a formula ¢ is interpreted as a truth map [p] € VX
given by the standard clauses for the propositional operators ([T](z) = 1, [L](z) = 0,
[eAY](z) = min{[e](2), [¥](z)}, [eV](x) = max{[e](2), [¢](2)}, [e@ql(z) = [£](z)Sq,
[v ©dl(z) = [¢](2) © ¢) and by

[5*¢](z) = Sk (LD (£(2)).-

We refer to the arising logic £(S[A]) as non-expansive coalgebraic modal logic. We explicitly do
not include negation (which in the quantitative setting is interpreted as [-¢](x) = 18[¢](x)),
as we also want to cover asymmetric distances. In case A is closed under duals, we can
encode negation by taking negation normal forms (cf. Remark 6.5).

» Example 6.1. For F = S and A = P, the Sugeno modality S¥, given by S (f)(n) =
Ve € A p(fe), is precisely the generally modality used in probabilistic knowledge repres-
entation to model vague properties holding with high probability. As such, it serves as a
computationally more tractable alternative to a modality probably that coincides with the
expectation modality [35].
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» Remark 6.2. We use the term Sugeno modalities and the designation S* in honour of the
fact that (4) essentially defines S* using Sugeno integration [37]. We discuss this connection,
as well as a categorical perspective of this construction, in the full version.

We have a number of alternative descriptions of S*:

» Lemma 6.3. For f € VX and a € FX, we have
Sx(Na) = \{e eV A(f)(a) > e} = Nle € V| A(fo)(a) <&} = /\EevE VA(fe)(a).

» Remark 6.4 (Strict inequalities). The values in Lemma 6.3 do not change when one instead
uses strict inequalities in the second and third term or in the definition of f..

» Remark 6.5. The Sugeno construction preserves duals, in the sense that taking the Sugeno
modality of the dual of a 2-to-V predicate lifting is the same as taking the dual of its Sugeno
modality. This is a consequence of Lemma 6.3; details are in the full version. This means
that if A is closed under duals, then S[A] is also closed under duals, and we can therefore
recursively encode negation, in particular putting =S*(p) = S*(=¢) in the modal case.

» Definition 6.6 (Sugeno logical distance). Let £: X — FX, (: Y — FY be F-coalgebras.

The (A-)-Sugeno logical distance d'*8sjp)(x,y) from a state z € X to a state y € Y is

d°Espp (2,y) = \/ y Lel@) = [l ().

PEFV(SIA

Notice that like threshold-based A-behavioural distance, A-Sugeno distance is in general
only a hemimetric, i.e. may fail to be symmetric; by Remark 6.5, it is symmetric, i.e. a
pseudometric, if A is closed under duals. From Theorem 6.13 proved later, it follows by general
results [27, 40, 18] that the non-expansive coalgebraic modal logic L(S[A]) is expressive,
i.e. that A-Sugeno logical distance d'°g5[A] coincides with threshold-based A-behavioural
distance dy. Still, we give a direct (and simpler) proof for the present case in the full version,
obtaining

» Theorem 6.7 (Sugeno expressiveness). A-Sugeno logical distance d'°g5[A] and L -behavioural
distance dy coincide on finitely branching F-coalgebras.

In the following, we focus mainly on the algorithmic construction of distinguishing formulae,
which now witness lower bounds for behavioural distance directly by formula evaluation:

» Definition 6.8. Given F-coalgebras £: X — FX, (: Y — FY, a quantitative formula
v € Fy(S[A]) is e-distinguishing for a pair (z,y) € X x Y of states if [¢](y) < [¢](z) —e.

By Theorem 6.7, if £ and ¢ are finitely branching, then an e-distinguishing formula for (x,y)
exists whenever da (z,y) > e. Similar to Section 5, we extract such a formula from a winning
strategy for Spoiler in the codensity game. Given the same data as for Algorithm 1, our new
algorithm works quite similarly, with main difference being that we no longer use thresholds,
and instead use constant shifts in Step 2 and Sugeno modalities in Step 3.

» Algorithm 2 (Extraction of quantitative distinguishing formulae).

1. Take (A, A, B) to be Spoiler’s winning move s(xg,yo). By definition of the game,
A(B)(C()) < g — & where g = A(A)(£(x)).

2. For every possible reply by D, i.e. every pair (x,y) € X XY such that x € Aandy ¢ B, S
wins (z,y) in at most ¢« — 1 moves, so we have already computed an e-distinguishing
formula ¢, for (x,y) in previous stages. Using constant shifts, we normalize the ¢, , so
that [¢ry](z) = ¢.

3. Put o=V, ca /\er\B ¢zy- The e-distinguishing formula for (2o, yo) iS ey, = S*¢-
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» Remark 6.9 (Constants, complexity). Like in the two-valued case, we have admitted real-
valued shifts in the grammar but note that the above algorithm uses only rational shifts
provided that the input coalgebras are representable and the modalities are polynomially
rational (cf. Remark 5.7). Moreover, the algorithm is then executable and runs in polynomial
time.

Figure 1 States of distance 1/6 in a Markov chain (states x1,z4).

» Example 6.10. Consider the Markov chain, i.e. coalgebra & for the subdistribution
functor S, depicted in Figure 1. The Lévy-Prokhorov behavioural distance (A = {P})
of x1,x4 is %. Indeed, for ¢ < %,
(Definition 4.1) by playing A = {z3}, B = {x1,23,24}, which satisfies the inequality
A(B)(&(z4)) = & < 3 —2 = A(A)(&(21)) —e. Now Duplicator must play (z3,22). Spoiler then
wins by playing A = {z3}, B = {z1, ©2, %3, 24}, to which Duplicator has no reply. We apply
Algorithm 1 to extract a two-valued distinguishing formula: For states x3, s, we construct
w32 =P T (where T = \/we{m} /\yew ©g.y), Which then results in @1 4 = P% P, T for states
x1,24. Note that x1 |=¢ @14, while 24 5. ¢1,4. In the quantitative case (Algorithm 2),
a shift is performed during the extraction: We first obtain 13, = SP1, which witnesses
distance 1 for states a3, zo. This is shifted by ¢ = A(A)(&(z1)) = 1, so the final formula is

Y14 = SP(SP16 1), which gives us [11,4](z1) = 3, [¢1,4](z4) = &, witnessing distance § > e.

Spoiler wins (x1,x4) in the codensity game up to e

Again, we can have correctness and a size estimate on distinguishing formuale already for
the abstract algorithm:

» Theorem 6.11 (Extraction of polynomial-sized quantitative distinguishing formulae). Given
finite F-coalgebras £: X — FX, (:' Y — FY and a Spoiler strategy s for the codensity game
up to € on & and ¢ that wins all positions in Spoiler’s winning region, Algorithm 2 constructs
e-distinguishing formulae g, for all pairs of states (x,y) € X x Y such that da(x,y) > €.
The resulting formulae are of quadratic modal rank and polynomial, specifically quartic, dag
size in | X| + |Y].

The proof, found in the full version, is fairly similar to that of Theorem 5.5.

» Corollary 6.12 (Polynomial-time computation of distinguishing quantitative formulae). If A is
polynomial-time solvable and all modalities in A are polynomially rational, then quantitative
e-distinguishing formulae of states x,y of threshold-behavioural distance dx(x,y) > € can be
computed in polynomial time in the overall input size.

In particular, as a new result, we can compute quantitative e-distinguishing formulae for the
Lévy-Prokhorov distance on Markov chains in the logic of generally in polynomial time.

Kantorovich Characterization of Coalgebraic e-Bisimulation. As our last main result,
we show that the so-called Kantorovich quantitative (sometimes “fuzzy”) lax extension [41]
induced by the Sugeno modalities coincides with the quantitative lax extension Ly as per (2).
This closes the open end from Section 3: it follows by general results [41] that Ly is indeed
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a quantitative lax extension. We recall the definition of the Kantorovich quantitative lax
extension Kg of F' induced by a set © of V-valued predicate liftings for F. Given a V-
valued relation 7: X +, Y, a pair (f,g) € VX x VY of predicates is r-preserved if for all
(x,y) € X xY, g(y) > f(x) —r(z,y). For a € FX, b€ FY, we then put

Kor(a,b) = \/{u(f)(a) & u(g)(b) | 1 € ©,(f,g) r-preserved}.

It has been shown that Kg is always a quantitative lax extension [41] and that the quantitative
modal logic induced by © is characteristic for the behavioural distance induced by Kg. The
following theorem implies that these results apply to the Sugeno modalities and Ly :

» Theorem 6.13. For Ly as per (2) and r: X +v Y, we have Lar = Ksp7.

Note here that the >-direction of the equality Lyr = Kg5)r amounts to the Sugeno modalities
preserving non-expansive predicates. Applying Theorem 6.13 to our running example of
F =8 and A = {P}, we obtain a Kantorovich characterization of Lévy-Prokhorov distance
via the generally modality, reproving a recent specific result to this effect [43]. A general
consequence of Theorem 6.13 is that when A is finite (as in all our examples), one obtains an
instance of the coalgebraic quantitative van Benthem theorem [40], stating roughly that, up
to approximation in bounded rank, quantitative coalgebraic modal logic is the behaviourally
non-expansive fragment of quantitative coalgebraic first-order predicate logic.

7 Case Studies

We now discuss how our framework applies to a number of example functors and modalities.
In all cases, we obtain the characterization of e-(bi-)simulation distance both via a codensity
game (Theorem 4.2) and via a lax extension L (Theorem 3.11), as well as a representation of
the latter in Kantorovich form (Theorem 6.13). All of our examples are also polynomial-time
solvable, so that we can compute distinguishing formulae both in a two-valued (Corollary 5.8)
and in a quantitative (Corollary 6.12) logic in polynomial time. We thus recover known
results (some of them very recent [14, 43]), and moreover establish several new results.

» Example 7.1 (Labelled Markov chains). Extending our running example of Markov chains,
we consider the functor F' = S#, where A is a set of labels. Its coalgebras are labelled Markov
chains as considered in previous work on Lévy-Prokhorov behavioural distance [13, 14],
where in particular the characterization via a lax extension (Theorem 3.11) has already
been established [14]. We put A = {0, | a € A}, where On,: 2% — VEX is given by
Oa(A)(9) = g(a)(A) = P(A)(g(a)) for g € (SX)4, a € A, A € 2X where P is the
probability modality on S from our running example (we write ¢, rather than P, in the
interest of conformity with previous work [13]). We can thus express the Sugeno modalities
and the lax extension L, in terms of their single-action counterparts:

S (f)(9) =S"(f)(g(e)) and Lar(g,h) = \/aeA Lp(g(), h(a))

for g € (SX)A, h € (SY)A,and r: X4+ Y. The set A is polynomial-time solvable, essentially
because we can reduce the computational problem to that for P discussed in Example 4.6.
We therefore obtain polynomial-time computation of distinguishing formulae for e-bisimilarity
distance over probabilistic transition systems, both in the logic of the modalities ¢ 4 (indexed
over labels a and thresholds ¢) and in the logic of the modalities S®~. While the existence
of distinguishing formulae for the two-valued case is known [13], the computational results
are new. We also obtain a Kantorovich characterization of the corresponding behavioural
distance, generalizing a recent result for the case |A| = 1 (and D in place of S) [43].
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» Example 7.2 (Fuzzy transition systems). The fuzzy powerset functor Py sends a set X to the
set of functions g: X =V, with Py f(9)(y) = Ve -1, 9(x) for f: X — Y. Its coalgebras
are fuzzy tranmsition systems, i.e. transition systems in which adjacency takes on values in the
unit interval. We consider the 2-to-V predicate lifting ¢ given by ¢(A)(g) =\, c 4 9(z) for
A€ 2% g€ Py(X). The corresponding Sugeno modality S is precisely the fuzzy diamond
modality SO(f)(g) = sup,cx 9(z) A f(z) from standard fuzzy modal logic (e.g. [36, 21]), which
characterizes bisimulation distance on V-valued relational models [42]. We newly obtain
characterizations of this distance through the two-valued logic induced by the threshold
modalities ¢4 and through the lax extension L¢. Moreover, A = {{} is polynomial-time
solvable, which means that as another new result we obtain polynomial-time computation of
distinguishing formulae in both the two-valued and the quantitative logic of fuzzy diamond;
the two-valued logic is in fact new in itself. The key observation for proving polynomial-time
solvability is that instead of checking each subset A € 2%, it suffices to consider singleton
sets, of which there are linearly many; details are in the full version.

» Example 7.3 (Metric transition systems). We next consider the functor F' = P(A x —),
where P is the powerset functor and the set A carries a metric d 4. Coalgebras for this functor
are metric transition systems [12, 16]. We put A = {4 | @ € A}, where O, is the 2-to-V
predicate lifting given by ¢, (A4)(S) = \/weA7(ﬂ7I)€S 1—da(a,B) for Ac2X S c FX, saying
roughly ‘there is a transition into the set A whose label is close to o. The Sugeno modalities
are given by SO (£)(S) =V (g.1)es(1 — dala, B)) A f(z) for f € VX, S € FX, and they are
precisely the metric diamond modalities from the literature whose induced non-expansive
modal logic characterizes behavioural metrics for metric transition systems [12, 10, 19].

The set A is polynomial-time solvable because, like in the case of fuzzy transition systems,
the modalities are based on taking suprema and it therefore suffices to check singletons.
We therefore obtain polynomial-time computation of distinguishing formulae in both logics;
while this is known for the quantitative logic [12], the result for the two-valued logic and
indeed the logic itself are new.

8 Conclusion

We have introduced a coalgebraic framework for behavioural distances that are threshold-
based, i.e. determined by notions of e-(bi-)simulation working with a fixed allowed deviation e.
Our framework is parametrized over a choice of 2-to-V predicate liftings that lift two-
valued predicates to quantitative predicates (taking truth values in the unit interval V),
in generalization of the probability operator. We have shown that such distances are
equivalently induced by suitably constructed quantitative lax extensions, which in turn we
have shown to be characterized by quantitative modalities induced from the given 2-to-V
predicate liftings, the Sugeno modalities. Both for a two-valued modal logic determined by
the original 2-to-V predicate liftings and for a quantitative modal logic determined by the
Sugeno modalities, we have established quantitative Hennessy-Milner theorems stating that
the respective notions of logical distance coincide with threshold-based behavioural distance
on finitely branching systems, and we have shown that distinguishing formulae certifying high
behavioural distance can be computed efficiently under mild conditions. Besides recovering
both established [12, 13] and recent [14, 43] results on Markov chains and metric transition
systems, we obtain a number of new results as instances of our generic results. Maybe
most notably, we establish the polynomial-time computation of distinguishing formulae,
both two-valued and quantitative, for Lévy-Prokhorov behavioural distance, also known as
e-distance, on (labelled) Markov chains [13].
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An important direction for future work is to develop generic reasoning algorithms for

both two-valued and quantitative characteristic modal logics induced by 2-to-V predicate
liftings. A possible model for such algorithms is provided in recent work on reasoning in
what has been termed non-expansive fuzzy ALC [21], effectively a multi-modal version of the

modal logic of fuzzy transition systems that has featured as one of our case studies.
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