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—— Abstract

A key requirement on any well-behaved process language is its compositionality: behavioural
equivalence of processes should be respected by the constructors of the language. Turi and Plotkin’s
abstract GSOS provides an elegant bialgebraic framework for modelling rule formats that guarantee
compositionality from the outset. Their original results, however, are restricted to compositionality
of strong bisimilarity, a rather fine-grained notion of process equivalence. In the present paper, we
demonstrate that Turi and Plotkin’s approach also applies to trace equivalence, which only observes
external actions of processes. To this end, we revisit the general compositionality result of their
original theory and present it in a refined form with regard to the required naturality conditions.
This step makes abstract GSOS applicable over Kleisli categories and thereby enables reasoning
about compositionality in the setting of coalgebraic trace semantics. As our main contribution,
we introduce De Simone laws, a type of GSOS laws over Kleisli categories, and prove that their
operational models are compositional for coalgebraic trace equivalence. This result recovers and
explains compositionality of the well-known De Simone rule format for labelled transition systems in
a natural categorical setting. As a further application, we derive from our general framework a novel
De Simone-type format for probabilistic systems, compositional for probabilistic trace equivalence.
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1 Introduction

One of the primary challenges in concurrency theory is the development of effective tools and
techniques to reason about equivalence of processes. Numerous notions of process equivalence
at different levels of granularity have been studied. Among the most prominent ones, lying
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at opposite ends of the linear-time branching-time spectrum [46], are strong bisimilarity,
corresponding to a low-level observer with full access to internal states and transitions of the
given processes, and trace equivalence, where only external actions are observed. Regardless
of the chosen flavour of equivalence, a key desideratum is that it forms a congruence, which
means that it is respected by all process constructors. For instance, one would expect two
processes p || ¢ and p’ || ¢ to be equivalent if their subprocesses p and p’ are. The importance
of this property is that it enables compositional reasoning: it ensures that the observable
behaviour of a complex process is fully determined by that of each individual component.
However, actually proving that a process language is compositional for a given type of
equivalence is cumbersome, in particular in advanced settings with higher-order features,
computational effects, etc. Hence, there has been longstanding interest in syntactic rule
formats that guarantee compositionality for all languages whose specification adheres to the
given format [4]. Well-known examples include the GSOS [11] and tyft/tyxt formats [24],
which are compositional for strong bisimilarity, and the De Simone format [17, 10], a fragment
of GSOS compositional for trace semantics. Generally, coarse-grained process equivalences
with very limited internal access to processes, such as trace equivalence, tend to require
severe syntactic restrictions on the operational rules to ensure compositionality. Standardly,
those restrictions are discovered ad hoc, as are the proofs of their congruence properties.
In the present paper, we develop a systematic categorical approach to congruence formats
for trace equivalence that treats the given process language and the structural rules specifying
its operational semantics as abstract parameters. Our work draws from two different theories:

Coalgebraic Trace Semantics. Labelled transition systems and other types of state-based
structures that underlie the operational semantics of process languages admit a uniform
categorical abstraction in the form of coalgebras [40] for a functor encapsulating the system
type. Hasuo et al. [25] have shown that various notions of trace semantics can be captured at
coalgebraic generality by considering final coalgebras over order-enriched Kleisli categories.

Abstract GSOS. Turi and Plotkin [44] have proposed an elegant categorical approach to
GSOS-type rule formats. The idea is to present GSOS rules as GSOS laws, a type of natural
transformation that distributes the syntaz of a language over its behaviour, both modelled
by functors. The core selling point of their framework is its free compositionality theorem:
for every language modelled by a GSOS law, behavioural equivalence (i.e. equality in the
final coalgebra of the behaviour functor) is a congruence. The compositionality of GSOS
rules w.r.t. strong bisimilarity [11] is one of many instances [43, 30] of this general result.

In the light of the above work, we base our abstract theory of congruence for traces on a
(seemingly) simple strategy: run the machinery of abstract GSOS over Kleisli categories,
the setting for coalgebraic trace semantics. As a first proof of concept, we demonstrate that
just like GSOS rules are captured by GSOS laws over the category of sets, De Simone rules
correspond to De Simone laws, a novel type of GSOS laws living in the Kleisli category of
an additive monad. Our key insight is that the ad hoc syntactic restrictions imposed on
De Simone rules (regarding affineness of terms) are precisely reflected by certain naturality
conditions on their associated De Simone laws. At this point, a technical challenge arises:
Since De Simone laws are only natural w.r.t. some Kleisli morphisms, Turi and Plotkin’s
theory of congruence (which is tailored to fully natural GSOS laws) does not immediately
apply to this setting. Therefore, we revisit Turi and Plotkin’s original congruence theorem for
abstract GSOS and present it in a refined form that analyses the precise required naturality
conditions (Theorem 4.5). Since the original proof [44] heavily relies on naturality, the refined
congruence result requires a conceptually different approach beyond mere proof inspection.
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The refined congruence theorem for abstract GSOS allows us to establish our main
result (Theorem 5.15): coalgebras specified by De Simone laws admit compositional trace
semantics. Besides incorporating the congruence property for classical De Simone rules [10]
into the abstract GSOS framework, this result gives rise to novel congruence formats for
effectful settings, thus highlighting the scope and effectiveness of our theory. As an advanced
case study, we derive a De Simone-type format for (almost-surely terminating) probabilistic
transition systems. While several congruence formats for probabilistic or weighted bisimilarity
have emerged in the literature [8, 32, 14], our probabilistic De Simone format is (to the best
of our knowledge) the first congruence format for probabilistic trace semantics.

Related Work. Since the introduction of abstract GSOS [44], a categorical understanding of
congruence formats for equivalence notions coarser than strong bisimilarity has been pursued.
Most previous approaches in this direction conceptually depart from Turi and Plotkin’s work
(rather than using it) and develop the respective theory of congruence largely from scratch.

Klin [28, 29] presents an abstract approach to compositional semantics parametric in a
coalgebraic logic, a form of dual adjunction that supplies the targeted notion of semantics.
Technically, this work is not compatible with ours, although some instances (such as compos-
itionality of standard De Simone rules) are shared. Klin’s logical framework is highly flexible
and expressive. One drawback is that its application requires, on top of the coalgebraic
logic, coming up with a further technical ingredient in the form of a logical distributive law,
which is typically not trivial to find and subject to a complex compatibility condition. This
contrasts our approach where only the standard data of coalgebraic trace semantics is needed
to instantiate the theory, and the technical conditions of the congruence result amount to
naturality conditions over a Kleisli category with a simple underlying intuition.

The interaction of abstract GSOS with monadic, or generally effectful, behaviour has
been a topic of interest for a long time [3, 9, 23, 21, 38, 5, 45], the common goal typically
being compositionality for various effectful program equivalences. Notably, Abou-Saleh and
Pattinson develop a form of abstract GSOS over a mized Kleisli setting [2, 1], and study the
semantics given by final coalgebras in a Kleisli category. They propose a (rather technical and
hard to verify) condition on cones to guarantee compositionality. Unlike our own Kleisli-based
approach, their theory of congruence is not based on Turi and Plotkin’s results. Moreover,
in terms of applications their work is primarily aimed at reasoning about stateful imperative
programming languages and does not encompass De Simone-type specifications.

Finally, Tsampas et al.[42] consider GSOS laws featuring behaviours of the form T B,
where T is a monad whose Kleisli category is order-enriched in a manner that T B-coalgebras
can be saturated [13]. Their theory of congruence applies to weak bisimilarity rather than
trace semantics and also departs from the standard theory of Turi and Plotkin.

2 Categorical Preliminaries

Our theory of compositional trace semantics rests on various abstractions using the language
of category theory [37], notably (co)algebras and Kleisli extensions reviewed below. Readers
are assumed to be familiar with functors, natural transformations, (co)products, and monads.

Notation. Given objects X7, X5 in a category C, we write X; x X, for their product,
outl: X7 x X3 — X7 and outr: X; x Xo — X» for the projections, and (f1, f2): ¥ — X3 x X5
for the pairing of morphisms f;: Y — X;, ¢ = 1,2. We write 1 for the terminal object and
11 X — 1 for the unique morphism. Dually, X;+ X5 denotes the coproduct, inl: X7 — X1+ X5
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and inr: Xy — X; + X, the injections, and [f1, f2]: X1 + X2 — Y a co-pairing. In the
category Set of sets and functions, products and coproducts are cartesian products and
disjoint unions, resp., and 1 = {*}. Given a monad T, we write n and p” for the unit and
multiplication; the superscript T is usually dropped. A pre-natural transformation between
functors F,G: C — D is a family of morphisms ax: FX — GX (X € C). It is natural w.r.t.
a morphism f: X — Y of Cif ay o Ff = Gf oax. A natural transformation is thus a
pre-natural transformation that is natural w.r.t. all morphisms. We write « for ax,ay,...

Algebras. Algebraic structures admit a categorical abstraction in the form of algebras for an
endofunctor F on a category C. An F-algebra is a pair (A, a) of an object A and a morphism
a: FA— A. A morphism from (A, a) to an F-algebra (B,b) is a morphism h: A — B of C
with hoa = bo Fh. Algebras for F' and their morphisms form a category, and an initial
F-algebra is simply an initial object in that category. We denote the initial algebra by (uF, ¢)
if it exists. By Lambek’s Lemma [34], its structure ¢: F(uF) — pF is an isomorphism.

A free F-algebra on an object X of C is an F-algebra (F* X, 1x) together with a morphism
nx: X — F*X of C such that for every algebra (A, a) and every morphism h: X — A of C,
there is a unique F-algebra morphism h*: (F*X,1x) — (4, a) with h = h* onx. If C has
an initial object 0, then F*0 = pF. If free algebras exist on every object, their formation
induces a monad F*: C — C, the free monad generated by F' [7]. Every F-algebra (A,a)
yields an Eilenberg-Moore algebra a := id% : F*A — A, where id4: A — A is the identity.

» Example 2.1 (Algebras for a Signature). An (algebraic) signature consists of a set 3 of
operation symbols and a map ar: ¥ — N associating to every f € X its arity. Every signature %
induces an endofunctor on the category Set, denoted by the same letter 3 and defined by
X = [lex X2 (") Endofunctors of this form are called polynomial. An algebra for the
polynomial functor ¥ is precisely an algebra for the signature ¥ in the usual sense, that
is, a set A equipped with an operation f4: A™ — A for every n-ary f € . Morphisms of
Y-algebras are maps respecting the algebraic structure. Given a set X, the free algebra ¥>*X
is carried by the set of X-terms with variables from X. The free algebra on the empty set is
the initial algebra p¥; it is formed by all closed ¥-terms. For every ¥-algebra (A, a), the
Eilenberg-Moore algebra a: ¥*A — A evaluates terms in A.

Coalgebras. The dual concept of algebras are coalgebras, which form a categorical abstrac-
tion of state-based transition systems. A coalgebra for an endofunctor B on C is a pair (C, ¢)
of an object C' and a morphism ¢: C — BC. A morphism from (C,c) to a B-coalgebra
(D,d) is a morphism h: C' — D of C such that Bhoc = do h. Coalgebras for B and their
morphisms form a category, and a final B-coalgebra, denoted (vB, ), is a final object in
that category.

» Example 2.2. Labelled transition systems (LTS) with or without explicit termination
correspond, respectively, to coalgebras of type ¢: C'— P(L x C' +1) and ¢o: C — P(L x (),
for a set L of labels. Ordinary LTS (i.e. without explicit termination) form a subclass of
LTS with explicit termination by regarding all states as terminating: put c(x) = co(z) U {*}.

Kleisli Extensions. Given a monad T on a category C, we write KI(T) for its Kleisli
category. Objects of KI(T) are those of C, and a morphism f: X —o» Y of KI(T) is a
morphism f: X — TY of C, with identities and composition induced by the monad structure.
For example K1(P) is the category of sets and relations. A Kleisli extension of an endofunctor
F:C — Cis an endofunctor F': KI(T) — KI1(T) making the diagram below commute.
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KI(T) —— KI(T)
JTT TJT
C C

Here Jr is the canonical left adjoint, acting on objects as the identity and on morphisms
f: X =Y by Jrf = nyof. Morphisms of K1(T) of the form Jr f are called pure. We usually
put J = Jr if the monad is clear from the context. Kleisli extensions of an endofunctor
F are closely related to distributive laws of F' over the monad 7. The latter are natural
transformations §: FT — TF subject to compatibility conditions [39]. Each distributive
law §: FT — TF induces a Kleisli extension F': KI(T) — KI(T'), defined on objects as
FX = FX and on morphisms f: X -+ Y as Ff = 6y o Ff. Conversely, each Kleisli
extension of F' arises from a unique distributive law. Thus there is a bijective correspondence

F
—

between distributive laws and Kleisli extensions [39].

> Proposition 2.3 ([25]). Let F': C — C be an endofunctor with an initial algebra p¥ and
a free algebra F*X on X € C, and let F: KI(T) — KIT) be a Kleisli extension. Then

uF = uF and F*X = F*X, with the F-algebra structures and universal maps given by

Jux Jnx

F(uF) = F(uF) —5— uF, FF*X = FF*X —&% F*X, X 28 X

3 Coalgebraic Trace Semantics

We recall the Kleisli-based framework for coalgebraic trace semantics [25], following the
streamlined presentation by Frank et al. [19] which simplifies some of the technical conditions
of the original paper. The framework applies to coalgebras of type

c: C — TBC (3.1)

where B is an endofunctor (modelling input/output behaviour) and 7" is a monad (modelling
a computational effect such as non-determinism or probabilities) on a category C.

» Example 3.1 (LTS). LTS with explicit termination are coalgebras of type (3.1) for T =P
(the power set monad) and BX = L x X + 1 on Set. We write z % vy if (a,y) € c(z),
and x| if * € ¢(x). A completed trace at a state x € C' is a string a; - - - a, € L* such that

An—1

r=z9 L x; 2 . 25 op, 1 2 2, for some xg, ..., 2, € C. Let tr(x) C L* be the

set of completed traces at x. Note that L* carries the initial algebra uB for the functor B.

Thus completed trace semantics yields a morphism tr: C' —o» puB in KI(P). For an ordinary

LTS (with all states terminating), the map tr sends a state = to the set of partial traces at .

To generalize the trace map tr from LTS to coalgebras (3.1), some order-enrichment on the
Kleisli category KI(T') is required. A category B is left strictly DCPO | -enriched if each
hom-set B(X,Y’) carries the structure of a DCPO with L such that composition is left-strict
(Lo f = 1) and preserves directed joins in each component (fol|], g; = ||, f o g; and
(L;9:) o f =11, 9i 0 f). A functor F: B — B is locally monotone if f C g implies F'f C Fyg.

» Definition 3.2. A setting for coalgebraic trace semantics consists of a monad T' and an
endofunctor B on a category C with a Kleisli extension B: K1(T') — KI1(T') such that:

(1) the functor B has an initial algebra (uB, 3);

(2) the category K1(T') is left strictly DCPO | -enriched;

(3) the functor B: KI(T) — KI(T) is locally monotone.

38:5
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The key property of any setting for coalgebraic trace semantics is the initial algebra/final
coalgebra coincidence uB = B = vB. The first equality is Proposition 2.3; the second one
is the next proposition, which also appears (with stronger conditions on C and B) in [25].

» Proposition 3.3 ([19]). Let T, B, B be a setting for a coalgebraic trace semantics. Then
-1
the functor B: KI(T) — KI(T) has a final coalgebra given by uB RN B(uB) = B(uB).

(Recall that g is an isomorphism by Lambek’s lemma.) To obtain coalgebraic trace semantics,
note that a T B-coalgebra (3.1) in C is the same as a B-coalgebra c¢: C' —» BC in KI(T).
The trace map for c is the unique B-coalgebra morphism to the final coalgebra (uB, J3~1):

tre: C —o» uB. (3.2)
We usually drop the subscript if ¢ is clear from the context.

» Example 3.4 (LTS [25]). LTS correspond to the setting for coalgebraic trace semantics
where T =P and BX = L x X + 1 (Example 3.1), and B is induced by the distributive law

(SB:L><73X—|—1—>7)(L><X-i-1)7 (a,S) — {(a,s) | s €S}, x> {x}.

Then all the required conditions of Definition 3.2 are satisfied:

(1) The initial algebra for B is given by the set L* with structure 8: L x L* +1 — L*,
defined componentwise by (a,w) — wa, and * — . We let § append a to the right of a
word w, which reflects how traces are formed in an LTS.

(2) KI1(P) is left strictly DCPO j-enriched w.r.t. the partial order given by pointwise
inclusion (f C g: X —» Y iff f(z) C g(z) for all z € X).

(3) B is locally monotone as the law 62 is monotone: S C S’ implies §Z(a, S) C 6Z(a, ).

The trace map from Example 3.1, corresponding to completed trace semantics of LTS,
coincides with the coalgebraic trace map (3.2). Indeed, one readily verifies that completed
trace semantics forms a B-coalgebra morphism from (C, ¢) to the final coalgebra (uB, J371).

4  Abstract GSOS, Reuvisited

Turi and Plotkin’s [44] abstract GSOS models GSOS-style rule formats categorically and
features a free congruence result. We recall their framework, and at the same time slightly
refine it with respect to the required naturality conditions — a step that enables its application
to coalgebraic trace semantics. Abstract GSOS is parametric in the following data:

a base category C with binary products;

an endofunctor ¥ on C with an initial algebra (12, ¢) and free algebras (X*X,tx) (so

that ¥ generates a free monad X*);

an endofunctor B on C with a final coalgebra (vB, 7).
Here, the functors ¥ and B model the syntaxr and behaviour of a type of programs or
processes under considerations, u is the object of closed process terms, and vB models
abstract behaviours (e.g. tree unravellings or traces). The operational semantics of processes
is captured by a (pre-)natural transformation that distributes syntax over behaviour:
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» Definition 4.1. A (pre-)GSOS law of ¥ over B is (pre-)natural transformation of type
ox: X(X x BX) = BY*X (X €0). (4.1)

The operational model of (4.1) is defined recursively [27, Prop. 2.4.6] as the unique coalgebra
v: p¥ — B(pX) such that the diagram below commutes.

px - B(px)
vi iz(ad,w
B(u%) <= BE*(uX) = S(u¥ x B(u))

We denote the unique coalgebra morphism into the final coalgebra by beh: (uX,v) — (vB, 7).

Intuitively, a pre-GSOS law g encodes the operational rules of a given process language: for
every constructor f, it specifies the one-step behaviour of a process f(p1, - ,pn), i-e. the

Y-terms it transitions into next, depending on the one-step behaviours of its subprocesses p;.

The operational model + is the transition system that runs processes according to those rules,
and the map beh sends every process to its abstract behaviour, e.g. its bisimilarity class or
its set of traces, depending on the structure of the final coalgebra vB in the given setting.

» Example 4.2. Consider a process algebra with a parallel composition operator (p,q) — p || ¢
specified by the operational rules (4.2), where a ranges over a fixed set L of action labels:

Yy Ged) w2 (ke K)

a

plle=plla pla=rpld f(z1,.. . 2) St

a / a / X
p—p q9 — 4 i

(4.3)

We take XX = X x X, BX = P(L x X) and devise a corresponding GSOS law from (4.2):

ox: (X XP(Lx X)) x (X xP(LxX))—PLxXX) (X € Set),
ox(p, 8,4, T) ={(a,p'llq) : (a,p") € S}U{(a,pll¢) : (a,¢') € T}.

Naturality of ¢ (w.r.t. functions, i.e. renamings of variables) amounts to the rules (4.2) being
parametrically polymorphic, that is, they do not inspect the structure of the variables.
The above translation works more generally for GSOS rules [11], viz. rules of the form
(4.3) where f is an n-ary operation symbol from a given signature X, é;,i, € {1,...,n}, the
variables z; and y; are pairwise distinct, a,a;,b; € L, and t is a 3-term in the variables x;
and y;. Turi and Plotkin [44] observed that every set R of GSOS rules can be presented as a
GSOS law of the polynomial functor ¥ over B. The operational model of the law is the LTS

v: pd = P(L x pX) (4.4)

whose transitions are inductively determined by the given rules; that is, there is a transition
f(t1,...,t,) = s iff there exists a rule (4.3) in R and terms s; € u¥ (j € J) such that
ti; &, sjfor jeJ,t;, % (i.e. there is no by-labelled transition from ¢;, ) for k € K, and
the term s arises from ¢ via the substitution z; — t; and y; — s;.

In what follows, we gloss over the minor technical issue of final coalgebras not existing for
functors involving the full power set functor P; this is easily remedied by replacing P with a
bounded subfunctor P, X = {Y C X : |Y]| < a} for some regular cardinal «.

The main feature of abstract GSOS is its compositionality result: behavioural equivalence
of processes with respect to the final coalgebra v B is preserved by all program contexts. To
make this statement formal, we use the following categorical concept:

38:7
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» Definition 4.3 (Morphic Congruence). A morphic congruence on a Y-algebra (A,a) is a
morphism h: A — A’ of C that carries a X-algebra morphism, that is, there exists a ¥-algebra
structure (A’,a’) on A’ such that h: (A,a) — (A’,a’) is a morphism of Y-algebras.

» Remark 4.4. For a polynomial set functor X, if h: A — A’ is a morphic congruence then its
kernel = C Ax A given by a = o iff h(a) = h(a’) forms a congruence relation on A in the usual
sense: for all n-ary f in X, if a; = o for i = 1,...,n then f4(ay,...,a,) = fA(d}, ..., d)).

r'n

» Theorem 4.5 (Congruence Theorem for Pre-GSOS Laws). Let ¢ be a pre-GSOS law that
is natural w.r.t. the morphisms 0: ¥*(uX) — pX and X*beh: *(uX) — X*(vB). Then the
behaviour morphism beh: u¥ — vB is a morphic congruence on the initial algebra (uX,¢).

» Example 4.6. When applied to the setting of Example 4.2, the above theorem implies
the congruence result for the GSOS format by Bloom et al. [11]: for every set of GSOS
rules, behavioural equivalence on its operational model (4.4) (i.e. the equivalence relation
=C pX x puX given by t = s iff beh(t) = beh(s)) is a congruence w.r.t. all constructors
from 3. Note that behavioural equivalence coincides with strong bisimilarity for LTS [40].

Theorem 4.5 is a refined version of Turi and Plotkin’s congruence result for GSOS laws [44].
Their original proof involves liftings of comonads to categories of algebras. It is conceptually
elegant, but inherently reliant on naturality and thus not applicable to possibly non-natural
pre-GSOS laws. Our proof of Theorem 4.5, therefore takes a more direct route that allows
to analyse the required naturality conditions and make them explicit. The remainder of this
section is devoted to sketching the proof.

» Notation 4.7. Every pre-GSOS law (4.1) induces a family of morphisms
0%: Y% (X x BX) » BY*X (X €0) (4.5)

defined recursively (using the universal property of the free algebra ¥*(X x BX)) as the
unique morphism making the diagram below commute:

X x BX 5 ©*(X x BX) : SY*(X x BX)

outrl ig* lZ(Z*outl, o)
BX X By x <P ByryrX £ N(3FX x BYFX)

Informally, while the original law o specifies the behaviour of individual operations from 3
(corresponding to flat terms), the extension ¢* extends this specification to arbitrary terms.
Importantly, this extension interacts well with naturality conditions on g. This is the content
of the next two lemmas:

» Lemma 4.8. For every f: X =Y, if the pre-GSOS law ¢ (4.1) is natural w.r.t. X* f, then
its extension o* (4.5) is natural w.r.t. f.

» Lemma 4.9. If a pre-GSOS law ¢ is natural w.r.t. i, then the following diagram commutes,
where ~y is the operational model of o:

py : S (u%)

vl lz*ad,w

*

B(p¥) +25— BY*(uX) +—— X*(uX x B(uX))
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Proof of Theorem 4.5 (Sketch). Every B-coalgebra (X, c) induces a B-coalgebra structure
¢ on X*X defined as follows:

* (id,c)
-

= (2*X Y (X x BX) 25 BY*X).

In particular, for the final coalgebra (vB,T) we obtain the B-coalgebra (X*(vB), 7). Thus,
we get a Y*-algebra structure on vB (equivalent to a Y-algebra structure) given by unique
coalgebra morphism

a: (X*(vB),T) = (vB, ).
To prove that beh is a morphic congruence, it suffices to show that
beh: (uX,:) = (vB, )

is a X*-algebra morphism, that is, beh o i = « o ¥*beh. The latter equality follows by
finality of the coalgebra vB once we show that all four morphisms in the square below are
B-coalgebra morphisms, which can be checked using Lemmas 4.8 and 4.9. <

(2% (1%),7) —— (u%,7)

P behi lbeh

(X*(vB),7) —— (vB,T)

5 De Simone Laws and Compositional Coalgebraic Trace Semantics

Our aim is to use Theorem 4.5 to reason about congruence properties of coalgebraic trace
semantics (Section 3). For this purpose, we introduce De Simone laws, a subclass of GSOS
laws designed to smoothly extend to Kleisli categories. Here the behaviour map corresponds
to the trace map, making the theory of the previous section applicable to trace semantics.

5.1 De Simone Rules

To motivate our approach, we consider De Simone rules [17], a type of GSOS rules that is
known to guarantee congruence of trace semantics [10] rather than just strong bisimilarity.

» Definition 5.1 (De Simone Rule). Fix a signature ¥, a set L of labels, and infinitely many
variables z; and y; (i € N). A De Simone rule is a GSOS rule of the form

a1 ag
Liy > Yiy T T > Yiy,

5.1
f(xl,...,x”) i>t ( )

where (i) f € X is an n-ary operation, (ii) i1,...,ix € {1,...,n} are pairwise distinct, (iii)

ai,...,a5,a € L, and (iv) t is an affine ¥-term in the variables y; (¢ € {i1,...,%}) and z;
(jed{l,...,n}\ {i1,...,9x}). (A term is affine if no variable occurs more than once in it.)

» Example 5.2. The two rules (4.2) of parallel composition are De Simone rules up to
renaming the variables p, p’, q, ¢’ to 1, y1, Z2, y2. A non-example is the rule (5.2) below,
whose output term f(y1,y1) is not affine because the variable y; appears twice in it.

ay
T1 — Y1

_ (5.2)
f(z1,22) — f(y1,21)
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Since De Simone rules are GSOS rules, they can be presented as GSOS laws of ¥ over
BX = P(LxX), viz. natural transformations gx : Z(X xP(Lx X)) — P(LxX*X). However,
the specific form of De Simone rules allows for a simpler kind of natural transformation:

» Construction 5.3. Every set R of De Simone rules induces a natural transformation
ox: DX +LxX+1)>PLxI*X+1) (X € Set) (5.3)

where px maps f(u1,...,u,) € 3(X + L x X + 1) to the following subset of L x ¥*X + 1:
If u; = * for some 4, then ox (f(u1,...,un)) = {*}.
Otherwise let {i1...,9x} = {¢ | u; € L x X}; thus u;, = (a;,v;,) for some a; € L and
v;, € X, and u; € X for j & {i1,...,ix}. Then ox(f(u1,...,uy)) consists of * and all
pairs (a,t[o]) € L x ¥*X such that R contains the rule (5.1) and t[o] emerges from the
term ¢ via the substitution o given by y;, + v;, and x; — u; for j & {i1,..., i}
Note that the “+1” component flags all states as terminating, as always * € ox (f(u1,...,un)).
This is necessary to fit the coalgebraic trace semantics framework (cf. Example 3.1), and
makes sure that all emerging partial traces are being tracked.

5.2 De Simone Laws

The above modelling of De Simone rules as natural transformations of type (5.3) immediately
suggests a categorical generalization. In the remainder, let us fix the following data:
a category C with finite limits and finite coproducts;
two endofunctors ¥, B and a monad T on C, where ¥ has an initial algebra (uX,:) and
free algebras ¥* X.

» Definition 5.4 (Pre-De Simone Law). A pre-De Simone law is anatural transformation
ox: (X +BX) - TB¥Y'X (X e€0). (5.4)

De Simone rules thus correspond to pre-De Simone laws with C = Set, BX = L x X + 1,
T = P, and a polynomial functor ¥. To reason about abstract congruence properties for
trace semantics of pre-De Simone laws, the given data needs some additional structure:

» Assumptions 5.5. In the following, we assume that:

(1) There is a natural isomorphism j: TX x TY = T(X+Y) (X, Y €C).

(2) There are functor-over-monad distributive laws of 3 and B over T. We denote the laws
and their Kleisli extensions by 6*: X1 — TY, 6%: BT — TB, and ¥, B: KI(T) —
KI(T).

(3) T, B, B form a setting for coalgebraic trace semantics (Definition 3.2).

» Remark 5.6. Condition (1) entails that KI(T") has binary products, which coincide with
binary coproducts in K1(7') and thus binary coproducts in C [16, Thm. 19]. Monads T
satisfying (1) and additionally 70 = 1 are known as additive monads [16].

» Remark 5.7. The distributive law §Z extends to a functor-over-monad distributive law of
ByX = X + BX over T and thus a corresponding Kleisli extension of By:

id+6%8 [Tinl, Tinr]

6B = (BoTX ™ TX + TBX TBoX) and  By: KI(T) — KI(T).

» Remark 5.8. By Proposition 2.3, the free monad ¥* of ¥ is a Kleisli extension of the free
monad ¥* of ¥. We write 6~ : ¥*T — T'X* for the ensuing distributive law extending §>.
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Since products coincide with coproducts in K1(T) (Remark 5.6), every pre-De Simone
law (5.4) forms a pre-GSOS law of ¥ over B in KI1(T'), that is, a family of morphisms

ox: X(X x BX) —o» BY*X (X e K(T)). (5.5)
Additionally, a pre-De Simone law yields a GSOS law in C with the same operational model:

» Proposition 5.9. Fvery pre-De Simone law (5.4) induces a GSOS law of ¥ over TB in C:

(X x TBX) ox TBY*X

E(nxxid)J( TP‘BE*X (5~6)
. 6): )
S(TX x TBX) —2 YT(X + BX) —*2%, TS(X + BX) —2 TTBY*X

The laws o (5.5) and g (5.6) have the same operational model v: u> — TB(uXl).

Note that (5.5) is generally not a GSOS law: naturality of (5.4) in C corresponds to naturality
of (5.5) w.r.t. pure morphisms, but not arbitrary morphisms in K1(7T"). To apply the general
congruence result for pre-GSOS laws (Theorem 4.5) to the pre-De Simone law (5.5), we need
additional naturality conditions beyond pure morphisms. We use the following terminology:

» Definition 5.10. A pre-De Simone law (5.4) is natural w.r.t. a morphism p: P —» X in
KI1(T) if the corresponding pre-GSOS law (5.5) in KI(T") is natural w.r.t. p.

The following proposition gives an elementary characterization of naturality. It is this
condition that we will verify in our applications in Sections 6 and 7.

» Proposition 5.11. A pre-De Simone law (5.4) is natural w.r.t. p: P —o> X iff the rectangle
in C shown below commutes when precomposed with X Bgp and postcomposed with p:

SByP 5%, S B, TX —Z2° 4 STByX —% s TYByX

QTXJ J{T,QX (57)
" TBS”, . 758 . I3 .
TBX*TX —— TBT>X —— TTB>X —— TBY*X

5.3 Compositionality

For every pre-De Simone law (5.4) with its corresponding pre-GSOS law (5.5) in KI(T),
let us denote the operational model and its associated trace (i.e. behaviour) morphism
by v: ¥ —o+ B(uX) and tr: u¥ —o» vB = pB. Our congruence result for this setting
(Theorem 5.15 below) involves another monad T alongside T', thought of as the “positive”
part of T'. For example, for "= P one takes the submonad T} = P, the non-empty power
set monad. This is an instance of a general construction for computing the affine part of a

monad®. Recall that we assume C to have finite limits.

» Proposition 5.12 ([36]). For every X € C, letix: T4 X — TX be the equalizer
i nol
T, X ———TX ? T1.

Then T extends to an affine monad and the family ix (X € C) to a monad morphism.

1A monad T is affine if T1 22 1. We warn the reader that this notion is not connected to the affineness of
terms in the definition of De Simone rules.
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Let us call a morphism p: P — T X affine if it factors through ix: T4 X — T X. From the
universal property of the equalizer ix, the following is immediate:

» Lemma 5.13. A morphism p: P — TX is affine iff T'op =mnol.

» Definition 5.14 (De Simone Law). A De Simone law is a pre-De Simone law (5.4) that is
natural w.r.t. the KI(T)-morphism iy : T4 X —o» X for each X € C (cf. Definition 5.10).

This leads to our main result, a general compositionality criterion for De Simone laws:

» Theorem 5.15 (Compositionality of Coalgebraic Trace Semantics). For every De Simone
law (5.4) whose trace morphism tr: u> — T(uB) is affine, tr is a morphic X-congruence.

The proof (given in the full arXiv paper) uses the congruence result for pre-GSOS laws
(Theorem 4.5) and amounts to verifying that the naturality conditions of the latter follow
from the naturality of the De Simone law (5.4) w.r.t. ix: T4+ X —o» X and the affineness of tr.

We shall see below that the naturality properties of (5.4) reflect precisely the requirement
of affineness of output terms in De Simone rules (Definition 5.1). In contrast, affineness of the
trace morphism tr is a non-trivial global property. For example, in a setting of probabilistic
specifications (Section 7) it expresses that the operational model is almost surely terminating.
On a technical level, by Lemma 5.13, affineness of tr amounts to the equality T!otr =nol.
In some instances, one of the inequalities constituting it follows nearly for free:

» Proposition 5.16. If the morphism 1 M T1xT1 % T(1+1) and every component (5.4)

is affine, then so is 7y, and moreover the induced trace morphism tr satisfies T!otr C nol.

6 Case Study I: De Simone Rules

As a first showcase of our abstract theory, we derive the congruence of De Simone rules.

6.1 Categorical Setting

Recall that De Simone rules yield pre-De Simone laws for C = Set, BX =Lx X +1, T =P,
and a polynomial functor . Let us verify that this data satisfies the Assumptions 5.5:
(1) We have the natural isomorphism j: PX x PY 2 P(X +Y) given by j(S5,T) =SWT.
(2) The distributive law 6%: L x PX +1 — P(L x X + 1) is given by Example 3.4, and
the law 6%: ¥P — P by f(X1,...,Xn) = {f(x1,...,2,) |z € X;fori=1,...,n}.
(3) P, B, B form a setting for coalgebraic trace semantics, as explained in Example 3.4.
The affine part of P is the non-empty power set monad P,. Thus a morphism p: P —o»> X
of K1(P) is affine iff p(z) # 0 for all z € P, that is, p corresponds to a right-total relation.

6.2 Compositionality

The key lies in the next proposition, whose proof illustrates how the affineness of terms in De
Simone rules corresponds to the induced pre-De Simone law being a (proper) De Simone law:

» Proposition 6.1. For cvery set of De Simone rules, (5.3) is a De Simone law.
Proof sketch. By Proposition 5.11, we are to show that the two legs of the diagram below send
any element f(Uy,...,U,) of (P4 X + L x P; X +1) to the same element of P(L x L*X +1).

SPX+LxPX+1) 3 SP(X+LxX+1) 5 PR(X+Lx X +1)

QPXJ{ J{PQX

P(L x S*PX +1) PEL p(Lx P X +1) P25 PP(L x £*X +1) 2 P(L x X + 1)
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To illustrate the gist of the argument, let us consider a binary operator f and assume that
the only rule for f is given by (6.1) below, for fixed labels a,a; € L:

ay
T — U

f(z1,72) = f(y1,22)

(6.1)

The interesting case is that of an element f(Uy,Us) with Uy = (a1,V1) € L x P+ X and

Us € P.X. The map gpx sends f(Uy, Us) to the set {x, (a,f(V1,Uz))} € P(L x ¥*PX +1).

The pair (a, f(V1,Us)) is mapped by 6% o B6>" to the set of all pairs (a, f(v1,uz)) where
vy € V1 and ug € Us. (Here affineness of the term f(y;,z2) in (6.1) is used, see Remark 6.2.)
Thus, overall, o P8 o PB6*" 0 opx (f(Us, Us)) is the subset of L x ¥*X + 1 consisting of:

(1) the element * of 1; (2) all pairs (a,f(vi,uz)) € L x ¥*X with v; € V; and ug € Us.

Similarly, f(Uy, Us) is mapped by 6% o £650 to the non-empty set of all f((a1,v1),uz) with

vy € V1 and ug € Us. Moreover, px maps each such f((a1,v1), us) to the set {x, (a,f(vi, u2))}.

Thus p o Pox o 6> o X6Bo(f(Uy, Uy)) is also given by the above elements (1) and (2). <

» Remark 6.2. Some subtleties of the above proof are worth mentioning:

(1) The reasoning critically rests on affineness of the output term f(y;,x2) of the rule (6.1)
and fails for non-affine terms. For example, suppose that f is instead specified by the
rule (5.2) with the non-affine output term f(y1,y1). Now

o P68 o PBS™ o opx (f(Uy,Us)) consists of * and all f(vy,v}) with vy, v} € V5.
poPood*oXBo(f(Uy,Us)) consists of x and all f(vy,v) with v; € V;.
These two sets differ whenever V7 has more than one element.

(2) It is also critical that the sets V5 and Us considered in the proof are non-empty. For
example, suppose that V3 =0 (so Uy = (a1,0)). Then

o PP o PBI™ oo(f(Uy,Usy)) = {*}  while  poPgod®oXsPo(f(Uy,Us)) = 0.

Recall that we need “*” to signal potential trace termination (Construction 5.3).

From the above proposition the congruence result for De Simone rules is now immediate.
Let R be a set of such rules with operational model v: uX — P(L x uX + 1) and trace map
tr: pX — P(uB) = P(L*). Two terms t,s € uX are trace equivalent if tr(t) = tr(s).

» Theorem 6.3 (Compositionality of De Simone Rules [10]). For every set of De Simone rules,
trace equivalence on the operational model is a congruence relation.

Proof. The trace map tr is affine since ¢ € tr(¢) for all ¢, so by Proposition 6.1 and
Theorem 5.15 it forms a morphic congruence. By Remark 4.4, this implies that trace
equivalence (the kernel of tr) forms a congruence relation. <

7 Case Study Il: Probabilistic De Simone Rules

Thanks to the categorical generality of De Simone laws, varying the underlying monad T'
leads to novel De Simone-type congruence formats for LTS with computational effects that
are more complex than non-determinism. For illustration, we move to a probabilistic setting.
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7.1 Weighted and Probabilistic Labelled Transition Systems

The systems under consideration are a weighted form of LTS, which involve a weighted
generalization of the power set monad. Consider the endofunctor WW: Set — Set given by

WX =[0,00)%,  W(f: X = Y): Z{e ri - szZeI i fxi)

Here a function ¢ € WX is identified with a formal sum } ., 7; - ; where 7; € [0, 0],
z; € X,and ) _ m = ¢(z) for all z € X. The functor W extends to a monad with unit
nx: X - WX and multiplication px: WWX — WX defined as follows:

rx— 1z : g I E Tij * Tij »—)E E TiTij - Tije
nx ’ kx ier * ( jeg;, Y is) iel Lmjeyg, v WY

The affine part Wy is the distribution monad DX = {¢p € WX | 3\ ¢(x) = 1} formed
by discrete probability distributions. Thus a morphism p: P —o» X in K1(W) is affine iff
p(z) € DX for all z € P. A W-LTS (with explicit termination) is a coalgebra

c: C—=>W(LxC+1). (7.1)

We write z /% yif c(z)(a,y) =r, and x 5 * if ¢(x)(¥) = 7. A (generative) probabilistic
LTS [25] is a W-LTS whose structure c is affine (¢(z) € D(L x C + 1) for € C). Here,

weights are interpreted as probabilities: x i> y means that with probability r the process x
outputs a and transitions into y, and z — * means that & terminates with probability r.
» Remark 7.1. We stick to [0, oo] for simplicity. All present definitions and results extend
to weights from any continuous commutative semiring [18]. (Continuity is needed to satisfy
the assumptions of coalgebraic trace semantics [27], specifically DCPO | -enrichment of the
Kleisli category.) In particular, taking the boolean semiring {0,1} (with V as addition and A
as multiplication) recovers the results of Section 6.

The trace map of a W-LTS (7.1) is the map tr: C' — W(L*) given by

wa)arcan) =3 ([ e @) -elan)(4), (72)

with the sum ranging over all paths of length n starting from z, that is, all lists x¢, ..., x, of
elements of C where © = xg. In the probabilistic case, tr(z)(a; - - - a,) is the probability that
the process x generates the trace a; - - - a,, and then terminates. This definition is captured
by the setting T, B, B for coalgebraic trace semantics where 7= W and BX = L x X + 1,
and the Kleisli extension B: K1(W) — K1(W) corresponds to the distributive law

B
: L X+1 LxX+1 1-%.
5 XWX +1—->W(ILxX+1), (a,gie TP T »—>§7€I (a,z;), * = 1%

Thus B sends f: X Y to Bf: Lx X +1 -+ L x Y + 1 given by
(a,x |—>Zel (a,y;) and k=1, (7.3)

where f(x) =) ,.;7i-yi.- Then all conditions of Definition 3.2 are satisfied:

(1) B has the initial algebra (uB, ) carried by L*, as before.

(2) The category K1(W) is left strictly DCPO_ -enriched: for f,g: X —o» Y the order is
given by f C g iff f(z) < g(z) for all z € X, where < is the usual order of the interval
[0, o<].

(3) The lifting B is locally monotone; this is clear from (7.3).

For every W-LTS (7.1), the coalgebraic trace map tr: C' —» vB = uB = L* is given by (7.2).

Indeed, one readily verifies that (7.2) is a coalgebra morphism from (C,¢) to (uB, JS~1).
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7.2 A Probabilistic Rule Format

We now introduce a probabilistic version of De Simone rules. Its syntax and semantics are
closely related to probabilistic GSOS [8] and stochastic GSOS [31, 32]. The main difference
is that the latter apply to reactive probabilistic systems, while our rules apply to generative
ones, which is the more natural setting for trace semantics. In addition, we put restrictions
on the premises and the output terms of rules similar to the original De Simone format.

» Definition 7.2 (Weighted De Simone Rule). Fix a signature 3, label set L, and variables
Zi, y; as in Definition 5.1. A weighted De Simone rule is a rule of either of the two forms

Ti oy Ty Sy, mgy, ke Ty >k (7.4)
flx1,...,x,) Ty

Tip 5y, Ty Sy, T, ke T bk (75)
f(z1,..., ) — *

where (i) f is an n-ary operation symbol from 3, (ii) the indices i1,...,ik,J1,---,Jm €

{1,...,n} are pairwise distinct, (iii) a1,...,ar,a € L, (iv) r € [0,00], and (v) ¢ is an affine

Y-term in the variables y; (i € {i1,...,4x}) and z; ( € {1,...,n}\ {i1,.. . ik J1, -, Jm})-

» Remark 7.3. Weighted De Simone rules (7.4) could be equivalently but semantically more
suggestively rewritten as

ai/r ak/Tk 7’1 T
iy —— Yiy,  Tiy, —— Yiy, Tj —> kK 0 T4 — X
QT e
f(z1,...,2n) t

with variables 7;, 7“;- representing weights; similarly for (7.5). This indicates how the transition
weights of the premises contribute to the transition weight in the conclusion. More formally:

» Definition 7.4 (Operational Model). Given a set R of weighted De Simone rules, the
operational model of R is the coalgebra

v pX = W(L x uX+1) (7.6)

defined by structural recursion as follows. Given a term f(¢1,...,¢,) in X and arule R € R
for f, we let vr(f(t1,...,tn)) € W(L x u3 + 1) denote the weighted sum

S e e 7 T () (@ i) - T et (+)
>

Here o denotes the substitution x; — ¢; and y;, — s;,. Then the coalgebra (7.6) is given by
’y(f(tl, P atn)) = ZRER rule for f ’}/R(f(tl, e 7tn))

» Definition 7.5 (Probabilistic De Simone Specification). A probabilistic De Simone spe-
cification is a set of weighted De Simone rules whose model (7.6) is a probabilistic LTS.
The specification is almost surely terminating (a.s.t.) if the trace map tr of (7.6) is affine
(tr(t) € D(L*) for t € u¥, i.e. there is no positive probability of generating an infinite trace).

- (a,t[o]) if R is given by (7.4);
seps T Hle ~v(ti,)(ar, sip,) - H;il c(t,)(x) - * if R is given by (7.5).

Siq e

» Example 7.6. Consider a probabilistic process algebra with a terminating process nil, a
prefixing operator a.(—) for each a € L, and a parallel composition operator ||, for each
r € [0,1]. The process p ||, ¢ progresses one of the processes p or g with probability r or 1 —r,
respectively. This is formalized by the a.s.t. probabilistic De Simone specification below:

p = p p— x
.|1 a/l a/r ., qu;*
nil = * ap —p pllra — 9 llrq r
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a !
q — q q— %
1— 1—
plea 225 pl o plrq B0 s

A simple structural induction shows that the operational model (7.6) is indeed an a.s.t.
probabilistic LTS (see the full arXiv paper for details).

» Remark 7.7.

(1) It would be desirable to identify syntactic criteria for a set of weighted De Simone
rules to form a probabilistic specification. Such criteria exist for probabilistic GSOS for
reactive systems [8], but appear to be harder to come by in the generative case.

(2) Proposition 5.16 would not help with Example 7.6: the components of the associated De
Simone law given in Construction 7.8 below are not affine, even though the operational
model (7.6) of the law itself is affine, that is, a probabilistic LTS.

7.3 Categorical Setting

To capture weighted De Simone rules within our categorical framework, we take C = Set,
BX = LxX+1,T =W, and a polynomial functor ¥. This data satisfies the Assumptions 5.5:
(1) We have the natural isomorphism j: WX x WY 2 W(X +7Y) given by

j(ziel i Zje] 55 Yi) = Ziel Tt ZjeJ 55 Vi

(2) The distributive law 67 is given by Example 3.4, and §*: WX — WYX by

1 n 1 n o J. .0
f(p1,...,bn) Zileh“'Zz‘nelnril.“Ti"'f(xil"”’xi") where ¢J_ZiE[jTi Ly

(3) W, B, B form a setting for coalgebraic trace semantics, as explained in Section 7.1.

» Construction 7.8. Every set R of weighted De Simone rules induces a pre-De Simone law
of ¥ over B, i.e. a natural transformation

ox: DX +LxX+1) 5> WEIL xS X+1) (X € Set) (7.7)

defined as follows. Given f(uy,...,u,) € X(X + L x X + 1), let i1,...,4; be those ¢ with
u; € L x X, say u;, = (a;,v;,), and let jq, ..., jm be those j with u; = *. We say that a rule
R € R matches f(u1,...,uy) if it is of the form (7.4) or (7.5), that is, its premises match the
above indices and labels. Let rg = r be the output weight of the rule. Moreover let ag = a
and tg =t be the output label and output term if the rule is of type (7.4). We then put

ox (f(u,...,up)) = ZR (7.4) rr - trlo] + ZR (7.5) TR

where the sums range, respectively, over all R € R of type (7.4) or (7.5) matching f(uy, ..., uy,),
and o is the substitution x; — w; for i & {i1, ..., ik, 41, -, Jm} and y;, — v;, for i =1,... k.

The operational model of (7.7) is precisely the operational model (7.6) of the given rules.

7.4 Compositionality

As before in the non-deterministic case (cf. Proposition 6.1), to apply our theory of congruence
to probabilistic De Simone specifications we need to verify naturality conditions in K1(W),
which again boil down to the affineness of output terms required by the rule format:
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» Proposition 7.9. For any probabilistic De Simone specification, (7.7) is a De Simone law.

Our compositionality result for probabilistic trace semantics now readily emerges. Given
a probabilistic De Simone specification, the operational model (7.6) induces the trace map
tr: uX — W(L*). Trace equivalence is, as usual, the kernel relation of this map; thus
two terms are trace equivalent if they generate any given completed trace with the same
probability. We then obtain the following probabilistic extension of Theorem 6.3:

» Theorem 7.10 (Compositionality of Probabilistic De Simone Rules). For any a.s.t. probabil-
istic De Simone specification, trace equivalence on the operational model is a congruence.

Proof. By Definition 7.5, the trace map tr is affine. By Proposition 7.9 and Theorem 5.15, tr
is a morphic congruence, whence trace equivalence is a congruence relation by Remark 4.4. <«

A.s.t. probabilistic De Simone specifications thus provide a congruence format for probabilistic
trace semantics. To our knowledge, no such format has appeared before in the literature.

» Example 7.11 (Non-a.s.t. Specifications). Note the relevance of the a.s.t. assumption in
Theorem 7.10. The easiest way to fail it is by involving a rule like ety . The probability
of termination for the constant c is 0, and therefore the trace map is not affine. The problem
here is that the probability of exiting the loop ¢ — ¢ is 0. This can potentially be remedied by
imposing a suitable guardedness discipline, ensuring productivity of loops, but the following
example, adapted from [35, Example 20], shows that even then a.s.t. can fail for probabilistic
De Simone specifications, at least for infinite signatures. Take XX = {¢, | n € N}, and

- (n €N) T (n € N)
e a/(2"+2) “ cn a/(1-(2"+2)7") et

It follows that the total weight tr(co) assigns to traces is 1/2, hence the system is not a.s.t.

8 Conclusion and Future Work

We have developed a theory of compositional trace semantics for process specifications,
emerging at the generality of abstract GSOS [44] along with coalgebraic trace semantics [25].
One important message of our paper is that “vanilla” abstract GSOS is more powerful than it
seems: unlike existing categorical approaches to the subject (see Related Work), our results
are based on a slightly refined version of Turi and Plotkin’s original results, applied to our
novel notion of De Simone laws over Kleisli categories. We have illustrated the usefulness of
this abstract framework by deriving from it a novel De Simone-type format for probabilistic
LTS. Various subtleties of the format (e.g. regarding almost sure termination) would be hard
to uncover from scratch, but are naturally explained and motivated by the categorical setup.

Within the probabilistic setting, our compositionality result is currently limited to almost-
surely terminating systems. In future work, we are planning to analyse this issue through
the lens of (coalgebraic) infinite trace semantics [26], which remedies “probability leakage”,
caused by non-termination. Kock’s synthetic approach to measurability and probability [33]
suggests that our framework may be applicable to more sophisticated probabilistic settings,
via suitable additive monads. An orthogonal direction is to reformulate our framework
internally to a Markov category [15, 20], instead of a Kleisli category of a monad.

We also aim to apply our framework to computational effects beyond probabilities and
cover other features, such as states or higher-order behaviour. These have been addressed
recently from the perspective of abstract GSOS [21, 23, 22] under (weak) bisimilarity, but a
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corresponding abstract treatment of trace semantics is still missing. Another direction are
congruence formats for notions of trace distance in lieu of trace equivalence. This will require
departing from final coalgebra semantics in favour of a fibrational approach [6, 12, 45].

Finally, we briefly discuss an alternative route to coalgebraic trace equivalence that we
have explored: generalized determinization [41]. The idea of this setting is to go from a
coalgebra X — P(L x X) = (PX)L to a “determinized” coalgebra PX — (PX)L (using
the distributive law of the monad P over the functor (—)* and the monad multiplication).
Technically, this amounts to considering GSOS laws (of polynomial functors over (—)%) and
their operational models in the Eilenberg-Moore category EM(P) and subsequently apply
the Turi-Plotkin theory in that category. This looks appealing but, in general, the GSOS
law corresponding to a De Simone specification does not yield a morphism in EM(P), that is,
a lattice morphism.

A specification forming a lattice morphism means that for any binary operation f, if
f(tl,tg) i) t3 and f(ul, Ug) i) us then f(tl,tg) \ f(ul,u2) i> tg \ us. AlSO, the fact that X
lifts entails that f(t1,%2) V f(u1,u2) = f(t1 V u1,t2 V uz). Now suppose we have L = {a},
terms t1 -ty ~», U ~, Uy — v, and a binary operation f with the unique (De Simone) rule

a
T2 — Y2

f(z1,22) i>$1.

Then f(t1,t2) o, f(ur,u9) 25 uq but f(t1 Vg, ta V ug) 2y t1 V uq, contradicting the above
properties.

This shows that the De Simone rule format is not compatible with the approach via
generalized determinization and it is unclear whether there is any such format altogether.
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