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—— Abstract

The belief construction is a fundamental technique for transforming partially observable systems

to fully observable ones while preserving the relevant semantics. It plays a central role in the
analysis of partially observable systems, in particular partially observable Markov decision processes
(POMDPs), which is a central model in artificial intelligence and formal verification. In this paper,
we develop a coalgebraic framework for the belief construction. To handle observations categorically,
we lift a monad to slice categories and introduce a belief decomposition that reorganizes states
according to their observations. This allows us to introduce a coalgebraic generalization of the belief
construction, obtained by combining the belief decomposition with the coalgebraic determinization
of Silva, Bonchi, Bonsangue, and Rutten. In this framework, we show that the semantics of a
partially observable system coincides with that of the corresponding belief coalgebra. We then study
when the latter further agrees with the semantics of its fully observable counterpart, and use this
to identify conditions under which the semantics of a partially observable system coincides with
that of the corresponding fully observable belief system. As a consequence, we recover the standard
equivalence between POMDPs and belief MDPs, and obtain a new equivalence result for weighted
transition systems with the semimodule monad.
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1 Introduction

The notion of observation is ubiquitous in artificial intelligence and formal verification, since
in real-world settings it is often unrealistic to assume that we have precise information
about the systems under analysis. Partially observable Markov decision processes (POMDPs)
(e.g. [26]) provide a central model for incorporating partial observability, and hence for
reasoning about imperfect information about systems.

» Example 1. We illustrate this with the POMDP ¢ shown in Fig. 1. A POMDP is a
Markov decision process (MDP) equipped with an observation function assigning to each
state an observation. In this example, there are five states S := {sq, s1, $2,%1,t2}, and the
observation function obs: S — {0, 09, 01,02} is given by

obs(sg) == 09, o0bs(s1) =obs(sy) =0, obs(t;):=o01, obs(tz):=0s.

1 While rewards are assigned to transitions in the example, our coalgebraic framework for POMDPs
assigns rewards to states. This difference is not essential, in the sense that the former can be modelled
by the latter by adding dummy states, and the converse direction is trivial.
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a,b,1/0

a,b,1/0 a,b,1/0 a,b,1/0
Figure 1 A POMDP ¢, where the Figure 2 The reachable part of the belief MDP,
states s1 and s are assigned the same where p = %551 + %552.

observation o.

From each state, choosing an action a or b induces a probabilistic transition together with
an immediate reward. For instance, from the initial state sy, choosing action a leads to sy
with probability % and reward 1, and to sg with probability % and reward 1.

The quantity of interest here is the maximal total expected reward over observation-
based schedulers. An observation-based scheduler is a map u: Ot — {a, b}, where O =
{00,0,01,02} and O is the set of nonempty finite sequences of observations, which selects
the next action based only on the history of observations, rather than the underlying states.?
For the POMDP ¢, the maximal total expected reward from s is

1 1
max TER.,=-(1+2)+-(1+0)=2, (1)
uwe{a,b}Ot 2 2
where TER,,, is the total expected reward of ¢ under the scheduler u. The maximum is
attained by choosing action a first and then action b. Notably, if we instead regard the same
5

system as a fully observable MDP, then the maximal total expected reward becomes 3, since

the choice of action can depend on the visited state (s; or ss).

The belief construction for POMDPs (e.g. [27]) transforms a POMDP into an equivalent
fully observable MDP, called its belief MDP. The states of this MDP are probability distribu-
tions over the original state space, called beliefs. Although the belief MDP of a finite-state
POMDP is generally infinite-state, the construction reduces the original problem to one

on MDPs, for which many effective abstraction and approximation techniques have been
developed (e.g. [29, 11, 4, 23, 25]).

» Example 2. We present in Fig. 2 the belief MDP ¢B¢ of the POMDP ¢ above; we write d,
for the Dirac distribution at a state s. The figure shows only the reachable part from the
initial belief d5,. The maximal total expected reward from the initial belief d,, is

%(1+2)+%(1+0)=2, (2)

which coincides with the maximal total expected reward (1) of the POMDP.
The above example illustrates that the usual belief construction for POMDPs is semantics-

preserving: the maximal total expected reward of the original POMDP coincides with that
of its belief MDP. This naturally raises the following two questions:

2 This presentation is equivalent to the more common presentation of schedulers as functions O x ({a, b} x
0)* — {a, b} since previously chosen actions are themselves determined by the preceding observations.
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How can belief constructions be defined uniformly for classes of partially observable
systems that include POMDPs?
How can we prove that such constructions preserve semantics?

In this paper, we answer these questions from a coalgebraic perspective. We model
a partially observable system with initial states as pointed partially observable coalgebras.
Concretely, such a coalgebra consists of a pair of an initial-state map i: I — S and a
coalgebra ¢ := (d,0bs): S — FT'S x O, where F': C — C describes the one-step transition
type, T: C — C is a monad describing the branching type, such as nondeterminism and
probability, and O is an object of observations.

We then propose a generic construction, called the coalgebraic belief construction. Given
a pointed coalgebra (i, ¢), the construction produces a new pointed coalgebra Bel(i, ¢), called
its belief coalgebra. The idea is to abstract the ordinary belief update for POMDPs: one first
applies the probabilistic transition to a belief, and then decomposes the resulting distribution
into conditional beliefs indexed by observations. Categorically, the first step is provided by
the coalgebraic determinization [28], while the second step is provided by a new structure
that we call a belief decomposition.

To formulate the second step, we regard state spaces equipped with observations as
objects of the slice category C/O, and lift the monad T on C to a monad To on the slice
category C/O. The belief decomposition uses this lifted monad to describe the operation
of splitting a T-structured state into components indexed by observations, generalizing the
decomposition of a belief into conditional beliefs in the POMDP case.

Our main theorem states that the coalgebraic belief construction is correct: the semantics
of a partially observable coalgebra coincides with that of its belief coalgebra. In our abstract
setting, the belief coalgebra still carries an observation map, whereas the usual belief MDP
of a POMDP is fully observable. We therefore further provide conditions under which the
semantics of this belief coalgebra agrees with the semantics of its fully observable counterpart.
This recovers the standard equivalence between a POMDP and its belief MDP.

We instantiate the framework with the nonempty powerset monad for nondeterminism,
the distribution monad for probability, and the semimodule monad for weighted systems.
These instances recover the usual belief construction for POMDPs and yield a new belief
construction for partially observable weighted transition systems. As a corollary, we recover
the decidability of termination for partially observable nondeterministic transition systems.

In summary, our contributions are as follows:

a generic coalgebraic framework for belief constructions, based on monads lifted to slice

categories and belief decompositions;

a correctness theorem for the coalgebraic belief construction, showing that the semantics

of a partially observable coalgebra coincides with that of its belief coalgebra;

sufficient conditions under which partially observable coalgebras can be seen semantically

as fully observable ones;

concrete instances for nondeterministic, probabilistic, and weighted transition systems,

recovering known belief constructions and yielding a new belief construction for partially

observable weighted transition systems with the semimodule monad.

Structure. After recalling preliminaries in §2, we lift monads to slice categories in §3 and
define the coalgebraic belief construction in §4. We introduce semantics in §5 and prove
the correctness theorem in §6. We then compare partially observable coalgebras and their
fully observable counterparts in §7, present examples in §8, discuss related work in §9, and
conclude in §10.
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2 Preliminaries

We recall preliminaries on coalgebras, as well as the coalgebraic framework for determinization
introduced by Silva et al. [28], which has also been applied to trace semantics [19, 16, 7, 14]
and graded semantics [13]. We refer the reader to [18, 2] for the background on coalgebras.

Given an endofunctor F': C — C, an F-coalgebra ¢ is a morphism ¢: S — FS, and a
coalgebra morphism from c: S — FS to ¢': S’ — FS’ is a morphism f: S — S’ such that
dof=Ffoc.

» Definition 3. Let F': C — C. For an object I € C, an (I-)pointed coalgebra is a pair (i, c)
of a morphism i: I — S and an F-coalgebra c¢: S — F'S, often written as (i,¢): I - S — FS.
A morphism [ between pointed coalgebras (i,¢): I — S — FS and (i',¢'): I - 8" — FS is
a morphism f: S — S’ such that foi=14 and o f=Ffoc.

» Definition 4. Let T: C — C be a monad and let F': C — C be a functor. A natural
transformation \: TF = FT is a distributive law (of T' over F') if F(nx) = Ax onrx and
Fux)oArx oT(Ax) = Ax o ppx for each X € C.

A distributive law allows one to combine the branching structure described by T with the
one-step transition type described by F. It is known that distributive laws correspond
bijectively to liftings of F' to the category of Eilenberg—Moore algebras for T'; see, e.g., [18].

» Definition 5. Let T: C — C be a monad, F: C — C be a functor, and A\: TF = FT be
a distributive law. For a coalgebra c¢: S — FTS, the (coalgebraic) determinization is the

F-coalgebra given by Det(c) =TS e, pprs 275, prrs THS, prg.

Intuitively, T'c applies the original transition structure pointwise to a T-structured state,
A exchanges the transition types T and F', and Fug flattens the resulting double T-structure.
This construction generalizes familiar determinization procedures such as the powerset
construction for nondeterministic automata.

» Example 6. Let T be the finite powerset monad P: Set — Set and F be the functor
()" x 2: Set — Set where A is a fixed finite set of actions and 2 = {0,1}. Then an
FT-coalgebra (6,acc): S — (PS)# x 2 is precisely a nondeterministic automaton: for each
state s and action a, 6(s)(a) is the set of successors of s under a, and acc(s) indicates whether
s is an accepting state. We define a distributive law A\: P((_)4 x 2) = (P(_))* x 2 by
Ax(U) = {a — Uiner f(@), Vi ner t), for each X € Set and U € P(X* x 2). Then
Det ({4, acc)) is the standard powerset construction for nondeterministic automata. Its state
space is P.S, the successor of a state U under an action a is the state | J ., 0(s)(a), and U is
accepting if acc(s) = 1 for some s € U.

seU

3 Slicing Monads

The coalgebraic determinization recalled in §2 applies to coalgebras of the form ¢: S — FT'S.
For the belief construction, however, states are additionally equipped with observations. To
incorporate observations categorically, we work in slice categories.

For an object O € C, recall that the slice category C/O has as objects morphisms
f+ X — O, and as morphisms from f: X — O to g: Y — O morphisms h: X — Y satisfying
goh = f. Thus an object of C/O may be regarded as a state space X equipped with an
observation map into O. By abuse of notation, for a morphism f in a slice category, we
sometimes write f for its underlying morphism in C.
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In this section, we aim to lift the monad T' on C to a monad on each slice category C/O.
We then study how these lifted monads behave under change of the observation object and
how they relate to the original monad T via the forgetful functor dp: C/O — C.

We begin by recalling oplax monad morphisms.

» Definition 7. Let T = (T,n",uT) be a monad on C, and S = (S,n°,u°) a monad
on D. An (oplax) monad morphism from (C,T) to (D,S) is a tuple (F,%) of a functor
F:C — D and a natural transformation v: FT = SF such that 3y = ¥x o F(n%) and
Wi 0 Stx o hrx = hx o F(u%) for each X € C.

» Lemma 8 (Cf. [17, Sec. 2],[21]). Consider functors F: C' — C,G: D' — D and adjunctions
LAR:D—Cand L' AR :D — C'. Assume that LF = GL’, and let a: FR' = RG be
the mate of LF = GL'. Then (F,aL’) is a monad morphism from (C',R'L") to (C,RL).

We use Lem. 8 twice in this section: to obtain the base-change morphisms (%, 6,,) in Prop. 10
and the forgetful morphism (d, ) in Prop. 12.

For the remainder of this section, we assume that C is a category with pullbacks. Let T’
be a monad on C, and for each f: X — O in C, we fix a pullback of T'f along ng.

» Definition 9. For each object O € C, we define an endofunctor To: C/O — C/O. For an
object f: X — O, the object To(f): By — O is defined by the pullback of Tf along no, as in
the left diagram below. For a morphism h: f — g in C/O, we define To(h) to be the unique
morphism induced by universality of the pullback for By, as in the right diagram below.

_ Tof
Tof

By —2140 B, »B,—3%0 (3)

J Toh 1 Tog
Lfl Jno LfJ/ LgJ/ Jno

x 70 x 'y 10
\—/
7

» Proposition 10. For each object O € C, the endofunctor To carries a canonical monad
structure. Moreover, for each morphism u : O — O’, the post-composition functor ¥, =
uo(_):C/O — C/O" extends to a monad morphism (X,,0,) : (C/O,To) — (C/O', Tor),
where 0, : L To = T2, is the natural transformation whose component at f: X — O is
induced by universality of the pullback of ng along T'(uo f).

We refer to Appendix C.1 for the proof.

» Remark 11. The result in Prop. 10 gives the following 2-categorical reformulation. Define
a functor Sl: C — Cat by SI(O) := C/O and Sl(u) := %,,. Then the assignment O € C —
(C/O,To) with (u: O — O') + (X,,0,) defines a functor T: C — Mnd whose composite
with the forgetful 2-functor Mnd — Cat is Sl. Here Mnd is the 2-category of monads and
oplax monad morphisms.

We sometimes omit the subscript O in To when it is clear from the context.
The forgetful functor d: C/O — C is also compatible with the monads T and T as below,
see Appendix C.2 for the proof. Please note that dT'(f) = By in (3) for each f € C/O.

» Proposition 12. There is a monad morphism (d,.): (C/O,T) — (C,T) given by the
morphisms (ty)rec/o defined in the pullback square on the left in (3).

39:5

CONCUR 2026



39:6

From Coalgebraic Determinization to Belief Construction for Partial Observability

4 Coalgebraic Belief Construction

We introduce our coalgebraic belief construction, which transforms a coalgebra with an
observation map into a coalgebra, called its belief coalgebra. The construction is based on
the coalgebraic determinization (see §2) together with the monads T'o on slice categories
introduced in §3.

We begin by introducing coalgebras equipped with observations. Here, we adopt a wide
subcategory O of C, that is, a subcategory containing all objects of C, to specify admissible
observation morphisms.

» Definition 13. Let C be a cartesian category, QO be a wide subcategory of C, and G be
an endofunctor on C. A partially observable G-coalgebra (or PO coalgebra for short)
is a morphism (§,obs): S — GS x O, and a morphism from (§,obs): S — GS x O to
(8’ 0bs'): §" — GS' x O is a pair of morphisms f: S — 8" in C and g: O — O’ in O such
that f: 6 = &' is a G-coalgebra morphism and g o obs = obs’ o f.

For an object I € C, an (I-)pointed partially observable G-coalgebra (or pointed PO
coalgebra) is a pair (i,c¢) of a morphism i: I — S and a PO coalgebra c: S — GS x O,
often written as (i,¢): I — S — GS x O. A morphism (f,g): (i,¢) = (i',¢') between pointed
PO coalgebras is a morphism (f,g): ¢ — ¢ between PO coalgebras such that foi=1". We
write Coalg©(G) for the category of partially observable G-coalgebras and Coalg?(G) for the
category of I-pointed partially observable G-coalgebras.

We say that (i, (d,0bs)): I — S — GS x O is fully observable if S = O and obs = idg.

» Assumption 14. We fiz the following data:
C is a category with finite products and pullbacks,
O is a wide subcategory of C,
F:C — C is a functor and T: C — C is a monad,
N TF = FT is a distributive law,
I is an object of C.

Throughout the section, we work under Assumption 14 and restrict our attention to
I-pointed partially observable F'T-coalgebras (i, (d,0bs)): I — S — FTS x O.

For instance, our framework specializes to POMDPs by taking C = Set, F' = (_ xRx()",
and T' = D where A is the set of actions and D is the finite distribution monad. Although our
framework assumes deterministic observations S — O, standard POMDPs with stochastic

)A

observations can be encoded by expanding the state space; see [12, Remark 1].

Our aim is to associate with each pointed PO coalgebra a pointed FT-coalgebra, called
the belief coalgebra, whose state space is dT'(obs), obtained by the pullback of 1o along
T(obs) as in (3). The following is a key ingredient for the construction of the belief coalgebra.

» Definition 15 (belief decomposition). For each object O € O, define flat® to be the natural
transformation pd o Ti: TdTo = Td between functors of the type C/O — C. A belief
decomposition on T consists of a family of natural transformations a©: Td = TdT o for
each O € O such that (i) each o is a section of flat®, i.e. flat? o o = idpy, and (ii) for
each u: O — O in O, the following equality of natural transformations from C/O to C holds:
Tdoby 0a® =a®'S,: Tdo = doTo' Ty, where we use do'Sy = do.

Allowing observation objects to vary reflects the functoriality of the slice-category con-
struction in the observation object. Accordingly, Condition (ii) requires the family of belief
decompositions to be coherent under admissible changes of observation objects, see Ap-
pendix A for details. In all examples, we take @ to be the wide subcategory of C consisting
of all monomorphisms.



M. Kori and K. Watanabe

When no confusion arises, we omit the superscripts of a© and flat”. We now fix a belief
decomposition «, which in turn induces the following coalgebraic belief construction.

» Definition 16 (coalgebraic belief construction). Let (i, (0,0bs)): I — S — FT'S x O be a
pointed PO coalgebra, and write ¢ for (§,0bs). We define its belief coalgebra by

Bel(i, (0, 0bs)) = (nfbs o1, (cBe',T(obs») : I — dT(obs) — FT(dT(obs)) x O

Bel

where the transition part c®¢ is defined by the following composite:

DO, ppg Lo, pp(dT(obs)).

= dT(obs) 2 TS —
Here, following the convention introduced at the beginning of §3, nzas denotes the underlying
morphism in C of the unit morphism in C/O.

The belief coalgebra is obtained by combining the determinization Det(d): T'S — FT'S
with the inclusion morphism tops: dT(obs) — T'S and the belief decomposition aops: TS —
T(dT (obs)). More precisely, the morphism tops: dT(obs) — T'S first forgets the observation-
indexed structure, then Det(§) applies the usual coalgebraic determinization, and finally cops
reorganizes the resulting T-structured state according to the observation map obs.

The belief construction defined above extends to a functor on the category of pointed PO
coalgebras, as follows. See Appendix C.3 for the proof.

» Proposition 17. The assignment (i,c) — Bel(i, ¢) extends to a functor
Bel: Coalg?(FT) — Coalg?(FT)

by mapping a morphism (f,g): (i,(5,0bs)) — (', (6", 0bs")) to (dT(f) o d(8g)obs, g), where
the first component is as below:

dT(obs) = dS,T(obs) 22 g5 (obs) TP qT(obs').

» Example 18 (nondeterminism). We use partially observable nondeterministic transition
systems as a running example throughout the paper. Let T be the nonempty finite powerset
monad Py on Set, and F = (_) + {v'}, where v' (¢ S) denotes the designated terminal
state. We define a distributive law X: Py((_) + {v'}) = Pp(_) + {V'} by, for each X € Set,
Ax(U) = v ifU ={v'},and Ax (U) := UNX otherwise. We then define a belief decomposition

{af: (Ppd)(f) = (PedPy)(f)}f: x—0 by
U)={f"o)nU|oe€Ost. f(o)NU #0}, for any U € Py(X).

See Appendix C.4 for the proof that « is indeed a belief decomposition. Given a pointed PO
coalgebra (i, (6,0bs)): I — S — (Py(S) + {v'}) x O, its belief coalgebra Bel(i, (6, obs)): I —
dPy(obs) — (Py(dPy(obs)) + {v'}) x O is induced by the distributive law and the belief
decomposition, where the state object dPg(obs) is the set of U € Py(.S) such that there exists
0 € O with U C obs™ *(0), and the transition part ¢ is given by

Fo) = {{VU Nobs™(0) [0 € O\ {0} if Viy #0,

v otherwise,

where V= U ep 5.4, 5(5)2v 9(5)-

39:7
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Intuitively, a state of its belief coalgebra is a set of states of the original coalgebra that
share the same observation. Its nondeterministic transition is defined over partitions of all
possible transitions, where the partitions are induced by observations.

» Remark 19 (the design choice for nondeterminism). You may wonder whether we can define
T and F by the powerset monad T := P and F' = id, respectively. This design choice is not
suitable for us since it does not satisfy an assumption we will make in §6 for the correctness
of the belief construction.

We conclude this section with two basic properties of the belief construction. We first
consider the fully observable case, and show that the belief construction does not produce
new states up to canonical isomorphism. We then make precise how the belief construction
is related to ordinary coalgebraic determinization. See Appendix C.5 for the proof.

» Proposition 20. For every FT-coalgebra 6: S — FTS, one has Bel(idg, (0,idg)) =
(idg, (0,idg)): S =+ S — FTS x S.

» Proposition 21. For each pointed PO coalgebra (i, (0,0bs)): I — S — FTS x O, where
c = (0,0bs), one has F(flatyps) o B = Det(8) o tops-

Proof. This is immediate from the first condition in Def. 15. |

Thus, after collapsing the observation-wise decomposition via F'(flatops), the belief transition
agrees with the ordinary determinization along the morphism ¢qps.

5 Semantics of Pointed Partially Observable Coalgebras

One key property of the belief construction is that it preserves semantics, such as the maximal
expected reward in the case of POMDPs. To make this statement precise, we first introduce
a scheduler-based semantics of pointed PO coalgebras: for each scheduler, one obtains a
semantics of the coalgebra under the scheduler, and the overall semantics is obtained by
taking the join over all schedulers.

Accordingly, we restrict attention to partially observable F'T(_)4-coalgebras

(i,(6,0bs)): T — S — (FTS)* x O,

where A € C is a fixed object of actions. Intuitively, a scheduler specifies a choice of action
based on a history of observations, as we make precise in the next subsections.

Before defining the semantics of pointed partially observable FT(_)#-coalgebras, we
prepare several auxiliary notions.

» Definition 22 (ordered object [3]). An object Q € C is an ordered object if, for each object
X € C, the hom-set C(X, Q) is a complete lattice and each precomposition map preserves
arbitrary joins. For an endofunctor F: C — C and an ordered object 2, an F-algebra
T: FQ — Q is monotone if, for each object X € C, the map 7o F(_): C(X,Q) — C(FX,Q)
is monotone.

We write Lx and <x (or simply L and <) for the bottom element and the order on C(X, ),
respectively.

» Assumption 23. In the rest of the paper, we assume Assumption 14 and the following.
The category C is a cartesian closed category with countable coproducts.
The functor F and the monad T are strong. We write their strengths as: stf(’yz XXFY —
F(X xY) and stk y: X xTY — T(X x Y) for each X,Y € C.
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The distributive law A satisfies Axxy © T(StF) ostT = FstT ostf" o X x Ay for each
X, Y eC.

We fixz an object A € C.

We fix an ordered object 2 € C and a monotone algebra 7: FTQ — Q.

Notation. We write (_)* and (_)" for the endofunctors [[, ()" and [en., ()" on
C, respectively, and write nil for the canonical natural transformation id = (_)*, and
consp: O x O* — OT for the canonical isomorphism for each O € C. We write fT for
the adjoint transpose of a morphism f under the relevant adjunction (_ ) x X - (_)*X (for
X € C). We write ev for the components of its counit, i.e. evaluation morphisms, omitting
subscripts when they are clear from the context. For each product X; x --- X, the i-th
projection (i € {1,---,n}) is denoted by ;.

Under Assumption 23, we obtain a strength st?? of F'T given compositionally from the
strength of T" and F. Moreover, the distributive law of T" over F' induces a distributive
law of T' over F(_)# by the following lemma. Hence the construction of §4 applies to
(i, (8,0bs)): I — S — (FTS)* x O simply by replacing F with F(_)*.

» Lemma 24. Let F: C — C, T be a strong monad on C, and \: TF = FT be a distributive
law. Then, there is a distributive law \': T o (F(_))* = (F(_))* o T defined by

; A
= T((FX)A) 2252 (rpx)A 2970 (prx)4,
where sAtFX7A is the canonical map induced by the strength stT.

» Definition 25. For an FT-coalgebra c: S — FTS, define a monotone map ®.: C(S,Q) —
C(S,Q) by ©.(f) ;=10 FT foc. Then the semantics of an I-pointed FT-coalgebra (i,¢): I —

S — FTS is given as \/,,cy P70 (Ls) 0.

» Proposition 26. If f: ¢ — ¢ is an FT-coalgebra morphism, then ®7(Lg) = ®%(Lg/)o f
for each n € N. Consequently, for each morphism f: (i,¢) — (i',c') between I-pointed
coalgebras, the semantics of (i,¢) is equal to that of (i, '), that is,

\ ®i(Ls)oi=\/ ®L(Ls)od"

neN neN
Proof. The first statement can be easily proved by induction on n. The second statement
follows immediately from the first. |

» Example 27 (nondeterminism). We continue the example shown in Ex. 18. We define
the ordered object €2 to be B, where B := {t,{} is the Boolean domain with the standard
total order f < t. The order on Set(X,B) is given by the pointwise order. We define a
monotone algebra 7: Py(B) + {v'} — B by 7(S5) := AS for S € Py(B), and 7(v') = t. Given
a coalgebra c: S — Py(S) + {v'}, the monotone map ®.: C(S,B) — C(5,B) is

f if there exists s’ € ¢(s) N S s.t. f(s') =1,

t  otherwise.

Dc(f)(s) = {

For an I-pointed coalgebra (i,c): I — S — Py(S)+{v'}, the semantics \/, oy @2 (Ls)oi: [ —
B is then given by (\/,,cy ®2(Ls) oi)(z) = t if and only if all paths from i(z) in ¢ terminate
(equivalently, reach the designated state v').

We then introduce two scheduler-based semantics for pointed PO coalgebras. In §5.1,

we define a semantics by carrying schedulers in the state space, and in §5.2, we give an
equivalent formulation based on state histories.

39:9

CONCUR 2026



39:10

From Coalgebraic Determinization to Belief Construction for Partial Observability

5.1 Semantics based on Coalgebras Carrying Schedulers

For an object of observations O, a scheduler is a morphism u: O — A in C, assigning
an action to each nonempty history of observations. One may also present schedulers as
morphisms O x (A x O)* — A. In the deterministic setting, however, these two presentations
are equivalent, because the past actions are recursively determined by the past observations.

As the history grows, the scheduler is consumed accordingly, and the remaining choice
mechanism can be carried along as part of the state. This yields an F'T-coalgebra on S x A9,

» Definition 28. For a PO coalgebra ¢ = {§,0bs): S — (FTS)4 x O, we define an FT-
coalgebra Sch(c): S x A9" — FT(S x A°") as the composite

StFT

SxAQ" = §x Ax ACT XX, prg 40T T prp(gy 40T ) ELTLeve b i) b g 407,

Let Coalg? (FT(_))*)ewr be the category of partially observable (FT(_))*-coalgebras
and morphisms that are contravariant in the observation part; that is, a morphism from
(8,0bs): S — (FTS)AxO to (§',0bs'): S" — (FTS')AxO" is a pair of morphisms f: S — S’
and g: O' — O such that §' o f = (FTf)* 0d and obs = goobs’ o f.

The construction defined in Def. 28 extends to a functor

Sch: Coalg®((FT)")ct — Coalg(FT)
with Sch(f,g) == f x A9 where A9 : A9" — AC" s the morphism induced by g.

An objective V;*, of an I-pointed FT(_)“-coalgebra (i,c) is defined as the join of the
semantics of the I-pointed FT-coalgebra (({id, (uoconsp)f oobs)oi,Sch(c)): I — S x A9 —
FT(S x A97) for all u: Ot — A:

Vi = \/ Seh(e) (L) o (id, (u o consp)foobs)oi 1 T — Q.
u: Ot —=A, neN

» Example 29 (nondeterminism). We continue Ex. 27. Consider a coalgebra ¢ = (J, obs): S —
(Pg(S) + {v})? x O and a scheduler u: Ot — A. For each s € S, let @i,: O* — A be
Ad.u(obs(s)d) where obs(s)o is the sequence given by prepending obs(s) to . Then the
composite @g .y . (L){id, (uo cons)T o obs): S — B maps s € S to

t if under u, all paths from s reach v* in ¢ within n steps,

gch(c) (J-)(Sﬂﬂs) = {

f otherwise.

Consequently, given an initial element x € I, the objective V;", is given by

i,c €

“ () t if under some u: O — A, all paths from i(z) eventually reach v in c,
~|f otherwise.

5.2 Semantics based on State-History Coalgebras

We now give an equivalent presentation of the objective V;*. in which the state-history is
stored explicitly in the state space.

» Definition 30. For a PO coalgebra ¢ = (§,0bs): S — (FTS)* x O and a morphism
u: O = A, we define an FT-coalgebra ¢,,: S — FT(S) to be ev o (§,u o obs).
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Let extg be the canonical concatenation morphism S* x S — ST (or ST x §* — ST),
and last: ST — S be the morphism sending a sequence to its last element.

» Definition 31. Let (i,(5,0bs)): I — S — (FT'S)? x O be a pointed PO coalgebra, and c
be the second part (0,0bs). We define a pointed PO coalgebra (nil o i, Hist(c)): I — ST —
(FT(S+))A x O where Hist(c) := (f,obs™) and f is the composite

i olas o(id w) T xt) 4
G+ (id, dolast) S+><<FTS)A (sto(idg+ xev)) (FT(S+><S))A FT(ext)

(FT(5%))"
An objective H; . of ¢ can then be defined as the join of the semantics of the I-pointed
FT-coalgebra (nil o i, Hist(c),): I — St — FT(ST) for all u: OT — A:

H;:C = \/ (I)ﬁist(c)u(J-) © niIS © iv

u: Ot—A, neN
which is equal to V;”, as shown below. See Appendix C.6 for the proof.

» Proposition 32. The equation V;. = H; . holds.

6 Correctness of the Belief Construction

We now turn to the main theorem of this paper: the correctness of the belief construction.
We show that the belief construction preserves the semantics of pointed PO coalgebras, in
the sense that for each pointed PO coalgebra (i,c): I — S — (FTS)? x O, the equation
‘/:C = VB*eI(i,c) holds.

Throughout the section, we fix a pointed PO coalgebra (i, (§,0bs)): I — S — (FT.S)* xO
and write ¢ for (9, obs).

For a coalgebra c: S — GS of an endofunctor G: C — C and n € N, we write ¢": S —
G™S for the morphism defined inductively by c® = idg and ¢"*! := G(c") o c. We use the
same notation for algebras 7: G — Q. For each n > 1, let A™: (FT)™ = F"T™ denote
the natural transformation obtained by repeatedly using the distributive law A to move all
occurrences of T to the right.

» Lemma 33. We hcwe the following equalities:

1. (dT(obs) x A Z PT(dT(obs)) Z02er), FTS)

= (dT(obs) x A “25 XA, g e A 2 (s x A) T TETS Ats, pr2g P, FTS)

(cBHF F(flatons)

2. (Sx A v XA 7 (obs) x A S FT(dT(obs)) £, FTS) = (S x A 25 FTS).

See [22] for the proof.

The following lemma, especially its second statement, is a key result to show the correctness
theorem. A standard way to prove such a preservation result would be to construct a coalgebra
morphism, between Sch(c) and Sch({cB¢, Tobs)). However, we do not expect such a morphism
to exist in general. Instead, under the following assumptions (x):

1. the monotone algebra 7: FTQ) — € is of the form p o F'o for some monotone algebra
p: FQ — Q and monotone Eilenberg—Moore algebra o: T — Q such that o o T'(p) =
poF(c)olgand Lrx =coT(Lyx) for each X € C;

2. (dT(obs) “2% T8 T8, (5 % 0)) = (dT(obs) 221 715 % 0 255 7(S x 0)),

we show that the morphism o T'(st” o (1eps xid)): T'(dT (obs) x A?™) — T(S x A°"), becomes

compatible with the transition structures after an application of F'T' and postcomposition
with F2p 0 FA. See [22] for the proof.

CONCUR 2026
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» Lemma 34.

1. Sch(c) = F(po T(st™ o tops x id)) o Sch((cB, Tobs)) o (nZ | x id).

2. Under the assumption (x), the following equation between morphisms of type FT(dT (obs)x
A7) = F2T(S x A9") holds:

F%p0 FAo FT(Sch(c)) o F(po T(st” o tops x id))
=F?p0o FAo FTF(poT(st” o tops x id)) o FT(Sch((cB®, Tobs))).

» Theorem 35. Under the assumption (x), the equation Vi, = Vg, ., holds.

Proof. We prove that ®g, (L) = (I);Lch(«:Be',Tobs})(L) o (ng)s x id) for each n > 1. Write

TS for the object dT(obs). By definition, DGy (L) = 7" o (FT)"(L) o Sch(c)" = 7" o
(FT)"(L) o FT(Sch(c)" 1) o Sch(c). Hence by Lem. 34.1, it suffices to show the following

equality between morphisms of type FT(TS x A°") — Q:

7" o (FT)" L o FT(Sch(¢)"™ 1) o F(po T(stT o tops x id))
=710 (FT)"L o FT(Sch({(c®, Tobs))" 1), (4)

for each n > 1. The full proof of this equality is deferred to [22]. Here we only give a proof
sketch. We proceed by induction on n. For the base case n = 1, the claim follows from the
factorization assumption 7 = p o Fo, together with the equality coT L x oux =coT Llpx
for each X € C. The inductive step uses coT L =1, copu=0o0To, and Lem. 34.2. |

» Example 36 (nondeterminism). We continue Example 29. By Thm. 35, it suffices to
check the assumption (x). Set p: B+ {v'} = B and o: Py(B) — B by p(b) = b for b € B
and p(v') = t, and o(U) = AU, respectively. Clearly, we have 7 = po (¢ + {v'}), and
Lp,x =00 Py(Lx); note that the latter condition is not satisfied if we replace Py with P,
and this is the reason why we employ this definition. See [22] for the details of the remaining
conditions.

7 Comparing Semantics of Partially and Fully Observable Coalgebras

In this section, we compare the semantics of a pointed PO coalgebra and those of its fully
observable counterpart, obtained by replacing the observation map with the identity. We
show that the semantics of a pointed PO coalgebra is always bounded above by that of
its fully observable counterpart, and we give two sufficient conditions under which the two
semantics coincide: the first, given in Prop. 37, is simpler, whereas the second, given in
Prop. 39, is weaker.

» Proposition 37. For each pointed PO coalgebra (i, (5,0bs)): [ — S — (FTS)4 x O, it
holds that V;’:‘wpbs) < Vifw,idS), If obs is split mono, then Vif<5’0b5> = Vz':k(é,ids> holds.

This follows from the fact that (idg, obs): (d,0bs) — (4,ids) is a morphism in the category
Coalg?(FT(_)*)etr, together with functoriality of Sch and the preservation of the semantics
under F'T-coalgebra morphisms shown in Prop. 26. The split mono case is also proved
similarly. The full proof is given in [22].

In §5, we defined the semantics

*® n : .
Hi,c - \/ Hist(c)w (J-) onilgoi
uw:0t— A, neN



M. Kori and K. Watanabe

as the join of the semantics of the pointed coalgebras (nilg oi, Hist(c),) for all u: Ot — A. By
Prop. 26, the semantics of a pointed FT-coalgebra does not change under pointed coalgebra
morphisms. Hence, for each u, one may compute the semantics of (nilg o i, Hist(c),) on any
pointed subcoalgebra.

» Lemma 38. For each morphism (f,g) fromc: S — (FTS)AxO toc': §' — (FTS)4A x 0O’
in Coalg? (FT(_)*) and each morphism u: O' — A, the morphism f is also a morphism
f1 cuog — ¢, in Coalg(FT).

The following proposition is based on the observation that, by Lem. 38 and Prop. 26, for each
scheduler, the history-based semantics may be computed on a suitable pointed subcoalgebra
of the corresponding resolved history coalgebra. See [22] for the proof.

» Proposition 39. Let (i,(5,0bs)): I — S — (FTS)* x O be an I-pointed PO coalgebra.
Suppose that, for each u: ST — A, there exists an I-pointed FT-subcoalgebra m.,: (iy,6y) —
(nil 04, Hist({8,1d)).,) such that there is f,: OT — St satisfying f, o obs™ o m, = m,. Then
the equation HZ<57ObS> = H;(é,id} holds.

Note that the split mono condition in Prop. 37 implies the condition in Prop. 39: if obs is
split mono, then obs™ is also, and hence m, = id (nilos, Hist((5,id)),) Satisfies the condition.

» Remark 40 (Reachable coalgebras). When C = Set, the equality H;<6,Obs> = H} 5,9, In
Prop. 39 may be established pointwise in « € I. Indeed, regarding = € I as a morphism
r:1— I, we have H/ (v) = H},, .(*), where * € 1 is the unique element. Since joins in
Set(1,2) are computed pointwise, it therefore suffices, for each € I, to apply Prop. 39 to
the 1-pointed coalgebra whose initial point isioz: 1 — S.

For fixed z € I and u: ST — A, a canonical choice for the required subcoalgebra is the
reachable coalgebra [1], a pointed coalgebra having no proper pointed subcoalgebra, whenever
it exists. A reachable subcoalgebra of a given pointed coalgebra is also called its reachable
part. This notion coincides with the usual reachable part of the graph induced by the given
coalgebra when C = Set and the functor under consideration preserves intersections [31].
There are several constructions of a reachable subcoalgebra of a given pointed coalgebra in
the literature. For example, it is known that if C has intersections and a functor G: C — C
preserves them, then each G-coalgebra has a unique reachable subcoalgebra, obtained as the
intersection of all subcoalgebras [1]. Another construction of a reachable subcoalgebra is
proposed in [31] via an iterative computation.

In all concrete applications of Prop. 39 in this paper, we work pointwise in z € I and
take the subcoalgebra to be the reachable part.

These results are useful when comparing the semantics V", of a pointed PO coalgebra
and that of the fully observable counterpart of the belief coalgebra. Thm. 35 yields the
equality V. = B*el(i,c)v where the right-hand side is still formulated as the semantics of a
pointed PO coalgebra. By applying Prop. 39 to the belief coalgebra Bel(i,c), we obtain a
sufficient condition to ensure that the semantics of Bel(i, c) can be replaced by that of the
coalgebra in the fully observable setting: V;". =V e

’ nobsoz,<cBe',1d>
» Example 41 (nondeterminism). In the case of nondeterministic systems, the reachable part
(cf. Remark 40) satisfies the condition in Prop. 39, since from an initial state, the mapping
from paths over its history coalgebra under a scheduler u: ST — A to their observation
sequences is injective by the definition of the belief construction. Since the belief coalgebra
induced by a finite-state partially observable nondeterministic transition system is a finite-
state labelled transition system, and since deciding the existence of a scheduler that ensures

39:13
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termination is clearly decidable for fully observable finite-state labelled transition systems, it
follows from Thm. 35 that the termination problem for partially observable nondeterministic
systems is decidable as well; see [22, Prop. 46] for the details.

8 Examples

We instantiate our framework with (1) partially observable Markov decision processes
(POMDPs) and (2) partially observable weighted transition systems.

8.1 POMDP

Let T be the finitely supported distribution monad D on Set, and let F' := _ xR>(, where the
R>o-component represents the reward assigned to state-action pairs. We define a distributive
law Ax: D(X X R>o) = D(X) x R>qg by

Ax (V) = (D(ﬂ'l)(y), Z v(z,r) -7‘).
(x,r)€supp(v)

For a morphism f: X — O, the object dD(f) consists of beliefs b € D(X) whose support
is contained in a single fibre of f; concretely, there exists a (unique) o € O such that
supp(b) C f~%(0). Define a belief decomposition {a?: (Dd)(f) — (DdD)(f)}s: x—0 by

Zo(b) it F0 € 0. Zy(b) > 0 and ¥ = 75 - b

07

o no._
s ) {O otherwise,
where Zo(b) = 3 ¢ 1-1(,) b(x) and b] _is defined by b (z) := b(z) if f(2) = o, and b (z) = 0
otherwise. The morphism a? decomposes the belief b into the family of conditional beliefs
indexed by observations; see Appendix B.1 for the details of the belief decomposition .

We define the ordered object Q to be [0,00] with the standard total order, and we

equip each homset Set(X, [0, 00]) with the pointwise order. We define the two algebras
p:[0,00] x R>g — [0, 00] and o: D([0, 00]) — [0, 0] by

p(r1,m2) =11+ 1o, and o(v) = Z v(r)-r.

resupp(v)

The resulting algebra 7: D([0, 00]) x R>¢ — [0, 00] obtained by p and ¢ is thus given by

/

T(v,r) =71+ Z,,.,Esupp(u) v(r')-r'.
Given c¢: S — D(S) x R>g, the monotone map ®.: C(S, [0, o0]) = C(S5, [0, 00]) is

O (f)(s) = (moc)(s) + ) (moc)(s)(s) - £(s).
s'eS
Now let ¢ = (5,0bs): S — (D(S) x Rs0)” x O. Then for each u: O+ — A and n € N,
the composite ®g, .\ (L)(id, (uo cons) o obs): S — [0,00] maps s € S to

P (e) (L) (s, @) = the total expected reward from s in n steps under u,

where @s = Ad.u(obs(s)d): O* — A. Consequently, given an initial element x € I, the
objective V;*, is given by

V* () = the maximum total expected reward from i(x) over schedulers u: O — A.

i,C

The belief construction yields the usual belief MDP cB® together with an observation map
D(obs) sending each belief to the unique observation on whose fibre its support lies.
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For the belief coalgebra Bel(i, ¢): I — dD(obs) — (D(dD(obs))x RZO)A x O, the reachable
part chosen as in Remark 40 for each initial element and scheduler satisfies the condition in
Prop. 39. Because for each belief, action, and observation, there is at most one successor
belief carrying that observation, every reachable belief history under a fixed scheduler u is
uniquely determined by its observation history.

Consequently, for POMDPs, the semantics of the belief coalgebra agrees with the semantics
of the corresponding fully observable belief MDP. Combining this with Thm. 35, we recover
the standard equivalence between the semantics of a POMDP and that of its fully observable
belief MDP.

8.2 Partially Observable Weighted Transition Systems

Finally, we illustrate our belief construction for partially observable weighted transition
systems.

Let T := R be the semimodule monad [8] that is induced by the standard semiring
(R>o, +,-) with the summation + and the multiplication - on Set, and F'= X Rxg: Set —
Set. We have a distributive law A: R(_ x R>g) = R(_) X Rx( defined by

Av) = ( z v(_,r), Z v(z,r) 'T).

r€R>q (z,r)EX XR>q

For a morphism f: X — O, the object dR(f) consists of normalized finitely supported
weight functions whose support is contained in a single fibre of f; that is, v € R(X) such
that > .y v(z) = 1 and supp(v) C f~'(0) for some (necessarily unique) o € O. We define
a belief decomposition {0419: (RA)(f) = (RAR)(f)}s. x—o0 by

Zo(v) if3JoeO.Z,(v)>0and p= Z,,l(z/) .1/|o,

P (W) () = {

0 otherwise,

where Zo(v) == 3", c-1(,) v(z) and z/|0(x) = v(x) if f(z) = o, and V‘O(x) = 0 otherwise.

One can show that « is a belief decomposition by essentially the same argument as in §8.1.

We take the ordered object € to be [0, oo] with the standard total order, and we equip each
Set(X, [0, 00]) with the pointwise order. We define the two algebras p: [0, 00] x R>g — [0, o0]
and o: R([0,00]) — [0,00] by p(r1,72) = r1 + 12, and o(v) = 3, cjg.0q ¥(7) - 1, for any
v € R([0,00]). The resulting algebra 7: R([0,00]) x R>g — [0, 00| is then given by 7(v,r) =
T+ 0,00 V(1) - 7' Given a coalgebra c: S — R(S) x Rxo, we regard c as a weighted
transition system where 7 (c): S — R(S) describes the weight assigned to transitions, and
ma(c): S — R describes the weight to terminate immediately; see Appendix B for the
details. We remark that we can show that the assumption (x) holds by almost the same
argument as in §8.1.

The monotone map ®.: C(S, [0, 00]) = C(S, [0, o0]) is then given by

Be(f)(s) = (20 0)(s) + Y (0 c)(s)(s') - F(s)-

s'esS

Given a coalgebra ¢ = (6, 0bs): § — (R(S) x REO)A x O and a scheduler u: OT — A,
the composite @gch(c)(J_)ﬁd, (uocons)f oobs): S — [0,00] maps s € S to

Seh(e) (L)(8,1s) = the sum of weights over all terminating paths from s
in n steps under wu.

39:15
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where s = Ao.u(obs(s)d): O* — A. See Appendix B for the definitions of terminating
paths and their weights. Consaquently, given an initial element x € I in I-pointed coalgebra
(i,¢): I =8 — (R(S) x Rxq)" x O, the objective V;*, is given by

V*.(z) = the maximum sum of weights over terminating paths from i(z) over u.

i,c

By Thm. 35 and the same argument as in §8.1, the objective V", coincides with that of the
fully observable counterpart of Bel(i, ).

9 Related Work

The work most closely related to ours is the recent work by Baltieri, Torresan, and Nakai [5],
which proposes a coalgebraic approach to POMDPs in order to capture notions of behavioural
equivalence in a systematic manner. They also propose a generalized determinization of
POMDPs ‘a la [28]. This differs from our belief construction: their generalized determinization
yields deterministic systems, whereas our belief coalgebras remain effectful, reflecting the
stochastic nature of belief MDPs. Compared with their work, our novelty lies in providing a
unified coalgebraic belief construction and proving the coincidence of two semantics: one for
partially observable systems and the other for belief coalgebras. Such an equivalence between
partially observable systems and their belief coalgebras has not been established in [5].

Bonchi, Sokolova, and Vignudelli [10] propose a determinization for systems combining
nondeterministic and probabilistic choices. In their work, the monad of convex subsets of
distributions plays a crucial role. Subsequently, Goy and Petrisan showed that this monad
arises from a weak distributive law of the powerset monad over the finite distribution monad.
Goy [15] showed that the belief-state transformer of probabilistic automata [9] can be derived
naturally from weak distributive laws, and Turkenburg et al. [30] developed the notion of
invertible steps [24] induced by weak distributive laws to show the preservation and reflection
of bisimilarity. Future work is to investigate whether our belief construction can be extended
to these generalized determinization constructions arising from weak distributive laws.

Bezhanishvili, Cupke, and Panangaden [6] study minimization in the category of compact
Hausdorff spaces to support the minimization of belief automata for POMDPs. In this
paper, we study the construction of belief coalgebras from pointed PO coalgebras and the
equivalence of two semantics that were not considered in [6].

Jacobs and Sokolova [20] study the notion of schedulers coalgebraically, and they propose
a coalgebraic treatment of schedulers for nondeterministic systems through a strong monad
map. Our treatment of strategies is different and we regard executions under strategies as
stateful computations (see Def. 28).

10 Conclusion

We propose a coalgebraic belief construction for partially observable systems, including
POMDPs, and show the equivalence of two semantics: that of a partially observable system
and that of its belief coalgebra, under a mild assumption. As future work, we would like
to support randomized strategies, which are commonly used in POMDPs. More generally,
supporting effectful strategies itself would be an interesting direction for future work.
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A An Indexed-Categorical View of Def. 15

» Remark 42. By precomposing the functor Sl from Remark 11 with the inclusion functor
0 — C, we may regard it as a functor O — Cat. Let AC: O — Cat be the constant functor
at C, and let d: SI = AC be the indexed functor whose component at O is d: C/O — C.
The monads 7 on C and T on slice categories induce the indexed functor 7': AC = AC and
the lax indexed functor T': SI = SI, respectively. With this notation, the second condition
in Def. 15 says exactly that the family a = (a?)peco forms a modification a: Td = TdT.
Likewise, the family flat = (flatO)OE@ forms a modification flat: TdT = T'd. Hence a belief
decomposition structure on 7' can be seen simply as a modification o: T'd = TdT that is a
section of flat.

B Omitted Definitions and Proofs in §8
B.1 Omitted Definitions and Proofs in §8.1
We first see that (a®: Dd = Dd D)o is a belief decomposition.
» Proposition 43. The data (a®: Dd = Dd D)o is a belief decomposition.

Proof. We first see that a© is a natural transformation. Let h: f — g and b € D(X). We
have
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((Dd )o af )(b)(b’)
_ 1
Zm 1‘) if do € O. Zmef )b(x)>0and b/—mB(O)v
0 otherwise,
(o © (D) (1) () (V')
_ Zyegfl(o) D(h)(b)(y) if 3o € O. C(0) >0 and b/ (y) = C%o) D(h)(b)’o,
0 otherwise,
_ 1
_ Yver o b@) HfF0E€0. T p,b(x) >0and b = ST “D(h)(b)],,
0 otherwise,
_ 1
_ Zief_l( ) b(l‘) if o S 0. Zmef (0) b(l’) >0 and b/ = m . B(0)7
0 otherwise,

where B(0)(y) = > e-1(0)nn-1(y) 0(2) and C(o)
condition (i) in Def. 15 as follows:

> a?B)) - b'(a)
%
- X

z'e€X s.t. f(a)=f(x)

= Zyegfl(o) D(h)(b)(y). Tt satisfies the

(flat? o a?)(b)(x) =

b(x)

b(z")) -
) DoaexX sit. fz)=f(z) b(z’)

= b(x).

It is easy to see that the condition (i) in Def. 15 holds for (a©)o. <

Next, we see that the two modalities p: [0, 00] x R>q — [0,00] and o: D([0, c0])
satisfy the first assumption in (x).

— [0, 09]

» Proposition 44. The morphisms p and o satisfy the first assumption in (x).

Proof. It is straightforward to see that p is a monotone algebra, and ¢ is a monotone
Eilenberg-Moore algebra. We see that Lp(x) =0 o D(Ly) in the following:

(0oD(Lx))(v) =Y v(z)- Lx(2) =0= Lpx)(¥).

rzeX

We next see that o 0o D(p) = po (¢ x Rxg) 0 Ag as follows:

ZD Z v(ry,re) - (r1 +712)

71,72
(71'2 ) )\Q (V

)+ D (meAa)()(r) -
(D vl -ma) + (3 (D_v(rr) - 7)

71,72 T r’

= E T17T2

T1,72

(UOD

(o (0 % Rz0) o 2a) ()

T1 =+ 7"2)

Lastly, we check the second assumption in ().

» Proposition 45. The second assumption in (x) holds for POMDPs.
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Proof. We have

v(z) if o= obs(x),

0 otherwise,

(D(id, obs) o Lobs) (v)(z,0) = {

v(z) if o = obs(z),

0 otherwise,

(st” o (tops, Dobs)) (v)(z, 0) = (5tP (v,0'))(z,0) = {
where o' = obs(z’) for some z’ € supp(v). <

B.2 Omitted Definitions in §8.2

Given a coalgebra c: S — R(S) x R>¢, we define a weighted transition system ¢': S —
R(S + {v'}) such that ¢/(s)(s") == (w1 0 ¢)(s)(s") and ¢/ (s)(v) :== (w2 0 ¢)(s). A terminating
path p on c is the path p on ¢’ such that p ends at v'. The weight w(p) over the terminating
path p=s1---s, - v is given by

w(p) = ( H (i, 8i41)) - € (sn, V).

i€[l,n—1]

The characterization of the objective V", given in §8.2 is a corollary of the following charac-
terization.

» Proposition 46. Let c: S — R(S) x R>g, and ®.: C(S,[0,00]) — C(S,[0,00]) be the
monotone map defined in §8.2. We have

Veres) = > w),

neN pETPath(s)

where TPath(s) is the set of terminating paths starting from s.

C Omitted Proofs

C.1 Proof of Prop. 10

Proof. The functor Tp forms a monad, which comes from the sliced adjunction of the
Eilenberg-Moore adjunction Fr 4 Ur: CT — C at O:

(Fr)/0
c/0” 1L CT/FrO)
- T

(Ur),o

Here (Fr),0 is the functor induced by applying Fr to the objects and morphisms of C/O,
and (Ur) o is the functor defined by applying Ur and taking the pullback along the unit of
the adjunction Fr 4 Ur. Therefore, the induced monad (Ur),0(Fr),0 is To.

Let u: O — O'. Then we have the equality (Fr)/or 0 ¥y = Xp.(u) © (Fr)/0. Hence by
applying Lem. 8 to the functors X, ¥, () and the adjunctions (Fr),o - (Ur),o and
(Fr),o 1 (Ur) 0, the statement about the monad morphism follows. The explicit description
of the natural transformation 6,, follows from the construction of the monad morphism in
Lem. 8. <
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C.2 Proof of Prop. 12

Proof. Apply Lem. 8 to the forgetful functors C/O — C and CT/Fr(O) — CT and the
adjunctions Frr 4 Ur and (Fr),0 4 (Ur),0- <

C.3 Proof of Prop. 17

Proof. Let h == dT(f) o d(6y)obs- We show that (h,g) is a morphism of I-pointed PO
coalgebras. First, since (3,,0,) is a monad morphism, its compatibility with units yields
honl.,=nk . of. Hence honl oi=nk ,ofoi=nl_ oi.

Next, by construction, h is a morphism X, (7 (obs)) — T(obs’) in the slice category C/O'.
Therefore the observation part commutes: g o T(obs) = T'(obs’) o h.

The transition part also commutes by the following equations:

FTho B = FTho Fagps 0 Det(d) 0 topbs
= Fagpy © FTf o Det(d) 0 tobs
= Faghy 0 Det(8") o T'f 0 tops
= Fagps 0 Det(8') o tope o b
=% o,

Here the second equality uses the compatibility of e with base change together with the natur-
ality of aol7 the third equality uses the functoriality of ordinary coalgebraic determinization,
and the fourth equality holds by definition of A. <

C.4 Proof for a in Example 18

By definition, we can see that (Py)o: Set/O — Set/O is defined by for any f: S — O,
(Po)o(f): By — O and (Py)o(f)(U) = f(u) for some u € U, where By = {U € Py(S) |
Jo€ O st. UC f~1(0)}. For any h: f — g in Set/O, we have (Py)o(h)(U) = h(U).

We see that a© is a natural transformation: given h: f — g in Set/O and U € (Pyd)(f),
we have

(a? o (Pyd)(h))(U) = {{v € M(U) | g(v) =0} |o € O s.t. g~ (o) Nh(U) # 0}
={{vehnU)|gw)=o0}o€Ost. fHo)NU #0}
= {{h(u) | v € U and f(u) = o} ‘ 0€Ost. f7Ho)NU # 0}
= ((PydPy)(h) 0 a?) (V).

It is straightforward to see that a© is a section of flat?, since a©

simply creates the partition
based on observations.

Next, we show that « satisfies the condition (ii) in Def. 15. For each injective function
u: O — O and each function f: X — O, the component (Pydo/8, o a®); is the function
mapping U € PyX to {f~1(0)NU | 0 € O s.t. f~1(0)NU # 0}, and the component (a®'%,) ¢
is the function mapping U € PpX to {(uo f)"1(o)NU | o € O’ s.t. (uo )71 )NU # 0}.
They are equal because u is injective.

C.5 Proof of Prop 20

Proof. Note that f := T(id): dT(idg) — S is an isomorphism because it is obtained as the
pullback of the isomorphism idrg. From the pullback square we have (g4 = ns o f.
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By the assumption pus o T'tigg © aias = tdrg, the following equations hold:
idps = ps 0 Ttigg © igg = ps 0 Tns o T'f o cigg = T'f 0 tiq.-
By the following equations, f: ¢B¥ — ¢ is an F'T-coalgebra morphism:
FTfoc® = FTf o Fajqs o Det(8) o tigs = Det() 0 g5 = Det(§) ongo f=do f.

Thus (f,ids): Bel(idg, (4, ids)) — (ids, (9,idg)) is an isomorphism in Coalgg(FT). <

C.6 Proof of Prop 32

Proof. By Prop. 26, it suffices to show that there is a morphism from (nil o 4, Hist(c),,) to
((id, (u o consp)' o obs) o i,Sch(c)) for each u: Ot — A. For each u: Ot — A, define a
morphism cmp,, == (last, x[): St = S x A9 where x,: ST x O* — A is the composite

bst xid t
St x 0r 25 0t x 0F 2% 0t B A

We show that cmp,, : (nil o4, Hist(c),) — ({id, (v o consp)' o obs) o i, Sch(c)) in Coalg; (FT).
First, cmp,, is an FT-coalgebra morphism cmp,, : Hist(c), — Sch(c) by the following
commutative diagram:
olastiq,uoobs™ i stoev xid I~
g+ (Clastianoobs i) ppga e 4 x GNP (g 51 2 (ST x §) —ETet, pr(st)

cmpul FTSA‘XAX,I lFT(Sx ) lFT(cmpu)
5,2 v i oobs Xi *
§x A0T OB, prgA s A x A0TSR B o 40Ty T evoobsxid) FT(S x A?")

+ i
where f: St — A©" is the transpose of St x O+ obs X O+ 0+ 2% O+t Y AL The

leftmost square commutes because, under the canonical isomorphism A°™ = A x AO+, the
morphism x|, corresponds to the pair (uoobst, f): ST — A x A",

Next, we show that cmp,, onils = (idg, (uocons)Toobs), which induces that cmp,, preserves
the point. For the first component, we use last o nilg = idg. For the second component, by
adjoint transposition, it suffices to show x,, o (nilg x idp+) = u o cons o (obs X idp+).

This equality holds because of the naturality of nil and cons = ext o (nil x id). <
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