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—— Abstract

Markov Decision Processes (MDPs) are the standard model for decision-making under stochastic
uncertainty. With full observability, reachability, safety and parity problems admit efficient algorithms
and memoryless pure optimal strategies. Full observability is, however, often unrealistic. Partially
Observable MDPs (POMDPs) replace it by an observation function, but the price is steep: most
natural problems become undecidable. This motivates the study of structured subclasses or variants
of POMDPs that preserve enough modelling power while restoring decidability. Multi-Environment
MDPs (MEMDPs) are one such variant. An MEMDP is a finite family of MDPs with the same state
and action spaces but distinct transition functions, and the active MDP, called the environment,
is fixed throughout the run but hidden from the controller. The goal is to synthesize a single
strategy that works well in every environment. Two semantics have been considered for MEMDPs:
a universal, worst-case one, and a prior, Bayesian one based on a distribution over environments.
We survey the main results obtained for both semantics since the introduction of the model in
2014. We cover reachability, parity and Rabin objectives, under the qualitative criteria (almost-sure,
limit-sure) and the quantitative value-threshold problem, and we outline the key algorithmic ideas.
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1 Introduction

Decision-making under uncertainty: MDPs and POMDPs. Markov Decision Processes
(MDPs) are the central model for decision-making under stochastic uncertainty. At every
step, a controller chooses an action and the system responds with a probabilistic transition to
a successor state. When the state is fully observable, the standard problems (e.g. reachability,
parity, mean-payoff) admit efficient algorithms and memoryless pure optimal strategies.
But full observability is often unrealistic. Partially Observable MDPs (POMDPs) replace
the fully observable state by an observation of it: at each step, the controller selects an action
based on the sequence of observations it has received so far, and the system then evolves as in
an MDP, but the controller sees only the observation of the new state, not the state itself. In
this richer setting, the controller may no longer be able to determine the current state with
certainty. Instead, it maintains a belief, a probability distribution over states summarising
everything the history of observations reveals about the hidden state. The belief is updated
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by Bayes’ rule from the previous belief, the action played, and the observation received. In
POMDPs, an optimal strategy can always be expressed as a function of the current belief
alone. The belief space is, however, infinite and cannot be constructed effectively in general.

The expressive power of POMDPs comes at a cost. Most natural verification problems
are undecidable: this is the case already for almost-sure and limit-sure reachability under
infinite-memory strategies, for quantitative reachability, and for w-regular objectives in
general [7]. When decidability is recovered, complexities are typically high.

This has motivated the study of structured subclasses of POMDPs that preserve significant
modelling power while restoring decidability. Multi-Environment MDPs are one such subclass.

Multi-Environment MDPs. A Multi-Environment Markov Decision Process (MEMDP),
first introduced in [14], is a finite family of MDPs that share the same state space and the
same action alphabet but differ in their transition functions. Initially, one environment is
selected and then remains fixed for the rest of the run. The controller observes states and
plays actions as in a plain MDP, but it never sees the index of the active environment. The
goal is to synthesize a single strategy that performs well no matter which environment was
selected.

Two semantics: universal and prior. Two natural semantics have been proposed for
MEMDPs, depending on how the initial choice of environment is interpreted. The universal
semantics was introduced in [14], the prior semantics in [5].

In the universal semantics, no distribution over environments is given. A strategy wins
(resp. guarantees value > v) if it wins (resp. achieves value > v) in every environment. This
is the worst-case viewpoint and the one adopted in most work on robust controller synthesis.

In the prior semantics, a probability distribution p over environments is part of the input.
The probability of winning, and the value of a strategy, are then averaged against p. This is
the Bayesian viewpoint: the controller starts with prior p and refines a belief as observations
accumulate. Theoretical properties of this semantics are studied systematically in [2].

Under the prior semantics, an MEMDP can be viewed as a POMDP whose states are
of the form (s,), where s is a state of the MEMDP, and i is the index of the operating
environment. The index ¢ is the only piece of hidden information, and it is sampled once at
the beginning and then kept fixed. This immutability of the hidden component is precisely
what makes MEMDPs with a prior significantly better behaved than general POMDPs: the
controller can progressively infer which environment it is in, while the environment itself
does not adapt in response to the controller’s learning.

In contrast, under the universal semantics, the environment is selected in an adversarial
manner, so an MEMDP under universal semantics is no longer a POMDP but rather a
partially observable stochastic game. In this game, the adversary chooses the environment
once at the start of the run, never changes it, and never discloses it; this initial hidden choice
is the sole function of the adversary.

Applications. MEMDPs fit two complementary settings. The first is controller synthesis
against a finite set of adversaries. Each adversary is a stochastic finite-memory strategy.
Each strategy yields one environment. A winning MEMDP strategy wins against every
adversary at once. The second is robust control under model uncertainty. The true transition
function is one of finitely many candidates. The MEMDP collects them all. A winning
strategy is robust to each of them.
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[5] gives three concrete uses. In recommender systems, customer behaviour is an MDP.
Clustering customers by attributes (age, gender, past choices) gives one environment per
cluster. In parametric MDPs, some transition probabilities depend on unknown parameters
with a discrete finite range. Each combination of parameter values is one environment. In
robot navigation under structural uncertainty, the robot must reach a goal in a maze. The
layout, or the action-failure probability, is unknown but drawn from a finite pool. Each
candidate is one environment.

In all cases MEMDPs are expressive enough to model the uncertainty, yet structured
enough to keep the analysis problems decidable and often tractable.

Structure of the paper. Section 2 fixes notation: MDPs and their strategies, MEMDPs,
the two semantics, the objectives we consider (reachability, safety, parity, Rabin) and the
decision problems (almost-sure, limit-sure, value-threshold, gap). Section 3 surveys results
under the universal semantics and the main algorithmic ideas behind them (revealing edges,
knowledge construction, distinguishing end-components). Section 4 turns to the prior
semantics: we recall that the qualitative criteria coincide with the universal ones under full-
support priors, present the truncated-belief construction of [2], obtain from it the presently
strongest algorithm, in terms of worst-case complexity, for universal-value approximation,
and discuss the connection with Dirac-preserving POMDPs. Section 5 reviews other related
work, including robust MDPs.

2 Formal Definitions

This section fixes the notation for MDPs, MEMDPs, the two semantics, the objectives we
consider, and the decision problems we study.

2.1 MDPs, strategies, objectives

For a finite or countable set X, D(X) denotes the set of probability distributions over X,
and supp(p) = {z € X : u(x) > 0} is the support of u € D(X). In this paper, we only
consider distributions with finite support.

» Definition 1 (MDP). A (finite) Markov Decision Process is a tuple M = (S, A, 4, so)
where S is a finite set of states, A is a finite set of actions, sqg € S is the initial state and
§: S x A— D(S) is the probabilistic transition function. A triple (s,a,s’) is an edge of the
MDP if §(s,a)(s") > 0.

A randomized strategy maps state histories to distributions over actions, o: ST — Dist(A),
a pure strategy is a function o: ST — A, and a strategy is finite-memory if it can be realised
by a (deterministic or stochastic) finite Mealy machine, see e.g. [7] for a formal definition. We
write X for the set of all strategies. An initial state and a strategy induce a probability measure
P, on infinite runs sps1s2 ... via a Markov chain and the classical cylinder construction.

» Definition 2 (Markov chain). A Markov chain is a tuple C = (Q, P, qo) where Q is a finite
or countable set of states, qo € Q is an initial state, and P: Q — D(Q) is a stochastic
transition function. A Markov chain induces, via the usual cylinder construction, a unique
probability measure Pe on the set Q¥ of infinite runs starting in qo: for every finite prefix
qoq1 - - - qn € QTF, the measure of the cylinder generated by that prefiz equals Hfz_ol P(q)(qes1)-
The interested reader is referred to [1] for details on the cylinder construction.

4:3

CONCUR 2026



4:4

An Introduction to Multi-Environment MDPs

» Definition 3 (Markov chain induced by a strategy). Let M = (S, A, d,sg) be an MDP and
let 0: ST — D(A) be a (randomized) strategy. The Markov chain induced by o from sq is
defined as M3, = (S*,P7,sq), where for every history h € St that ends in some state s
and for all s" € S, P7(h)(h-s") =3, ca0(h)(a) d(s,a)(s"). The probability measure PJ,
induced by the strategy o, on infinite runs of M is obtained as the projection of PM;’O onto
S«. Furthermore, this construction collapses to a finite Markov chain over S (resp. over
S x M, where M is a finite memory set) whenever o is memoryless (resp. a finite-memory

strategy using memory M).

Objectives. An objective is a measurable set 2 C S“, i.e. a measurable set of infinite
paths. Given an infinite run 7 € S“, we note visit(7) for the set of states visited by m,
and inf(7) for the set of states visited infinitely often along . We consider reachability
Reach(T) = {m : visit(m) N T # 0} for some target set T C S, safety Safe(T) = {m :
visit(m) C T'} for some set of safe states T' C S, parity Parity(p) where p: S — N is a priority
function and runs are winning iff the mazimum priority occurring infinitely often is even, i.e.
Parity(p) = {7 : max{p(s) | s € inf(m)} is even }, and Rabin with pairs ((E;, F;));c; where a
run is winning iff, for some ¢, E; is visited infinitely often while F; is visited only finitely often,
i.e. Rabin((E;, F;))ier = {m:3i € I :inf(m) N E; # O Ainf(x) N F; = 0}. Parity subsumes
reachability, safety, and other classical objectives like Biichi, coBiichi, and is subsumed by
Rabin. All the objectives defined here are measurable as they are all Borel objectives, for
details see [18]. Given an MDP M, a strategy o, an initial state sg, and an objective Q,
we denote by MY , recall that the Markov chain induced by the strategy o on M from its
initial state, and so P Mg, (Q) denotes the probability of the set of infinite paths 2 when the
strategy o is played in M.

2.2 MEMDP syntax

» Definition 4 (MEMDP). A Multi-Environment MDP is a tuple £ = (S,A7 (6i)i€l’a$0)
where S, A, sq are as for plain MDP, T is a non-empty finite set of environments, and each
di: S x A— D(S) is a transition function.

For i € T, M; == (S, A,;,s0) is the MDP of environment i. The controller observes
states but not the environment index, so any two environments are observationally equivalent
on state information alone. We write P7(Q2) for the probability of  under strategy o in
environment g.

2.3 Universal semantics

In the universal semantics, no distribution over Z is given: the environment is selected
adversarially.

» Definition 5 (Universal semantics — winning conditions). A strategy o is universally almost-
sure winning for Q if P7(Q) =1 for every i € Z. The MEMDP &£ is universally limit-sure
winning for Q if sup, min;ez P7(Q) = 1: for every € > 0 there exists o achieving Q
with probability at least 1 — € in every environment. The universal value is vaIU(Q) =
sup, min;e7r P7(Q). A strategy o solves the universal A-threshold problem if P7(2) > A for
every it € T.

Three guiding examples. Figure 1 shows three MEMDPs from [14] that illustrate key
properties under the universal semantics. Each MEMDP has two environments M; and
Ms. Dashed edges exist only in M7, dotted edges only in Ms, and stochastic branchings are
uniform unless specified otherwise. We use simple reachability objectives, with target T, and
absorbing sinks are made explicit by self-loops.
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The MEMDP of Figure la shows that randomization is, in general, necessary even for
reachability objectives. In M, action a from s reaches the target v deterministically, while b
reaches the non-target ¢, and in My the two actions are swapped. Any pure strategy wins in
exactly one environment, so the best pure strategy has universal value 0. But, playing a and
b each with probability % reaches T with probability % in both environments, which is the
universal value of this MEMDP.

The MEMDP of Figure 1b shows that infinite memory may be required. Once w is reached,
the controller must commit: the winning action is b in M; and a in M>. To pick the right
action, it can repeatedly play a at s and record the empirical frequencies of the self-loop on s
and of visits to t. State u is reached with probability 1 under every strategy, so the controller
indeed has to commit there. The inference of the operating environment can be modeled as
a binary hypothesis test. Assume that from s under action a the transition probabilities to wu,
sand t are (1 —p; — pa,p1,p2) in My, (1—p) —ph,p),ph) in My. After n visits to s
under a, let p; be the empirical frequency of the self-loop on s. The controller can apply the
following rule. Assume “M;” iff py is closer to p; than to pj. By Hoeffding’s inequality®, the
probability of misclassification decay exponentially in n. Still, to drive the misclassification
probability below an arbitrary € > 0, the number of samples needed diverges as € — 0, so
any optimal strategy uses unbounded memory.

The MEMDP of Figure 1c shows that the value 1 need not be attained, even when it can
be approached arbitrarily closely, showing that optimal strategies need not exist. Looping on
a between s and t reveals statistical information about the operating environment without
leaving {s,t}. From s, action b or ¢ leads to the target v or to the non-target u, but which
action is correct depends on the environment: ¢ in M, b in Ms. For every € > 0, a finite-
memory strategy samples a enough times (according to Hoeffding’s inequality) and then
commits to its best estimate, reaching T" with probability at least 1 — ¢ in both environments.
The value 1 itself, however, is not attained: any guess fails with positive probability. So
according to the winning conditions introduced in Def. 5, the MEMDP is limit-sure winning
but not almost-sure winning.

Together, these three examples already exhibit the main subtleties of the universal
semantics: the role of randomization, the gap between finite and infinite memory, and the
gap between almost-sure and limit-sure winning.

2.4 Prior semantics

In the prior semantics, besides the MEMDP &, the input also includes a distribution p € D(Z)
with rational coefficients. The environment is modeled as a random variable distributed
according to u, which encodes prior information about which environment is currently active.

! Hoeffding’s inequality provides a bound on the probability that the sum of random variables X; deviates
from its expected value. Let X1,..., X, be independent random variables such that X; € [0, 1], and let
€ > 0 be a deviation, then:

1 1
(e

This inequality helps us determine the number n of samples needed to ensure the empirical average is
within € of the expected average with high probability.

> e) < 2exp (—Qnez) (1)
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(a) Randomization is neces- (b) Infinite memory is necessary. (c) Limit-sure # almost-sure.
sary.

Figure 1 Three MEMDPs from [14]. Dashed edges exist only in M, dotted edges only in Mo;

stochastic branchings are uniform unless specified otherwise. (a) Randomization is necessary: the

universal value is %, attained by uniform randomization between a and b. (b) Sampling a at s lets

the controller infer the active environment with high probability; an optimal strategy at uv needs to
remember the unbounded history up to there, it require thus infinite memory. (c¢) Target "= {v} is
reached with probability 1 — ¢ for every € > 0, but not almost surely: limit-sure # almost-sure.

» Definition 6 (Prior semantics). Given a prior p, define P(Q) == ;7 u(i) - P7(2). A
strategy o is prior almost-sure winning iff P () = 1; the MEMDP is prior limit-sure winning
iff sup, P7(Q2) = 1. The prior value is vaIf(Q) = sup,, P7(Q2). A strategy solves the prior
A-threshold problem if P9 (Q) > .2

» Example 7. Consider the three MEMDPs of Figure 1 under the uniform prior pu(Mp) =
p(Ms) = 3.

In Figure la, the pure strategy “play a at s” has universal value 0 but prior value u(Mj) -
14+ pu(Ms)-0= %, matching the randomized strategy “play a or b uniformly”. Randomization
is therefore not required under the prior semantics, consistent with Proposition 19 below:
MEMDPs with a prior are POMDPs, for which pure strategies with enough memory are
optimal for all the classes of objectives that we consider in this paper.

In Figure 1b, an optimal strategy still uses the different distributions of a at s to infer
the active environment, but the inference is now expressed as a Bayesian belief update? on I:
after a small number of observations the belief b, € D(Z) concentrates on the more likely
environment, and the controller commits to the matching action at w. This is the intuition
behind the truncated-belief construction of Section 4.

In Figure 1c, the two semantics agree on the qualitative side: the MEMDP is limit-sure
but not almost-sure winning in both. This is the general phenomenon — under any prior of
full support, the two semantics agree on the qualitative criteria [2].

2.5 Decision problems

For a class of objectives C € {Reach, Safe, Parity, Rabin} and a semantics 7 € {U, P}, we
consider the following problems. Fix an MEMDP &£, and a prior u in the prior case.

» Problem 8 (Qualitative). Almost-sure (resp. limit-sure) winning: given Q € C, decide
whether some strategy is almost-sure (resp. limit-sure) winning in semantics 7.

» Problem 9 (Value-threshold / gap). Given Q2 € C, a rational v € [0,1] and € > 0:
output YES if val” () > v;
output NO if val™(Q) <wv —¢;
either answer is acceptable if val™ (Q) € (v — &, v).

2 We omit p from the notation when it is clear from context. Moreover, all concepts here are implicitly
defined with respect to the initial state so; if a different state is considered, it will be indicated explicitly
in the notation.

3 We recall the notion of belief and its update later in the paper.



J.-F. Raskin

The gap problem is the natural approximate version of the value problem, the exact
decidability of which is, to the best of our knowledge, open under both semantics, even for
reachability.

3 Results under the Universal Semantics

We summarize the main decidability and complexity results for the universal semantics and
sketch the core algorithmic methods behind them. The seminal work [14] introduced the
model and proved decidability for the case of two environments. The paper [8] extends these
results to n environments, in particular providing algorithms for limit-sure parity and the
gap problem, while [16] settles the almost-sure Rabin case, and [17] presents corresponding
results for reachability. We illustrate the central notions of revealing edges and distinguishing
edge components using the examples in Figure 2 and Figure 3.

3.1 Almost-sure winning

» Theorem 10 ([14, 8, 16]). The almost-sure reachability, safety, parity and Rabin problems
for MEMDPs under the universal semantics are PSPACE-complete. Finite-memory pure
strategies suffice, with memory at most exponential in |Z| and polynomial in |S|. For fized
|Z|, the problems are solvable in polynomial time.

We sketch the algorithms that establish the upper-bounds.

Revealing edges. An edge (s,a,s’) is revealing if the predicate d;(s,a)(s’) > 0 depends
on the environment i. Whenever a revealing edge is traversed, we learn that the active
environment satisfies that predicate. The current knowledge K C T is the set of environments
still compatible with the observations made so far, and we note that crossing a revealing
edge can only shrink K. Under the universal semantics, almost-sure winning amounts to
gathering this information, and since Z is finite, only finitely many distinct K’s arise.

Figure 2 Illustration of revealing edges. Dashed edges exist only in M7, dotted edges only in Ma;
w is absorbing non-target and x is the absorbing target. Starting state is s. Every edge leaving s

is revealing: the transition (s,a,t) (resp. (s,a,u)) reveals that the active environment is M7 (resp.

Ms). In My, in v, playing a leads to w, and playing b leads to the target x. Conversely, in Mo, in v,
playing a leads to the target x, and playing b leads to w.

» Example 11. Consider the MEMDP of Figure 2, with target T = {x}, two environments
M; (dashed) and Ms (dotted), an absorbing non-target w and an absorbing target x. From
s, action a leads to ¢t in M; and to uw in Ms: a single observation of the successor of s under

4:7
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a identifies the active environment. If ¢ is reached, the controller knows it plays in M; and
from v plays b; if u is reached, it knows it plays in Ms and from v plays a. One revealing
transition collapses the knowledge {M;, Ms} to either {M;} or {Ms}, and each residual case
is a plain MDP reachability problem. This is the phenomenon exploited by the knowledge
construction below: almost-sure winning on the original MEMDP reduces, after traversing
revealing transitions, to almost-sure winning on strictly smaller environment sets.

The knowledge construction. Build an MDP £X whose states are pairs (s, K) with
K C T the current knowledge. On action a and observed successor s, K updates to
K' = {i e K :6(s,a)(s') > 0}. A strategy is universally almost-sure winning in & iff its
knowledge-lifted version is almost-sure winning in £¥ viewed as a standard MDP. £X has
at most |S] - 2171 states, which gives an exponential-time algorithm, and since K shrinks
monotonically along any run, a recursive procedure on | K| runs in polynomial space. For
fixed |Z|, the construction is polynomial-time.

Lower bounds. [17] establishes a PSPACE lower bound for universal almost-sure reachability
by reducing TQBF to it. Every component M; in the reduction is acyclic, so every run
reaches in finitely many steps a target or non-target sink. The same construction therefore
yields a PSPACE lower bound for the almost-sure variant of safety, parity and Rabin: on
acyclic MEMDPs these objectives all reduce to reachability on the absorbing tail.

3.2 Limit-sure winning

Limit-sure winning asks whether the value equals 1, without requiring the supremum to be
attained. It is strictly weaker than almost-sure winning, as shown by Figure 1(c).

» Theorem 12 ([14, 8]). The limit-sure reachability, safety and parity problems for MEMDPs
under the universal semantics are PSPACE-complete. Finite-memory pure strategies witness
any e-approximation. For fized |I|, the problems are in polynomial time.

The algorithm reuses revealing edges and the recursion on knowledge, but also needs an
adapted notion of end-component.

Distinguishing end-components. End-components (ECs) are central to MDP analysis [9, 1]:
an EC is a strongly connected sub-MDP, and under any strategy a run almost surely settles
in some EC, with each of its states and edges visited infinitely often when actions are
played uniformly. In an MEMDP, transition supports can differ across environments, so
the notion is adapted. A common end-component (CEC) for a set K C T is a pair (S’, A)
that induces an EC in every ¢ € K; this notion was introduced for two environments in [14]
and extended to n in [8]. A CEC is distinguishing if it contains an edge (qi, a, g2) with
di, (q1,a)(g2) # 0:,(q1,a)(g2) for some iy,is € K.

Staying long enough inside a distinguishing CEC lets the controller estimate, by the law of
large numbers (based on Hoeffding’s inequality), the transition probabilities of distinguishing
edges with arbitrary confidence and error. The controller can therefore identify, with
probability arbitrarily close to 1, the set of environments consistent with what it observes.
We illustrate distinguishing CECs and a more subtle variant on two examples from [8].

» Example 13 (A distinguishing CEC (Figure 3)). Two environments ej,es; states
{¢1,92,q3,q4}; target T = {q3}; ¢3 and ¢4 absorbing. For K = {ej,e2}, the pair
D = ({q1,q2},{c}) is a CEC: from ¢, action ¢ has support {¢1,g2} in both environments,
and from ¢y action ¢ returns to ¢;.
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(a) In environment ej. (b) In environment ez.

Figure 3 A distinguishing common end-component. The set D = {q1, g2} is an end-component
in both environments, but action ¢ at g1 has different probability distributions in e; and e2, so
repeated use of ¢ lets the controller infer the operating environment with arbitrarily high confidence.

Note that in this CEC, no single transition is revealing (the supports agree), so almost-sure
winning is impossible: committing to a or b at ¢o fails in one environment, and staying inside
the CEC D never reaches g3. However, the distribution of ¢ at ¢ differs: dc, (q1,¢) = (3, %)
and ¢, (q1,¢) = (3,%) on (q1,92). Hence D is a distinguishing CEC: by playing ¢ long
enough and comparing empirical frequencies, the controller guesses the environment with
error probability at most ¢, then commits to a at g2 in the “e;-branch” and to b in the
“eg-branch”. This shows ¢; is limit-sure but not almost-sure winning.

b
a a b a b

(a) In environment e1: action a at g1 may escape  (b) In environment e2: {g1,¢2} is an EC.
to gs.

Figure 4 An end-component that is present only in some environments. Priority 0: {g¢s3, g, g5 };
priority 1 elsewhere. The set {qi1, g2} is an end-component in ez but not in e1, where action a at ¢1
can escape into the priority-0 trap gs.

» Example 14 (An end-component that is “escaped” in some environments (Figure 4).).

Distinguishing CECs are not the only structure enabling limit-sure winning. Consider the
MEMDP of Figure 4, with two environments ey, es, states {q1, g2, ¢3, 44, G5, g6} and a parity
objective of priority 0 on {gs, g4, g5} and priority 1 elsewhere. States g4, g5, g¢ are absorbing;
g5 is a priority-0 absorbing “good trap” and g¢g is a priority-1 absorbing “bad trap”.

A key difference with Figure 3 is that the set D = {q1, ¢2} is not a common end-component:
in ey it is closed under action a, but in e; action a at ¢; has a positive probability to escape
to g5. The transition (g1, a, g2) itself is not revealing, as it is present in both environments;
yet, after crossing it many times, the controller can still argue statistically that it is very
likely in es as in e, every visit to g; carries a fixed positive probability of exiting to g5 when
playing a, so not reaching ¢s after many rounds becomes arbitrarily unlikely in e;. The
limit-sure strategy at q1 is therefore: play a at q1 and g2 for a long time, and one of two
things happens:

Either ¢5 is eventually reached, which happens almost surely in e; and is winning there

(priority 0 forever);

or g5 is not reached after sufficiently many rounds, in which case the controller concludes

(with confidence 1 — ¢) that the environment is es, and switches to playing b at ¢o to

reach the priority-0 state g3 (and then q4), satisfying the parity objective in es as well.

4:9
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Hence ¢ is limit-sure winning but not almost-sure winning. The structure exploited here
is different from that of Figure 3: D = {q1, g2} is an end-component in one environment only,
and has “exiting” edges that are winning in the other environment. The limit-sure analysis
of [8] therefore has to recognise, in addition to distinguishing common end-components,
end-components that are broken by winning exits in some environments.

Lower bound. The PSPACE lower bound for almost-sure winning holds already for acyclic
MEMDPs, on which limit-sure and almost-sure coincide, as a consequence the same lower
bound applies to limit-sure winning.

3.3 Value approximation and the gap problem

The exact value problem is open under the universal semantics, for parity as well as for safety
and reachability. The following approximation result is, however, available.

» Theorem 15 ([8]). For every MEMDP &, parity objective ), threshold A and precision e > 0,
the gap problem is decidable; i.e., one can decide whether val” (Q) > X orval’(Q) < XA —e.
Moreover, a strategy o. enforcing universal value at least A has size computable and bounded
by a function of |S|, |Z| and «.

The proof first shows that finite memory suffices to approximate the value, then reduces
the gap problem to checking a formula in the theory of the reals whose size is bounded by
the memory bound. A sharper complexity bound, going through the prior semantics, is
summarised in Section 4.

» Remark 16. Unlike the almost-sure and limit-sure cases, randomization may be strictly
necessary to achieve values ¢ < 1 under the universal semantics [14]. For instance, in the
example of Figure 1(a), randomization is required to attain value %

4  Results under the Prior Semantics

The prior semantics is Bayesian in nature and makes MEMDPs compatible with the standard
belief-state framework for POMDPs. In what follows, we successively revisit its agreement
with the universal semantics for qualitative objectives, the truncated-belief construction of [2]
for computing an approximation of the prior value, the connection between universal and
prior values that allows us to refine approximations of the universal value, and a new class of
well-behaved POMDP that we call Dirac-preserving POMDPs.

4.1 Agreement with the universal semantics for qualitative criteria

» Proposition 17 ([2]). Let £ be an MEMDP, p a prior of full support on I, and Q2 a
parity objective. For every strategy o, Vi € I, P{(Q) =1 <= P{(Q) = 1. Similarly,
sup, P((2) = 1 iff € is universally limit-sure winning.

The intuition is immediate: under a full-support prior, probability 1 (resp. approaching 1)
on average implies probability 1 (resp. approaching 1) in every environment, and vice versa.
4.2 MEMDPs with prior as POMDPs

We briefly review the POMDP framework and note that an MEMDP equipped with a prior
can be seen as a POMDP of a specific form. We will return to this point later in the discussion
of Dirac-preserving POMDPs.
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» Definition 18 (POMDP). A (finite) Partially Observable Markov Decision Process is a tuple
P = (S’, A, 0,0, obs, LQ) where S and A are finite sets of states and actions, §: S x A — D(S)
1s the probabilistic transition function, O is a finite set of observations, obs: S — O is an
observation function, and 1y € D(S) is an initial distribution. Strategies for POMDPs depend
only on the sequence of observations already produced, i.e., they are functions o: Ot — D(A).
A POMDP together with a strategy and the initial distribution vy defines a probability measure
on S¥ wia the classical cylinder construction and the corresponding Markov chain.

» Proposition 19 (MEMDPs with prior as POMDPs). Let & = (S, A, (6;)icz,50) be an
MEMDP and v € D(Z) a prior. Define the POMDP Pg ,, = (§, A7g, O, 0bs, 1) by
S=8xT (the original state space is duplicated, once per environment);
g((s, i),a)((s',5)) = 0;(s,a)(s") if j = i, and O otherwise (the environment index is static
along any run);
O := S and obs(s,i) == s (the controller observes the original state but not the environ-
ment);
T0(s,) == u(i) if s = so, and 0 otherwise (the only source of uncertainty is the initial
choice of environment, distributed according to p, but hidden to the controller).
Then, for every objective  on S¥ and every strategy o of € (which, since states are
fully observed, is already a POMDP strategy for Pg ), P, (Q) = P7(Q). In particular,

val” (&, i) = val(Pe ).

An MEMDP with a prior is therefore a POMDP in which the hidden coordinate is frozen
after the initial draw: only the initial environment is uncertain, and observations refine the
belief about it but it never changes along the run.

Before turning to the MEMDP-specific algorithm, we recall the notion of belief for a
general POMDP P = (S, A, 4§, O, 0bs, 1y). A belief is a probability distribution b € D(S) over
the hidden state. The initial belief is ¢g; on action a and observation o € O, b is updated
by Bayes’ rule to b’, where ¥'(s’) is proportional to >, b(s) - §(s,a)(s’) if obs(s’) = o and
0 otherwise. The reachable beliefs, with their induced transitions, form the (in general
infinite) belief MDP of the POMDP; the value of the POMDP coincides with the value of
its belief MDP. This construction is classical; see, e.g., [1]. Since the belief MDP is infinite
in general, algorithms need either to rely on structural properties of the belief space or a
finite abstraction of it. In the case of MEMDPs with prior, both apply: beliefs live in D(Z)
(which is potentially much simpler than D(S)), their support only shrinks over time, and a
controlled finite abstraction yields a e-approximation of the value.

4.3 Truncated belief construction

For MEMDPs with a prior, the belief update specialises as follows. Given a belief b € D(Z),
state s, action a and observed successor s’:

b(i) di(s, a)(s")
> jer b(4) 95(s,a)(s")

whenever the denominator is nonzero (i.e., s’ is reachable from s via a under b). Starting
from by = p and iterating Update along a run yields the trajectory (by);>0 in D(Z). As noted
above, because the active environment is static, the set of reachable beliefs is infinite but
highly structured.

The main result of [2, Sect. 3.2] is that the prior value can be approximated to any
precision by a finite belief MDP. We summarise the four ingredients of the construction; each

Update(b, s,a,s')(i) = (1€,

one points to a precise statement in [2].
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(1) Close beliefs yield close values. Lemma 4 of [2] shows that the prior value is 1-Lipschitz
in the belief: for every b,b' € D(Z) and state s, |va|§b(Q) - valgb,(Q)‘ < o=
Rounding the belief to a nearby representative therefore costs at most the rounding error on
the value.

(2) Non-distinguishing transitions preserve the belief. Call (s, a, s’) non-distinguishing for
bif 6;(s,a)(s’) agrees across all 7 in the support of b. Then Update(b, s, a, s’) = b: new beliefs
are reached only via distinguishing transitions, and any region of the MEMDP without such
a transition contributes a single belief.

(3) Suppressing a small environment after enough distinguishing observations. Theorem 5
of [2] formalises the following idea: as distinguishing transitions accumulate, the belief
concentrates, and with high probability some component b;(¢) drops below an arbitrarily
small threshold 1 > 0. The probability of a run along which every component stays above 7
decreases exponentially in the number of distinguishing transitions. Whenever a component
falls below 7, the belief is pruned: the corresponding environment is dropped and the
remaining components are renormalised, at a cost bounded by 7 on the value (by step (1)). In
the uncommon cases where every component remains above 7, we may uniformly at random
suppress a single environment. This can be done because this happens with an arbitrarily
small probability whenever we have seen enough distinguishing transitions, see Theorem 5
of [2] for the formal details.

(4) A finite belief MDP that approximates the MEMDP. Combining (1)—(3), every
reachable belief is, up to a controlled loss, equivalent to a rounding to a grid of resolution
7, possibly composed with a pruning of components below 7. The resulting beliefs form a
finite subset of D(Z) of size polynomial in 1/7 for fixed |Z|. Pairs (s,b) form the states of
a finite belief MDP whose value approximates valfiD (©) within e for n polynomial in € and
|Z|. Optimal positional strategies on the finite belief MDP lift to e-optimal finite-memory
strategies of & whose memory size is polynomial in 1/e for fixed |Z[; see [2, Sect. 3.2] for the
precise statements.

It is important to note that no analogue of Theorem 5 holds for general POMDPs: the e-
approximation of the value of non-discounted infinite-horizon objectives is not computable [6].
The static nature of the hidden environment is precisely what makes steps (2) and (3)
sound, and is the structural reason why the truncated-belief approach yields computable
approximations for MEMDPs with prior.

» Example 20. We illustrate the belief update on the running example of [2], a card game
modelled as the MEMDP of Figure 5. The deck has two card types, mixed with parameters
a1,y = 1—ay. At each turn the player can DRAW (continuing with probability 1 — ayp, forced
to guess with probability ag) or GUESS the duplicated card. Guessing i from observation
C; reaches W with probability 3; if j = 1 and ~; if j = 2. The objective is reachability of
W. The two environments are dual: in Fy, oy = %, B1=1,82=0,71=0,7% =1; in F, the
values of a; and ay are swapped, as are those of the guessing parameters.

Limit-sure, not almost-sure. Set oy = 0. No strategy wins with probability exactly 1: after
any finite number of draws the empirical frequencies may mislead the guess with small but
nonzero probability. By the law of large numbers, however, for every € > 0 enough draws
push the probability of a misleading sample below ¢, and then guessing the observed majority
reaches W with probability at least 1 — ¢ in both environments. The MEMDP is limit-sure
but not almost-sure winning. Since the two semantics agree qualitatively under full-support
priors, the same holds in the prior semantics for any p with p(E4), p(Ez) > 0.
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Figure 5 The duplicated-deck MEMDP from [2], inspired by [8]. A deck contains two card
types with mixing parameters a1, @2 (a1 + a2 = 1). At each turn the player may request a DRAW
(continuing with probability 1 — ay, forced to guess with probability ag) or directly GUESS which
card is duplicated. The two environments E; and F2 correspond to card 1 or card 2 being duplicated,
obtained by swapping the numerical values of a1, a2 and of the guessing parameters (3;, ;.

Belief update along a run. Take ;1 = (3, 2), biased towards Es. If the first draw yields
card 2 (reaching observation C5), the Bayes’ update rule gives

3.2
Update(p, D, DRAW, Cy)(E>) = l.fi_&,z =3, Update(u, D, DRAW, C)(E1) = 1.
2°'3721°3
If the first draw yields card 1, the posterior is (%, %) the evidence against E5 is weaker than

the evidence for it, reflecting the asymmetric prior. Iterating these updates yields a trajectory
(b)1>0 that concentrates on a single environment, provided distinguishing observations occur
often enough (here, every DRAW is distinguishing).

The truncated-belief construction of Section 4.3 turns this concentration into a finite
abstraction: merge beliefs within distance 7, prune components below 1 when the support
has size > 2, at a cost on the value controlled by Lemma 4 of [2].

4.4 Relationship between the two semantics

The universal and prior values are tightly linked, and this link is the basis of the currently
best approximation algorithm for the universal value.

» Theorem 21 (adapted from Theorem 7 of [2]). For every MEMDP £ and parity objective
Q, val”(Q) = inf,ep(r val), ().

The inequality valV < valfj for every p is immediate: a strategy of universal value > v
has prior value > v for any prior. The reverse inequality goes through mized strategies*,
i.e., distributions over pure strategies. To establish the theorem, we need to combine two
ingredients: (7) a generalisation of von Neumann’s min-max theorem (applicable because 7
is finite), the supremum-over-mixed-strategies of the universal value equals the infimum-over-
priors of the supremum-over-mixed-strategies of the prior value; and (ii) mixed strategies
are not more powerful than randomized strategies on the universal value.

Theorem 21 reduces approximation of the universal value to approximation of the prior
value over a sufficient set of priors. By Lemma 4 of [2], the prior value is 1-Lipschitz in the
belief, so the infimum over D(Z) is approximated by the minimum over a finite grid of priors
of resolution 7, at a cost of 1 on the value. Combined with the truncated-belief algorithm of
Section 4.3, this yields:

4 Mixed strategies are (finite support) distributions over randomized strategies.
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» Theorem 22 (adapted from Theorem 10 of [2]). The gap problem for the universal value of
a parity objective on an MEMDP is in EXPSPACE; if the probabilities are given in unary,
it is in PSPACE.

This improves on the doubly-exponential-space construction of [8] sketched in Section 3.3:
the prior-value gap problem is solved in PSPACE (when probabilities are given in unary)
thanks to the truncated-belief construction, and Theorem 21 with Lipschitz continuity lifts
the bound to the universal-value gap.

Lower bound. It can be shown that, under the prior semantics, the gap problem is already
NP-hard even when restricted to two environments and unary encoding of probabilities.
This follows from an NP-hardness result established in [14] for the universal semantics; the
corresponding details are provided in [2]. However, additional work is required to precisely
determine the complexity of the gap problem.

4.5 Entropy and Dirac-preserving POMDPs

Both the truncated-belief approach and the connection between universal and prior semantics
depend on a feature particular to MEMDPs equipped with a prior: once the belief over the
hidden component becomes Dirac, it remains Dirac. This feature can also be formulated in
the broader framework of POMDPs.

» Definition 23 (Dirac-preserving POMDP, [2]). A POMDP P = (S, A, 6,0, 0bs, o) is Dirac-
preserving if, for every state s € S (viewed as the Dirac belief 1), every action a and every
observation o compatible with (s,a), the belief update at (14, a,0) is again Dirac.

In words, once the controller knows the state for sure, it keeps knowing it for sure and
for ever. By Proposition 19, every MEMDP with a prior is Dirac-preserving.

An equivalent characterisation uses entropy. For b € D(X), the Shannon entropy is
H(b) = =%, cx b(z)logb(x) > 05 it is O for a Dirac distribution and log | X| for a uniform
one. Following [5], a POMDP has non-increasing expected entropy if, for every belief b € D(.5)
and every action a, H(b) > ZoEComp(b,a) p(b,a,0)- H(Update(b, (JL,O))7 where Comp(d, a) is
the set of observations possible under (b, a), p(b,a, o) is their likelihood, and Update(b, a, 0)
is the corresponding posterior.

Non-increasing expected entropy clearly implies Dirac-preservation (otherwise entropy
could rise from 0). The converse is more delicate, and the details can be found in [2].

» Proposition 24 (Proposition 14 of [2]). A POMDP is Dirac-preserving iff it has non-
increasing expected entropy.

The natural information-theoretic class thus matches a syntactic class whose membership
can be decided in polynomial time (by checking all (s,a,0) triples). This class strictly
includes MEMDPs with a prior, yet it remains tractable from an algorithmic perspective,
since one can show that a Dirac-preserving POMDP can be converted into a (potentially
exponentially larger) prior MEMDP with the same value for a general class of objectives.

» Theorem 25 (Theorem 15 of [2]). Let P be a Dirac-preserving POMDP with an observation-
compatible parity objective Q0 and an initial belief b. One can compute in exponential time an
MEMDP &, a parity objective Q' and a prior p such that val(P,b, Q) = val®” (&, u, V).
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Therefore, modulo an exponential blow-up in size, MEMDPs with a prior correspond
exactly to Dirac-preserving POMDPs. Given that the limit-sure and gap problems are
undecidable for general POMDPs — even when restricted to observation-compatible parity
objectives — Dirac-preservation is exactly the structural condition that accounts for the
decidability of these problems in MEMDPs endowed with a prior.

In [10], the authors independently defined a subclass of POMDPs, called Posterior-
Deterministic POMDPs, which is exactly the same class as the Dirac-preserving POMDPs
we studied in [2].

5 Other Related Works

Efficient belief computation. [5] addresses the practical side of the prior-semantics value
problem. In an MEMDP, the belief over environments updates in time O(|Z|) per step,
against O(|S|?) for a general POMDP.

Multi-environment POMDPs. A natural extension of MEMDP is to combine MEMDP-style
static uncertainty with genuinely partial observability of the state. Bovy, Probine, Suilen,
Topcu and Jansen [3] study multi-environment POMDPs (MEPOMDPs) and show that, in
the worst-case semantics, their analysis reduces to that of a single POMDP whose hidden
state space is the product of the original states and the environment index, inheriting the
undecidability of general POMDPs. Brice, Cano, Chatterjee, Henzinger and Muroya [4] focus
instead on MEPOMDPs with finite-horizon reward objectives: they prove the value problem
PSPACE-complete and provide a space-efficient deterministic algorithm that empirically
outperforms the previous best.

Contextual MDPs and Multi-model MDPs. The MEMDP model has been rediscovered
independently in adjacent communities under different names. Two notable examples are
Contextual MDPs (CMDPs) [11] in the AI and reinforcement-learning community, and
Multi-model MDPs (MMDPs) [15] in the operations-research community. In both, a hidden
static index selects one MDP among a finite family sharing the same state and action spaces.
The underlying mathematical object is essentially that of an MEMDP. The questions asked,
however, are different. CMDPs are studied in episodic reinforcement learning with a fixed
finite horizon T'. At every episode the learner interacts with a trajectory drawn from a
latent context, and the objective is to minimise regret: simultaneously learn the family of
models and identify the active context. The focus is statistical, with sample-complexity and
regret guarantees. MMDPs are studied in operations research, motivated by applications
in medical decision-making. The typical objective is to optimise a weighted average of the
value across all models; algorithmic tools include MILP formulations for the finite-horizon
problem and policy-based branch-and-bound for the infinite-horizon one. The MEMDP line,
in contrast, focuses on verification and synthesis for infinite-horizon w-regular objectives
(reachability, parity, Rabin), under universal or prior semantics, and asks for decidability,
exact complexity and the structure of optimal strategies, rather than regret bounds or
weighted-sum optimisation.

Robust MDPs.  An other closely related model is that of Robust MDPs (RMDPs) [13, 12, 19].
An RMDP equips each pair (s,a) with an uncertainty set P(s,a) C D(S); the value of a
strategy is the worst case when, at every step, an adversary picks the actual distribution from
P(s,a). The key difference with MEMDPs is the temporal resolution of uncertainty, it is
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static in MEMDPs (one environment, drawn once), while it is dynamic in RMDPs (adversary
picks at each step). Under the universal semantics MEMDPs let the controller learn the
environment, whereas RMDPs do not. The two models are therefore formally incomparable.
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