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—— Abstract

Robust Markov decision processes (RMDPs) extend standard Markov decision processes (MDPs) to
account for uncertainty in the transition probabilities. RMDPs have an uncertainty set that defines a
set of possible transition functions, each of which induces a standard MDP. The natural objective in

an RMDP is to optimize the discounted cumulative reward under the worst-case transition function
in the uncertainty set. We study the complexity of the associated threshold problem for RMDPs with
polytopic uncertainty sets in halfspace representation. Previous results focused on approximating
the optimum or restricted attention to specific subclasses of RMDPs, such as interval MDPs or
Lo-RMDPs. Our contributions are threefold: (1) For (s, a)-rectangular RMDPs, we prove that
robust policy evaluation is in P via robust linear programming, and that the threshold problem is in
NP. As a corollary, robust policy iteration is a polynomial-time algorithm for these RMDPs when
the discount factor is fixed. (2) For s-rectangular RMDPs, we show that the threshold problem is in
PSPACE via the first-order theory of the reals. (3) We establish lower bounds by reducing both
parity games and bisimulation metrics between MDP states to the RMDP threshold problem. A
polynomial-time algorithm for the threshold problem would resolve the long-standing open question
of whether parity games can be solved in polynomial time. The reduction from bisimulation metrics
also yields a practical benefit: it allows us to apply robust policy iteration as a more efficient
alternative to the standard fixed-point iteration, as our empirical evaluation demonstrates.
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1 Introduction

Markov decision processes (MDPs) form the theoretical backbone for many sequential
decision-making problems and are foundational in reinforcement learning (RL) [31, 40]. The
standard objective in an MDP is for the decision-making agent to compute a policy that
maximizes the expected cumulative discounted reward.

MDPs rely on the assumption that their transition probabilities are exactly known;
a prohibitive assumption in practice, where probabilities may be inaccurate or derived
from a finite amount of samples and thus subject to statistical error [4]. Robust MDPs
(RMDPs) overcome this assumption by instead modeling an uncertainty set which contains
all probabilities the transition function can attain [20, 36, 44]. The typical objective in an
RMDP is to optimize the policy and value against the worst-case instance in the uncertainty
set. RMDPs are particularly well studied from the algorithmic and semantic perspectives, and
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have a wide range of applications in, e.g., reinforcement learning [21, 34, 35, 39], statistical
model checking [2], and control [3]. Under certain structural independence assumptions on
the uncertainty set, known as rectangularity, the Bellman operator of standard MDPs can
be extended to RMDPs to account for the worst (or best) case instance. Consequently, the
classical value and policy iteration algorithms can be extended to RMDPs [20, 28].

For standard MDPs, it is well known that comparing their value against a threshold is
P-hard and can be solved in polynomial time through a linear program (LP) [29]. Existing
complexity results for RMDPs are less pronounced and follow different directions. In
particular, previous works establish (1) polynomial time complexity based on the number of
iterations the robust Bellman operator needs to achieve e-approximate solutions, where the
precision € and the discount factor are both considered constant [28, 44]; (2) that RMDPs
with polytopic uncertainty where the vertices are part of the input (i.e., vertex representation)
are in NP N cONP by reduction to stochastic games [10]; and (3) RMDPs with an L..-based
uncertainty set can be solved in (strongly) polynomial time for a fixed discount factor. Note
that all these results are consistent with each other, but the complexity of exactly solving
RMDPs with polytopic uncertainty in the halfspace representation, the input format typically
used in practice [3, 27, 28, 39], has remained open until now.

Contributions. In this paper, we expand on and generalize previous results regarding
the computational complexity of RMDPs. We focus on the decision variant of the robust
optimization problem: does there exist a policy such that its value surpasses a given threshold
under the worst-case instance of the uncertainty set? Our specific contributions are as follows:

1. For (s,a)-rectangular RMDPs, we prove that robust policy evaluation is in P via robust
linear programming (Lemma 4.2), and that the threshold problem is in NP (Theorem 4.3).
As a corollary, robust policy iteration is a polynomial-time algorithm for these RMDPs
when the discount factor is fixed (Theorem 4.6). We also show how three common
subclasses of RMDPs, interval MDPs, L;-RMDPs, and L..-RMDPs can be translated
into equivalent polytopic RMDPs of polynomial size.

2. For the larger class of s-rectangular RMDPs, where optimal policies may need random-
ization, we show that the threshold problem is in PSPACE via the first-order theory of
the reals (Theorem 4.4).

3. We establish lower bounds by reducing both parity games and bisimulation metrics
between MDP states to the threshold problem (Proposition 4.1 and Theorem 5.6).
Consequently, a polynomial-time algorithm for the RMDP threshold problem would
resolve the long-standing open question of whether parity games can be solved in
polynomial time.

We empirically demonstrate the benefits of using robust policy iteration over the standard

fixed-point iteration for computing bisimulation metrics.

Related Work

In addition to the results already mentioned, our work is consistent with and expands on
the following existing results. In [30], robust linear programs are constructed to compute
optimistic values and policies for RMDPs with convex uncertainty sets. That is, policies and
their value under the best-case in the uncertainty set.

For Markov chains with interval uncertainty, [12] shows that computing the value can
be done in polynomial time via a linear program. Similarly, bisimulation metrics between
Markov chains are also known to be in P [11]. Both results are special cases of ours: that
evaluation of a memoryless policy in (s, a)-rectangular RMDPs is in P. For bisimulation
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metrics between MDP states, it is known that a single step of the fixed-point iteration is
in P [9]. In [14], it is shown that, for a fixed coupling, the fixed-point operator for the
bisimulation metric under that coupling yields an MDP value function. Consequently, there
exists an MDP whose value function equals the optimal bisimulation metric. We extend
their result by showing that the optimal bisimulation metric, characterized by its fixed-point
equation, coincides with the robust value function of a specifically constructed RMDP,
characterized by its robust Bellman equation. This generalizes their result and allows us to
directly apply RMDP algorithms such as robust policy iteration.

RMDPs are closely related to stochastic games [10, 20, 36]. A similar observation has
been made for MDPs (i.e., one-and-a-half-player games) and bisimulation metrics between
DTMC states. Consequently, MDP algorithms such as policy iteration have been proposed to
compute said bisimulation metrics [41]. Our work connecting bisimulation metrics between
MDP states with RMDPs can be seen as an extension of that work to two-and-a-half-player
games. Finally, in [25], the problem of minimizing the bisimulation metric under memoryless
randomized policies is shown to be complete for the existential theory of the reals.

2 Background

We write R and R>( for the sets of real numbers and non-negative real numbers, respectively.

For a finite set X we write |X| for the number of elements in X. A discrete probability
distribution over X is a function p: X — [0,1] C R with >\ u(z) = 1. The set of all
distributions over X is denoted by D(X).

Vectors and matrices are denoted in bold, e.g., € R™, and we write x(¢) for the i-th
element of . The vector e; € R" is the element of the standard basis with e;(i) = 1 and
zeros elsewhere, and I € R"*™ denotes the identity matrix. For a finite set J, we write
x € R’ for the vector indexed by elements of J, implicitly assuming a total order on .J. This
notation extends to Cartesian products of indices, i.e., & € R7*K_ A convex polytope is a
closed and bounded set of points & € R™ defined by a system of linear inequalities Dx < b,
with D € R™*™ and b € R™, which we denote by the tuple (D,b). For any bounded set X,
its conver hull is the smallest convex polytope that contains X.

A linear program (LP) is an optimization problem of the form

minimize cTx
subject to Ax <b

where A € R™*", b € R™, and ¢ € R" form the input, and € R" is a vector of n
optimization variables. Solving the LP means finding an assignment of x that is feasible,
i.e., it satisfies Ax < b, and optimal, 7.e. cTx < ¢Ty for all y € R™ that are feasible.

For computability matters, we suppose all entries of A, b, and ¢ are rational numbers. In
this case, it is known that a solution to the LP, if one exists, is also a vector of rationals.
LPs can be solved in time (m +n + L)°() [7, 24, 43]. In words, we can solve them in time
polynomial in the number n of variables, the number m of inequalities, and the number L of
bits used to represent any entry of A, b, and ¢ as a pair of integers written in binary.

2.1 Markov Decision Processes

» Definition 2.1 (MDP). A Markov decision process (MDP) is a tuple (S, A, P, R,s,,7),
where S and A are finite sets of states and actions; P: S x A — D(S), the transition function;
R: S x A— R, the reward function; s, € S, the initial state; v € (0,1), a discount factor.
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A policy selects actions to resolve the non-determinism in an MDP. In general, a policy
maps paths to distributions over actions: 7: (SA)*S — D(A). The set of all policies is
denoted by II. A memoryless randomized policy is a function 7: S — D(A) that maps
states to distributions over actions; a memoryless deterministic policy, a function 7: S — A
that maps states to actions. The set of all memoryless randomized (resp. memoryless
deterministic) policies is denoted by TIME (resp. ITMP).

An MDP and a policy together induce a classical (possibly infinite) Markov chain. The
probability space of a Markov chain is well (and even uniquely) defined: its events are sets of
infinite paths starting from the initial state s, [5, 26]. We can thus talk about the expectation
of (Borel-measurable) aggregation functions applied to the transition rewards along runs.

Discounted-reward value. Given an MDP M and a policy w € II, its expected discounted
cumulative reward value function Vy;: S — R, or simply “value”, is defined as

Z rYtR(Stv at)] )

Vi =E,
t=0

where R(st,a;) is the reward obtained from the state-action pair visited at step ¢t. We are
interested in maximizing this value, 7.e. we are looking for the optimal value V3; = sup, . Vi

It is well established that for this objective in MDPs, the optimum can be achieved by a
memoryless deterministic policy [31]. Consequently, the supremum is equal to the maximum
over the finite set of all memoryless deterministic policies, i.e.

Vi, = max Vi;.
M eman M

2.1.1 Decision Problem, Encoding, and Known Complexity Results

We reformulate the problem of optimizing the expected reward as that of deciding whether a
specific threshold can be surpassed or not.

» Problem 2.2 (MDP discounted reward problem). Given an MDP M, is there a policy whose
value is at least some given threshold k € R, i.e., Im € IMP: V[ (s,) > k?

It is well known that the discounted reward problem for MDPs reduces, in polynomial
time, to solving an LP. To facilitate the encoding, the transition and reward functions of
the MDP can be interpreted as matrices. Formally, for each state-action pair (s,a) € S x A,
we define probability vectors p,, € [0,1]° with p,,(s') = P(s,a)(s’) for all states s’ € S.
Similarly, for any memoryless deterministic policy 7 € IMP | we write P™ € [0,1]%*% and
R™ € R® to denote the transition matrix and reward vector of the induced Markov chain.

» Definition 2.3 (MDP LP encoding [31]). Let v € RS be a vector of |S| optimization
variables, ¢ € RS a vector of |S| strictly positive, but otherwise arbitrary, coefficients (e.g.,
all ones). For the (unique) optimal solution v to the following LP, we have that v(v) = V.

minimize cTv
subject to N,cg Naca(—€s +7P50)Tv < —R(s,a)

This LP is polynomial in the size of M. Moreover, if the probabilities and rewards of
M, and the threshold x are all rational numbers given as pairs of binary-encoded integers,
the same holds for the entries of the matrices and vectors of the LP. (Importantly, the
magnitude of the maximal constant in the LP is bounded by that of M.) Since solving LPs
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is in polynomial time and Vj; = max, cup Vi, solving Problem 2.2 is also in polynomial
time.

In practice, however, value iteration and policy iteration are more commonly used. Value
iteration, on the one hand, computes the least fixed point of the Bellman equation, which
results in the optimal value function V};. Several variants of value iteration have been
developed over time, either focusing on soundness [17, 32] or efficiency [19]. Policy iteration,
on the other hand, computes an optimal policy and its value by iteratively evaluating and
improving an arbitrary initial policy. The evaluation of a memoryless deterministic policy m,
i.e., computing V7, can be done by solving the following system of linear equations:

Vi =T —-~P")"'R". (1)
The policy iteration algorithm (optimized with a so-called optimality test) is as follows.

» Definition 2.4 (Policy iteration with suboptimality test). Let w: S — A be an arbitrary policy

and A% = A be the set of possibly optimal actions for every state s. Repeat the following:

1. Ewvaluate the current policy m by computing Vi, by solving Equation 1.

2. Compute the normalized values AT, = (R(s,a) +v> ,cq P(s,a)(s)VE(s) = Vi (s).

3. Determine the improving actions: Af = {a € A% | AT, > 0}. If AY =0 foralls € S,
return m and V. Otherwise, update 7 such that Vs € S: m(s) = argmax,¢ 4= A,

4. Prune suboptimal actions by computing the new set of possibly optimal actions as follows:

S

A*:{aeA;‘

a5z ma(an) - 7 (maymay(80.) - miamay (85, |
Policy iteration without suboptimality tests is sound as long as the policy evaluation
step is precise enough to correctly identify improving actions [18]. The variant with
suboptimality tests is known to terminate in at most T(|S|(J]A| — 1)) iterations, with
T = |I8l/a-v1log(I5°/a-+))] + 1, and O(]S|*(|S|(JA| — 1))) operations per iteration to
compute all values exactly. Interestingly, it is unknown whether policy iteration runs in
polynomial time independent of the discount factor, i.e., when it is part of the input [23].

3 Robust Markov Decision Processes

We now introduce robust Markov decision processes (RMDPs). Intuitively, an RMDP is a
set of MDPs that differ in their transition probabilities, and policies for RMDPs must be
optimized for the best- or worst-case MDP in the set.

» Definition 3.1 (RMDPs). A robust MDP (RMDP) is a tuple (S, A,U,R,s,,7), where
S, A, R, s, and vy are as for MDPs, and U C RESAXS s a set of non-negative real vectors

u € U that satisfy Y, cqu(s,a,s") =1, for all (s,a) € S x A.

The uncertainty set U of an RMDP induces a family of transition functions P, (s,a)(s") =
u(s,a,s’), one for each u € U, such that each tuple (S, 4, Py, R, s,,7) is a classical MDP.

3.1 Rectangularity: Local Dependencies in Uncertainty Sets

In this work, we focus on the case where U is a convex polytope. We also study subcases
where U arises from the Cartesian product of “transition-local” polytopes. This additional
structure is known as rectangularity, with important algorithmic and complexity implications
for solving the RMDP at hand.

48:5
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(a) An (s, a)-rectangular RMDP.

Each transition has a unique
variable assigned to it. The
constraints on the uncertainty
set dictate the range of each
variable so that they induce
valid probability distributions
for each state-action pair.

(b) An s-rectangular RMDP.

The same variable y occurs on
two different transitions. While
there is a dependency between
these two transitions, y occurs
only on transitions from the
same state sg. This RMDP is
thus s-rectangular.

(c) A non-rectangular RMDP.
The variable y occurs on mul-
tiple transitions that belong to
different states, i.e., so and s3.
Hence, the RMDP is neither
(s,a)- nor s-rectangular.

Figure 1 An example RMDP under different forms of rectangularity.

In a slight abuse of notation, for two sets X C Réo and Y C Rio indexed by sets I and
J with I NJ = (), we assume the vectors v in the cross product X x Y are “flattened” so
that v € REY/. That is, X x Y consists of real vectors that are indexed by I U .J instead of
pairs of vectors with the first component indexed by I and the other by J.

» Definition 3.2 (Rectangularity). The uncertainty set U of an RMDP (S, A,U, R, s,,7) is:
(s, a)-rectangular if it is composed of sets Us q) C RSO}X{G}XS, ie. U =X, meswallisa);

s-rectangular if it is composed of sets Us C ]R{ZSO}XAXS such that U = X _ o Us.

Any RMDP that is neither (s, a)- nor s-rectangular is called non-rectangular. Intuitively,
(s, a)-rectangularity allows nature to choose a probability distribution at each state-action
pair independently from all other state-action pairs. Consequently, nature can minimize
the agent’s reward by selecting probability distributions locally, i.e., at each state-action
pair independently and unrestricted from the uncertainty sets at other state-action pairs.
The (s, a)-rectangularity assumption is commonly made for both theoretical and algorithmic
purposes, as well as in applications such as reinforcement learning [21, 39], abstraction
techniques [3], and (statistical) model checking [2]. Under s-rectangularity and, more
generally, without rectangularity assumptions, nature’s choices are more restricted. While
this results in the agent’s robust discounted reward (a formal definition follows) being less
conservative compared to (s,a)-rectangularity, the associated problems become harder.
Figure 1 depicts an example RMDP under the three forms of rectangularity.

Known subclasses of (s, a)-rectangular RMDPs, such as interval MDPs (trivially included
in convex polytopes), Loo-RMDPs (which are a special case of IMDPs), and L;-RMDPs,
can all be reduced to RMDPs with convex uncertainty sets, as detailed in the extended
version [38].

3.2 Robust Discounted Reward
Given an RMDP M and a fixed policy 7 € I1, its robust value is defined as

oo
Vi = Jrelzf;f Er P, [; VtR(Staat)] :



M. Suilen and G. A. Pérez

In words, this is the worst-case value of 7 over all instantiations of the uncertainty. As before,
we are interested in maximizing this value, i.e. we are looking for the optimal robust value

ES
Vi =supren Vi

» Proposition 3.3 (Sufficient Policy Classes [44]). The following policy classes are known to

be sufficient for optimality, depending on the rectangularity and uncertainty set assumed.

(s, a)-rectangular. Under (s,a)-rectangularity, memoryless deterministic policies suffice,
ie. Vi = max,cquo V.

s-rectangular and convex. Under s-rectangularity, if each composing uncertainty set Us is
convex, memoryless randomized policies suffice, i.e. Vi = max, cmmr V4.

To study its complexity, we reformulate the optimization problem as a decision one where
we take a threshold as input.

» Problem 3.4 (Robust discounted reward problem). Given an RMDP M, is there a policy
whose robust value is at least some given threshold k € R, ie., Im € II: Vi, (s,) > K?

Note that we are not restricting 7 in this general version of the problem. We will mostly
look at particular instances based on rectangularity and properties of the uncertainty set,
where further assumptions can be made about the policy.

3.3 Bellman Operator for (s, a)-Rectangular RMDPs

For this section, we fix an RMDP M. Under (s,a)-rectangularity, as per Proposition 3.3,
the optimal robust value of M is given as

melIMD ueld

Kj\/t = max_ inf E; p, [Z’th(St,at)
t=0

The robust value function Vi,: S — R, where we are making the initial state s, a
parameter, admits a robust version of the standard Bellman equation. To state this formally,
we recall the robust Bellman operator B: (S — R) — (S — R):

B(V)(s) = max R(s,a) +~ inf {Z Pu(s, a)(s')V(s’)} :

acA UEU(S,G) es
S

Intuitively, under (s, a)-rectangularity, nature’s choice for a probability distribution can be
inserted directly into the Bellman equation as a local optimization problem at the given state
s and action a. The operator behaves just as nicely as that for standard MDPs.

» Proposition 3.5 ([20, Theorem 3.2]). The operator B is a contraction mapping w.r.t. Lo
and its unique fized point is V4.

4 The Complexity of the Robust Discounted Reward Problem

In this section, we consider the computational complexity of the robust discounted reward
problem for the different kinds of rectangularity constraints we introduced earlier. First, we
make some observations about how hard the problem is: P-hard and at least as hard as finding
the winner in parity games, a problem known to be in NP N coNP and UP N coUP [22]
and even solvable in quasi-polynomial time [8], but not known to be in P.

48:7
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» Proposition 4.1. The robust discounted reward problem is P-hard, even under rectangularity
and convex uncertainty assumptions. Moreover, determining the winner of a parity game
reduces, in polynomial time, to the robust discounted reward problem.

Proof sketch. The problem is P-hard since the discounted reward problem for classical
MDPs is P-hard [29] and MDPs are a special case of (rectangular, convex) RMDPs.

For the second part of the claim, consider an arbitrary discounted-sum game — in contrast
to MDPs, here, the successor state after playing a from s is resolved antagonistically by
an adversary. We can construct an (s, a)-rectangular RMDP with uncertainty sets U, q)
being the simplex of the deterministic distributions over successors of s after playing a. By
memoryless determinacy of discounted-sum games [45], the robust value of the RMDP can
be shown to coincide with the “value” of the discounted-sum game. Parity-game hardness is
then obtained by appealing to the reduction from parity games to discounted-sum games [22].
The full proof can be found in Appendix A. <

Concerning upper bounds, we establish that for (s, a)-rectangular RMDPs, the problem is
in NP. The crux of the argument relies on proving that the robust value of a (guessed)
memoryless deterministic policy can be evaluated in polynomial time. For s-rectangular
RMDPs, where optimal policies may need randomization, we instead resort to an encoding
into the theory of the reals, placing it in PSPACE.

To conclude, we leverage our policy evaluation results to derive a robust policy iteration
procedure for (s, a)-rectangular convex-uncertainty RMDPs to obtain optimal robust policies.

4.1 The Case of (s, a)-Rectangularity and Convex Polytopic Uncertainty

Let M be an (s, a)-rectangular RMDP with convex uncertainty sets given as convex polytopes
{U(s,0) = (Dsa,bsa) € R{;gx{a}xs | s € S,a € A}. For complexity matters, we suppose the
entries of all Dy, and by, are rationals represented as pairs of binary-encoded integers. We
also suppose we are given a threshold x € Q. The last part of the input we consider is a
memoryless deterministic policy 7: S — A.

» Lemma 4.2. Determining whether V) ((s,) > k holds true can be done in polynomial time.

We remark that this result generalizes [12, Proposition 3|. In fact, it can be proven by

adapting the separation-oracle argument from [12]. Below, we give an alternative argument
using results from robust linear optimization [15].
Proof. For all s € S, let u,; be an arbitrary element of the uncertainty set Us = X ., U(s,a)-
We introduce some notation to talk about the (uncertain) probabilities and rewards of the
DTMC induced by 7 and the us. Write p%™ for the vector from R satisfying p%™(s') =
us(s,m(s),s), for all ¢ € S, and set R™(s) = R(s,7(s)). -

We will be working with the definition of the robust value V7 ,: S — R where we consider
it a function of the initial state. Now, by definition of V{, and linearity of the expectation
operator, we have the following.

| = inf R™ vV, (s, f 11 S.
Vi(s) uigus (s)—l—’y%ps (s"YViu(s"), forall s €

If we write PJ for the matrix such that P7(s)(s’) = p¥™(s’) for all s,s" € S, then we can
rephrase the above in matrix form as V7, = inquXses u, R™+~vP] V7. By definition of V',
and Vy; for an MDP M, we also have that V3 = infyex__ u, Vi1 (wy Where M (u) is the MDP
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obtained from M by fixing u. Now, from Equation 1 we get that V]@(u) = (I —~yPF)"'R".
In particular, the matrix I — yPJ is guaranteed to be nonsingular, thus invertible, for all w.

Since each U, is a product of convex polytopes, hence also a convex polytope, we know
that the infimum is achieved at some vertex. This means the infimum can be rewritten as a
minimum over the (finite) set vert(U;) of vertices of Us.

Vis)= min R™(s)+~ Z P (s Vi, (s'), for all s € S.

usEvert(Us) o es

The equation above implies the following inequality. Moreover, we know that for all s € S
there is some p(s) € vert(Us) that makes it an equality.

Viu(s) SR (s) +7 Y p™(s)Vu(s)), for all s € S and all u, € Us. (2)
s'es

Let ¢ € RS and v € RS be a vector of (optimization) variables. The unique optimal
solution v to the following mathematical program is such that v(s) = V,(s), for all s € S.

maximize cTv
subject to A, cg /\use(Dm(S),bms))(es — yus(s,m(s)))Tv < R™(s)

3)

Indeed, Equation 2, tells us v(s) = V,(s) is a feasible assignment. Moreover, any optimal
solution must satisfy (I —~Py)v < R™ for all w € X__ Us. Then, v < (I —yP])~'R™ for
all w € X gUs, and in particular v(s) < (I —yP7,)) 'R™)(s) = V},(s) for all s € S,
where the last equality follows from our choice of p to make Equation 2 an equality. Since

c € R, we conclude V7, is just as good as any optimal solution v.

Equation 3 is a robust LP with polytopic uncertainty, already in standard form [15].

Hence, we can directly apply dualization techniques to replace the infinite set of constraints
by a small number of constraints, yielding the following standard LP [15, Table 1].

minimize —cTv
elv + (byr(s))Tws < R7(s)
subject to /\ (=Dgyr(s))Tws = yv
s€S [ 4, > 0

(4)

This LP is polynomial in the input, particularly in the convex polytopes given in their
halfspace representation as tuples (Dgx(s), bsr(s)). Let m be the maximum number of rows
of any D (s and byr(s), for all s. The LP has at most (m + 1)|S| variables, w, € R* with
k < m for each s € S and v € R¥, and (2m + 1)|S| constraints. <

Now, we can leverage the fact that deterministic policies suffice. This allows us to have a
guess-and-check procedure for the robust discounted reward problem.

» Theorem 4.3. The robust discounted reward problem (Problem 3.4) is in NP, assuming
(s, a)-rectangularity and convex polytopic uncertainty.

Proof. By Lemma 4.2 we have that robust policy evaluation of a memoryless deterministic
policy is in P. We also know that memoryless deterministic policies are sufficient for
discounted reward in (s, a)-rectangular RMDPs by Proposition 3.3. Since each such policy
can be represented using polynomial space, we can thus nondeterministically guess a policy
and evaluate it in polynomial time. We conclude that the problem is in NP. <
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4.2 The Case of s-Rectangularity and Convex Polytopic Uncertainty

This time we let M be an s-rectangular RMDP with convex uncertainty sets given as convex
polytopes {U; = (D, by) C R1s}¥4%5 | 5 € §}. Once more we suppose rationals given as
pairs of binary-encoded integers, and we take a threshold x € Q as input.

» Theorem 4.4. The robust discounted reward problem (Problem 3.4) is in PSPACE,
assuming s-rectangularity and convex polytopic uncertainty.

Proof. By Proposition 3.3, it suffices to focus on memoryless randomized policies. Let
m: S — D(A) be such a policy. Then, by repeating the first part of the proof of Lemma 4.2
for s-rectangular uncertainty sets, we establish that the unique optimal solution v to the
following mathematical program is such that v(s) = V'(s), for all s € S.

maximize cTv
subject to  Ajcg Au,e(p. b,y (€] —T(8)Tus(s))v < R™(s)

()

Equation 5 is a bit different from Equation 3 since 7 is now memoryless randomized. Note
that m(s), interpreted as a vector R*, is right-multiplied by u,(s) interpreted as a matrix
RAX5 " Also, R™(s) is now set to Y, 4 m(s)(a)R(s, a).

It follows that the existence of a feasible assignment of v such that v(s,) > & suffices to
conclude Vi((s,) > k. Recall that m was chosen to be an arbitrary memoryless randomized
policy. Towards encoding this in a logical statement, let z € R¥*4 be a vector of |S||A|
real-valued variables. So far we have established that V,(s,) > & if and only if there exists
an assignment of v and « that satisfies the following.

v(s,) > KA /\ (Z z(s)(a) =1A /\ xz(s)(a) > O) and

sES \a€A a€A

Vu: /\ (Dsu < by — (e] —y(s)Tu(s))v < Z R(s,a)a:(s)(a)> .
a€A

ses

This is a sentence in the first-order theory of the reals with order, multiplication, and addition.
Given such a sentence of fixed quantifier alternation (in prenex form), determining its truth
value is known to be in PSPACE [6, 33]. This concludes the proof of the claim, but we note
that we even got a sentence from the 3v-fragment of the theory, which is rather low in the
recently explored hierarchy of complexity classes induced by the theory of the reals [33]. <«

4.3 Robust Policy Iteration with Exact Evaluation

Standard policy iteration can be extended to robust policy iteration for (s,a)-rectangular
RMDPs with convex polytopic uncertainty by replacing the policy evaluation step from
Definition 2.4 with the solution of the linear program from Equation 4.

» Definition 4.5 (Robust policy iteration). Let 7: S — A be an arbitrary policy and A* = A
be the set of possibly optimal actions for every state s. Repeat the following:

1. Ewaluate the current policy ™ by computing its robust value V', by solving Equation 4.
2. Compute the normalized values

Al = (R(S,a) +v inf PMS»G)(S’WMS')) = Viu(s),



M. Suilen and G. A. Pérez

3. Determine the improving actions: A7 = {a € A* | AL, > 0}. If AT =0 for all s € S,

return © and V(. Otherwise, update m such that Vs € S: m(s) = argmax ¢ 4- AL,.
4. Prune suboptimal actions by computing the new set of possibly optimal actions as follows:

A::{aeA;‘

AT > max {AL,} — T (max max {AZ ,,} — min max {A;r,a,}> } .

ral
a’€A 1—vy \s€Saea ¢ s’€Sa'€A

» Theorem 4.6. Robust policy iteration returns an optimal policy m € TIMP in at most

T(|S|(|A| — 1)) idterations, with T = [I5I/(1—v)1log(I5I*/a—)| + 1, and (m + n + L)°M)
operations per iteration, where m is the number of inequalities, n the number of variables, and
L the number of bits required to represent any of the rationals in the robust policy evaluation
LP used in step one.

Proof. The number of iterations T'(|S|(|A| —1)) follows directly from the number of iterations
of policy iteration for standard MDPs, see Definition 2.4. The complexity of a single iteration
is dominated by solving 1 + |S||A| polynomially-sized LPs, one global policy evaluation LP
in step one, and a local LP for each state-action pair in step two. The number of variables
and inequalities of the robust policy evaluation LP in step one is polynomial in the size of
the sum of all local LPs, hence the runtime per iteration can be succinctly expressed as
(m+n+ L)°M steps in the input size of this global policy evaluation LP. <

Note that the algorithm runs in polynomial time if 7 is fixed, just like standard policy
iteration for classical MDPs. Critically, this general formulation of robust policy iteration is
not strongly polynomial, even with v being fixed, because we solve an LP in the first steps
(that is not known to be doable in strongly polynomial time). If one can replace the LP
from steps 1 and 2 by a strongly polynomial policy evaluation, like was recently done for
RMDPs with bounded L, uncertainty sets [1], then the whole algorithm becomes strongly
polynomial — again, for a fixed ~.

The correctness of the optimality test follows from the robust Bellman operator (still)
being a contraction mapping, and thus the proof for standard MDPs can be modified, see
Appendix B for the full proof.

5 The Relation with Bisimulation Metrics

The preceding discussion on (robust) policy iteration is the perfect transition from RMDPs
to bisimulation metrics to compare MDPs. In this section, we will argue that computing the
Kantorovich distance between two given distributions with respect to a given pseudometric
roughly corresponds to the (internal) LPs solved in the first steps of the policy iteration
procedure described above. Moreover, the fixed-point definition of bisimulation metrics we
focus on mirrors the iterative nature of the robust policy iteration procedure. After some
necessary preliminaries to introduce all the notation and formalize the two links just claimed,
we will construct an RMDP from two given MDPs so that the robust value of the RMDP
corresponds to the bisimulation metric between designated states of the MDPs.

5.1 Notation for Bisimulation Metrics

We recap the standard definitions for bisimulation metrics between (states of) MDPs [13].

» Definition 5.1 (Pseudometric). A pseudometric on a set X is a mapping d: X x X — [0, 00)
such that for all x,a’,2" € X: 1. x = 2/ = d(z,2") = 0; 2. d(z,2") = d(2/,z); and
3. d(z,2") < d(z,x") + d(a’,2"). The set of all pseudometrics over X is denoted as Mx .
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We compare two pseudometrics using the product ordering. In symbols, for any two
pseudometrics dy,ds: X x X — [0,00), we write dy < dg if dy (21, 22) < da(21,22) holds true
for all z1,z5 € X. More interestingly, we use pseudometrics to quantify the distance between
distributions over X.

» Definition 5.2 (Kantorovich distance). Let d € 9Mx be a pseudometric over a finite set
X, with n = |X|. The Kantorovich distance between two distributions p,v € D(X), written
Dk (d)(u,v), is the solution to the following LP:

minimize Y71 A(g, k)d(zj, o),
subject to (AJ_y Sop_y A k) = pua) ) A ( Aoy S5y Al k) = vl(@) ) AX = 0,

where {\(j,k) | 1 < j,k < n} are n?® optimization variables. A feasible assignment X € R"*"
to this LP is called a coupling, and by minimizing the objective function, we find the minimal
coupling between distributions p and v w.r.t. the pseudometric d. We denote the set of
couplings between u and v by A, .

Note that the set of couplings A, , is a convex polytope and ij A(j, k) =1forall A € A, .
We can now define a (family of) bisimulation metrics between the states of an MDP
M = (S,A,P,R,s,,) using [13, Theorem 4.5].

» Definition 5.3 (Fixed-point bisimulation metrics). Let 0 < cr,cr and cg + cr < 1 and
consider the operator T : Mg — Mg on pseudometrics over the states S.

Sk (d)(s1,82) = r;leaj( cr|R(s1,a) — R(s2,a)| + cr® g (d)(P(s1,a), P(s2,a)).

Then, §x has a least fived point d* which we call the (cr, cr)-fixed-point bisimulation metric.

The bisimulation metric between two MDPs M7 and M is defined as the distance between
states d(s,,, $,,) in the disjoint union of M; and Ms. A standard choice for the weights is
¢ =,cg = 1 —+ [13]. Henceforth, we refer to the (1 — ~, y)-fixed-point bisimulation metric
simply as the bisimulation metric.

5.2 From Bisimulation Metric to an (s, a)-Rectangular RMDP

We show how computing the bisimulation metric between states of an MDP reduces to
computing the robust discounted reward value of an (s, a)-rectangular RMDP.

» Definition 5.4 (Bisimulation metric RMDP). Let M = (S,A,P,R,s,,7) be an MDP
and consider states s7,s5 € S. Construct the following (s,a)-rectangular RMDP: M =
(S x S, AU, R, (s7,53),7), where U and R are the uncertainty set and RMDP reward
function defined as follows:

U=X((s.5,a)e5x5xaU((s,5.0) Where Us,s1).a) = Ap(s,a),p(s7,0)7 and

R((s,s'),a) = (1 =7)[R(s,a) — R(s',a)|.
That is, U is an (s, a)-rectangular uncertainty set and the local uncertainty set U oy 4 is the
set of couplings between the distributions P(s,a) and P(s’,a) in the MDP transition function.
The reward function is the difference between rewards in the MDP, scaled by 1 — ~.

The robust value function of an RMDP is, in general, not a pseudometric. For the specific
bisimulation metric RMDP constructed above, we first show that its robust value function
forms a pseudometric. Then, we prove that the robust value precisely coincides with the
bisimulation metric of the original MDP.
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» Lemma 5.5. The robust value function V3, S x S — R of the RMDP M constructed in
Definition 5.4 is a pseudometric over the set of states S.

Proof sketch. By induction, it follows that each property holds for every iteration of the
robust Bellman operator of M. The triangle inequality follows from the fact that the
Kantorovich distance is a pseudometric. The full proof can be found in Appendix C. |

» Theorem 5.6 (Correctness of RMDP construction). The optimal robust value V', of the
RMDP M constructed in Definition 5.4 precisely coincides with the bisimulation metric d*
between states of the MDP M, i.e., Vi, = d* and in particular V7 ((s3, s3) = d*(s7, s3).

Proof. Let M be an MDP for which we want to compute the bisimulation metric between
two states (s7, s3), and let M be the RMDP constructed in Definition 5.4. By Proposition 3.5,
the robust Bellman operator B has V'), as unique fixed point. We show that 9B, when used
on nonnegative functions over states of M, is equivalent to the operator §x on pseudometrics
over states of the MDP M. It will thus follow that §x is a contraction mapping, it has a
unique fixed point d*, and that d* coincides with V7, as required.

To ease readability, we omit the brackets around pairs of states when used in functions.
The robust Bellman operator for M = (S x S, A,U, R, (s5,53),7) is defined as follows, where
V isa function V: S x S — R.

B(V)(s,s') =maxR(s,s,a) + inf Pyu(s,s',a)(t, "V (¢t
R S LU RSP B R CRR U

We unfold the definition of R and rewrite the uncertainty set with the set of couplings:

= max(1 —4)|R(s,a) — R(s',a)| + 7 inf > Puls, s a)(t V(¢ 1)
acA ueAp(.gya)7P(S/)a) ,
(t,t)ESXS
Note that by definition of U, we have Py(s,s’,a)(t,t") = u(s, s, a,t,t'), and thus we obtain
Pyu(s,s,a)(t,t') = XL, t'):

=max(1 —y)|R(s,a) — R(s',a)| + v inf Z A(t, OV (t,t)
a€A AeAP(s,a),P(s’,a) (t.41)E 5% S

Since the inner optimization problem is a linear program on which the infimum is attained,
and minimizers are guaranteed to exist, we may replace inf by min and obtain precisely the
definition of the Kantorovich distance ® x with respect to V:

max(1l —v)|R(s,a) — R(s',a)| + v min Z AtV (¢t )
acA ACAPGa ) | (4 1) esxs

= max(1 —7)|R(s, a) = R(s", a)| + 1Dk (V)(P(s,a), P(s', a))

= 3k (V) (5. <

5.3 Experimental Evaluation

Our theoretical results enable the use of robust policy iteration as an algorithm to compute
the bisimulation metric between MDP states. We empirically evaluate this method and
compare it with the standard fixed point approach [13], implemented through robust bounded
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Table 1 Comparison of robust bounded value iteration with robust policy iteration with and
without optimality test on three Frozen Lake instances.

Map size Algorithm Value Time (s) =£SD # Iterations [min,max|
5X5b RBVI 1.346629 332.80 143

5X5 RPI 1.346629 15.20 £1.09 6.7 [6,7]

5% 5 RPIOT 1.346629 12.14  £0.69 58 [5,6]

10 x 10 RBVI 1.434019 5298.27 143

10 x 10 RPI 1.434019 391.86 £22.30 7.8 [7,8]

10 x 10 RPIOT 1.434019 313.83  +£12.69 6.9 [6,7]

20 x 20 RBVI Time Out - -

20 x 20 RPI Mem Out - -

20 x 20 RPIOT Mem Out - -

RPIOT{ © © |I o9} RPIOTq © }-II—{
RPl‘ i RPl‘ °° |-1

11 12 13 14 15 16 280 300 320 340 360 380 400
Time (s) Time (s)

(a) Frozen Lake 5 x 5. (b) Frozen Lake 10 x 10.

Figure 2 Boxplots of the computation time of RPI and RPIOT across the 10 different seeds.

value iteration (RBVI) for RMDPs [27]. RBVI not only bounds the value from below, as in
the standard fixed-point approach, but also from above, and terminates when the difference
between these two bounds is less than a prespecified e.

Our implementation is written in Python and uses Gurobi as LP solver [16].! The
experiments were conducted on an Intel Core Ultra 7 268V with 8 cores of 2.2 GHz base speed
and 32 GB RAM. For robust policy iteration, we implement a version with the optimality
test enabled (RPIOT) and one without (RPI). We initialize both variants with a random
initial policy, and thus repeat the RPI experiments for 10 different seeds to account for this
source of randomness, and report mean values £ standard deviation. RBVI precision is set
to € = 1le%. We set a timeout of two hours.

As MDP environments, we use three instances of Gymnasium Frozen Lake [42], with map
sizes of 5 x 5, 10 x 10, and 20 x 20, resulting in 25, 100, and 400 state MDPs, respectively.
From the RMDP construction, it follows that to compute the bisimulation metric on an MDP
with | S| states, the RMDP has |S|? states; hence, our three Frozen Lake RMDP instances
have 625, 10000, and 160 000 states, respectively. The discount factor is set to v = 0.9, and
the rewards are 100 for reaching the goal state, —1 for each step, and —10 for getting stuck
in a hole.

L The full implementation will be made publicly available upon publication.
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We compute the bisimulation metric between states 0 (the initial state) and 1, the cell next
to the initial state. Intuitively, the bisimulation metric between these two states indicates
how much reward we can potentially gain by switching the initial state from 0 to 1. The
results are given in Table 1. In Figure 2, we additionally compare the wall-clock computation
time of RPI and RPIOT for all seeds. All algorithms achieve the same value to within
6 decimal places. Robust policy iteration (RPI) performs significantly faster than robust
bounded value iteration (RBVT), 22 times faster on the small Frozen Lake map, and 13 times
faster on the 10 x 10 map. Integrating the optimality test into RPI further increases its
efficiency, as seen in the results for RPIOT. For all seeds, the optimality test caused the
algorithm to terminate one iteration earlier, which clearly affected the computation time.

On the 20 x 20 map, Gurobi runs out of memory during the first policy evaluation step
of RPI, while RBVI reaches the timeout of two hours before convergence. These last results
signify the key difference between RBVI, which solves many small LPs per iteration, and
RPI(OT), which solves one large LP per iteration. Thus, there is a direct trade-off between
computational efficiency and memory consumption.

6 Conclusion

We have clarified the complexity landscape of the broad class of RMDPs with polytopic
uncertainty sets. In particular, we established that these (s, a)-rectangular RMDPs are
P-hard and in NP in general, and that robust policy iteration is a polynomial time algorithm
for these RMDPs when the discount factor is fixed. Yet, the exact complexity of (s, a)-
rectangular RMDPs remains open. A potential direction for future work would be to prove
hardness for some level in the hierarchy of the theory of the reals. For s-rectangular RMDPs,
we have established the complexity to be in PSPACE via the theory of the reals. Reductions
from parity games and bisimulation metrics relate RMDPs to other well-known problems
and allow the use of robust policy iteration to compute bisimulation metrics between MDP
states, providing a computationally efficient alternative to the standard fixed-point iteration.

In this paper, we considered only the expected discounted reward as the objective.
Our results on the complexity of policy evaluation naturally extend to other objectives,
such as reachability, as long as the uncertainty set is graph-preserving, i.e., all vectors in
the uncertainty set must define the same graph structure, and memoryless policies suffice.
Whether our complexity results can be maintained without graph preservation, or whether it
makes the RMDP threshold problem harder, remains open for future work.
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A Parity-game Hardness

Let 7 be a memoryless policy. We define the antagonistic value of the policy by (adversarially)
choosing successors in the RMDP. For a function 7: S x A — S, we say it respects the
possibilities in the uncertainty set U, and write 7 = U if:

P.(s,a,7(s,a)) > 0, for all s € S,a € Supp(n(s)),
for some u € U. If, additionally,
P.(s,a,7(s,a)) =1, for all s € S,a € Supp(n(s)),
for some u € U, 7 is a vertex of U and we write 7 € U. Now, define:

Z’th(staat)v‘| )

aVal, = Tlﬁ{{ E,
t=0

where s;11 = 7(8¢,a¢) (and thus the only remaining stochasticity, if any, comes from ).

» Lemma A.1. Let U be such that, for all 7 : S x A — S, it contains the T-vertex. Then, for
all policies 7, we have that aValy, < V7. If, moreover, U is the convex hull of all T-vertices,
then we have equality.

Proof. The first part of the statement follows directly from containment of the u corre-
sponding to each 7 in . For the second part, we note that the 7-vertices correspond to the
vertices of the convex hull. Hence, to conclude, recall that the robust discounted reward
value of a given policy is achieved at a vertex of the uncertainty polytope. |

A discounted-sum game [45] (played on an automaton) is a tuple (S, A, A, R, s,,~y) where
S, A, R, s, and v are as for MDPs and A C S x A x S is a transition relation. A strategy
of the protagonist is a function o: S — A; while a strategy of the antagonist is a function
T :8%x A — S such that (s,a,7(s,a)) € A for all (s,a) € S x A. We remark that we
are restricting ourselves to memoryless deterministic strategies for both players. This is
known to be no loss of generality for the value problem (defined below) [45]. A pair (o, 7) of
strategies for both players defines a unique infinite path p,, = sgags; ... from so = s, and
its value Val(p,,) is Y. ,= o7 R(s¢, a;). We are usually interested in the value of the game
Val* = max, min, Val(py,). The natural decision problem asks whether this value is at least
some given (rational) threshold.

» Theorem A.2. Discounted-sum games reduce in polynomial time to the robust discounted
reward problem, and the constructed RMDP is (s, a)-rectangular with convex polytopic uncer-
tainty.

Proof. For any instance of a discounted-sum game, add as uncertainty sets the convex hull of
all T-vertices for 7 a strategy of the adversary. Equivalently, define the uncertainty set so that
u(s,a,s’) > 0if (s,a,s") € A, and is 0 otherwise, for all s,a,s’; and ), u(s,a,s") =1 for all
s,a. We observe that this yields an (s, a)-rectangular uncertainty: the successor probabilities
depend only on s and a. Moreover, the uncertainty sets are all convex by definition, too. To
conclude, it follows from Lemma A.1 that the value of the game coincides with the robust
expected discounted-sum value of the RMDP. |

Using the known reduction from parity games to discounted-sum games [22], we conclude
that if we had a polynomial-time algorithm for the robust expected discounted-sum problem
we would have a polynomial-time algorithm for parity games.
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B Correctness of the Robust Optimality Test

For standard MDPs, it is known that the set of possibly optimal actions is defined as

ol

In the following, we show that the set of possibly optimal actions in an RMDP is given by

)}

— min max A7,
s’'eSa’ €A

Y
Af = {a € AT | AL, > r;leaj(Aga — ﬁ(maxmaxA(

s’eS a’€A

min max A7,
s’eSa’ €A

—sa

A::{aGA* A%, > max A7 —L<maxmaxAsa/
a€

1—’}/ s'eS a’'€A

Recall the robust Bellman operator

B(V)(s) =

ZP (s,a)

uelle) Ics

V(s').

maxR(s a)+~ inf
a€A

The robust Bellman operator is a monotone contraction mapping [20, Theorem 3.2].

» Theorem B.1. Given an (s, a)-rectangular RMDP M = (S, A,U, R, s,,7), an action a € A

is suboptimal for state s € S, when for any € R®

inf 37 Puls,0)(s)(s') < Bl@)(s) — 1

ueu(sm oS

R(s,a) + Wspan(%(m) —x),

where span(y) = max,cs y(s) — minges y(s) for any y € RY.

Proof. Let b,c € R with b < ¢, x € R®, and v = V the robust value function as a vector. If

z+bl <v<xz+cland R(s,a) + 1nf ZP s,a)(s)x(s") < B(x)(s) —y(c—b),
Ugs,a)
then action a is suboptimal.
For any u € U,q), let p € R5*% be the stochastic matrix defined by pZ(s,s’) =
Py (s,a)(s"). Then for all w € Uy, q)

R(s,a)+7 3 pls, o) (@(s') + o)

= R(s,a) + 7 Zpi(s, sNx(s') + e,
s'eS s’

as py, is stochastic. The above holds in particular for infyey, ,, P, since U q) is a convex
polytope and the infimum is attained at one of the vertices. Thus, we obtain

s a / ’ o
R(s,a) + vuelun(i;a) /espu(& s')(@(s") + ¢) = R(s,a) + vuelun({ ., Zpu s,8")z(s") + e
<B(x)(s) +vyb = (:c +b1)(s).
From the monotonicity of B, we obtain
v(s) = B(v)(s) = B(x + b1)(s)
. a / !/
>R(s,a)+y dnf > pL(ss)(@(s) +0)
s'eS
> R(s,a) 4+ inf 3 pl(s s )o(s)
UEU(Sya)
=
Set b = —— minges(B(x) — x)(s) and ¢ = ﬁ maxses(B(x) — x)(s), and we obtain
R(s,a) + v eillllf Pu(s,a)(s)z(s") < B(x)(s) — . ,yspan(%(a:) —x),
e s’eS -
as desired. <
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From the result above, with & = V™ the value under some policy m, we note that

™ T _ . ! s / _ s — ™
(BV™) —V7)(s) gleafR(&a)+7u€1un(£a)s/;spu(87a)(8)K (s) = V7(s) = max AT,

Thus, we can reduce the set of possibly optimal actions at state s € S to

{CLEA’A;raZInaXA7T —L(maxmaxA7r —minmaXAga,)}.

’ ol
a€A” " 1 —ry seSa€A” Y  seSa€A

C Proof Lemma 5.5

» Lemma 5.5. The robust value function V of the RMDP M constructed in Definition 5.4
is a pseudometric over the set of states S.

Proof. By construction of the reward function R, all rewards are nonnegative, hence,
V:58 xS = Rsp, and we can initialize the value function as K(O) = 0. We now show
the properties of a pseudometric hold by induction on the iterations of V™ For the base
case V(0 = 0, the properties immediately follow. As induction hypothesis, assume v
is a pseudometric. We now show that applying the robust Bellman operator on K(”), i.e.,
computing V" = (V™) again satisfies properties 1-3.

1. Assume s = s’, we write

L("‘H)(& s') =maxR(s,s’,a) +~ inf E Pu(s, s’7a)(t7t')z(")(t7t’),
a ’U/EZ/{(S’S/’a)
(t,t)ESXS

and observe that for all @ € A we have R(s,s’,a) = (1 — v)|R(s,a) — R(s',a)| = 0.
Additionally, since s = 5", we have P(s,a) = P(s',a) and since U5 o o) = Ap(s,a),P(s,a)
we get that there exists a diagonal coupling of cost zero. Hence, V("1 (s, ') = 0.

2. Note that VW (s,s') = V™M (s, s), it follows that

vOt(s o) = max R(s,s',a) + Wuebigi/,a) Z Pu(s, s a)(t, t )V ™ (¢, 1)
(t,t")eSxS
= Téag{R@Q s,a) + Fyueuigfs ) Z Pu(sl,s,a)(t/,t)z(n) t',t) = K("'H)(s’, 5).
09 (41 1 eSS

3. Using that K(") is a pseudometric by assumption, and that U . 4y is the set of couplings
between P(s,a) and P(s”,a), we observe that the inner minimization problem defines the
Kantorovich distance, which is a pseudometric and thus satisfies the triangle inequality.
Thus, it follows that
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Z(n+l)(578”) _ Igléﬁ(R(s"SH’a) +’yu€ui(2£/,7a) Z Pu(s,sll,a)(t,t”)z(n)(t,t")
(t7)ESXS
<maxR(s,s’,a) +R(s',s",a) +~ inf Z Pu(s, s, a)(t, "V ™ (¢, 1)
acA uel(s,s,a) (t,t')eSxS

,s',a)

+ inf { Z Pu(sl, 5”,a)(t',t”)V(n)(t/,t”)})

’U,EM(S/ "
(t 1) ESXS

< R(s, s inf P, a)(t, )V (¢t
< max (5,8, a) +7ueu1(r;’5,7a) Z w(s, s a)(t, t) V" (t, 1)
(t,t')eSxS

R /7 //7 inf P /7 //’ t/,t// V(n) t/,tu
PRy B 2 Pl V)
(tt")eSxS

_ K(n+1)(5; 8/) +K(n+1)(8/, S//). <
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