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—— Abstract

Higher-Dimensional Automata (HDAs) provide a geometric model of true concurrency. While
hereditary history-preserving (hhp) bisimilarity is the finest behavioural equivalence in van Glabbeek’s
spectrum, no modal logic has previously characterised it on HDAs. We introduce several new
intermediate equivalences that sit strictly between ST- and hhp-bisimilarity. We show how separating
similarity and subsumption of paths leads to a clean formulation of these equivalences, and we present
a modal logic that characterises hhp-bisimilarity. Natural fragments characterise ST-bisimilarity
and the intermediate notions.
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1 Introduction

Higher-dimensional automata (HDAs) [20, 11] provide a geometric model of true concurrency:
n-dimensional cells represent the concurrent execution of n independent events, without
reducing concurrency to interleaving. HDAs occupy a central position in the spectrum
of concurrency models: Petri nets [24], event structures [25], configuration structures [14],
and asynchronous systems [5] embed into HDAs up to hereditary history-preserving (hhp)
bisimilarity [12]. Thus HDAs form a unifying semantic framework for non-interleaving
concurrency.

Hereditary history-preserving bisimilarity (hhp-bisimilarity) is one of the finest behavi-
oural equivalences, respecting both branching time and causality. For several true-concurrency
models, modal logics have been shown to characterise hhp-bisimilarity (e.g. on event struc-
tures [4], stable configuration structures [18], prime event structures and history-dependent
automata [3]). For HDAs, however, despite being introduced 35 years ago, no modal logic
has provided an exact characterisation of hhp-bisimilarity. Prisacariu’s Higher-Dimensional
Modal Logic [21] did not characterise even ST-bisimilarity [15], reaching only split bisimu-
lation; a follow-up [22] still fell short of hp-bisimilarity. More recently, Zouari, Ziemianski
and Fahrenberg [26], inspired by the open maps technique, succeeded in characterising
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ST-bisimilarity, but only in the absence of autoconcurrency. Our work is the first to provide
exact modal characterisations of the full spectrum from ST- to hhp-bisimilarity on HDAs,
including in the presence of autoconcurrency.

Decomposing path adjacency. A key technical contribution of this paper is a decomposition
of the classical £-adjacency relation on paths [12] into two conceptually distinct components.
Similarity at a position £ in a path (written %) permutes two adjacent independent start
phases of events, or two adjacent end phases, and is inherently symmetric. Subsumption
(written C) replaces a sequential traversal around a higher-dimensional cell by a path that
passes through it directly, increasing the degree of observed concurrency; it is directional.
In the original formulation [12] these two operations are bundled into a single symmetric
adjacency step. This forces any adjacency-based notion of bisimulation to require either
both the forward and backward directions of subsumption, or neither of them. Making the
decomposition explicit allows one to require subsumption in only one direction, yielding a
strictly finer control over what behavioural information is preserved.

A spectrum of new bisimilarities. The decomposition of path adjacency into similarity
and subsumption naturally gives rise to a family of bisimulation equivalences that fills the
gap between ST-bisimilarity and hhp-bisimilarity in the spectrum of [13, 10]. This family is
parameterised by which subset of the operations subsumption, unsubsumption, similarity
and path restriction is required of the bisimulation relation. These intermediate notions are
of independent interest: they isolate distinct behavioural properties of concurrent systems,
allowing one to distinguish systems that differ in their capacity for concurrency refinement
from those that differ in the symmetry of their concurrent structure.

We establish strict inclusions between these notions using explicit separating examples.
Between two of the equivalences we establish inclusion without a separating example; hereby
we pose the open question whether these equivalences coincide.

A general modal characterisation framework. To obtain modal characterisations uniformly
across the entire spectrum, we implicitly apply transformations of HDAs into a kind of
labelled transition system called (I, M)-system. These have state-labels as well as transition
labels. For ST-bisimilarity, hhp-bisimilarity, and each of the new intermediate equivalences
on HDAs, we apply a transformation that translates this equivalence on HDAs to strong
bisimilarity on the associated (I, M)-system. The states in our (I, M)-system will be the
paths in the HDA; they are labelled by their associated ST-trace, which describes the
observable content of a path through a sequence of action-phases (starts and ends of actions),
with a matching of each end phase with it corresponding start. The labelled transitions
in the (I, M)-system will be the relations in I C {path extension, subsumption, similarity,
unsubsumption, path restriction}. The upshot of this is that a form of the classical Hennessy-
Milner logic on labelled transition systems can be used to reason about these path-based
semantic equivalences on HDAs. Each bisimilarity in our spectrum is characterised by an
appropriate choice of the index set I, yielding the corresponding modal logic as a natural
fragment of a common language. This framework also explains, in a uniform way, why the
logics characterising coarser equivalences are syntactic fragments of those for finer ones.

As a consequence of the above method, our logics on HDA are path-based, whereas
previous proposals [21, 22] could be classified as cell-based.
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Contributions

We decompose f-adjacency into ¢-similarity and f-subsumption, identifying these as
independent behavioural conditions of conceptually different character.

Using this decomposition, we introduce a family of intermediate bisimulation equivalences
between ST- and hhp-bisimilarity, including in particular semi-history-preserving (shp)
and quasi-history-preserving (qhp) bisimilarity, and establish strict inclusions between
them via explicit separating examples.

We introduce (I, M)-systems and prove a general Hennessy-Milner theorem: bisimilarity
and logical equivalence coincide for any choice of index set I and label set M.
Instantiating this framework to HDAs, we obtain exact modal characterisations of each
bisimilarity in our spectrum as a natural fragment of a single modal language, providing
in particular the first modal characterisation of hhp-bisimilarity for HDAs.

Why a finer spectrum matters. Bisimulation-based techniques have a strong track record
in the verification of security protocols (e.g. for information-flow properties [9]), and can even
uncover real-world privacy vulnerabilities [7, 17, 16]. More directly relevant to our setting,
Aubert, Horne and Johansen [1] show that moving to finer non-interleaving bisimilarity notions
expands the class of detectable attacks on privacy protocols, with the underlying transition
systems coinciding exactly with HDAs; in [2] this line of work explicitly takes advantage
of history-preserving bisimilarity. Our intermediate equivalences, each accompanied by a
characterising modal logic, provide a principled way to calibrate the attacker model between
ST- and hhp-bisimilarity, potentially uncovering attacks beyond ST without requiring the
full strength of hhp. Developing these connections into concrete verification tools is left as
future work.

A testing scenario is a method to explain the non-equivalence of two systems in terms of
an observation that could be made for one but not the other. One of the few testing scenarios

that distinguishes ST-bisimilar system is “Teams can see pomsets” of Plotkin & Pratt [19].

It might be that a suitable branching time version of this testing scenario corresponds with
one of the semantic equivalences explored in our paper.

Organisation of the paper. Section 2 recalls the ordered precubical presentation of HDAs.
Section 3 introduces paths and decomposes ¢-adjacency into ¢-similarity and ¢-subsumption.

Section 4 recalls the ST-trace of a path. Section 5 introduces the bisimulation equivalences
arising from the decomposition and establishes the inclusion hierarchy. Section 6 develops
the (I, M)-system framework and proves the general Hennessy-Milner theorem. Section 7
instantiates that framework to HDAs and derives modal characterisation for each bisimilarity
in our spectrum.

2 Higher-dimensional automata

Higher-dimensional automata (HDAs) model concurrent computation geometrically: an
n-dimensional cell represents the simultaneous execution of n independent events. Formally,
HDASs are defined as presheaves over a precubical base category encoding how events start
and terminate. In this section we recall the classical ordered precubical presentation of HDAs,
following [12, 8]. Fix a set of actions X.

» Definition 2.1 (The ordered precube category [J). Objects are concurrency lists (conclists)
((n),A), where (n) = {1 < --- < n} is a finite totally ordered set and A: (n) — ¥ is a
labelling. We write (n, A) instead of ((n), A) for simplicity.
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A morphism (f,e): (m,\) = (n, 1) consists of:
an injective order- and label-preserving map f: (m) < (n);
a status map : (n) — {0,7, 1} satisfying e~ 1(+) = f((m)).

Intuitively, an object U = (n, \) represents a configuration in which n concurrent events are
being performed; they are linearly ordered solely in order to distinguish them when relating
events from different configurations. Given (f,e): U — V, the status map ¢ classifies each
event of V' as not started (0), executing (), or terminated (1), while f embeds the active
events of U into those of V. Since f is injective and order-preserving, given U = (m, \) and
V = (n, ), it is uniquely determined by the active set ¢ ~1(o7) C (n). Additionally, the event
labelling A is completely determined by p and f.
Composition of (f,e): S — T and (g,(): T — U is defined by

(9:CQ) o (f,e) =(g° fim),

where

e(t) if u=g(t) for some t € T,
n(u) = :
C(u) otherwise.

For U = (n—1,X), V = (n,X) and k € {0,1}, the coface map df,,: U =V (1 <i<n)
is the unique morphism (¢;,¢) where ¢; : (n—1) — (n) omits position i from (n), (i) = k,
and (j) = & for all j # i. When n is clear we write df. Intuitively, when V is seen as
an n-dimensional cube, representing the concurrent execution of n events, U represents its
n—1-dimensional face in which the i*® event of V has not yet started (if k=0) or is already
finished (if k=1). The coface maps satisfy the cubical identities

d;,nodﬁn—l :d?,nod?—l,n—l (Z <j)7 k7€€ {071}7
and generate the category [J, in the sense that any morphism can be obtained by composing
coface maps. A precubical set is a presheaf over [, that is, a functor

X: 0O — Set.

If X is a presheaf over O and U = (n,\) is an object, X[U] represents the set of those
configurations in X in which exactly n events are active, with labels (A(¢))"_;. Elements of
X|[U], for all objects U of O, form the set of cells Cellx of X. Specifically, we have:

Celly = || X[U].
Ueobj(0)

Let O (U, V) denote the set of morphisms from U to V. If the dimension of U is one lower
than that of V, these are coface maps. For a coface map d¥ we write 6% := X[dF]; it is a
function that for each n-dimensional cell yields its starting or end face (depending on k) in
dimension 1.

Let 0 denote the unique object (n, A) in O with n = 0.

» Definition 2.2 (Higher-dimensional automaton). An HDA is a pair X = (X, ix) where X is
a precubical set and iy € X (0) is a distinguished initial 0-cell.
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3 Paths in HDAs

We recall the notion of paths in HDAs, fixing notation for later use.

» Definition 3.1. A path of length n in a precubical set X is a sequence
a = (2o, P1,%1,92,--.,Pn, Tn), where x; € X [U;] are cells, and for all j € {1,...,n}, either
pj = dgj € O(U;-1,Uj), a coface map, and ;1 = 6% (xj) (up-step), or
Y = dgj ed (Uj,Uj,1),6i1j (zj—1) = x; (down-step).
A path in an HDA X = (X, ix) is a path in the underlying precubical set X whose first cell
is the initial cell ix. We write Pathx for the sets of all paths in X, and Pathy C Pathx for

the sets of paths starting at the initial cell.

If a = (zo,01,- -, ¢n,n) and B = (yo,¥1, ..., Um,Ym) are paths in X with x,, = yo, their
concatenation is the path

Oé*ﬂ = ($07§01a-~-7§0n,$mw1ayl7---a¢mal/m)-

In this situation, we say that « * 8 is an extension of a and that « is a restriction or prefix
of o f3; we write o — «a x .

» Definition 3.2 (Similarity of paths). We say that paths « and § are ¢-similar, written
a ¢ 3, if one is obtained from the other by replacing

(1) (4, @, df) by (dj_y, @), df), or  (2) (dj, z¢, d;) by (d

/ 1
J i Loy dj—l)

for indices i < j. Similarity < is the equivalence relation generated by <* for all £ > 1.

» Definition 3.3 (Subsumption of paths). We say that path 8 subsumes « at position ¢,
written o T B, if a is obtained from f by replacing

(3) (df, e, dj) by (d;

-1

$27 d?)? or (4) (d?7 L, dzl) by (d}, .%'2, d(]);l)

for indices i < j. The global subsumption relation C is the reflexive and transitive closure of
all /-subsumptions:

a L pf <= Jb,.... 40 such that a = (¥ ! a® Cé ...t a(k)zﬁ.

Geometrically, if o« C* 3, then /3 passes through the n-dimensional cell x;, while a bypasses it
by following the corresponding (n — 2)-dimensional face z, instead. In particular, 8 explores
a region of the automaton with more concurrency; see Fig. 1 for the n = 2 case.

» Definition 3.4 (Adjacency of paths [12]). Paths o and 8 are f-adjacent, written a o 8, if
they are either ¢-similar or ¢-subsumed. Homotopy is the equivalence relation generated by
similarity and subsumption. This is, two paths a and 3 are homotopic if one can be obtained
from the other by a sequence of f-similarities and /-subsumptions.

Let o = (zo, 1,21, 92, .-, Pm,Tm) be a path of length m and 1 < ¢ < m. If ¢, and
wet1 are both up-steps or both down-steps, then there exists a unique path a® that is
(-similar to a. If ¢y, = dY is an up-step and @p1 = djl- is a down-step, then there exists a
unique a® such that a® C¢ a if i # j, and no f-adjacent paths otherwise. In all these cases
we have a «w a®), Finally, if ¢, is a down-step and ¢y is an up-step, there may be any
number (including none) of paths $ such that o C* 3.

In the original work [12], ¢-similarity and ¢-subsumption are bundled into the single sym-
metric f-adjacency relation. In this paper, we decompose ¢-adjacency into two conceptually
distinct components: £-similarity and ¢-subsumption. This separation is not merely cosmetic.
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a a
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Figure 1 Subsumption step as a bypass of a higher-dimensional cell (illustrated for n = 2). Here
B could be a path (zo, d?ﬂl, T, dgﬁz, T2, d%}g, T3, d%ﬁl) in which xo, 1, X2, x3, x4 are cells of dimensions
0,1,2,1,0, respectively, d?yn indicates the start and d},n the end of an action, numbered i out of n.
Here £ = 2. Now « becomes (z0,d{ 1,21, di 1,25, d} 1, z3,di ), where 5 is a cell of dimension 0. In
this case 8 J2 «, so 8 subsumes «; in 3 the two actions overlap, whereas in o they don’t. Moreover,
v could be a path (zo, d(f,l, xh, d?@, Ta, dLQ, T3, d{,l), where 2] is a cell of dimension 1. Here v <" 3
with » = 1, so that v and (8 are similar paths.

While similarity is inherently symmetric, subsumption is directional and cannot be treated
symmetrically without loss of structure. Making this distinction explicit is a key technical
step of the present work and directly enables our novel formulation of bisimilarity. In
particular, it allows us to define several variants of hereditary history-preserving bisimilarity
(in Section 5) in which subsumption is required to hold only in a single direction.

4 ST-trace
Fix a down-step (xy, d}Hl,xgH) occurring in a path

1
a = (x(h@laxh .. '7@€7vadi(+1axf+lago£+27 s 7xm)

in an HDA. By the text above Definition 21 in [12], there exists a unique index k < ¢ such
that

o obo a® 121 o= 22 BEL (D) 2 (),

where each step is obtained by applying the unique adjacency replacement at the indicated
position.

This means that the down-step can be moved successively towards the beginning of the
path by adjacency replacements in the sense of Definition 3.4, until it sits immediately after
its matching up-step and cannot be moved further.

More explicitly, the down-step d} = can be commuted one position to the left precisely

Te41
when the adjacent segment (df[,a:g, d}Hl) satisfies k = 1 or matches one of the subsumption

patterns of Definition 3.3, that is, when iy # ip41.

The process stops exactly at position k because this condition fails: in a*T1 the adjacent
segment has the form (d?k s Tht1, d}k ), where the indices coincide and no adjacency replacement
is applicable. We then write start(¢+1) = k. It says that the down-step d}eﬂ at position £+1

marks the end of an event that started with the up-step d?k at position k.
» Definition 4.1 (ST-trace [12]). Let a = (zg,d™

11

T1,. .., di]i",xn) € Pathy, and let A(i;)
denote the label of the event whose start or termination is represented by the face map dff.
For each step define

ST . + lf k_] = O,
' start(j) if k; = 1.

sT ST

Then ST(a) = (A(i1)7% ..., A(in)7"" ).



S. Zouari, R. van Glabbeek, and K. Ziemianski
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Figure 2 Examples of paths in an HDA.

The ST-trace ST () records not only when each action starts (+) and terminates, but also
links each termination to the position of its corresponding start via the index start(j). In this
way, the ST-trace encodes the causal pairing between the beginning and ending of individual
actions, capturing their overlap and nesting (see [12] for the original formulation).

» Example 4.2. The paths depicted in Fig. 2 have all different ST-traces:

ST(a) =bTatblaTa’vta®, ST(B) =bTatblaTa®vta?, ST(y)=atbTb*ata'bTa’.

5 Bisimulations for Higher Dimensional Automata

In this section, we review the main notions of bisimilarity defined for HDAs. Additionally,
we introduce several new bisimilarities that lie between history-preserving bisimilarity and
ST-bisimilarity in the spectrum established in [13].

Hereditary history preserving bisimilarity (hhp-bisimilarity) and history preserving bisim-
ilarity (hp-bisimilarity) are equivalence notions that were originally introduced for other
concurrency models [13, 23, 6], and were later adapted to higher-dimensional automata
(HDA) [12]. Within the settings of this work, (h)hp-bisimilarity is defined as follows.

» Definition 5.1. A history-preserving bisimulation (hp-bisimulation) between HDAs ) and

Z is a symmetric relation SR between paths of ) and Z such that:

1. Initial condition. (iy,iz) € R. Here iy is the unique path in ) of length 0.

2. Label equality. If (o, B) € R, then ST(a) = ST(B).

3. Path extension. If (o, 8) € R and o — o (i.e. « is an initial subpath of o), then there
exists 8’ such that 8 — g’ and (¢/, 8) € R.

4. Subsumption. If (o, ) € R and o Cf o/, then there exists 3’ such that 3 C 5’ and
(o, ) € R.

5. Unsubsumption. If (o, B) €9 and o’ Cf «, then there exists 3’ with 3’ C¢ 3 and (o/, 3') €R.

6. Similarity. If (o, B) €M and o’ ¥, then there exists 3’ such that /<% 3 and (o/, /) €.

The relation R is called a hereditary history-preserving bisimulation (hhp-bisimulation) if, in

addition, it satisfies:

7. Path restriction. If (a, ) € R and o < a, then there exists 8’ — /3 such that (o, 5’) € R.

We say that X and Y are (hereditary) history preserving bisimilar ((h)hp-bisimilar), denoted

X € (nynp V, if there exists a (hereditary) history-preserving bisimulation ((h)hp-bisimulation)

between them. This clearly is an equivalence relation.

49:7
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We will address the clauses 3—7 of Definition 5.1 by the symbols —, C, O, & and <,
respectively. An ST-bisimulation between HDAs ) and Z is a symmetric relation SR between
paths of Y and Z satisfying Clauses 1-3 of Definition 5.1. We say that X and ) are ST-
bisimilar, denoted X < g1 YV, if an ST-bisimulation between them exists. So by definition
Zhhp © Ehp © ST

From Definition 5.1 we derive 2% bisimulation equivalences that are included between
57 and £ ppp. Namely for any subset I C {C, 3,5, >} we define an I-bisimulation as a
relation between the paths of two HDAs that satisfies Clauses 1, 2 and 3 of Def. 5.1, as well
as the clauses from I; two HDAs are I-bisimilar iff an I-bisimulation between them exists. It
is trivial to check that all these notions are in fact equivalence relations.

Thus @-bisimilarity is ST-bisimilarity, {C, 3, <, +>}-bisimilarity is hhp-bisimilarity and
{C, 3,5} is hp-bisimilarity. We give names to six more of these equivalence notions that
may yield new and different equivalences on HDAs: semi-history-preserving (shp) bisimilarity
(2 shp) has I = {C} and quasi-history-preserving (qhp) bisimilarity (£ qnp) has I = {C, 5},
in both cases we get hereditary versions (2 pspp and < penp) by adding clause <—. We denote
I = {<, +}-bisimilarity as < ,.s7 and I = {, <= }-bisimilarity as < ,-.s7; here the letters

r, e and u stand for “path restriction”, “similarity equivalence” and “wunsubsumption”.

The following table summarises which conditions are satisfied by each of these bisimilarit-
ies.

Condition | €57 | Crest | CwresT | Cshp | Shshp | Sabp | Shahp | Shp | Ship
Initial paths are related v v v v v v v v v
Labels of related paths ST ST ST ST ST ST ST ST ST
Extension v v v v v v v v v
Subsumption v v v v v v
Similarity v v v v v v
Unsubsumption v v v
Path restriction v v v v v

Now we establish the relationships between the various notions of equivalence that were
defined above. Our findings are summarised in Fig.3.

» Theorem 5.2. If X €7 ) then X and Y are related by a {<—}-bisimulation, that is, an
ST-bisimulation that also satisfies path restriction.

Proof. Assume that there exists an ST-bisimulation £ between X and ). Let R be the
relation defined by

(a,B) e R<= (/,B') € & for all o/, B such that o/ < a, B/ — B and || = |3|.

Note that in Clause 3 (path extension) of Def. 5.1 one can without limitation of generality
restrict to the case where |o/| = |a| + 1, that is, ¢ extends a by exactly one pair (¢, z) of a
coface map and a cell. Using this, all Clauses 1-3 of Def. 5.1 hold for $R because they hold
for 8. Moreover, Clause 7 (path restriction) holds by construction. |

» Theorem 5.3. If X © g7 YV then X and Y are related by a {3, < }-bisimulation, that is,
an ST-bisimulation that also satisfies unsubsumption and similarity.
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J
o<’

ST

Figure 3 Hierarchy of bisimulations on HDAs. Blue arrows point to finer equivalences, double
lines denote coinciding equivalences, dashed green lines are conjectured coincidences. Green arrows
point to finer equivalences that are not proven in this paper.

Proof. Let 8 C Pathy x Pathy be an ST-bisimulation between & and ). Define a relation
R C Pathy x Pathy as the least relation with & C R that satisfies the following closure
conditions:

(Similarity) (o, 8) € R, a Sfd/, S = (o, F) € R,

(Unsubsumption) (o, 8) € R, o/ Cfa, B/ C S = (/,0) € R
It suffices to show that %R is an ST-bisimulation. Clause 1. (the initial paths are related)
is valid by construction since £ C 3. The remaining conditions need to be shown for each
pair («, 8) € R; we will do so by induction on the derivation of (a, 3) € R from the closure
conditions above. The induction base is that (a,8) € &, and in this case the conditions
hold because they hold for 8. For the induction step, we may assume that the required
conditions have been shown already to hold for the pair (a, §) € R, and now consider a pair
(o, B") € R obtained by one of the above closure conditions.

For Clause 2. (preservation of ST-traces), note that if a <* o/, then ST (o) is completely
determined by ¢ and ST(a), and the same applies when o/ ¢ . Hence from the induction
hypothesis that ST(a) = ST(5) one immediately derives that ST(a’) = ST(5).

For Clause 3 (path extension), let @’ < o’ *y. Then a < a * v, so by Clause 3 for the
pair (a, §) € R, there exists a path ¢ such that 3 < % § and (axv,8*d) € R. Now ' x4
is an extension of 8’ and (o’ * v, 8" x ) € R by the closure properties of 9.

It remains to show that 9 satisfies Clauses 5 and 6 (unsubsumption and similarity). So
suppose that (o, 3) € R and o/ 3¢ a. This means that right before position £ in the path o
one event started and right after £ another event ended, while in o these two action phases
are reversed. Now since ST() = ST(«), in § the situation is similar, so there must be a 8’

such that 4/ 3¢ 3. The closure property of 9% for unsubsumption yields that (o/, 8) € R.

The case for similarity goes likewise. |
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The above two theorems imply that {J}-, {<}-, {3,5}- and {«+~}-bisimilarity coincide
with ST-bisimilarity. Interestingly, although adding to ST-bisimilarity one of the clauses =
or < makes no difference, adding both of them yields a strictly finer equivalence (£ ,cs7).
This will be shown by Thm. 5.9.

» Theorem 5.4. If X < ;,, YV then X and ) are related by a {T, 3}-bisimulation, that is,
an shp-bisimulation that also satisfies unsubsumption.

Proof. Let 8 C Pathy x Pathy be an shp-bisimulation between X and ). Define R by
closing K under unsubsumption, just as in the proof of Thm. 5.3. That R satisfies Clauses
1-3 and 5 (unsubsumption) of Def. 5.1 follows exactly as in the proof of Thm. 5.3.

For Clause 4 (subsumption), let o’ CF o/”. Recall that by induction the pair (a, 3) € R
is supposed to satisfy subsumption, and we now want to show this for the pair (o/,3') € R
obtained using that o/ C! « and ' T 3. The special case that k = ¢ yields o’ = «, so
picking 8" := 8 finishes the argument. Now consider the case k # £. Given that J moves a
start-phase of an event past the termination of another event, while C does the opposite, the
modifications o I o/ C* o do not interfere with each other, i.e., |k — £| > 2, so there must
be a path o/ such that o CF o/” 3¢ . Since (a, §) € R satisfies subsumption, there exists
a path " such that 8 CF 5" and (o, 8"") € R. Since R is closed under unsubsumption,
there is a 8 such that 8" 3 8" and (o', ") € . Using that |k — £| > 2, there must be a
Bt such that g 3¢ gt CF 5”. When 8 3¢ 87, there is in fact no choice for 1; it is completely
determined by 3 and ¢. Hence 37 = 3, which finishes the proof. <

» Theorem 5.5. If X 2C,e) Y then X 2C,a,00) V.

Proof. Let R C Pathy x Pathy be an {C, +=}-bisimulation between X and ). Define R by
closing K under unsubsumption, just as in the proof of Thm. 5.4. That R satisfies Clauses
1-5 of Def. 5.1 follows exactly as in the proof of Thm. 5.4.

For Clause 7 (path restriction), let o’ < o’. Here o/ Cf a and B’ C* 3, and by induction
the pair (a, 8) € R is supposed to satisfy path restriction. Let 8” be the unique path such
that |a”| =|B"| and 8" < 8. We need to show that (, 3"”) € R.

In case || < £, meaning that we restrict o’ to below the place where it differs from «,
we have o/ < a. Hence there exists a 87 < (3 such that (o, 1) € . Since |8"| = |BT| < ¢
we have 31 = 3", so we are done.

In case |a”| > ¢, there exists an af < a with o’ Cf af. By induction there is a 1 — 8
with (af,37) € MR, and since R is closed under unsubsumption there is a % such that
B Cf Bt and (o, B%) € M. It must be that 37 = 5, so again we are done.

The remaining case that || = £ is the most interesting. Let o/ < o’ and " < 8’ be
such that || = || = ¢ — 1. By the above, (a/’, ") € R. Since o/ < " there exists a
B" < Bt such that (o, %) € R, using Clause 4. We also have f"” — 3" and |t = |3"|.
Since the extension of 5% w.r.t. 3 is the end-phase of a well-defined event occurring in 5",
it is uniquely determined by 5”’. Hence f = . <

» Theorem 5.6. If X < (., Vthen X &5 1 ).
Proof. This follows by a straightforward simplification of the proof above. |
» Theorem 5.7. <, C . In fact, even £y, D S uresT-

Proof. The inclusion follows directly from the definitions: every shp-bisimulation satisfies
all clauses required for ST-bisimilarity, since ST-bisimilarity can be obtained from shp-
bisimilarity by dropping Clause 4 (subsumption).
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Figure 4 Two HDA ) on the left and )2 on the right that are ST-bisimilar.

Its strictness is established by the example of the HDAs ); and )% illustrated in Figure 4.
For ST-bisimilarity, the relation R given by

(a,) eR <= ST(a)=ST(B).

is easily seen to be an ST-bisimulation, in that it satisfies the first three conditions of Def. 5.1.
In fact, it is even a {3, 5, +=}-bisimulation. Note that it relates the highlighted paths oy
and «s. Thus V; and Y, are ST-bisimilar.

By definition, if an shp-bisimulation R exists between ); and )s, then (a1, as) € fR.
This is because the initial paths of ) and )» must be related, and if we extend the initial
path of Vs to asg, the only path in ); with the same ST-trace is «;. However, there exists a
path 8 € Pathy,, indicated in blue, such that «; C 3, while no path 3’ € Pathy, satisfies
as C ') which violates condition 4 of an shp-bisimulation. <

» Theorem 5.8. <., C ©pp. In fact, even €4, 2 €y 0y

Proof. The inclusions follow directly from the semantics of the relations in question.

To prove strictness, consider the HDAs X and ) in Fig. 5. Suppose, towards a contradic-
tion, that there exists an ghp-bisimulation 2R between X and Y. By Clause 1, (ix,iy) € R.
Now iy can be extended to the path 3, indicated in orange in Fig. 5. So by Clauses 3 and 2,
there must be a path o in X such that (a, 8) € R and ST(a) = atctalc?btdb®d®. The
only two candidates, a; and aw, are indicated in orange and purple respectively.

In Y we have a subsumption 3 C* 4, indicated in blue. Clause 4 therefore forces the
existence of a path o/ in X such that o C* o and (o/, ') € :&. However, in X the path
as has no subsumption successor of this form (again by inspection of Fig. 5), and hence is
disqualified as candidate for .

In Y we have a similarity 8 <3 3" S5 ", obtained by swapping a~ and ¢, as
well as bT and dt, and a subsumption B CT* ", where " is indicated in green in
Fig. 5. Clauses 6 and 4 therefore force the existence of a paths o/, a”’,a”” in X such that
a; S3a” SP o C* o/ and (o, ") € R. However, whereas o’ and o/ can be found,
there is no such o””. This contradiction shows that X ¥, V.

Why X ©4pp Y. We now exhibit an shp-bisimulation & C Pathx x Pathy. Each path
in Y that does not pass through the middle state is related to the unique path in A" that
has the same ST-trace. For paths that do go through the middle state, if from there they
enter a wing of ), the matching path of X enters the same wing of X'; and if the first move
after the middle state doesn’t enter a wing, neither does the corresponding path of X. The
continuations of these paths after that move are completely determined by their ST-traces.
It is trivial to check that & satisfies all clauses of a shp-bisimulation. In fact, it is even an
{C, 3, +>}-bisimulation.

Note that & relates a; with the path g considered above. Yet, the counterexample cannot
be completed, because an shp-bisimulation lacks the similarity clause. <
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Figure 5 Two dimensional HDAs X on the left and )’ on the right that are shp-bisimilar but not
ghp-bisimilar (start vertex marked by an incoming arrow).

» Theorem 5.9. .57 C C g7 and Cppp © pp. In fact, even €4 € Crs ) = Crest
and <:>hshp = ﬁ{;,;,e’} g ZreST-

Proof. The inclusions are immediate from the definitions. Strictness follows from the
absorption-law example in Fig. 6. This example is used in [13, 4] to separate the hereditary
and non-hereditary variants, and the same argument applies verbatim here. To distinguish
these HDAs one needs both < and <. For completeness, we will give an independent
separation argument later in Section 6, exhibiting a distinguishing L,..sp-formula for the
two systems. |

Figure 6 The absorption law from [4, 13] depicting two systems E; = (a | (b+ c)) + (b |

(a+ c)) on the left and E; = (a | (b+ c)) +al|b+ (b | (a + c)) on the right. These HDA are
hp-bisimilar as well as {C, J, <= }-bisimilar, but not reST-bisimilar.

In order to show the difference between < ,p,,- and < p)-bisimilarity, let &, for n > 1 be
the HDA that is obtained by gluing HDAs A and By, ..., B, displayed in Fig. 7. For the
following observations, Figure 8 is helpful.

» Observation 5.10. Pathy, = Pathy, UlJ,, Pathg,.

» Observation 5.11. Let a € Pathy, be a path that can be obtained from (4, a,.) by applying
the closure operations

1. —, Cf s,

2. —, 230 = or

3. —,C 04 .

Then o € Pathy, for all 7, and o € Pathp, , UPathg, for r > 3.
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A B
a z b z 0z
Z1 ay
b// y
b aq q1
Yy
!
ai
aq 1 as T2 a4 T4
Figure 7 The HDA X, is obtained from the disjoint union of HDAs A, Bi,Bs,...,%5, by

identification of edges and vertices having the same names. All edges a; and a} are labelled with a,
and b” is labelled by b.

» Proposition 5.12. The HDAs &), and &, for 3 < m < n in Fig. 7 are:
1. not {C, 3,5 }-bisimilar (hp).
2. not {«+>, S}-bisimilar (reST).
3. {C,=}-bisimilar (ghp).

4. {3,S}-bisimilar (= ST).

5. {C, J, +}-bisimilar (= hshp).

Proof. Note that X, C X,,.

1. Let 2 be a bisimulation between X, and X,,. Let w, be the path (i, a,,x.,al.,y,b", 2).
Note that wy cannot be related to w, for r > 2: w; can be subsumed by a path having trace
atalatbTb*a® while w, cannot. Consider a sequence of paths:

w, T2 S18 of 32 o
Then o = w,_1 or a,41. As a consequence, wo cannot be related to any path w, for r > 3.
Following this argument we obtain that X,, and X,, can be bisimilar only for m = n.

2. The argument is similar. Let n, = (i,a,). Again, n; cannot be bisimilar to 7, for
r > 1: 1, can be extended to a path with ST-trace a™b™ while 7, cannot. Furthermore, the
sequence

(_>ﬁ<:15/<_)6//

with ST(8) = ST(B’) = ata™ and ST(B”) = a™ can only produce 3’ = n® for s € {r—1,r+1}.
Thus, we show by induction that n,%An; = r =s.

agqgazy ””” a2q2a3y asqzazy - - - - - a3q3asy ,
azxzagy a3x3a3y // Aq4T404Y
\ / /
asqaany ~X------- - azqeasy azqsaszy -y ------- T a4q3aqy
a2:r2a2 a3x3a3 , A4T404
a3q2a2 a2q2a3 \ a4q3a3 a3q3ay4 /
s N 2 ~
7 N s ~
s N 7 ~
I / i l
a2q20ao asqzas asqsas a4q3ay
azxo \ / asxs \ / a44
azq2 - - - - - asqz asqs - - - - - a4qs
as as a4

Figure 8 A part of the diagram of paths in X,,. Regular arrows denote path extensions, dashed
lines denote similarity and blue arrows denote subsumption. Various X,,’s are bisimilar if and only
if the diagram can be traversed sideways using arrows having the given set of types.
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° °
X b Yy b
c c
D 5/ D
a a a A a
« @ — > = ! —— >e
c ' ¢
b b b b b b b b
a a a a -
Y 1
d d d d d
2 B
a a a

Figure 9 An example of HDAs that are reST-bisimilar but not ureST-bisimilar.

3. Let P%; C Pathy, be the set of paths that can be obtained from (i,a,), r > 3, by
applying the closure operations —, C and <. Namely, P2 consists of paths (i,a.) forr >3
and paths of length > 2 that cross z,. for r > 3 or ¢, for r > 2. Observation 5.11 implies
that P%; C UJ,>, Pathg,. Define a relation R C Pathy,, x Pathy, by

ARB = a=pV (Pl A Py A ST(a) =ST(B)).

Another consequence of Observation 5.11 is that Pathy, \ P24 = Pathy,, \ PZ5; denote it A.
Paths in 2 are never related to paths outside 2. - -

Assume that aRfS and § x 8’ for x € {—,C, 5}, If @ € 2, then f = a and we have
ax ' (and B'RS3).

If « € P2y, then f’ € PL,. This implies that §, 5’ € Pathg, for some s > 2. Similarly,
o € Pathpg, for r > 2. Moreover, there exists a map f : B, — B, which is either

!/ !/ ! !
(an as, as+17 asa as+1,$5, :ES+1) — (QN A, a/’l’+17ar7ar+1; mr7xr+1)

o / /
(q87 Asy As41,05,0g,1,Ls, ;L‘S+1) — (QM Apg15 Qpy Qg 15 Gy T -1, Ir)

(an isomorphism with a possible swap), and the identity on iy, , b and z, such that f(8) = a.
We put o = f(3'). Clearly a x o/, ST(a/) =ST(8'), and o/, 5" & A so &'RP’.
4., 5. A similar argument applies. |

» Corollary 5.13. <, C ©gnp.

» Theorem 5.14. < .57 C SresT.

Proof. Let X, Y be the HDAs from Figure 9. Note that ) C X. Define a relation
R C Pathy x Pathy that contains all pairs (o, «) for o € Pathy and all pairs («, 3), where
a € Pathy \ Pathy (green area) and 3 is the reflection of « along the vertical axis (blue area).
Restrictions, extensions and similarities of paths in the green area stay in the green area
(or in Pathy) and then can be matched with similar operations performed in the blue area.
Likewise, restrictions, extensions and similarities of paths of X' that lay in ) stay within Y
(or in the green area) and can be matched by themselves. Thus fR is a reST-bisimulation.
Assume that X and ) are ureST-bisimilar. Then the path a € Pathy must be matched
by B € Pathy, which is the only path in Y that has the same ST-trace. There is a sequence
of operations 8 3% 3’ <=3 8" +- § which can be answered only by a 12 o =3 o’ < 7. But
now the extension of ¢ to ¢’ cannot be matched by ~. <
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Figure 10 The HDA X is obtained be gluing A with two copies of B: B; along the edges
x — t < y (green) and Bs along y — t + 2z (blue). The HDA Y is obtained by, additionally, gluing
an extra copy Bs along © — ¢ < z (brown).

» Theorem 5.15. <11, C Spgnp-

Proof. Let X, Y be HDAs illustrated in Figure 10. First we show that they are not hhp-
bisimilar. In ), every path a with ST-trace b*b' (there are three such paths, terminating
in z or y or z) can be extended to a path 8 with ST-trace b*blctc3ata® (there are two
possible extension for each a, we choose the one crossing By or Bs), which in turn can
be transformed using similarities, subsumptions and unsubsumptions into a path v with
ST-trace bTblctc3aTa® that finally can be restricted to a path § with ST-trace b*b' and
then extended to a (unique) path ¢ with ST-trace b*b*d ™.

This cannot be done for the path « leading to z in X: the only possible extension [
terminates at the top vertex of By and then also vy terminates at the same vertex. But the
only possible § terminates at y or z and thus cannot be extended to (.

Now we prove that X and ) are hghp-bisimilar. Denote Py = Path 4 and P; = Path 4p, \
Path 4. Thus we have Pathy = Py U P, U P» and Pathy = Py U P, U P> U P3. Further, we
call a path red if it passes through x, x1, u, 22 or y, orange if it passes through x3, and blue
if it passes through v, x4 or z. Let R C Pathy x Pathy be the set of pairs («, ) such that
ST(a) = ST(B) and
1. If g € Path(X), then a = §.

2. If B € P3, then the initial segments of o and § that lie in A are equal.

3. If 3 € Py isred, then a € P;.

4. If B € P; is blue, then a € Ps.

These conditions imply that a path 5 of ) is related to exactly two paths of X if 8 € P3 and
[ is orange, and to exactly one path of X’ otherwise.

We have to check that the symmetric closure of R is an hghp-bisimulation. Initial
paths are trivially related, and related paths have the same ST-traces. The path restriction
condition holds by construction. To see that the extension property holds it suffices to note
that every red path in Py can be extended into a path in P; and every orange and every
blue path in Py can be extended into a path in Ps.

The subsumption condition holds because (a) no further subsumption of an orange path
is possible (b) applying subsumption to a blue path yields either a blue or an orange path
(c) applying subsumption to a red path yields either a red or an orange path. The similarity
condition holds because applying similarity to a path does not change its colour.

Note that the unsubsumption condition would fail, as this can turn an orange path into
a red or blue one. <
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6 Generalised bisimulation logic

» Definition 6.1. Let I and M be sets, and let myg € M be a distinguished element. An
(I, M)-system is a tuple (A4, ag, A, {X;}icr), where

A is a set (of paths) with a distinguished element ag € A,

A: A — M is a function (a labelling) such that A(ag) = my,

x; C A x A is a relation for every i € I.

» Example 6.2. Let X be an HDA. Then (Pathy,ix,ST,{—,C}) is a ({1,2},ST)-system.

» Definition 6.3. A bisimulation between (I, M)-systems A = (A, ap, A\, {x}ier) and
B = (B, B0, \B,{xB}.c1) is a relation R C A x B such that

1. aoMRpBo,

2. aRB = M (a) = \B(p),

3. dRB A axia = 3B KRB A BxEB,

4. aRB AN BB = TFao': R A axi

forall o,/ € A, 8,8 € B,i€I.

» Definition 6.4. The set L7 ) of (I, M)-formulas is generated by

Fu=TI[=F| N\ Fj|Am| (i)F,
jeJ

where m € M and i € I. We write [i]|F := —(i)—F.

» Definition 6.5. Let P be an (I, M)-system. The satisfaction relation |= C P x L arp is
defined by structural induction:

alE=T;

afE-F <<= —-(afEF);

a':/\jeJFj — VjeJ: Oé):Fj;

alEAm = AMa)=m;

aE@F < 3peP:ax,f NPEF.
A formula holds for an (I, M)-system A = (A, ag, A, {xA}ier) iff it holds for ay.

» Definition 6.6. (I, M)-systems P and Q are logically equivalent if of &= F < aOQ EF
for every F' € L1 ur)-

» Theorem 6.7. (I, M)-systems P and @ are bisimilar iff they are logically equivalent.

Proof. (=) Assume that fR is a bisimulation between P and (. By induction on F', we show
that for all F' € L7 pr) the formula

E(F):=Vae P, VBeQ: aRf = (aEF < [fEF).
is satisfied. It is clear that E(T), E(F) = E(=F) and (Vjes : E(F)) = E(\;c; F)-
The formula E(AP) follows from condition 6.3.2. Assume that a € P, 8 € Q and oRf.
Then

al ()F <= 3Jpecaaxita Ad EF

= Joea Jpep RE A BxPB AN EF (by 6.3.3)
= dgreB B X5 B A B EF (by inductive assumption)
<= B (i)F.

Similarly we show that 8 = (i) F implies « = (i) F. Consequently, E(F) = E({i)F).
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(<) Assume that A and B and logically equivalent. Define a relation 8 C A x B by
ARB = Vrec (@ EF < BETF).

By assumption, agRSBy. Moreover, if afR3 then for all m € M one has a | Am iff 5 = Am,
and thus A(«) = m iff A\(8) = m. Hence also the second clause of Def. 6.3 is satisfied. Assume
that a x* o/ and afRf for a, o’ € A and B € B. We need to show that there exists ' € B
such that 8 x; 8’ and o/9RS’. Denote

C= {B;}jEJ ={f eB|Bx;f'}

If there exists §; € B such that o’ = F' <= f} = F for all F', then we have o'0/;.
Otherwise, for every j € J there exists F; € L) such that o/ = F; and 8} = —Fj.
Finally,

aEWAF  ad  BE-0) A B

JjeJ jeJ

a contradiction. |

7 Modal characterisations

Depending on the semantic equivalence we want to focus on, every HDA X defines an
(I, M)-system (A, ag, A\, {X;}icr) with M := the set of ST traces, A := Pathy, ap := iy,
A:=ST:Pathy — M, and

(ST) I :={=},

(hp) I :={—,C* 2 S| L e N},
(hhp) I :={—,C* 2% ¢ « | L e N},
(qhp) I := {—,C" S| L e N},

(shp) I := {—,C*| ¢ € N},
etc., with x., := < C Pathy x Pathy, and likewise for the other elements of I.

By Thm. 6.7, this immediately yields a modal characterisation for each of the eight
semantic equivalences above. In the case of hhp-bisimilarity, for instance, the set of formulae
is generated by

Fu=TI[=F| N\ F|Am | (=)F[(COF [(Z)F [ (SYF | («)F,
jeJ

with m an ST trace . We address this logic as Ly, and similarly for its fragments.

» Example 7.1. We can show that the HDAs of Fig 4 are not shp-bisimilar by the distin-
guishing Ly, formula F := (<) (A(aTa'dbTb®) A ~(C?)T). Here ()¢ is a formula that
holds for an HDA iff it has a path that satisfies ¢, namely an extension of the initial path.
The formula F says that there exists a path with ST-trace a™a'b™b® (thus executing a and
b in succession) that has no subsumption at position 2. It holds for the right-hand HDA, but
not for the left one.

» Example 7.2. The HDAs of Fig. 5 are not ghp-bisimilar, as witnessed by the L4, formula
F = (=) (A(atctalc®bTdTb5d®) A (CH) T A (S3)(SP)(CH)T). This formula says that there
exists a path with the indicated ST-trace, that allows a subsumption at position 4, and also
allows similarities at positions 3 and 5, following by a subsumption at position 4. It holds
for the right-hand HDA of Fig. 5, but not for the left one.
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» Example 7.3. The two HDAs of Fig. 6 are distinguished by the following L,-formula:
F = (=) (Aa™bt) A (=) (Ala) A= (=)A(ateh)) A (SH () (AT A=(=)A(bTch))) .

It says that there exists a path in which first a and then b start, such that (1) the restriction
of this path to the start of a cannot be extended with the start of ¢, and (2) after swapping
the starts of a and b, the restriction of this path to the start of b cannot be extended with
the start of c. This formula holds only for the right-hand side of Fig. 6. The formulas sits
even in Lyesr.

» Example 7.4. The HDAs X} and X5 of Fig. 7 can be distinguished with the formula

[—](A(a™) = (=) (AlaTa+) A (S) (=) (A(a™) A (—)A(aTb+)))), which holds for X; but

not for X,. It says that any path with label a™ can be extended to have label a™a™, then

undergo a similarity swap, following by a restriction to the label a™, so that the result of that

can be extended to have label a*b*. This is an £,.sp-formula, showing that X1 ¥ ,csr Xo.
They can also be distinguished by

F o= [](Aata'a*a®h?) - ()5S (T)CHA ala b a?)) .

It says that on any path with the indicated ST-trace one can apply the operators C£2, 1,
=3, 12 and C%, in that order, to obtain a path with label a*a'atbta®. Again it holds for
X1 but not for X5. This is an Lp,-formula, showing that Xy #p, As.
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