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—— Abstract

In this note, we recall the history and our motivation behind the development of Strategy Logic and

we discuss some of the work that ensued from its introduction.
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From Temporal to Game Logics

Temporal logics have a wide range of applications, from the specification and analysis of
reactive systems to planning in Artificial Intelligence. The most classical temporal logics are
Linear-time Temporal Logic (LTL) [28] and Computation Tree Logic (CTL) [12], a branching-
time temporal logic. Linear time specifies properties of sequential behavior; e.g., the LTL
formula ¢T denotes the set of trajectories that eventually reach a target proposition T.
Branching time allows the existential and universal quantification over the trajectories of a
system: the CTL formula 3OT (resp. VOT) asserts that some (resp. every) system trajectory
reaches the target.

The alternating-time temporal logic ATL [1] introduced a quantification over the set
of trajectories that result from the interaction of autonomous agents within a system: for
a two-agent system, the ATL formula ((1)OT asserts that agent 1 can choose its actions
to ensure that the target is reached no matter which actions agent 2 chooses. Alternating
time is adversarial, i.e., game-theoretic: the ATL formula ((1))>T can be read as “player 17
having a strategy to reach the target against all strategies of “player 2.” It is easy to see that
alternating time generalizes branching time: the ATL formula (1, 2))<OT asserts that both
agents together can ensure that the target is reached (against a nonexistent adversary), which
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corresponds to existential quantification over strategies; the ATL formula (()) OT asserts that
the target cannot be avoided no matter which actions the agents choose, which corresponds
to universal quantification. As with classical temporal logics, several extensions of ATL have
been studied in the literature, beginning with ATL* and the alternating-time p-calculus [1].

Design Choices for Game Logics

Stateful systems with multiple agents are graph games, where the nodes of the graph represent
system states, and the actions of the agents move a token from node to node, thus producing
a system trajectory. In the study of graph games, and hence of logics for graph games, there
are several important design choices: (a) the choice of the type of strategies the players can
use, especially deterministic versus (more general) randomized strategies; (b) the choice of
the type of game structures, especially turn-based versus (more general) concurrent game
graphs; and (c) the choice of language for specifying the winning trajectories or quantitative
objectives for the players. In randomized strategies, each player has access to a source of
randomness; in concurrent games, the players can choose their actions simultaneously and
independently; common quantitative objectives are mean-payoff or discounted-sum. These
three design choices have important ramifications. For example, in two-player turn-based
games with w-regular winning conditions, randomization does not add power: if a player can
achieve a goal with a randomized strategy, they can achieve the same goal with a deterministic
strategy. This is not the case for concurrent games: even in the simple “stone-paper-scissors’
game, randomization gives players extra power. Both ATL and ATL* use LTL for specifying

)

winning, but ATL* allows the unrestricted nesting of temporal operators within one strategic
interaction while ATL restricts to a single temporal operator within one strategic interaction.

Strategy Logic

Previous game logics such as ATL and ATL* or the alternating-time p-calculus reason about
strictly competitive or strictly cooperative behaviors of agents; they do not capture other,
non-zero-sum interactions studied in game theory. In particular, they are not able to express
Nash equilibria or secure equilibria [9]. In a two-player game, a Nash equilibrium asks for
a pair of strategies for the two players, such that no player can increase their payoff by
deviating unilaterally from the strategy pair (in the case of qualitative objectives, a player
receives payoff 1 if their winning condition is satisfied, and otherwise they receive payoff 0).
In order to reason about equilibria, we needed a logic that can talk explicitly about strategies.
The main conceptual novelty in our introduction of Strategy Logic [10, 11] was to consider
strategies as first-order objects, with quantification over strategy variables. Strategy Logic
generalizes ATL*— e.g., the ATL* formula (1), for an LTL formula W, corresponds to
Jz1.Vae. W(x1,22) in Strategy Logic — and can express Nash equilibria using the pattern

Fz1, 2. (Vyr. Wilyr, z2) = Wiz, 22)) A (Vy2. Walz1,y2) = Walz, 22))),

for the winning LTL objectives W7 and W5 of the two players. In the original paper [10, 11],
we focused on deterministic strategies and turn-based game graphs, and used LTL formulas for
specifying winning objectives. We showed that Strategy Logic is incomparable in expressive
power to the alternating time p-calculus (whose winning objectives go beyond LTL, but
which cannot capture explicit strategy interactions), and that Strategy Logic is strictly less
expressive than Monadic Second-Order Logic (MSO).

We also considered the model-checking problem for Strategy Logic. Inspired by landmark
results such as Rabin’s solution to Church’s problem [30] and Pnueli and Rosner’s solution
to the problem of LTL synthesis [29], we encoded strategies as trees and used automata over
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infinite trees as key tool for reasoning about Strategy Logic. This lead to a nonelementary
upper bound for the model-checking problem of Strategy Logic. The nonelementarity arises,
as it does for MSO (and for LTL with quantification over propositions), from quantifier
alternations requiring the complementation (or nondeterminization [25, 15]) of tree automata.
Using tree automata, we also identified several fragments of Strategy Logic whose model-
checking complexity is more well-behaved. This includes the one-alternation fragment, which
contains ATL* and can express interesting non-zero-sum properties such as Nash equilibria
and secure equilibria. The specification complexity of model checking is 2EXPTIME-complete
for both one-alternation Strategy Logic and ATL*, and their data complexity is P-complete.

The question of satisfiability for Strategy Logic remained open for a few years. It was
settled negatively by [21], who showed that the satisfiability of Strategy Logic is undecidable.
That paper also identified a fragment of Strategy Logic that generalizes ATL* for which
satisfiability can be decided in 2EXPTIME.

Design Choices for Strategy Logic

We introduced Strategy Logic with deterministic strategies over turn-based game graphs.
These two choices were made for good reasons and are not independent. For turn-based
games, randomized strategies do not add power. On the other hand, for concurrent games,
deterministic strategies fail to capture the essence of simultaneous interaction between agents,
and randomized strategies are needed even in simple scenarios such as “stone-paper-scissors.”
A restriction to deterministic strategies in concurrent game structures violates fundamental
properties of such games, such as (a) determinacy (i.e., switching the quantifier order of
players) in zero-sum games, or the existence of equilibria in matrix games, and (b) almost-
sure or limit-sure winning for reachability objectives in graph games (where almost-sure
and limit-sure winning represent the ability to win with probability 1, or with probability
arbitrarily close to 1, respectively) [13]. Moreover, consider a concurrent game structure
for two players and a quantifier (existential or universal) over deterministic strategies for
player 1. This scenario corresponds to a turn-based game where player 1 first chooses an
action and subsequently, given the choice of player 1, player 2 makes their choice; i.e., the
“concurrent” game corresponds to a turn-based game on the product of the original state
space and the actions of player 1 (cf. also [7]).

All this suggests the study of Strategy Logic for deterministic strategies over turn-based
game graphs, or for randomized strategies over concurrent game graphs. While model
checking the former turned out to be decidable (albeit nonelementary), the latter offers
even less practical promise, as the existence of equilibria in concurrent games is undecidable
[31, 8]. This is why we restricted our game structures to turn-based game graphs, which
suffice to capture the essence of reasoning about deterministic strategies. In terms of winning
objectives, we chose to concentrate on LTL as a convenient and familiar logical formalism.

Extensions of Strategy Logic

Since the original paper [10, 11], several extensions of Strategy Logic have been considered in
the literature. We first discuss some semantic extensions, to concurrent games, probabilistic
aspects, and imperfect-information settings. The latter two extensions lead quickly to
undecidability of the model-checking problem.
Concurrent games. Strategy Logic was extended to concurrent game structures with
strategies restricted to deterministic strategies [24]. Some confusion regarding the com-
plexity of the corresponding model-checking problem arose initially, but later the same
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authors established a nonelementary lower bound [22] to match their nonelementary upper
bound. Their use of tree automata for model checking Strategy Logic over concurrent
game structures validates our observation that for determinsitic strategies, turn-based
games capture the essence of interaction. In addition, their nonelementary lower bound
applies to turn-based game structures, and an alternative proof does not require strategy
bindings [19]. Indeed, their matching lower and upper bounds link the complementation
(or nondeterminization) of tree automata directly to the tower of exponentials that arises
from quantifier alternation.
Probabilistic aspects. The extension of Strategy Logic with probabilistic aspects, such as
randomized strategies or probabilistic transitions in the game graph, was considered in [2].
Since Strategy Logic allows reasoning about non-zero-sum games, and basic questions
related to equilibria with randomized strategies in concurrent games are undecidable, it
is challenging to study such probabilistic settings in general. Decidability results can be
obtained by a restriction to history-independent (a.k.a. memoryless) strategies.
Imperfect information. Strategy Logic has also been extended to imperfect-information
games, where each state is mapped to an observation and the players choose their actions
dependent on the current history of observations (rather than the history of states) [5].
Imperfect-information games are related to the distributed-synthesis problem [26] and,
therefore, undecidable even for deterministic strategies and turn-based game graphs.
Decidability results can be obtained by considering hierarchical imperfect-information
games [27].

Besides fragments of LTL for specifying winning in order to achieve better computational

complexity results [4], several other syntactic variants of Strategy Logic have been considered.

The following list gives some examples and makes no claim about completeness.
Equality of strategies. The papers [24, 22] allow a strategy variable to be bound to
multiple players. Thus, their formulas can force different players to use the same strategy.
Behavioral strategies. In Strategy Logic, the satisfaction of a formula may require
nonbehavioral strategies, which depend on the strategies of other players in nonrealizable
ways (e.g., the current choice of player 1 may depend on a future choice of player 2). A
syntactic fragment of Strategy Logic whose quantifiers can be restricted to behavioral
strategies has been studied in [23].
Counting aspects. Strategy Logic has been extended with graded strategy quantifiers,
which count the number of satisfying strategy profiles [3], and with numerical bounds on
temporal aspects of winning conditions and on the number of trajectories that satisfy a
winning condition [16].

Multi-agent Systems

Strategy Logic has been used extensively in research about Multi-Agent Systems (MAS),
where many questions of correctness are naturally questions about strategic behavior. In-
deed, several extensions of Strategy Logic have been motivated by problems from the MAS
community, especially the need to reason about autonomous agents whose behavior is shaped
by goals, incentives, and possible deviations. Closely related is the notion of rationality and
its connection to game-theoretic concepts. The appeal of Strategy Logic in this setting is
that quantification over strategies can state different rationality assumptions precisely. For
example, “rational synthesis” considers several variations of the notion of equilibrium [17].
Furthermore, specifications of rationality in Strategy Logic can be algorithmically model
checked and desired strategies automatically synthesized. Similar motivations arise in mech-
anism design and in the analysis of voting protocols, where the central issue is again whether
self-interested agents have strategies that lead to desirable, stable, or secure outcomes [18, 20].
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Summary

Strategy Logic [10, 11] provides a powerful formal framework for reasoning about strategies in
stateful games. The general logic is expressive and computationally expensive, and there are
many interesting fragments and extensions — simple temporal fragments, behavorial fragments,
probabilistic extensions, and extensions with hierarchical information and quantitative bounds
— which aim to tailor the logic for better complexity or specific types of strategic reasoning.
As agentic software becomes increasingly important, so does the role of formal methods in
specifying, verifying, and synthesizing desired agent behavior. Strategies are the formalization
of such behavior, which puts a logic that treats strategies as first-order objects at the center
of the corresponding research.

The original question that motivated the development of Strategy Logic was to consider
extensions of ATL* that can express Nash equilibria and similar non-zero-sum notions of
game theory. Strategy Logic can do this within the fragment that allows only one quantifier
alternation, for which model checking can be performed in doubly exponential time, as for
ATL*. However, it is not elegant to advocate a syntactic restriction for obtaining reasonable
complexity. We still believe that there could be interesting logics in the space between ATL*
and Strategy Logic which capture equilibria. One approach that comes to mind has the
flavor of MSO with predicates [14, 6].
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