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—— Abstract

Vector Addition System with States (VASS) are a ubiquitous model of infinite-state systems consisting
of a set of non-negative counters which can be incremented and decremented. It is known that the
reachability problem for VASS is Ackermann-complete. Because of this huge complexity, various
over-approximations of VASS have been studied in the literature. One such over-approximation is
continuous VASS (CVASS), in which the counters are (non-negative) rational numbers and whenever
a vector is added to the current counter values, it is first scaled with an arbitrarily chosen rational
factor between zero and one. It is known that the reachability problem for CVASS is NP-complete.

In this paper, we initiate the study of fixed-dimensional CVASS; i.e., CVASS with a fixed number
of counters. We study both the reachability and coverability problems, under both unary and binary
encodings as well as over both the non-negative and the rational semantics. This gives rise to a
collection of eight different problems. As our main result, we prove a complexity dichotomy for all of
these eight problems when the transition vectors are over the rationals: For dimension 1, all of the
eight problems are in AC', and so within P, whereas for any dimension at least 2, all of the eight
problems are NP-complete. Furthermore, the hardness holds even when the underlying automaton
is acyclic. To achieve this hardness result, we present a new technique called the Egyptian prime
fractions technique.

Finally, we also study these problems when the transition vectors are over the integers. Except
for dimension 2, we classify the complexity of these problems over the non-negative semantics: For
dimension 1, all of the problems are in AC', whereas for dimensions 3 and above, all of the problems
are NP-complete.
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1 Introduction

Vector Addition System with States (VASS) (or equivalently Petri nets) are one of the most
well-studied models of infinite-state systems with applications in logic, automata, verification
and modeling concurrent and business process [23, 12, 14, 26]. A VASS consists of finitely
many states along with finitely many counters ranging over the natural numbers. The
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transitions of a VASS allow it to move from one state to another, whilst incremeting or
decrementing the values of the counters (provided the new values are also natural numbers).
One of the most important problems studied for VASS is the reachability problem, which
asks if a given source configuration (p,u) can reach a given target configuration (¢, v). After
decades of research, the complexity of the reachability problem for VASS was finally settled
to be Ackermann-complete [20, 10].

Due to this huge complexity of the reachability problem, various over-approzimations of
the reachability relation for VASS have been studied in the literature (See [4] for a survey).
Since usually the target configuration in the reachability problem is an error configuration
that we do not want the source configuration to reach, if we show that this error is not
reachable in an over-approximation, then the same applies for the original VASS as well. If
the over-approximation is tractable, then this provides a method to prove safety that trades
completeness for efficient analysability.

One particular over-approximation that has proven to be quite useful in recent years is
the continuous semantics (equivalently also called as continuous VASS or CVASS) [11, 7]. In
this semantics, the transitions of a VASS are allowed to be fired fractionally. This means
that, to fire a transition ¢, we first pick a fraction « € (0,1] and then execute the updates
of t by the fraction «, i.e., if the transition ¢ originally incremented (resp. decremented)
some counter by a value ¢, it will now be incremented (resp. decremented) by the value « - c.
(Hence picking @ = 1 is the same as performing the original transition). Because of this
fractional firing, counter values can now be (non-negative) rational numbers. Depending on
whether we allow the counters to only be non-negative or allow them to go below zero, we get
two types of continuous semantics, namely the Q-semantics and Q-semantics respectively.

It turns out that both types of continuous semantics are remarkably well-behaved in terms
of complexity. Reachability for both of them is NP-complete and is hence much lower than
the usual semantics of VASS [7]. Besides this tractability result, the continuous semantics is
quite useful in analysing practical benchmarks for problems related to reachability [13, 6],
has applications in modeling client-server systems [21], biological networks and biochemical
settings [16, 17, 18] and in parameterized verification [2, 1]. However, despite all of this wealth
of positive results on continuous VASS, not much research has been devoted to studying
them over fixed-dimensions, i.e., studying continuous VASS over a fixed number of counters.
This situation is especially surprising, considering the fact that for VASS and many of its
over-approximations, better complexity results are known for small dimensions in different
settings [5, 9, 15, 3].

In this paper, we initiate the systematic study of the reachability as well as the coverability
problem in fixed-dimensional continuous VASS. In the latter problem, we are given two
configurations (p, u) and (g, v) and we want to check if (p, u) can reach a configuration of the
form (gq,v’) for some v/ > v. We study both of these problems for both the Q-semantics as
well as the Q-semantics, under both the unary and the binary encoding of numbers. (Hence,
we get eight different problems, by picking one attribute in each of the three categories).

Our main result is a complete complexity classification of all of the eight problems for
any fixed dimension, when the updates on the transitions are allowed to be rational numbers.
Namely, first we show that for dimension 1, all of the above eight problems are in AC*, and
so within P. Then, we show that for any dimension d > 2, all of the above eight problems
are NP-complete, and hence as hard as the case of an arbitrary number of counters. To
achieve the desired NP-hardness result, we introduce a novel technique called the Egyptian
prime fractions technique, where we use sums of reciprocals of primes to uniquely encode
the assignments of a propositional formula into a single rational-valued counter.
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Prior to our results, only an NC? upper bound was known for 1-dimensional CVASS 8,
Theorem 1], which we improve to an AC! upper bound in this paper. Also, prior to our
results, NP-hardness was only known for reachability for 2-dimensional CVASS over binary
encoding [7, Lemma 4.13]. We strengthen this result to apply even for coverability over the
unary encoding. Furthermore, our NP-hardness result, for all of the eight problems, already
applies to acyclic continuous VASS, i.e., even when the underlying control structure of the
continuous VASS is acyclic. This presents the first NP-hardness result for acyclic unary
fixed-dimensional counter systems, as well as the first NP-hardness result for 2-dimensional
unary VASS and its over-approximations.

Finally, we also study these problems for the Q,-semantics when the updates on the
transitions are restricted to be integers. In this case, we present a complexity classification
of these problems (reachability /coverability, unary/binary encoding) for any fixed dimension,
except for the case of dimension 2: For dimension 1, all four problems are in AC', whereas for
dimensions 3 and above, all four problems are NP-complete. Once again, the hardness results
already hold for 3-dimensional acyclic unary continuous VASS. This is in stark contrast to
VASS (and some of its other over-approximations and variants), where coverability over the
unary encoding for any fixed dimension is in NL [15, 3, 22].

2 Preliminaries

Basic Notions. We use N, Z, Q and Q, for the sets of non-negative integers, integers,
rational numbers and non-negative rational numbers, respectively. For a > 1, let [a] :=
{1,2,...,a}. For a vector v € Q¢, we denote its j-th coordinate by v[j]. For u,v € Q¢ we
write u > v if u[i] > v[i] for all ¢ € [d].

Continuous Vector Addition System with States. Let d € N. A d-dimensional continuous
vector addition system with states (d-CVASS) is a tuple M = (Q,T) where @ is a finite set
of control states and 7' C Q x Q% x Q is a finite set of transitions. M is called acyclic, if the
directed graph induced by M with @ as vertices and edges corresponding to the transitions
T, is an acyclic graph.

Intuitively, the d-CVASS M is a system with d counters, each of them storing a rational
value. Its transitions update the counters by incrementing or decrementing them in a specific
manner, as described below. A configuration of M is a pair p(v) where p € Q is a state and
v € Q% is a vector representing the current values of the d counters. Given two configurations
p(u) and ¢(v), we say that there is a step from p(u) to g(v) if there exists a transition
t = (p,w,q) and a non-zero fraction a € (0,1] such that v = u+ o - w. In this case, we
denote it by either p(u) a—t>Q q(v), or just as p(u) —q ¢(v). Moreover, we use p(u) —q, ¢(v)
to denote that p(u) —g ¢(v) and additionally both u > 0 and v > 0. These step relations
are called the Q-semantics (—q) and the Q-semantics (—q, ), respectively.

A Q-run (also called a run over the Q-semantics) is a sequence of configurations
qo(uo),q1(umr),...,q () such that g;—1(u;—1) —q ¢(u;) for every ¢ € [l]. The notion
of a Q4-run is defined analogously. We say that p(u) can reach ¢(v) under the Q-semantics
(resp. Q-semantics) if there exists a Q-run (resp. Qi-run) from p(u) to g(v). We use
g (resp —»g,) to denote the Q-reachability relation (resp. Q-reachability relation)
between configurations. Finally, we say that p(u) can cover ¢(v) over the Q-semantics (resp.
Q4 -semantics) if there is a Q-run (resp. Q-run) from p(u) to some ¢(v’) with v/ > v.
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Reachability and Coverability. The main focus of this paper are the reachability and
coverability problems for CVASS in fixed dimension, where the number of counters d is fixed
and not part of the input. We now define these problems formally.

d-Reachg d-Coverg
Input: A d-CVASS and two of its config- Input: A d-CVASS and two of its config-
urations p(u), g(v). urations p(u), g(v).
Question: Can p(u) reach g(v) over the Question: Can p(u) cover g(v) over the
Q-semantics? Q-semantics?

The problems d-Reachq, and d-Coverg, are defined analogously, with 1>Q replaced by
Q. -
how the input is encoded. Thus, for each fixed d, we obtain eight variants, determined by

We further distinguish these problems by unary and binary encodings, depending on

reachability vs. coverability, Q- vs. Q-semantics, and unary vs. binary encoding.

The main result of this paper is a complete complexity classification of these eight
problems. This requires the (logspace-uniform) complexity class AC!, defined as the set of
decision problems solvable by polynomial-sized unbounded fan-in Boolean circuits with depth
O(logn). It is known that NL € AC* C P [27, Fig. 4.6]. Also, iterated integer multiplication,
i.e., the task of multiplying a given set of n integers, each encoded in binary using at most n
bits, is also known to be in AC' [19, Corollary 4.1].

We are now ready to state the two main results of the paper, which are as follows. (See
the top part of Table 1 for a succinct description of these results).

» Theorem 1. I-Reachg, I-Coverg, I-Reachg, and 1-Coverg, are all in AC! for both unary
and binary encoding.

» Theorem 2. For any d > 2, d-Reachg, d-Coverg, d-Reachq, and d-Coverg, are all
NP-complete for both unary and binary encoding.

In addition to this main result, we also consider a restricted version of CVASS where
we only allow the transition vectors to range over the integers. Formally, we say that a
d-CVASS M = (Q,T) is a CVASS with integer updates if T C Q x Z% x @Q, i.e., all the vectors
appearing in the transitions are over Z?¢. Our results in this regard are the following: (See
the bottom part of Table 1 for a succinct description of these results).

» Theorem 3. For CVASS with integer updates, 1-Reachg, 1-Coverg, I-Reachg, and
1-Coverq, are NL-complete over the unary encoding and in AC! over the binary encoding.

» Theorem 4. For CVASS with integer updates, 2-Reachg, 2-Coverg, 2-Reachg, and
2-Coverg, are NP-complete over the binary encoding.

» Theorem 5. For CVASS with integer updates, for any d > 3, d-Reachqg, and d-Coverg,
are NP-complete for both unary and binary encoding.

We note that all of the NP-hardness results hold even when the CVASS is acyclic.

All of the NP membership results in the above theorems follow from the fact that
reachability and coverability for d-CVASS (over both types of encoding and both semantics)
is in NP for any d [7, Section IV.B]. Hence, the rest of this paper is dedicated to proving all
of the other results of the theorems (or equivalently all of the other results in Table 1). Since
there are a lot of problems that we need to consider, we make a remark that roughly reduces
the number of problems by half.
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Table 1 Complexity of reachability and coverability in fixed-dimensional CVASS; A row depicts
all possible combinations of problems that can be obtained by the entries in that row; for instance
the first row depicts all of the eight possible problems for dimension 1, and for all of them, the upper
bound is AC!.

Problem Semantics Encoding Dimension Transitions Complexity Theorem
Coverability/Reachability Qi / Q Unary / Binary 1 Rational Updates in AC Theorem 1
Coverability /Reachability Q4 / Q Unary / Binary > 2 Rational Updates NP-complete  Theorem 2
Coverability /Reachability Q4 / Q Unary 1 Integer Updates NL-complete ~ Theorem 3
Coverability /Reachability Q4 / Q Binary 1 Integer Updates in AC! Theorem 3
Coverability/Reachability Qi / Q Binary >2 Integer Updates NP-complete ~ Theorem 4
Coverability /Reachability Q4 Unary / Binary >3 Integer Updates NP-complete ~ Theorem 5

» Remark 6. We can easily reduce coverability to reachability in logarithmic space: Given a
d-CVASS M = (Q,T) with configurations p(u) and ¢(v), we modify M by adding a new
transition which moves from g to a new state ¢’. At ¢’, we add d self-loops, each decrementing
one of the counters by 1. It is easy to see that (over any of the semantics) p(u) can cover
g(v) in M iff (over the corresponding semantics) p(u) can reach ¢'(v).

The rest of this paper is structured as follows: In Section 3, we prove Theorems 1 and 3.
In Section 4, we prove Theorems 2 and 4. Finally, in Section 5, we prove Theorem 5.

3 Upper Bounds for 1-CVASS

In this section, we prove Theorems 1 and 3. To this end, we prove the following main result.

» Theorem 7. I-Reachq and 1-Reachq, are both
NL-complete for 1-CVASS with integer updates over the unary encoding
and in AC' for 1-CVASS over both unary and binary encoding.

By Theorem 7 and Remark 6, Theorems 1 and 3 immediately follow. (The NL-hardness
mentioned in Theorem 3 is inherited from graph reachability). So, the rest of this section is
dedicated to proving Theorem 7. For this, we first make a remark.

» Remark 8. Since we will be dealing with a single counter for the rest of this section, we will
use variables like z, y instead of their boldface counterparts x,y to denote counter values.

Now, to prove the upper bounds for 1-CVASS, it suffices to give the algorithms in the
case when the input instance is of the form (M, p(z),¢(y)) with < y. Indeed, if we are
given an instance where x > y, we can consider the reverse CVASS M' of M which has the
same states as M with the transitions reversed: (p’,w,q’) is a transition of M iff (¢, —w,p’)
is a transition of M. It is immediately seen that there is a Q-run (resp. Q4-run) from p(z)
to q(y) in M iff there is a Q-run (resp. Q-run) from ¢(y) to p(x) in MT.

We now move on to proving Theorem 7. We do this in three stages: First, we show
that reachability for 1-CVASS over Q,-semantics (and indeed over a slight generalization
of the Q4 -semantics) can be reduced to Q-semantics. In the second stage, we give a
characterization of reachability in 1-CVASS over Q-semantics. Then, in the final stage, we
use this characterization to give the required upper bounds for 1-CVASS. We note that some
of the arguments in the first two stages are similar to some of the arguments in [8], but our
presentation makes it simpler to arrive at the upper bound. Furthermore, in the third stage,
we improve upon the NC? bound in [8] to an AC' bound.

7:5
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Stage 1: Reducing Q;-semantics to Q-semantics

In the first stage, we shall show that reachability for 1-CVASS over the Q. -semantics reduces
to reachability over the Q-semantics. To this end, we consider a slight generalization of the
Q- -semantics so that it also covers an extension of 1-CVASS as considered by [8].

Let Z be an interval over Q, i.e., Z is of the form (a,b), (a, b, [a,b) or [a,b] for some a < b
with a,b € {—00,00} UQ, with each of them interpreted the usual way. Given a 1-CVASS
M = (Q,T), the Z-semantics of M is the restriction of the Q-semantics to only configurations
of the form p(z) with p € Q and z € Z, i.e., we say that p(z) =z q(y) if p(z) —q ¢(y) and
x,y € Z. Similar to Q-semantics, we can now define runs over the Z-semantics and the
reachability problem 1-Reachz for it. Note that the Q4 -semantics is simply the Z-semantics
where Z = [0, 00). As our main result of this stage, we show that

» Theorem 9. For any interval T, 1-Reachz can be reduced in logarithmic space to 1-Reachg.
Furthermore the reduction preserves the type of encoding (unary or binary) and the domain
of the update vectors (rationals or integers).

Proof Sketch. Let M = (Q,T) be an instance of reachability in 1-CVASS with two config-
urations p(x) and ¢(y) and let Z be an interval. The same argument mentioned in Remark 8
allows us to assume that © < y. We shall now construct another 1-CVASS M’ with two
configurations p’(z') and ¢'(y') such that p(z) =7 q(y) in M iff p/(z') S ¢'(y') in M.

First note that if at least one of z,y ¢ Z, then there can be no Z-run from p(x) to ¢(y)
in M. In that case, we can simply take (M’ p'(z'), ¢’ (y’)) to be some trivial no-instance
of 1-Reachg. Hence, we can assume that x,y € Z. The required construction of M’ is now
obtained by means of a case analysis on x,y. To this end, we say that x (resp. y) is an
extreme point of Z if Z = [z,b) or Z = [z, b] for some b (resp. if Z = (a,y] or Z = [a,y] for
some a). Our case analysis considers all four possibilities.

Case 1: x,y are not extreme points of Z. Therefore, there exists an ¢ > 0 such that
[z —€,y+¢ C Z. In this case, we show that p(z) <7 q(y) is possible in M iff p(z) Sq q(y) is
possible in M, which then trivially gives the desired reduction. The left-to-right implication is
immediate. For the other side, suppose p(z) := po(xo) al—tln@ p1(x1) az—hn@ pa(z2). .. M@
Pn(Zn) := q(y) is a run over the Q-semantics. We say that the transition ¢; := (p;—1, wi, p;)
is positive, negative or neutral, if w; > 0,w; < 0 or w; = 0, respectively.

Now, if all the intermediate counter values are already in [z — €/2,y + €/2] C Z, then we
are done. Otherwise, (since xg = xo and x,, = y), let i be the first position and j be the last
position such that ;41,21 ¢ [x —€/2,y + €/2]. Hence, all the counter values up till z; and
all the counter values from z; onwards belong to [z —€/2,y + €/2]. We now give another run
between p;(x;) and p;(x;) so that all the intermediate counter values remain in [z — €,y + €.
Since [z — €,y + €] C Z, plugging this new run between p;(z;) and p;(z;) into the old run
will then give a Z-run from p(z) to ¢(y), thereby completing the proof of this case.

We accomplish this by further considering three different subcases: The first subcase
is when x; = z;. Here, it suffices to simply fire each positive and negative transition in
{tit1,...,t;} with a sufficiently small fraction so that each of their combined effects is equal
and at most €/2, which will ensure that we always stay in the range [z; —¢/2,z; +¢/2] C
[z — €,y + €]. The second subcase is when x; < x;. Hence, intuitively, negative transitions
can be suppressed as much as needed. So, we fire each negative transition in {t;41,...,¢;}
with a sufficiently small fraction so that their combined effect (say E_) is at most €¢/2. Then
we scale each positive transition with a suitable fraction so that its combined effect equals
exactly x; — x; + E/_. This will ensure that at any point in the run, the counter values stay
in the range [z; —€/2,z; +€/2] C [x — €,y + €]. Furthermore, by construction, the combined
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effect of the positive and negative transitions is exactly x; — x; and so we reach counter value
x; at the end. Finally, the case of z; > z; is dual to the previous case, with the roles of
positive and negative transitions swapped.

Case 2: x is an extreme point, y is not. Therefore, Z is of the form [z,b) or [z,]
with y < b. This means that in any Z-run from p(z) and ¢(y) in M, the first non-neutral
transition must be a positive transition, as otherwise the counter value would have to leave
the interval Z. Hence, any Z-run from p(z) to ¢(y) in M must necessarily be of the form
p(x) S d(z) =g e(2) =7 q(y) where z > 2 and the run between p(z) and d(x) consists
only of neutral transitions. Furthermore, since z > z, it follows that there is an € > 0 such
that [z — €,y + €] C Z. Applying the previous case to the run e(z) 7 ¢(y), we can conclude
that this can happen iff e(z) 1>Q q(y). Hence, p(z) <7 q(y) is possible iff there is a run of
the form p(x) g d(z) —g e(2) —g ¢(y) where z > x and the run between p(z) and d(z)
consists only of neutral transitions. We can now easily construct another 1-CVASS M’ that
explicitly tracks Q-runs of this form, by ensuring that the first non-neutral transition that is
fired is a positive transition. This can be done by allowing for only neutral transitions until
a positive transition is fired, after which any transition is allowed.

Case 3: x is not an extreme point, y is. This case is a dual to Case 2, where the last
non-neutral transition fired must be a positive transition. Hence, we now have to track the
last non-neutral transition that is fired, which can be done in a manner dual to Case 2.

Case 4: x,y are both extreme points. Therefore, Z = [z,y]. If 2 = y, we modify M so
that it has only neutral transitions. Otherwise, we have to track both the first and last fired
non-neutral transitions. So we combine the constructions from the above two cases. <

We now move on to the second stage.

Stage 2: Characterizing Reachability over Q-semantics

In this stage, we give a precise characterization of reachability over the Q-semantics. To
state our characterization, we need to set up some notation.

Let M = (Q,T) be a 1-CVASS. First, notice that M naturally defines a finite labelled
graph Gaq whose vertices are (Q and whose edges are given by the transition relation T, i.e.,
any transition (p,w, q) corresponds to a labelled edge between p and ¢ with label w. Given
a path P in this graph po —= p1 — ... pn_1 — p, we define the sets T, (P), To(P) and
T_(P) as {i: w; > 0},{i : w; =0} and {i : w; < 0}, respectively.

Now, let p(x) and ¢(y) be two configurations of M. By Remark 8, we can assume that
x < y. We now show how to decide if p(z) can reach ¢(y), first in the case when x = y and
then in the case when = < y.

Case 1: * = y. In this case, the characterization for reachability is simple and is as follows.

» Theorem 10. There is a Q-run from p(x) to q(x) in M iff there is a path P in Gaq from
p to q such that either T (P),T_(P)# 0 or T, (P) =T_(P) = 0.

With this theorem in hand, we now move on to the next case.

Case 2: x < y. To state the characterization for this case, we need some notation and
a couple of preparatory intermediate results. For a path P in G given by po — p1 —2
Pt 5 py, we let W(P) = > 1<i<n Wi. Having introduced this notation, we prove the

following proposition, which gives a simple sufficient condition for reachability.

17

CONCUR 2026



7:8

Reachability in Fixed-Dimensional Continuous VASS

» Proposition 11. Suppose P is a path from d to e in Gaq such that W(P) # 0, W(P) > v—u
for some u,v and W(P) has the same sign as v —u, i.e., W(P) <0 <= v—u<0. Then
there is a Q-run from d(u) to e(v) in M.

Proof. Let P be a path with W(P) > v—u given by d := pg =5 p1 —2 ... Pp_1 — pp == €.
Let t; := (pi_1,w;,p;) be the transition in M corresponding to the i*" edge of P. Then,
UV—U

firing each t; with fraction 775 is casily seen to be a Q-run from d(u) to e(v) in M. <

The next preparatory result that we will need is regarding cycles in Gaq. To this end, a
cycle C' of G is said to be pumpable if at least one of the labels in C' is strictly positive, i.e.,
T (C) # 0. As the name suggests, we can use pumpable cycles to increase the counter value.

» Proposition 12. Suppose C is a pumpable cycle from r to r, for some state r. Then, for
any u,v with u < v, we have a Q-run from r(u) to r(v).

Proof Sketch. Let C' be a pumpable cycle given by 7 := rg —= 1] — ... Tp_1 —= 7y := 7.
Let t; := (r;—1,w;, ;) be the transitions in M corresponding to this path. We will fire each
negative transition corresponding to 7_ (C') with a very tiny fraction so that their combined
effect is of the form —e/m for a small € and large m. We then fire each positive transition
corresponding to T4 (C') with an appropriately chosen fraction so that their combined effect
is exactly equal to (v — u + €)/m. This enables us to construct a run from r(u) to r(u + A)
where A = Y=, Repeating this same run over and over, we can reach r(u + 2A),7(u + 3A)
and so on till r(u +mA) := r(v). <

Now, with the above two propositions in hand, we are almost ready to state our charac-
terization of reachability over Q-semantics. The final definition we need is the following: We
say that a triple (I,C, F) is a knot of Gaq from i to f, if there is a state ¢ such that T is a
path from i to ¢, C is a pumpable cycle from ¢ to ¢ and F is a path from c to f. We are now
ready to state our characterization of reachability.

» Theorem 13. For any x < y, there is a Q-run from p(x) to q(y) in M iff either there is a
knot K from p to q in Gaq or there is a path P of length at most |Q| from p to q in Gaq such
that W(P) >y — z.

For the left-to-right direction, given any Q-run from p(z) to ¢(y), either it contains a
cycle with a positive transition, and so we can extract a knot from it, or it only contains
cycles with no positive transitions, each of which can be safely deleted to get a path P which
must satisfy W(P) > y — . For the other direction, we use Propositions 11 and 12.

Finally, by Remark 8, we do not have to consider separately the case when = > y. Hence,
this allows us to complete the second stage and move on to the third stage.

Stage 3: Upper Bounds for Reachability in 1-CVASS

In this final stage, we use the characterization from the previous stage to give upper bounds
for Q-reachability in 1-CVASS. By the characterizations given in Theorem 10 and Theorem 13,
the existence of a Q-run between p(z) and ¢(y) in a 1-CVASS M with < y is governed by
one of the following three conditions:

Condition 1: =z = y and there is a path P in Gy from p to g such that either

T, (P), T_(P)# 0 or T (P)=T_(P) = 0.

Condition 2: x < y and there is a knot K in G4 from p to gq.

Condition 3: x < y and there is a path P of length at most |Q| in Goq from p to ¢ such

that W(P) >y — x.
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We prove that

» Lemma 14. Conditions 1 and 2 can be decided in NL. Condition 8 can be decided in NL
if M is a 1-CVASS with integer updates over unary encoding and in AC! otherwise.

Indeed, the first two conditions can be easily seen to be decidable in NL. Indeed, for the
first condition, if there is such a path, there has to be one of length at most 3|Q|. Similarly,
we can show that for the second condition, if there is such a knot, there has to be one of
length at most 4|Q|. These two characterizations immediately place the problem in NL, by
allowing for a guess-and-check algorithm on the graph Ga. Similarly, the third condition
can be decided in NL if M is a 1-CVASS with integer updates and unary encoding.

If M is a 1-CVASS with integer updates and binary encoding, we note that the problem
of checking for a path P in Gaq of length at most |Q| with W(P) > y — z is equivalent
to an instance of coverability in 1-dimensional integer VASS, i.e., 1-CVASS over the Q-
semantics where all the fractions have to be 1. This latter problem is known to be in AC [24,
Theorem I11.2]. Finally, if M has rational updates, we can first multiply the labels of G
with the product B of all of its denominators, as well as the denominators of x,y. In this
new graph (which only has integer labels) we have to find a path P with W(P) > B(y — z).
Hence, once again the problem is equivalent to an instance of coverability in 1-dimensional
integer VASS. Since the product of a given collection of numbers can be computed in AC* [19,
Corollary 4.1], this proves that the third condition can be tested in AC! when M has rational
updates as well.

Finally, since NL C AC', by Remark 8 and by Theorem 9, this then proves Theorem 7,
which completes the main result of this section.

» Remark 15. Our upper bound can also be extended to work for 1-CVASS with zero-tests.
In this extension, a subset of states Z of the 1-CVASS is designated as the set of zero-test
states. A run is then considered valid iff every configuration of the form ¢(z) appearing in
it with ¢ € Z satisfies x = 0. In [8, Section 3.5], it is shown how to reduce the reachability
problem for this extension to reachability over 1-CVASS. That reduction, along with our
improved upper bound for 1-CVASS, allows us to conclude that reachability for 1-CVASS
with zero-tests is also in AC'.

4 Lower Bounds for 2-CVASS

In this section, we prove Theorems 2 and 4. To this end, we prove the following main result.

» Theorem 16. 2-Coverg and 2-Coverg, are both NP-hard for acyclic 2-CVASS
with integer updates encoded in binary;
with rational updates encoded in unary.

Let us first see how this result implies Theorems 2 and 4. First, by Remark 6, all of the
NP-hardness results in the statements of these two theorems follow from Theorem 16. Finally,
all of the NP membership results in the statements of these two theorems follow from the fact
that reachability for d-CVASS (over both types of encoding and both semantics) is in NP for
any d [7, Section IV.B]. So, the rest of this section is dedicated to proving Theorem 16. We
begin by showing that the first part of Theorem 16 follows from the second part.

Let M = (Q,T) be an acyclic unary 2-CVASS and p(u), ¢(v) be some configurations of
M. Let B be the product of all the denominators of the numbers appearing in T as well
as in u,v. Let M’ be the acyclic binary 2-CVASS that we obtain by multiplying all of the
transition vectors of M by B. It is immediately clear that p(u) can cover ¢(v) in M (over
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either of the semantics) iff p(Bu) can cover ¢(Bv) in M’ (over the corresponding semantics).
Since it is easily seen that B can be computed in binary in polynomial time, this proves that
the first part of Theorem 16 follows from the second part.

Hence it suffices to prove the second part of Theorem 16, which we do in two stages. In
the first stage, we consider a restricted version of the reachability problem and show that
this restricted reachability problem is NP-hard already for acyclic unary 1-CVASS (over both
the semantics). In the second stage, we then reduce restricted reachability to coverability by
the addition of an extra counter.

Stage 1: Hardness of Restricted Reachability of Acyclic Unary 1-CVASS

In this stage, we show NP-hardness of a restricted version of the reachability problem
(over both the semantics). To define this problem formally, we set up some notation.
A restricted Q-run of a CVASS M is a Q-run in which all of the fractions appearing
in each step are exactly 1. More precisely, a restricted Q-run is any run of the form
qo(up) al—tl>Q q1(uy) az—t%@ g2(ug) - MQ gn(u,) where each o; = 1. In the restricted
Q-reachability problem, we are given a CVASS M and two configurations p(x) and ¢(y)
and we have to decide if p(x) can reach ¢(y) by a restricted Q-run. Similarly, we can define
restricted Q4 -runs and restricted Q-reachability. The main result of this stage is to show
that

» Theorem 17. Restricted Q-reachability and restricted Q4 -reachability is NP-hard for
acyclic unary 1-CVASS.

Theorem 17 is surprising because, by restricting the fractions to always be 1, the model
behaves similar to a 1-dimensional unary (integer) VASS, for which reachability is in NL [15, 5].
However, unlike those machines, the difference here is that transition updates in a 1-CVASS
are allowed to have rational values, which as we will see allows for much more power.

To prove the NP-hardness, we give a reduction from a constrained version of 3-SAT. More
specifically, we consider as input 3-CNF formulas where each variable appears at most 4 times,
and we want to decide if such a formula is satisfiable. This problem is NP-complete [25].

Hence, let ¢ be a given 3-CNF formula over n variables zi,...,z, and m clauses
Ci,...,Cm where each C; = £}V 02V (3 with ¢} 02 03 € {x1,..., 2,y U{Z1,..., Ty} Fur-
thermore each literal z;, Z; appears in at most 4 clauses. For each 1 <1 < n, let #(x;), #(T;)
be the number of times the literals x;, Z; appear in the formula ¢, respectively. Additionally,
to each literal £ € {x1,...,2,} U{T1,...,Tp} we assign a distinct prime number P(¢) > 5.
By the prime number theorem the n'" prime is of magnitude O(nlogn). Hence all these
primes can be written down in unary in polynomial time in the size of n, by running a sieve
algorithm such as the Sieve of Eratosthenes.

We now encode an assignment to the variables x1, ..., z, by means of a sum of reciprocal
of the prime numbers. That is, we map an assignment A to the number f(A) := Y " | f—L

where (fi, ;) = (#(x;), P(x;)) if A(x;) is true and (f;,r;) = (#(T;), P(T;)) if A(x;) is false.
We call this the Egyptian prime fraction encoding, named after the Egyptian fractions
technique of using sums of fractions of the form 1/n to encode non-negative rational numbers.
As the following proposition shows, this way of using sums of reciprocals of primes to encode
assignments is unique.

» Proposition 18. Suppose Zle f—l = Zle ‘Z—j where {r,...,ri} (resp. {s1,...,8¢}) is a
set of pairwise distinct prime numbers greater or equal to 5 and f;,g; < 4 foralli € [k],j € [4].
Then, {r1,...,rp} = {s1,..., 80}
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Proof. Suppose Zl L f I = Z§:1 ‘Z—j and suppose 14 € {s1,...,s¢} for some d. Hence, we

get that fd = Z; 1 i—j - Zf 1 #d . Multiplying both sides by P = Hl 1T ngl

get F;id = Zﬁ 1 i‘?_J - Zf Litd Prf’ Notice that each summand on the RHS is a natural

number divisible by rq, but the LHS is not divisible by r4. Hence {r1,...,7} C {s1,...,5¢}.
By a symmetric proof, we also have {s1,...,s¢} C {r1,...,rx} and so they are the same. <«

5 we

This proposition immediately implies that f(A4) = f(A4’) iff A = A’ and therefore, our
encoding of the assignments is unique. With this encoding in mind, we now construct an
acyclic unary 1-CVASS M which consists of two gadgets, an assignment gadget M 4 which
encodes an assignment using the above encoding, and a clause gadget M which checks if
this assignment satisfies all the clauses (see also Fig. 1).

1 1 1 1 1

P(ey) P P(E) TP, PW@R) T P@)

Figure 1 The CVASS M. The first half (from ao to a,) depicts the assignment gadget Ma. The
second half (from a,, to b,,) depicts the clause gadget.

The assignment gadget. M 4 has states ay, ..., a,, and for each 0 < i < n there are two
transitions (a;, #(z;)/P(2;), ai+1) and (a;, #(T;)/P(T;), ai+1). See the first half of Fig. 1 for
a representation of M 4. It is then immediately clear that there is a restricted Q-run from
ap(0) to an (k) iff k = f(A) for some assignment A.

The clause gadget. The clause gadget M checks whether the assignment A generated by
the assignment gadget M 4 satisfies the formula ¢. It does this, by guessing for each clause
C;, the subset of literals £}, /2, /2 that are satisfied by A and then decrementing the counter

REE i)

by the appropriate inverse of the primes. For example, if it guesses that the assignment
satisfies only ¢7, £3, it will decrement the counter by 1/P(¢2) + 1/P(¢£3).

177

More precisely M has the states bg, b1, ..., b, and for each 0 < ¢ < m and for each of

the 7 non-empty subsets S; C {£},¢2 (3}, Mc has a transition (b;, = ves, 1/ P(£),bit1).

REE A}

See the second half of Fig. 1 for a representation of M. We have the following proposition
which asserts the main property of the clause gadget that we want.

» Proposition 19. There is a restricted Q-run from bo(f(A)) to by, (0) iff A satisfies the
formula .

The = direction holds from the uniqueness of encodings given by Proposition 18. For the <
direction it suffices to always pick the transition decrementing the counter by >, % for
the non-empty set of literals of C; that are true per A.
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Let M be the acyclic 1-CVASS we obtain by combining M 4 and M by fusing together
the states a,, and by (See Figure 1). Notice that any Q-run in M from ag(0) to b,,(0) must
also be a Q-run: Indeed, in any such run, the counter is only incremented in the stretch
between ag to a, and only decremented in the stretch between a, and b,,. By the above
properties of M4 and M we hence get that

» Theorem 20. There is a restricted Q-run (resp. restricted Q-run) from ag(0) to by, (0)
in M iff ¢ is satisfiable.

Stage 2: Reducing Restricted Runs to Coverability

We now show how to get rid of the restricted run assumption in the 1-CVASS M from the
previous subsection. First, by construction, notice that any run in M from ag(0) to b,,(0)
takes exactly K := n + m steps. Furthermore, any single transition of M can update the
counter by a number whose absolute value is at most 3. Indeed, the largest possible absolute
value appearing in the transitions is either of the form % + % + % or of the form % for some
d < 4. Hence, it follows that the maximum absolute value attainable in the counter in any
run is at most 3K.

We exploit this observation and modify M into an acyclic 2-CVASS M’ by adding one
extra counter to M, and changing each transition (p, w, ¢) of M into (p, (w,1 —w),q) in M.
We can now prove that

» Lemma 21. There is a restricted Q-run (resp. Qi-run) from ag(0) to by, (0) in M iff
there is a Q-run (resp. Qy-run) from ag(0,3K) covering by, (0,4K) in M'.

Intuitively, the reason behind this lemma is that each transition of M’ increases the sum
of the two counters by 1. Hence, by requiring that the sum of the two counters at the very
end has increased by at least K, we force the run in M’ satisfying that requirement to fire
each step with the fraction 1, thereby inducing a restricted run in M.

Combined with Theorem 20, this then allows us to conclude that 2-Coverg and 2-Coverg,
are both NP-hard over unary encoding. This proves the second part of Theorem 16, which
completes the main result of this section.

5 Lower Bounds for 3-CVASS (with Integer Updates)

In this section, we prove Theorem 5. To this end, we prove the following main result.
» Theorem 22. 3-Coverg, for acyclic unary 3-CVASS with integer updates is NP-hard.

By Remark 6, it is easily seen that this implies all of the NP lower bounds mentioned
in Theorem 5. As before, all of the NP upper bounds in Theorem 5 follow from [7, Section
IV.B]. So the rest of this section is dedicated to proving Theorem 22, which we do in two
stages: First, we show that coverability for acyclic unary 2-CVASS with zero-tests over
the Q-semantics is NP-hard. In the next stage, we show how to reduce this problem to
coverability for acyclic unary 3-CVASS.

Throughout this section, we shall exclusively consider the Q-semantics.

Stage 1: Hardness for Acyclic Unary 2-CVASS with Zero-Tests

In this stage, we show NP-hardness of coverability for an extended model of CVASS, namely
CVASS with zero-tests. A d-CVASS with zero-tests is a triple M = (Q, T, Z) where (Q,T)
is a d-CVASS and Z : Q — 29 is a mapping which mandates that in a configuration p(x),
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every counter in Z(p) must be zero. Formally, a configuration of M is a pair p(x) where
p € Q,x € Q% and x[i] = 0 for every i € Z(p). Given two configurations p(x) and ¢(y), a
transition (p,w,q) and a non-zero fraction o € (0, 1], we say that p(x) > q(y) if x[i{] = 0
forall i € Z(p), y = x+ aw and y[i] = 0 for all i € Z(q). Similarly to CVASS, we define the
notions of steps, Q4-runs, and Q-reachability for CVASS with zero-tests. Our main result
in this stage is to show that

» Theorem 23. Reachability for acyclic unary 2-CVASS with integer updates and zero-tests
over the Q4 -semantics is NP-hard.

Similar to the previous section, we will prove this theorem by giving a reduction from a
constrained version of 3-SAT, in which each variable appears at most 4 times in a formula.

To this end, let ¢ be a 3-CNF formula over n variables z1, ..., x, and m clauses C1,...,Cy,
where each C; = £} Vv €2V €3 with ¢},02,03 € {x1,...,2,} U{T1,...,T,}. Furthermore, each

literal x;, T; appears at most 4 times in ¢. For each 1 < ¢ < n, let #(x;), #(T;) be the
number of times the literals x;,T; appear in the formula ¢, respectively. Additionally, to
each literal £ € {x1,...,2,} U {Z1,...,Tn} we assign a distinct prime number P(¢) > 5,
such that P(¢) = P({'). We can now uniquely encode an assignment A to the variables
as the fraction f(A) := — where (1, fi) = (P(x;), #(x;)) if A(z;) is true and

T

(riy i) = (P(Ty), #(m;)) if 114(z,) is false.

1
1 -7“;2

Figure 2 A section of the assignment gadget (left) and the clause gadget (right). Here we use
z =0 (resp. y = 0) inside a state to denote that that state zero-tests the first (resp. second) counter.

We now construct an acyclic unary 2-CVASS with integer updates and zero-tests M
which consists of two gadgets, the assignment gadget M 4 which encodes an assignment, and
a clause gadget M which checks if this assignment satisfies all the clauses

The assignment gadget. M 4 has states ag, ..., an,ap, ..., al,_; with corresponding zero-
tests given by Z(ag)=...=Z(a,)={2} and Z(ay)=...=Z(al,_;)={1}. Furthermore, for
each 0 < i < n, there are three transitions (a;, (—P(z;)# @), 1),a’), (a;, (—P(@;)#®), 1), al)
and (af, (1,—1),a;+1). (See Fig. 2).

Intuitively, the first two transitions divide the current value of the first counter by either
P(x;)#*®) or P(7;)#®) while transferring this divided value to the second counter. The
third transition then transfers this divided value back to the first counter. This effect of these
transitions is formalized by the following proposition, whose proof follows by a case analysis
of the possible fractions that can be used, under the influence of the zero-tests on the states.

» Proposition 24. For any 0 < i < n, there is a Qo -run from a;(g;, h;) to air1(git1, hit1)
iff hi = hit1 = 0 and either giy1 = gi/P(x)# ) or giv1 = gi/P(T;)# ).
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Repeated application of this proposition implies that there is a Q1 -run from ag(1,0) to
an(g,h) for any g, h iff g = f(A) for some assignment A and h = 0. Further, since each
P(¢) € O(nlogn),#(¢) < 4, it follows that all of the numbers in the transitions can be
encoded in unary in polynomial time.

The clause gadget. The clause gadget M checks whether the assignment A generated
by the assignment gadget M4 satisfies the formula . It does this, by guessing for each
clause C;, the subset of literals £}, ¢7, ¢? that are satisfied by A and then executing a gadget

that multiplies the counter by the corresponding primes. More precisely M has the states

bos - -y bm, by, ..., bl 1 with corresponding zero-tests given by Z(bg) = --- = Z(by,) = {2}
and Z(bj)) =--- = Z(b),_,) = {1}. Furthermore, for each 0 < i < m, there is one transition

(bi, (—1,1),b}) and seven other transitions given by (b;, ([,cs, P(¢), —1),bit1) for every non-
empty subset S; C {¢},¢2 ¢3} (See Fig. 2). We now have the following proposition, whose

R )

proof is similar to Proposition 24.

» Proposition 25. For any 0 < i < m, there is a Q-run from b;(g;, h;) to biy1(giv1, Rit1)
iff hi = hiv1 =0,9; <1 and g;11 = g; - p where p is the product of some non-empty subset
of {P(£}), P(€7), P(£3)}.

Hence, repeated applications of this proposition means that any run from bg to b, essentially
multiplies the first counter by a subset of the primes {P(¢}), P(¢2), P(¢3)} for each i. This
then implies that,

» Lemma 26. There is a Q4 -run from by(f(A),0) to b,,(1,0) iff A satisfies .

However, since our goal is to show hardness for coverability, we have to modify the
condition in the above lemma so that it becomes a coverability condition. To that end, we
add a state b/, with zero test Z(b),) = {1} and a transition (b,,, (—1,1),b],) to M¢c. It
immediately follows that

» Lemma 27. There is a Q4 -run from by(f(A),0) covering b, (0,1) iff A satisfies .

It is now clear that if we let M be the acyclic 2-CVASS with zero-tests obtained by combining
M and M by fusing together a,, and by, we get

» Theorem 28. There is a Q-run from ag(1,0) covering b, (0,1) iff ¢ is satisfiable.

This completes Stage 1 of the reduction. We now move on to Stage 2.

Stage 2: Removing Zero-Tests by One Extra Counter

We now show how to get rid of the zero-tests in M by adding one extra counter. To this
end, we adapt the idea of the controlling counter technique from VASS [10]. The idea is as
follows: Consider the CVASS M that we get from M by simply removing its zero-tests. As
with M, any Q4 -run in M from ag(1,0) covering b/, (0,1) must be of the form

aO(la 0) = aO(QOa hO) M;Q+ aé)(g(/)a h()) m(%r ai (91: hl) to %QJF an(gm hn) =

bo(kosm0) 2%, by (K, ) 2% by (kty71) -+ b (b o) 225, W (Kl ) (1)

m’ T m

with &/, > 0,7/, > 1. This Q,-run in M is also a Q,-run in M iff each h;,r; = 0 and
each g/, k! = 0. Let us call such Q,-runs as good Q. -runs of M. Hence a good Q-run
of M exists iff there is a Q-run of M from ag(1,0) covering b/, (0,1). Since we consider
the Q. -semantics it holds that h;,r;, g}, k} > 0 for all i. Hence all of them are 0 iff their
combined sum is 0, i.e., a Q-run of the form Eq. 1 is a good run iff
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n—1 n m m
Zg£+2hi+2k;+zriiﬂ (2)
=0 i=1 i=0 i=1

Now, we claim that the above equation can be described differently by expressing the
LHS of Equation 2 in a different way. For instance, we know that each ¢ is essentially the
value of the first counter in the sum (1,0) + Zj‘:o 0;v; + Z;;é ajvl. Similarly, h;, kf,r; can
also be written as such sums. Combining all of these sums into one, we can rewrite the above
identity as the one given by the following proposition.

» Proposition 29. A Q4 -run of the form Eq. 1 is a good Q4 -run iff

+(m+1)+ <Z ((n =i+ m)(vi[1] +v5[2]) + v;[1] > (Za n—1i+m)( [1]—0—11;[2]))4-

(Zﬁi((mi)(wi[1]+wi[2])+wz[1 ) (ZB '[1]+U)’[2D>=0 (3)

We call the number on the LHS of Eq. 3 as the tester of the run. (We stress that this
tester is the same as the value Y ;" gl + 3 hi + >0 o ki + >0 ri and is hence always
non-negative). By Proposition 29 it follows that

» Lemma 30. There is a Q4 -run from ag(1,0) covering b, (1,0) in M iff there is a Q1 -run
from ag(1,0) covering bl,,(1,0) in M whose tester equals 0.

In order to remove the tester condition, we now introduce another counter to keep track
of the current value of the tester encountered so far. More precisely, for any prefix P of a
run of the form Eq. 1, we assign a number C(P) as follows: For the empty prefix, C(P) is
simply n 4+ m + 1. Now, for any prefix P = P’s, C(P) = C(P’) + C(s) where

C(s) = a;((n — i+ m)(v;[1] + v;[2]) + vs[1]) if s = a;(gs, hi) L al (gl hl).

C(s) = ab(n —i+m)(vi[l] +v}[2]) if s = al(g}, h}) Sit%, ai+1(git1, hit1)-

C(s) = Bi((m — i) (wi[1) 4+ wi[2]) + wi[1]) iF s = by(ky, ) 2% bl (K, ).
. ’BL k2

Cls) = Bilm — 1) (w![1] + wi2]) it s = (K r5) 225 by (i, i),

By construction, it is easily seen that C'(R) for a Q-run R is precisely its tester. Hence,
in order to compute C(R), we add a third counter to M with initial value n +m + 1, and
at each step s, we simply add C(s) to the third counter. We then finally require this third
counter to have value 0. Whilst correct, this only gives a reachability condition on the third
counter. Furthermore, while adding C(s) at each step, the third counter might go below 0.

We now show how to avoid both these problems in one shot. To this end, let K be
the maximum absolute value of all of the numbers in the transitions of M and let L be

n+(m+1)+n-(n+m)-3K)+(n-(n+m)-2K)+ ((m+1)-m-3K)+ (m-m-2K).

Note that L can be written down in unary in polynomial time. By construction of L, it
immediately follows that C(P) for any prefix has to lie in the range [—L, L]. Hence, if we
now begin the third counter with the initial value L — (n +m + 1) and subtract C(s) at each
step s, we are guaranteed that it will never go below zero. Furthermore, by construction, at
the end of a run R, the value of the third counter will be L — C'(R). As mentioned before,
C(R) is always non-negative and so the only way the third counter can reach a value > L
at the end is if C(R) = 0. This gives a coverability condition on the third counter that is
equivalent to checking if the tester of the run is zero. If we call this new machine (with three
counters) as M’ it then follows that
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» Lemma 31. There is a Qi -run from ag(1,0) covering b.,,(0,1) in M whose tester equals
0 iff there is a Qi -run from ag(1,0,L — (n+ m+ 1)) covering b,,(0,1,L) in M’.

By combining Theorem 28 and Lemmas 30 and 31 we get the following theorem.

» Theorem 32. There is a Q4 -run from ag(1,0,L — (n+m+ 1)) covering b,(1,0,L) in
M’ iff ¢ is satisfiable.

6

This completes the proof of Theorem 22, which is the main result of this section.

Conclusion

In this paper, we studied the complexity of reachability and coverability for fixed-dimensional
CVASS over both unary/binary encoding as well as over both Q-/Q.- semantics. As our
main result, we have completely characterized the complexity of all of these problems for
all dimensions. Furthermore, we have also given an almost-complete classification in the
case when the update vectors are restricted to be over the integers. One possible direction
for future work is to study these problems for unary 2-CVASS with integer updates over
Q. semantics as well as for unary d-CVASS with integer updates over Q-semantics for any
d>2.
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