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Abstract
Correlation Clustering is a fundamental clustering problem that is generalized to Chromatic
Correlation Clustering to incorporate categorical data. Both problems have been intensively
studied, and recently, substantial improvements were obtained in the approximation algorithms for
Correlation Clustering. At the heart of this success lies a new linear program (LP) formulation
called the cluster LP; a natural question was whether this LP can be extended to Chromatic
Correlation Clustering to enable similar success.

We answer this question in the affirmative by presenting a (2 + ε)-approximation algorithm for
the problem using a chromatic cluster LP. We then consider Weighted Chromatic Correlation
Clustering, in which edges have fractional weights satisfying the probability constraints, to show
that our algorithm extends to this weighted version to yield the same approximation guarantee.

2012 ACM Subject Classification Theory of computation → Approximation algorithms analysis

Keywords and phrases Chromatic correlation clustering, Chromatic cluster LP, Preclustering

Digital Object Identifier 10.4230/LIPIcs.APPROX/RANDOM.2026.13

Category APPROX

Related Version Full Version: https://arxiv.org/abs/2510.13446 [1]

Funding Supported by NCN grant number 2020/39/B/ST6/01641. This work was partly supported
by Institute of Information & communications Technology Planning & Evaluation (IITP) grant
funded by the Korea government (MSIT) (No. RS-2021-II212068, Artificial Intelligence Innovation
Hub). This work was supported by the National Research Foundation of Korea (NRF) grant funded
by the Korea government (MSIT) (RS-2025-00563707). This work was partly supported by an IITP
grant funded by the Korean Government (MSIT) (No. RS-2020-II201361, Artificial Intelligence
Graduate School Program (Yonsei University)).

Acknowledgements The authors thank the anonymous reviewers for their helpful comments. Part
of this work was done while H.-C. An and C. Lee were visiting the University of Wrocław, Poland.

1 Equal contribution

© Fateme Abbasi, Hyung-Chan An, Jarosław Byrka, Changyeol Lee, and Yongho Shin;
licensed under Creative Commons License CC-BY 4.0

Approximation, Randomization, and Combinatorial Optimization. Algorithms and Techniques
(APPROX/RANDOM 2026).
Editors: Mohit Singh and Tom Gur; Article No. 13; pp. 13:1–13:20

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:fateme.abbasi@cs.uni.wroc.pl
https://orcid.org/0000-0001-6710-8735
mailto:hyung-chan.an@yonsei.ac.kr
https://orcid.org/0000-0002-3690-4621
mailto:jby@cs.uni.wroc.pl
https://orcid.org/0000-0002-3387-0913
mailto:777john@yonsei.ac.kr
https://orcid.org/0009-0005-1891-5588
mailto:yongho@cs.uni.wroc.pl
https://orcid.org/0009-0007-5392-0264
https://doi.org/10.4230/LIPIcs.APPROX/RANDOM.2026.13
https://arxiv.org/abs/2510.13446
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


13:2 Approximating (Weighted) Chromatic Correlation Clustering via Cluster LP

1 Introduction

Given a complete graph where each edge is labeled by either “+” or “−”, Correlation
Clustering (CC) asks to find a vertex clustering that minimizes the total number of
disagreed edges, where we say an edge is disagreed if it is a “−” edge within a cluster or a
“+” edge across clusters. This problem is a fundamental combinatorial optimization problem
that has been extensively studied in various forms across fields [28, 23, 15, 7, 12, 24, 6]. The
readers are also referred to Wahid and Hassini [26] for a dedicated survey on this problem.

This problem is well-known to be NP/APX-hard [24, 6, 12, 10], and recently, it is further
shown that the problem cannot be approximated within a constant smaller than 24/23 unless
P = BPP [9]. There has also been a long line of work [6, 10, 2, 11, 14, 13, 9] on improving
the approximation ratio for this problem that recently culminated in 1.485 due to Cao,
Cohen-Addad, Lee, Li, Newman, and Vogl [9]. A key component of their positive result is in
approximately solving an exponential-sized LP, called the cluster LP, in polynomial time
and rounding this nearly optimal solution to an integral solution.

Chromatic Correlation Clustering (CCC) is a generalization of CC motivated by
clustering data with categorical interactions [8, 5, 3]. In this generalization, “+” edges are
labeled with colors. The objective is to find a clustering of vertices and a coloring of the
clusters that minimize the total number of disagreements, where “+” edges within a cluster
are deemed disagreed if their colors differ from that of the cluster. This chromatic version
has been intensively studied in the literature [8, 4, 18, 27, 20], but previous approaches
to this generalization were nevertheless limited to color-blind algorithms [18], reduction
to the monochromatic version [4, 18, 27], and rounding algorithms using the standard LP
relaxation [4]. The recent work by Lee, Fan, and Lee [20] achieving an approximation ratio
of 2.15 for CCC is also based on reducing to monochromatic CC using an optimal solution
to the standard LP relaxation for CCC.

In light of success of the cluster LP in CC, it is interesting to see if a chromatic version
of the cluster LP helps improve the approximation algorithm for CCC. In this paper, we
affirmatively answer this question: we show that a natural adaptation of the cluster LP,
called the chromatic cluster LP, can be solved nearly optimally in polynomial time, and any
feasible solution to the chromatic cluster LP can be rounded into an integral solution of
cost within a factor of 2. These together yield a (2 + ε)-approximation algorithm for CCC,
improving upon 2.15 due to Lee et al. [20]. Furthermore, we identify how we can generalize
this approach to the weighted case of CCC.

In addition to CCC, Weighted (Monochromatic) Correlation Clustering [6,
17, 2, 25, 11, 21] is another well-studied generalization of CC. In this problem, rather than
“integrally” declaring an edge as “+” or “−”, each edge is now assigned a fractional “+”
weight and “−” weight. These two weights must be nonnegative and sum to 1. This condition
is thereby called the probability constraint. The objective of the problem is to find a clustering
of vertices that minimizes the total weight of disagreements. It is worth noting that there
exists an approximation-preserving reduction to unweighted CC due to Chawla, Makarychev,
Schramm, and Yaroslavtsev [11]. This reduction is based on replacing each vertex in the
original weighted instance by a sufficiently large clique of “+” edges while the numbers of “+”
and “−” edges between two cliques are proportional to the weights between the corresponding
vertices.

In this paper, we study the weighted generalization of CCC, called Weighted Chro-
matic Correlation Clustering (WCCC), which is naturally defined as follows: each
edge is assigned “+” weights, one for each color, and a (colorless) “−” weight. These weights
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must respect the probability constraint. The goal is to find a clustering that minimizes the
total weighted disagreements. We demonstrate that our approach for CCC smoothly extends
to this weighted generalization, yielding an approximation algorithm with the same factor
of (2 + ε). The aforementioned approximation-preserving reduction for the monochromatic
version [11] unfortunately does not easily extend to this chromatic version because it is
unclear how one could assign colors to the edges within each clique originated from a vertex
in the original instance.

Recently, Fan, Lee, and Lee [16] presented a 1.64-approximation algorithm for unweighted
CCC. They also approximately solve the same chromatic cluster LP in polynomial time using
a slightly different approach from ours, and then round this solution with both a cluster-based
algorithm and a pivot-based algorithm, yielding the 1.64-approximation algorithm. One
notable difference in solving the chromatic cluster LP lies in the construction of admissible
edges (see Section 5.2): they adapted Cao et al.’s construction [9] into a color-sensitive version
with parallel admissible edges introduced, while we show that the original construction is
sufficient. Furthermore, we extend our results to the weighted setting, demonstrating the
applicability of this approach to other settings. We note that our results for CCC presented
in this paper were obtained independently, whereas our results for WCCC were obtained
after the arXiv announcement [19] of the unweighted results of Fan et al [16].

2 Problem definitions

We begin with defining Chromatic Correlation Clustering (CCC). An instance of
CCC consists of a set L of colors and a complete graph (V, E) where each edge is specified
as either a + edge or a − edge, and each + edge e is associated with a color ce ∈ L. Let
Eℓ be the set of edges colored ℓ; let E+ :=

⋃
ℓ∈L Eℓ and E− := E \ E+ denote the sets of +

and − edges, respectively. Given an instance (V, E, L, {ce}e∈E+) of the problem, a (feasible)
solution consists of a partition C of V and a coloring function χ : C → L that assigns a color
to each part. Given a solution (C, χ), an edge e = uv is called a disagreement if and only if
one of the following conditions holds:

e is a − edge and both u and v belong to the same cluster C ∈ C;
e is a + edge and u and v belong to different clusters C ̸= C ′ ∈ C; and
e is a + edge and both u and v belong to the same cluster C ∈ C, but χ(C) ̸= ce.

We also refer to a disagreement simply as a disagreed edge. If an edge is not a disagreement,
we call it an agreement or an agreed edge. The goal of the problem is to find a solution that
minimizes the total number of disagreements, which is also referred to as the cost of the
solution.

We now turn our attention to Weighted Chromatic Correlation Clustering
(WCCC). An instance of WCCC consists of a complete graph where each edge e is associated
with |L ∪ {−}| weights, denoted by {wℓ(e)}ℓ∈L∪{−}. The weights of each edge satisfy the
probability constraint, i.e., wℓ(e) ≥ 0 for every ℓ ∈ L ∪ {−} and

∑
ℓ∈L∪{−} wℓ(e) = 1. A

(feasible) solution to a WCCC instance (V, E, L, w) also consists of a partition C of V and a
coloring function χ : C → L. To define the total cost of a solution (C, χ), we define the cost
incurred by an edge e = uv in the solution, denoted by cost(C,χ)(e), as follows:

cost(C,χ)(e) :=
∑

ℓ∈L wℓ(e) = 1 − w−(e) if u and v belong to different clusters in C;
cost(C,χ)(e) :=

∑
ℓ∈L∪{−}\{χ(C)} wℓ(e) = 1 − wχ(C)(e) if both u and v belong to a cluster

C ∈ C.
The cost of a solution (C, χ) is then defined to be the sum of costs incurred by all edges,
i.e.,

∑
e∈E cost(C,χ)(e). We may omit the subscript (C, χ) when it is clear from context. The

objective of the problem is to find a solution of the minimum cost.

APPROX/RANDOM 2026
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We further define the notation that will be used. Let n := |V | denote the number of
vertices. For the unweighted CCC problem, let E−ℓ := E \ Eℓ for every ℓ ∈ L. Given F ⊆ E,
u ∈ V , and S ⊆ V , let F (u, S) := {uv ∈ F | v ∈ S}; for example, given u ∈ V and S ⊆ V ,
E+(u, S) denotes the set of + edges whose one endpoint is u and the other endpoint is in S.

On the other hand, for WCCC, given U ⊆ L ∪ {−} and S, T ⊆ V , let wU (S, T ) :=∑
ℓ∈U

∑
uv:u∈S,v∈T wℓ(uv). For notational simplicity, let wU (u, T ) and wU (u, v), respectively,

denote wU ({u}, T ) and wU ({u}, {v}). For any edge e = uv, wU (u, v) can be written as
wU (e). Note that wU (u, u) = 0 by definition. For ℓ ∈ L, let w−ℓ(S, T ) := wL∪{−}\{ℓ}(S, T ).
Similarly, let w+(S, T ) := wL(S, T ).

3 A constant-factor approximation algorithm for WCCC

This section is devoted to a constant-factor approximation algorithm for WCCC. The
algorithm is a reduction to CCC inspired by Bansal, Blum, and Chawla [6]. Recall that
constant-factor approximation algorithms [4, 18, 27, 20] are known for CCC.

Given an instance Iori = (V, E, L, wori) of WCCC, we construct a new instance Inew =
(V, E+ ∪ E−, L, c) for CCC as follows:

E− := {e ∈ E | arg maxℓ∈L∪{−}{wℓ
ori(e)} = −} and

ce := arg maxℓ∈L{wℓ
ori(e)} for e ∈ E+ := E \ E−,

where ties are broken arbitrarily. We then run a ρ-approximation algorithm for CCC on
Inew, and return the output of this algorithm.

Let costori(·) and costnew(·) denote the total cost of a solution with respect to Iori
and Inew, respectively. Let OPTori and OPTnew denote optimal solutions to Iori and
Inew, respectively, and let SOL denote the final output of the algorithm. Note that
costnew(SOL) ≤ ρ costnew(OPTnew) by the execution.
▶ Lemma 1. costori(SOL) ≤ costnew(SOL) + costori(OPTori).
Proof. Fix any edge e ∈ E. If e is disagreed by SOL in Inew, it incurs a unit cost in Inew.
Since the cost incurred by any edge in Iori is trivially bounded by 1, the total cost incurred
by the edges disagreed by SOL is at most costnew(SOL).

On the other hand, if e is agreed by SOL in Inew, we cannot use the above argument
because it incurs no cost in Inew. Observe however that this edge incurs 1 − wℓ

ori(e) in SOL in
Iori, where ℓ = arg maxℓ′∈L∪{−}{wℓ′

ori(e)} by the construction of Inew. Note that, in Iori, any
solution must incur 1 − wℓ

ori(e) from e due to the choice of ℓ. Hence, the total cost incurred
by the edges agreed by SOL is bounded from above by costori(OPTori). ◀

▶ Lemma 2. For any solution S, costnew(S) ≤ 2 costori(S).
Proof. Fix any edge e ∈ E disagreed by S in Inew. Let ℓ := − if e ∈ E− and ℓ := ce if e ∈ E+.
Observe that wℓ′

ori(e) ≤ 1
2 for any ℓ′ ∈ L ∪ {−} \ {ℓ} due to the construction of Inew. Hence,

the cost incurred by e in S in Iori is then at least minℓ′∈L∪{−}\{ℓ}{1 − wℓ′

ori(e)} ≥ 1
2 . ◀

▶ Theorem 3. This algorithm is a (2ρ + 1)-approximation algorithm for WCCC.
Proof. We can derive that

costori(SOL) ≤ costnew(SOL) + costori(OPTori)
≤ ρ costnew(OPTnew) + costori(OPTori)
≤ ρ costnew(OPTori) + costori(OPTori)
≤ (2ρ + 1) costori(OPTori),

where the first inequality is due to Lemma 1, and the last is due to Lemma 2. ◀
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4 Chromatic cluster LPs

In this section, we define the chromatic cluster LPs for CCC and WCCC, respectively, and
present a rounding algorithm whose expected cost is at most twice the cost of the given LP
solution.

Chromatic cluster LPs. Define the chromatic cluster LP for CCC as follows:

min
∑

S⊆V,ℓ∈L

(
|δ+(S)|

2 + |E−ℓ[S]|
)

zℓ
S

s.t.
∑

S∋v,ℓ∈L zℓ
S = 1, ∀v ∈ V,

zℓ
S ≥ 0, ∀S ⊆ V ∀ℓ ∈ L,

where zℓ
S = 1 indicates whether S is a cluster of color ℓ, δ+(S) := {(u, v) ∈ E+ | u ∈ S, v ̸∈ S},

and E−ℓ[S] :=
(

S
2
)

∩ E−ℓ. Let tℓ
v := 1 −

∑
S∋v zℓ

S indicate whether v is not colored ℓ and
xℓ

uv := 1 −
∑

S⊇uv zℓ
S denote whether u and v are not together in a same cluster colored ℓ.

Observe that∑
S∋u,S ̸∋v zℓ

S =
∑

S∋u zℓ
S −

∑
S⊇uv zℓ

S = xℓ
uv − tℓ

u, ∀ℓ ∈ L ∀uv ∈ E (1)∑
ℓ∈L tℓ

v = |L| −
∑

ℓ∈L,S∋v zℓ
S = |L| − 1, ∀v ∈ V. (2)

Using these equalities, we can rephrase the objective function as obj(x) :=
∑

uv∈E+ xcuv
uv +∑

uv∈E−
∑

ℓ∈L(1 − xℓ
uv). We defer its derivation to Appendix A.

The chromatic cluster LP for WCCC has the same sets of variables and constraints,
while the objective function is replaced with∑

S⊆V,ℓ∈L

(
w+(S,V \S)

2 + w−ℓ(S, S)
)

zℓ
S .

Through a similar derivation to the unweighted version, the objective function can be
rephrased as obj(x) :=

∑
uv∈E,ℓ∈L

(
wℓ(uv)xℓ

uv + w−(uv)(1 − xℓ
uv)
)

. The derivation can also
be found in Appendix A.

Cluster-based algorithm. The algorithm is the same for CCC and WCCC. Given a
solution z feasible to the chromatic cluster LP, consider the following algorithm. Let V ′ be
the currently unclustered vertices (initially, V ′ := V ). Until V ′ becomes empty, we randomly
sample a cluster S ⊆ V colored ℓ with probability zℓ

S∑
ℓ′∈L,S′⊆V

zℓ′
S′

. We then cluster V ′ ∩ S

colored ℓ and update V ′ := V ′ \ S accordingly. This ends the description of the cluster-based
algorithm.

We begin by analyzing the algorithm for CCC. Recall that xℓ
uv = 1 −

∑
S⊇uv zℓ

S for
every ℓ ∈ L and uv ∈ E. For notational simplicity, let xuv := 1 −

∑
ℓ∈L,S⊇uv zℓ

S indicate
whether u and v are not clustered together (regardless of its color). Note that we have
1 − xuv =

∑
ℓ∈L(1 − xℓ

uv), implying that, for any ℓ ∈ L, xuv ≤ xℓ
uv. The following lemma is

useful in showing the approximation ratios, whose proof is deferred to Appendix A.

▶ Lemma 4. For every uv ∈ E and color ℓ ∈ L, the probability that uv is in a same cluster
colored ℓ is 1−xℓ

uv

1+xuv
, and the probability that uv is separated is 2xuv

1+xuv
.

▶ Theorem 5. Given a feasible solution z to the chromatic cluster LP for CCC, the cluster-
based algorithm outputs an integral solution (C, χ) whose expected cost is at most twice the
objective value of z. The algorithm terminates in time poly(n, |supp(z)|) with high probability,
where supp(z) denotes the support set of z.

APPROX/RANDOM 2026
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Proof. From Lemma 4, we can derive that the probability that uv ∈ E is not in a cluster
colored ℓ is at most 1 − 1−xℓ

uv

1+xuv
≤ 2xℓ

uv

1+xuv
. Hence, the expected cost of (C, χ) for CCC is

bounded by∑
uv∈E+ Pr[uv is not in a same cluster C of color χ(C) = cuv]

+
∑

uv∈E− Pr[uv is not separated]

≤
∑

uv∈E+
2xcuv

uv

1+xuv
+
∑

uv∈E−
1−xuv

1+xuv

≤ 2
∑

uv∈E+ xcuv
uv +

∑
uv∈E−(1 − xuv)

≤ 2
∑

uv∈E+ xcuv
uv +

∑
uv∈E−

∑
ℓ∈L(1 − xℓ

uv) ≤ 2 obj(x).

To show that the algorithm terminates in time poly(n, |supp(z)|), observe that, for any

vertex v ∈ V , the probability of v being clustered in each iteration is
∑

S∋v,ℓ∈L
zℓ

S∑
ℓ∈L,S⊆V

zℓ
S

≥ 1
|supp(z)| .

Hence, using the union bound, we can show the algorithm terminates in Θ(|supp(z)| log n)
iterations with high probability. ◀

For WCCC, note that Lemma 4 is still satisfied because the algorithm is equivalent. We
thus have the weighted version for Theorem 5 as below.

▶ Theorem 6. Given a feasible solution z to the chromatic cluster LP for WCCC, the
cluster-based algorithm outputs an integral solution (C, χ) whose expected cost is at most
twice of the objective value of z. The algorithm terminates in time poly(n, |supp(z)|) with
high probability.

Proof. For WCCC, observe that the objective value can be written as

obj(x) =
∑

e∈E,ℓ∈L

(
wℓ(e)xℓ

e + w−(e)(1 − xℓ
e)
)

=
∑

e∈E

[∑
ℓ∈L wℓ(e)xℓ

e + w−(e)(1 − xe)
]

.

It thus suffices to show that the expected cost incurred by each e ∈ E is bounded by twice∑
ℓ∈L wℓ(e)xℓ

e + w−(e)(1 − xe). Observe that

E[cost(e)] =
∑

ℓ∈L

[
wℓ(e) Pr[e separated] + (1 − wℓ(e)) Pr[e ⊆ C ∧ χ(C) = ℓ]

]
≤
∑

ℓ∈L

[
wℓ(e) 2xe + (1 − wℓ(e)) (1 − xℓ

e)
]

=
∑

ℓ∈L

[
wℓ(e)(xe + xℓ

e) + (1 − xℓ
e) − wℓ(e)(1 − xe)

]
=
∑

ℓ∈L wℓ(e)(xe + xℓ
e) + w−(e)(1 − xe)

≤ 2
∑

ℓ∈L wℓ(e)xℓ
e + w−(e)(1 − xe),

where the first inequality follows from Lemma 4, the last equality from the fact that
w−(e) = 1 −

∑
ℓ∈L wℓ(e) and 1 − xe =

∑
ℓ∈L(1 − xℓ

e), and the last inequality from the fact
that xe ≤ xℓ

e for any ℓ ∈ L.
The same argument used in the proof of Theorem 5 for termination completes the

proof. ◀

5 Preclustering

Due to Theorems 5 and 6, to obtain a (2 + ε)-approximation algorithm, it suffices to argue
that a nearly optimal solution to the chromatic cluster LPs can be found in polynomial time.
To this end, we adapt the notion of a preclustered instance [13, 9] to the chromatic versions
as follows.
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▶ Definition 7 (Preclustered instance). Given an instance, a preclustered instance is defined
by a triple (K, χpre, Eadm) such that

K is a partition of V ;
χpre : K>1 → L is a color assignment for every non-singleton part in K, where we denote
by K>1 := {K ∈ K | |K| > 1} the set of non-singleton parts of K; and
Eadm ⊆ {uv ∈

(
V
2
)

|̸ ∃K ∈ K such that uv ⊆ K} is a set of edges across K.
We call K and Eadm a preclustering and admissible edges, respectively. Each part in K is
called a precluster. Any pair uv of two vertices u and v in a same precluster is called an
atomic edge. Any pair that is neither atomic nor admissible is called a non-admissible edge.

▶ Definition 8 (Respecting solution). Given a preclustered instance (K, χpre, Eadm) and a
feasible solution (C, χ), we say the solution respects the preclustered instance when

K subdivides C, i.e., for every precluster K ∈ K, there exists a cluster C ∈ C such that
K ⊆ C;
for every non-singleton precluster K ∈ K>1 and the cluster C ∈ C containing K, χpre(K) =
χ(C); and
for every non-admissible edge uv, the two vertices u and v are not in a same cluster in
the solution.

In this section, we prove the following theorem.

▶ Theorem 9. For any sufficiently small constant ε > 0, there exists an algorithm that, in
time npoly(ε−1), outputs a preclustered instance (K, χpre, Eadm) such that there exists a solution
respecting the preclustered instance whose cost is at most (1+ε) opt, and |Eadm| ≤ O(ε−2) opt,
where opt denotes the cost of an optimal solution in the instance input to the algorithm.

5.1 Constructing K and χpre

In this subsection, we present an algorithm for constructing a preclustering K and a color
assignment χpre : K>1 → L. The algorithm is an adaptation of Cao et al.’s construction [9] to
the chromatic versions. In particular, one subtlety in our algorithm is that we do not assume
a self-loop for each vertex which is no loss of generality in the monochromatic version.

Algorithm description. We first describe the algorithm for CCC, and then state the changes
needed for WCCC. We use parameters α, β ∈ (0, 1) such that η := α+β

1−β ∈ (0, 1
13 ). Note that

α = β = 0.02 is one feasible choice.2
At the very start, we obtain a solution (Cinit, χinit) by running any constant-factor approx-

imation algorithm for CCC on the given instance. We then iterate over every vertex u ∈ V

in an arbitrary order, and mark u if either

|E−ℓ(u, C)| ≥ α(|C| − 1) or |E+(u, V \ C)| ≥ α(|C| − 1) (or both), (3)

where we denote by C ∈ Cinit the cluster containing u and by ℓ := χinit(C) its color. After
marking all such vertices, we now iterate over every cluster C ∈ Cinit, and if the number
of marked vertices in C is at least β(|C| − 1), we mark all the vertices in C. We obtain
K by making all marked vertices singleton clusters from Cinit. The color assignment χpre
is constructed by inheriting χinit, i.e., for any non-singleton K ∈ K>1, we have χpre(K) =
χinit(C), where C ⊇ K is the cluster in Cinit containing K.

2 The choice of α and β affects the constant hidden in the exponent of the running time npoly(ε−1) for
constructing a nearly optimal solution to the chromatic cluster LPs: this constant decreases as αβ
increases.

APPROX/RANDOM 2026
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For WCCC, we only need to change the condition (3) of u ∈ V being marked in the first
iteration to

w−ℓ(u, C) ≥ α(|C| − 1) or w+(u, V \ C) ≥ α(|C| − 1) (or both).

Recall that we present a constant-factor approximation algorithm for WCCC in Section 3.

Sketch of analysis. Let us now sketch the analysis of this algorithm. We focus on CCC
while we mention the changes needed for WCCC at the end. The full analysis for CCC is
given in Appendix B.1; while the proof for WCCC can be found in the full version.

We aim at proving the first two conditions of Definition 8 are satisfied by any optimal
solution with the constructed K and χpre. Fix an arbitrary optimal solution (C⋆, χ⋆). The
next two lemmas are useful in the proof of the main lemmas of this subsection.

▶ Lemma 10. For any non-singleton precluster K ∈ K>1 with ℓ := χpre(K) and u ∈ K, we
have |E−ℓ(u, K)| < η(|K| − 1) and |E+(u, V \ K)| < η(|K| − 1).

▶ Lemma 11. For any non-singleton precluster K ∈ K>1, if a cluster C⋆
1 ∈ C⋆ colored

χpre(K) intersects K (i.e., χ⋆(C⋆
1 ) = χpre(K) and K ∩ C⋆

1 ̸= ∅), we have |C⋆
1 \ K| < 2η|K|.

Intuitively speaking, the former lemma follows from the execution of the algorithm in a fairly
straightforward manner. The latter can be derived because, otherwise, splitting C⋆

1 into
C⋆

1 \ K and C⋆
1 ∩ K in C⋆ incurs less cost due to the second condition of Lemma 10.

The following is the main technical lemma for the first condition of Definition 8. We
provide a proof sketch of this lemma while the full proof can be found in Appendix B.1.

▶ Lemma 12. K subdivides C⋆, i.e., for any K ∈ K, there is C⋆ ∈ C⋆ such that K ⊆ C⋆.

Proof sketch. Suppose toward contradiction that C⋆ is not subdivided by K. Then, there
exists a non-singleton precluster K ∈ K>1 such that K \ C⋆ is nonempty for every cluster
C⋆ ∈ C⋆. We choose an arbitrary such precluster K ∈ K>1, and let ℓ := χpre(K) be the color
of K in the preclustering. Let ξ be a constant between 1+5η

2 and 1 − 4η. Note that we can
always choose such ξ because 1+5η

2 < 1 − 4η for η ∈ (0, 1
13 ). Observe that 1

2 < ξ < 1.
We break the proof into two cases depending on the existence of a cluster C⋆ ∈ C⋆ that

“dominantly” intersects K, i.e., |K ∩ C⋆| ≥ ξ|K|. In each case, we respectively construct a
new solution whose cost is strictly less than (C⋆, χ⋆), leading to contradiction that (C⋆, χ⋆) is
optimal.

Case 1. No dominant intersections. Suppose that, for all C⋆ ∈ C⋆, |K ∩ C⋆| < ξ|K|. In
this case, we consider a new solution (C, χ) by removing K ∩ C⋆ from each C⋆ ∈ C⋆ and
inserting K colored ℓ := χpre(K).

The “gain” of (C, χ) over (C⋆, χ⋆) is at least the total number of ℓ-colored edges within
K but crossing C⋆. For each u ∈ K, at least (1 − ξ)|K| edges are crossing C⋆ inside K due
to the condition of this case, while at most η|K| edges can be colored other than ℓ due to
Lemma 10, implying that the gain is at least 1−ξ−η

2 |K|2.
On the other hand, the “loss” of (C, χ) over (C⋆, χ⋆) is due to either the appropriately

colored + edges crossing K but within a cluster in C⋆ or the − edges within K but crossing
C⋆. By Lemma 10, we can bound this loss from above by 3η

2 |K|2 < 1−ξ−η
2 |K|2, where the

inequality is due to the choice of ξ.

Case 2. A dominant intersection exists. Suppose now there exists a cluster C⋆
1 ∈ C⋆ such

that |K ∩ C⋆
1 | ≥ ξ|K|. Note that we always have at most one such cluster since ξ > 1

2 . Let
K1 := K ∩ C⋆

1 .
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Assume for now that χ⋆(C⋆
1 ) = χpre(K). We construct a solution (C, χ) by transferring

one arbitrary vertex u ∈ K \ C⋆
1 to C⋆

1 . We can then see that the gain of (C, χ) over (C⋆, χ⋆)
is due to the ℓ-colored edges between u and C⋆

1 , whereas the loss is due to the appropriately
colored + edges incident with u within the cluster containing u in C⋆ and edges other than
ℓ-colored ones between u and C⋆

1 . Using the dominance condition of this case and Lemma 10,
we can show that the gain is at least (ξ − η)|K|.

To bound the loss from above, we prove that the number of the first type of edges is
at most (1 − ξ + η)|K| using the fact that |K \ C⋆

1 | ≤ (1 − ξ)|K| due to the case condition,
and Lemma 10. On the other hand, the second type of edges can be partitioned into ones
within K and ones incident with C⋆

1 \ K; the former is bounded by η|K| due to Lemma 10
while the latter is bounded by 2η|K| due to Lemma 11. Hence, the loss cannot exceed
(1 − ξ + 4η)|K| < (ξ − η)|K| by the choice of ξ.

Finally, for the case where χ⋆(C⋆
1 ) ̸= χpre(K), we construct a solution (C, χ) from (C⋆, χ⋆)

by splitting C⋆
1 into K1 := K ∩ C⋆

1 colored ℓ = χpre(K) and C⋆
1 \ K1 colored ℓ′ := χ⋆(C⋆

1 ).
We observe that the gain of (C, χ) against (C⋆, χ⋆) is at least the number of the ℓ-colored
edges within K1 while the loss is at most the number of the ℓ′-colored edges within K1 and
between K1 and C⋆

1 \ K1. Through a similar argument using Lemma 10, we can show that
the gain is at least 1

2 |K1|(ξ|K| − 1 − η(|K| − 1)) while the loss is at most 3
2 η|K1|(|K| − 1).

The net gain is therefore at least 1
2 |K1| · (ξ|K| − 1 − 4η(|K| − 1)) > 0, where the inequality

can be derived from the fact that K is non-singleton and the choice of ξ and η. ◀

The second condition of Definition 8 is also satisfied through a similar argument. The
proof can be found in Appendix B.1.

▶ Lemma 13. For every cluster C⋆ ∈ C⋆ and any non-singleton precluster K ∈ K contained
in C⋆, we have χpre(K) = χ⋆(C⋆).

For WCCC, we generalize the above analysis for CCC by substituting the number of
edges satisfying a condition with the total sum of edge weights satisfying the same condition.
In particular, instead of Lemma 10 for CCC, we have the following lemma for WCCC:

▶ Lemma 14. For any non-singleton precluster K ∈ K>1 with ℓ := χpre(K) and u ∈ K, we
have w−ℓ(u, K) < η(|K| − 1) and w+(u, V \ K) < η(|K| − 1).

Likewise, we have the counterparts of Lemmas 11, 12, and 13 for WCCC. The complete
analysis can be found in the full version.

5.2 Constructing Eadm

We now present the construction of admissible edges Eadm. Interestingly, it turns out that a
color-oblivious construction as in Cao et al. [9] suffices for the chromatic versions. Here we
present its construction in the notation of WCCC.

For the unweighted version, it is noteworthy that the original construction [9] for the
unweighted monochromatic version already incorporates weights. Hence, there exists a
straightforward interpretation for CCC where we define w+(S, S′) := |{uv ∈ E+ : u ∈ S, v ∈
S′}| and w−(S, S′) := |{uv ∈ E− : u ∈ S, v ∈ S′}| for S, S′ ⊆ V .

Given K from the previous section, the construction of Eadm is as follows. For K ∈ K,
let d(K) := w+(K,V \K)

|K| + |K|
2 , N1(K) := {K ′ ∈ K | ε · d(K ′) < d(K) < 1

ε · d(K ′)}, and
N2(K) := {K ′ ∈ K \ {K} | K, K ′ ∈ N1(K) ∩ N1(K ′)}. For distinct K, K ′ ∈ K and K′ ⊆ K
such that K, K ′ ∈ K′, we further define

APPROX/RANDOM 2026
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W (K, K ′, K′) :=
∑

K′′∈K′\{K,K′}

[
|K ′′| · w+(K,K′′)

|K|·|K′′| · w+(K′,K′′)
|K′|·|K′′|

]
+ w+(K,K′)

|K| + w+(K′,K)
|K′|

Moreover, for two distinct preclusters K, K ′ ∈ K, we denote by K ∼ K ′ if K ′ ∈ N2(K)
and W (K, K ′, N1(K) ∩ N1(K ′)) > ε(d(K) + d(K ′)). We can then define Eadm := {uv ∈ E |
∃K, K ′ ∈ K such that K ∼ K ′, u ∈ K, v ∈ K ′}.

This choice of Eadm, together with K and χpre from the previous section, satisfies the
conditions of Theorem 9; the complete proof is given in the full version.

6 Solving the chromatic cluster LP

In this section, we present an algorithm for solving the chromatic cluster LP nearly optimally,
using the preclustered instance (K, χpre, Eadm) satisfying Theorem 9. Our technique is
obtained by introducing one more dimension of color to Cao et al.’s approach [9]. Recall
that they first formulate the bounded sub-cluster LP making use of a constant-level Sherali-
Adams hierarchy, present a procedure that samples one cluster using Raghavendra and Tan’s
rounding scheme [22], and lastly argue that the Monte Carlo method with sufficiently many
samples from the procedure produces a nearly optimal solution with high probability.

In what follows, we describe the algorithm for solving the chromatic cluster LPs, adapted
from Cao et al.’s approach to the chromatic versions. We remark that there are no differences
in the algorithm and analysis between CCC and WCCC except the objective function of
the bounded sub-cluster LP. The entire analysis is given in the full version.

Bounded sub-cluster LP. We first present the bounded sub-cluster LP for the chromatic
versions. Given ε > 0 sufficiently small, we define ε1 := ε3, εrt := ε2

1 = ε6, and r :=
Θ(ε−2

rt ) = Θ(ε−12). We assume that r is an integer where a large enough constant is hidden
in its Θ-notation. For u ∈ V , let Ku ∈ K be the precluster containing u. For u ∈ V , let
Nadm(u) := {v ∈ V | uv ∈ Eadm}; for K ∈ K, let Nadm(K) := {v ∈ V | ∃u ∈ K, uv ∈ Eadm}.
Then, the bounded sub-cluster LP is defined as follows:

min obj(x)

s.t. yℓ
S =

∑n
s=1 yℓ,s

S , ∀ℓ ∈ L ∀S ⊆ V : |S| ≤ r,

tℓ
v = 1 − yℓ

v, ∀ℓ ∈ L ∀v ∈ V,

xℓ
uv = 1 − yℓ

uv, ∀ℓ ∈ L ∀uv ∈
(

V
2
)
,∑

ℓ∈L yℓ
v = 1, ∀v ∈ V,∑

v∈V yℓ,s
Sv = s yℓ,s

S , ∀ℓ ∈ L ∀s ∈ [n] ∀S ⊆ V : |S| ≤ r − 1,

xχpre(K)
uv = 0, ∀uv ⊆ K ∈ K>1,

xℓ
uv = 1, ∀uv ⊆ K ∈ K>1 ∀ℓ ̸= χpre(K),

yℓ,s
uv = yℓ,s

u , ∀ℓ ∈ L ∀s ∈ [n] ∀u ∈ V ∀v ∈ Ku,

xℓ
uv = 1, ∀non-admissible uv ∀ℓ ∈ L,

yℓ,s
v = 0,

∀ℓ ∈ L ∀v ∈ V ∀s ∈ [|Kv| − 1] ∪ [|Kv| + 1, |Kv| + ε1|Nadm(v)|],
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y
χpre(K),|K|
S = yχpre(K),|K|

v , ∀v ∈ K ∈ K>1 ∀S ⊆ K : |S| ≤ r,

y
χpre(K),|K|
S = 0, ∀K ∈ K>1 ∀S ̸⊆ K : |S| ≤ r, S ∩ K ̸= ∅,∑

T ′⊆T (−1)|T ′|yℓ,s
S∪T ′ ∈ [0, yℓ,s

S ],

∀ℓ ∈ L ∀s ∈ [n] ∀S, T ⊆ V : S ∩ T = ∅, |S ∪ T | ≤ r,

yℓ,s
S ≥ 0, ∀ℓ ∈ L ∀s ∈ [n] ∀S ⊆ V : |S| ≤ r,

where yℓ,s
S = 1 indicates whether S is a subset of a cluster of size s colored ℓ. The only

distinction between CCC and WCCC is in the objective function, obj(x). Since the size of
the bounded sub-cluster LP is indeed bounded by npoly(ε−1), we can solve this LP in time
npoly(ε−1).

Sampling one colored cluster. We now present the procedure for sampling one cluster from
the bounded sub-cluster LP. Let y be an optimal solution to the bounded sub-cluster LP. The
procedure randomly samples a color ℓ ∈ L with probability yℓ

∅/y∅ where y∅ :=
∑

ℓ′∈L yℓ′

∅ , a
cardinality s ∈ [n] with probability yℓ,s

∅ /yℓ
∅, and a pivot u ∈ V with probability yℓ,s

u /(s · yℓ,s
∅ ).

With these sampled ℓ, s, and u, define y′ as y′
S := yℓ,s

Su/yℓ,s
u for every S ⊆ V of size |S| ≤ r −1.

The procedure then runs Raghavendra and Tan’s rounding scheme [22] upon y′ to sample a
cluster C ⊆ V , and return C colored χ(C) := ℓ.

Monte Carlo method. Finally, we describe the Monte Carlo method for constructing a
nearly optimal solution. Let ∆ := Θ

(
n4 log n
ε2

1|Eadm|

)
with a sufficiently large hidden constant. (Here,

we assume Eadm ̸= ∅; otherwise, (K, χpre) given by Theorem 9, with arbitrary colors assigned
to singleton preclusters, is already a (1 + ε)-approximate integral solution.) In particular, we
assume that ∆y∅ is an integer and ∆ ≥ 1

ε−ε1
= 1

ε−ε3 . The method independently samples
colored clusters from the above procedure for ∆y∅ times. Let C1, . . . , C∆y∅ be the sampled
colored clusters. Let ℓ1, . . . , ℓ∆y∅ denote their corresponding colors. For each vertex v ∈ V ,
let Rv := {t ∈ {1, 2, . . . , ∆y∅} | v ∈ Ct}, and let R̃v be the set of the ⌈(1 − ε)∆⌉ smallest
indices in Rv. For every t ∈ {1, 2, . . . , ∆y∅}, we define C̃t := {v ∈ V | t ∈ R̃v} ⊆ Ct. The
final output is z̃ℓ

S := |{t|C̃t=S∧ℓt=ℓ}|
⌈(1−ε)∆⌉ for every ℓ ∈ L and S ⊆ V .
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A Deferred analysis from Section 4

We can rephrase the objective function for CCC as follows:∑
S⊆V,ℓ∈L

(
|δ+(S)|

2 + |E−ℓ[S]|
)

zℓ
S

=
∑

uv∈E+

[
1
2
∑

ℓ∈L

(∑
S∋u,S ̸∋v zℓ

S +
∑

S ̸∋u,S∋v zℓ
S

)
+
∑

S⊇uv,ℓ̸=cuv
zℓ

S

]
+
∑

uv∈E−
∑

ℓ∈L

∑
S⊇uv zℓ

S

=
∑

uv∈E+

[∑
ℓ∈L xℓ

uv −
∑

ℓ∈L
tℓ

u+tℓ
v

2 +
∑

ℓ ̸=cuv

∑
S⊇uv zℓ

S

]
+
∑

uv∈E−
∑

ℓ∈L

∑
S⊇uv zℓ

S

=
∑

uv∈E+

[∑
ℓ∈L xℓ

uv − (|L| − 1) +
∑

ℓ̸=cuv
(1 − xℓ

uv)
]

+
∑

uv∈E−
∑

ℓ∈L

∑
S⊇uv zℓ

S

=
∑

uv∈E+ xcuv
uv +

∑
uv∈E−

∑
ℓ∈L(1 − xℓ

uv) =: obj(x),

where the second equality comes from (1) and the third from (2).
Using a similar derivation, we can also rephrase the objective function for WCCC as

follows:∑
S⊆V,ℓ∈L

(
w+(S, V \ S)

2 + w−ℓ(S, S)
)

zℓ
S

=
∑

uv∈E

w+(u, v)
2

∑
ℓ∈L

 ∑
S∋u,S ̸∋v

zℓ
S +

∑
S ̸∋u,S∋v

zℓ
S

+
∑

S⊇uv

∑
ℓ∈L

w−ℓ(u, v) · zℓ
S


=
∑

uv∈E

w+(u, v) ·

(∑
ℓ∈L

xℓ
uv −

∑
ℓ∈L

tℓ
u + tℓ

v

2

)
+
∑

S⊇uv

∑
ℓ∈L

w−ℓ(u, v) · zℓ
S


=
∑

uv∈E

[
w+(u, v) ·

(∑
ℓ∈L

xℓ
uv − (|L| − 1)

)
+
∑
ℓ∈L

w−ℓ(u, v) · (1 − xℓ
uv)
]

=
∑

uv∈E

[∑
ℓ∈L

(w+(u, v) − w−ℓ(u, v)) · xℓ
uv − w+(u, v)(|L| − 1) +

∑
ℓ∈L

w−ℓ(u, v)
]

=
∑

uv∈E

[∑
ℓ∈L

(wℓ(u, v) − w−(u, v)) · xℓ
uv + w−(u, v)|L|

]
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=
∑

uv∈E

∑
ℓ∈L

(
wℓ(u, v)xℓ

uv + w−(u, v)(1 − xℓ
uv)
)

=: obj(x),

where the second equality comes from (1), the third from (2), and the fifth from the definition
of w+ and w−ℓ.

Proof of Lemma 4. Consider the set S such that S ∩ {u, v} ≠ ∅ for the first time. We have∑
ℓ′∈L,S:S∩uv ̸=∅ zℓ′

S =
∑

ℓ′∈L,S∋u zℓ′

S +
∑

ℓ′∈L,S∋v zℓ′

S −
∑

ℓ′∈L,S⊇uv zℓ′

S

= 1 + xuv.

For the first statement, recall that
∑

S⊇uv zℓ
S = 1 − xℓ

uv. The second statement immediately
follows from the fact that

∑
ℓ′∈L,S⊇uv zℓ′

S = 1 − xuv. ◀

B Deferred analysis from Section 5

B.1 Constructing K and χpre for CCC
Recall that we use parameters α, β ∈ (0, 1) such that η := α+β

1−β ∈ (0, 1
13 ).

▶ Lemma 15 (Restatement of Lemma 10). For any non-singleton precluster K ∈ K>1 with
ℓ := χpre(K) and u ∈ K, we have

|E−ℓ(u, K)| < η(|K| − 1) and |E+(u, V \ K)| < η(|K| − 1).

Proof. Let C ∈ Cinit be the cluster containing K ⊆ C. Since K is non-singleton, the vertices
in K remain unmarked during the execution of the algorithm, implying that

|C \ K| < β(|C| − 1). (4)

Since |C \ K| = (|C| − 1) − (|K| − 1), rearranging the terms yields

|C| − 1 <
1

1 − β
(|K| − 1). (5)

Let ℓ := χpre(K) = χinit(C). We can also observe that

|E−ℓ(u, C)| < α(|C| − 1) and |E+(u, V \ C)| < α(|C| − 1) (6)

since u ∈ K is unmarked. We therefore have

|E−ℓ(u, K)| ≤ |E−ℓ(u, C)| < α(|C| − 1) <
α

1 − β
(|K| − 1) < η(|K| − 1),

where the first inequality follows from the fact that E−ℓ(u, K) ⊆ E−ℓ(u, C) and the second-
to-last inequality is due to Inequality (5). Furthermore, we have

|E+(u, V \ K)| = |E+(u, C \ K)| + |E+(u, V \ C)| ≤ |C \ K| + |E+(u, V \ C)|

< β(|C| − 1) + α(|C| − 1) <
α + β

1 − β
(|K| − 1) = η (|K| − 1),

where the second inequality is derived from Inequalities (4) and (6) and the last from
Inequality (5). ◀



F. Abbasi, H.-C. An, J. Byrka, C. Lee, and Y. Shin 13:15

In what follows, we may instead use the following slightly weaker inequalities in most
cases:

|E−ℓ(u, K)| < η|K| and |E+(u, V \ K)| < η|K|.

Now, fix any optimal solution (C⋆, χ⋆) to the given instance I.

▶ Lemma 16 (Restatement of Lemma 11 for CCC). For any non-singleton precluster K ∈ K>1,
if a cluster C⋆

1 ∈ C⋆ colored χpre(K) intersects K (i.e., χ⋆(C⋆
1 ) = χpre(K) and K ∩ C⋆

1 ̸= ∅),
we have |C⋆

1 \ K| < 2η|K|.

Proof. Let ℓ := χpre(K) = χ⋆(C⋆
1 ) and K1 := K ∩C⋆

1 . We define a solution (C, χ) constructed
from (C⋆, χ⋆) by splitting C⋆

1 into K1 and C⋆
1 \ K1. That is,

C := C⋆ \ {C⋆
1 } ∪ {K1, C⋆

1 \ K1} and χ(C) :=
{

ℓ, if C ∈ {K1, C⋆
1 \ K1},

χ⋆(C), if C ∈ C ∩ C⋆.

Suppose toward contradiction that |C⋆
1 \ K| ≥ 2η|K|. We show that the number of disagree-

ments in (C, χ) is less than that of (C⋆, χ⋆). To this end, we classify all edges as follows, and
determine whether each edge is a disagreement or not in (C, χ) and in (C⋆, χ⋆):
1. Each − edge across K1 and C⋆

1 \ K1 is an agreement in (C, χ), but a disagreement in
(C⋆, χ⋆).

2. Each − edge across K1 and V \ C⋆
1 is an agreement in both solutions.

3. Each + edge colored ℓ across K1 and C⋆
1 \K1 is a disagreement in (C, χ), but an agreement

in (C⋆, χ⋆).
4. Each + edge colored differently from ℓ across K1 and C⋆

1 \ K1 is a disagreement in both
solutions.

5. Each + edge across K1 and V \ C⋆
1 is a disagreement in both solutions.

6. Each edge within K1 has the same status in both solutions.
7. The remaining edges outside C⋆

1 also have the same statuses in both solutions, respectively.

We first lower bound the “gain” in cost of the constructed solution (C, χ) – the number of
edges that are agreed in (C, χ), but not in (C⋆, χ⋆). Observe that the type 1 edges contribute
to this gain. For any u ∈ K1, note that

|E−(u, C⋆
1 \ K1)| = |E(u, C⋆

1 \ K1)| − |E+(u, C⋆
1 \ K1)|

= |E(u, C⋆
1 \ K1)| − |E+(u, C⋆

1 \ K)|
≥ |E(u, C⋆

1 \ K1)| − |E+(u, V \ K)|
= |C⋆

1 \ K1| − |E+(u, V \ K)|
> |C⋆

1 \ K1| − η|K|,

where the last equality comes from u ̸∈ C⋆
1 \ K1, and the last inequality from Lemma 15

(recall that K is non-singleton). We can thus derive that the gain of (C, χ), the total number
of type 1 edges, is strictly greater than |K1| · (|C⋆

1 \ K1| − η|K|) = |K1| · (|C⋆
1 \ K| − η|K|).

We now upper bound the “loss” in cost of (C, χ) – the number of edges that are agreed
in (C⋆, χ⋆), but not in (C, χ). Note that the edges of type 3 contribute to this loss. For any
u ∈ K1, we have

|Eℓ(u, C⋆
1 \ K1)| = |Eℓ(u, C⋆

1 \ K)| ≤ |E+(u, V \ K)| < η|K|

where the last inequality is again due to Lemma 15, yielding that the loss of (C, χ) is strictly
less than |K1| · η|K|.
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We can thus conclude that the “net gain” in cost of the constructed solution (C, χ) against
(C⋆, χ⋆) is strictly greater than

|K1| · (|C⋆
1 \ K| − η|K|) − |K1| · η|K| = |K1| · (|C⋆

1 \ K| − 2η|K|) ≥ 0,

where the inequality is due to the assumption that |C⋆
1 \ K| ≥ 2η|K|, contradicting the

optimality of (C⋆, χ⋆). ◀

▶ Lemma 17 (Restatement of Lemma 12). K subdivides C⋆, i.e., for any K ∈ K, there is
C⋆ ∈ C⋆ such that K ⊆ C⋆.

Proof. Suppose toward contradiction that C⋆ is not subdivided by K. Then, there exists a
non-singleton precluster K ∈ K>1 such that K \ C⋆ is nonempty for every cluster C⋆ ∈ C⋆.
We choose an arbitrary such precluster K ∈ K>1, and let ℓ := χpre(K) be the color of K in
the preclustering. Let ξ be a constant between 1+5η

2 and 1 − 4η. Note that we can always
choose such ξ because 1+5η

2 < 1 − 4η for η ∈ (0, 1
13 ). Observe that 1

2 < ξ < 1.
We break the analysis into two cases depending on the existence of a cluster C⋆ ∈ C⋆ that

“dominantly” intersects K, i.e., |K ∩ C⋆| ≥ ξ|K|. The overall structure of the proof for each
case is similar to the proof of Lemma 16: we respectively construct a solution whose cost is
strictly less than (C⋆, χ⋆), leading to contradiction that (C⋆, χ⋆) is optimal.
Case 1. No dominant intersections. Suppose that, for all C⋆ ∈ C⋆, |K ∩ C⋆| < ξ|K|.
Consider a new solution (C′, χ′) constructed by inserting K colored ℓ = χpre(K). More
precisely, we have

C′ := {K} ∪ {C⋆ \ K | C⋆ ∈ C⋆ with |C⋆ \ K| > 0} and

χ′(C) :=
{

ℓ, if C = K;
χ⋆(C⋆), if C = C⋆ \ K.

We classify each edge and determine whether it is a disagreement or not in both solutions.
1. Each − edge across K and V \ K is agreed in (C′, χ′), and possibly agreed in (C⋆, χ⋆).
2. Each + edge across K and V \ K is disagreed in (C′, χ′), but possibly agreed in (C⋆, χ⋆).
3. Each − edge within K is disagreed in (C′, χ′), but possibly agreed in (C⋆, χ⋆).
4. Each + edge e of color ce = ℓ within K ∩ C⋆ for some C⋆ ∈ C⋆ is agreed in (C′, χ′), and

possibly agreed in (C⋆, χ⋆).
5. Each + edge e of color ce ̸= ℓ within K ∩ C⋆ for some C⋆ ∈ C⋆ is disagreed in (C′, χ′),

but possibly agreed in (C⋆, χ⋆).
6. Each + edge e of color ce = ℓ that is within K but across clusters in C⋆ is agreed in

(C′, χ′), but disagreed in (C⋆, χ⋆).
7. Each + edge e of color ce ≠ ℓ that is within K but across clusters in C⋆ is disagreed in

both solutions.
8. The remaining edges outside K have the same statuses in both solutions, respectively.
Observe that the gain in cost of (C′, χ′) against (C⋆, χ⋆) is lower-bounded by the number of
type 6 edges while the loss in cost of (C′, χ′) is upper-bounded by the number of edges of
types 2, 3, and 5.

To give a lower bound on the number of type 6 edges, we consider any u ∈ K and let
C⋆

u ∈ C⋆ be the cluster containing u in C⋆. We then have

|Eℓ(u, K \ C⋆
u)| = |E(u, K \ C⋆

u)| − |E−ℓ(u, K \ C⋆
u)|

≥ |E(u, K \ C⋆
u)| − |E−ℓ(u, K)|

= |K \ C⋆
u| − |E−ℓ(u, K)| > |K \ C⋆

u| − η|K|
≥ (1 − ξ)|K| − η|K| = (1 − ξ − η)|K|,
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where the second equality comes from u ̸∈ K \ C⋆
u, the second inequality from Lemma 15,

and the last inequality from the condition of this case. Hence, the number of type 6 edges is
bounded from below by

1
2
∑
u∈K

|Eℓ(u, K \ C⋆
u)| >

1 − ξ − η

2 |K|2.

This is also a lower bound for the gain in cost of (C′, χ′) against (C⋆, χ⋆).
We now consider the edges of types 2, 3 and 5. Due to the second inequality of Lemma 15,

we can upper bound the number of type 2 edges by |K| · η|K| = η|K|2. On the other hand,
the total number of type 3 and type 5 edges is bounded from above by

1
2
∑
u∈K

|E−ℓ(u, K)| <
η

2 |K|2

due to the first inequality of Lemma 15. Hence, the loss in cost of (C′, χ′) against (C⋆, χ⋆) is
strictly less than 3η

2 |K|2. Since ξ ≤ 1 − 4η, we have

1 − ξ − η

2 |K|2 − 3η

2 |K|2 ≥ 0,

implying that (C′, χ′) has fewer disagreements than (C⋆, χ⋆). This contradicts the optimality
of (C⋆, χ⋆).

Case 2. A dominant intersection exists. Suppose now there exists a cluster C⋆
1 ∈ C⋆ such

that |K ∩ C⋆
1 | ≥ ξ|K|. Note that we always have at most one such cluster since ξ > 1

2 . Let
K1 := K ∩ C⋆

1 .
We first claim that χ⋆(C⋆

1 ) ̸= χpre(K). Otherwise, if χ⋆(C⋆
1 ) = χpre(K), we construct a

solution (C′′, χ′′) by transferring one arbitrary vertex w ∈ K \ C⋆
1 to C⋆

1 . In other words,

C′′ := {C⋆
1 ∪ {w}} ∪ {C⋆ \ {w} | C⋆ ∈ C⋆ \ {C⋆

1 }} and

χ′′(C) =
{

χ⋆(C⋆
1 ), if C = C⋆

1 ∪ {w},
χ⋆(C⋆), if C = C⋆ \ {w}.

Since K \ C⋆
1 is nonempty, we can always choose w ∈ K \ C⋆

1 in the above construction.
Recall also that ℓ = χpre(K) = χ⋆(C⋆

1 ). Consider the following classification of edges:
1. Each edge in Eℓ(w, C⋆

1 ) is agreed in (C′′, χ′′), but disagreed in (C⋆, χ⋆).
2. Each edge in E−ℓ(w, C⋆

1 ) is disagreed in (C′′, χ′′), but possibly agreed in (C⋆, χ⋆).
3. Each edge in E+(w, V \ C⋆

1 ) is disagreed in (C′′, χ′′), but possibly agreed in (C⋆, χ⋆).
4. Each edge in E−(w, V \ C⋆

1 ) is agreed in (C′′, χ′′), and possibly agreed in (C⋆, χ⋆).
5. All the edges that are not incident with w have the same statuses in both solutions,

respectively.
Hence, the gain in cost of (C′′, χ′′) against (C⋆, χ⋆) is bounded from below by |Eℓ(w, C⋆

1 )|,
whilst the loss in cost of (C′′, χ′′) is bounded from above by |E−ℓ(w, C⋆

1 )| + |E+(w, V \ C⋆
1 )|.

For the type 1 edges, we have

|Eℓ(w, C⋆
1 )| ≥ |Eℓ(w, K1)| = |E(w, K1)| − |E−ℓ(w, K1)|

= |K1| − |E−ℓ(w, K1)| ≥ |K1| − |E−ℓ(w, K)|
> |K1| − η|K| ≥ ξ|K| − η|K| = (ξ − η)|K|,
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where the second equality comes from w /∈ K1, and the second-to-last inequality from
Lemma 15. For type 2 edges,

|E−ℓ(w, C⋆
1 )| = |E−ℓ(w, K1)| + |E−ℓ(w, C⋆

1 \ K1)|
≤ |E−ℓ(w, K)| + |C⋆

1 \ K1|
= |E−ℓ(w, K)| + |C⋆

1 \ K|
< η|K| + 2η|K| = 3η|K|,

where the last inequality comes from Lemma 15 and Lemma 16. Lastly, for type 3 edges,

|E+(w, V \ C⋆
1 )| = |E+(w, K \ C⋆

1 )| + |E+(w, (V \ K) \ C⋆
1 )|

< |K \ C⋆
1 | + |E+(w, V \ K)|

≤ (1 − ξ)|K| + |E+(w, V \ K)|
< (1 − ξ)|K| + η|K| = (1 − ξ + η)|K|,

where the second inequality comes from that |K ∩ C⋆
1 | ≥ ξ|K|, and the last inequality is due

to Lemma 15. Hence, the net gain in cost of (C′′, χ′′) against (C⋆, χ⋆) is strictly greater than

(ξ − η)|K| − (1 − ξ + 4η)|K| ≥ 0,

where the inequality follows from the choice of ξ > 1+5η
2 , contradicting the optimality of

(C⋆, χ⋆). This completes the proof of our claim that χ⋆(C⋆
1 ) ̸= χpre(K).

We now construct another solution (C, χ) from (C⋆, χ⋆) by splitting C⋆
1 into K1 colored

ℓ = χpre(K) and C⋆
1 \ K1 colored χ⋆(C⋆

1 ), i.e.,

C := C⋆ \ {C⋆
1 } ∪ {K1, C⋆

1 \ K1} and χ(C) :=


ℓ, if C = K1,
χ⋆(C⋆

1 ), if C = C⋆
1 \ K1,

χ⋆(C), if C ∈ C ∩ C⋆.
.

Consider the following breakdown of the edges:
1. Each − edge across K1 and V \ K1 is agreed in (C, χ), and possibly agreed in (C⋆, χ⋆).
2. Each + edge across K1 and C⋆

1 \ K1 is disagreed in (C, χ), but possibly agreed in (C⋆, χ⋆).

3. Each + edge across K1 and V \ C⋆
1 is disagreed in both solutions.

4. Each − edge within K1 is disagreed in both solutions.
5. Each + edge e of color ce = ℓ within K1 is agreed in (C, χ), but disagreed in (C⋆, χ⋆).
6. Each + edge e of color ce ̸= ℓ within K1 is disagreed in (C, χ), but possibly agreed in

(C⋆, χ⋆).
7. All the remaining edges outside K1 have the same statuses in both solutions, respectively.
We can thus see that the gain in cost of (C, χ) against (C⋆, χ⋆) is at least the number of
type 5 edges, while the loss is at most the total number of type 2 and type 6 edges.

To lower-bound the number of type 5 edges, we first fix an u ∈ K1 and consider the
type 5 edges incident to u. We then have

|Eℓ(u, K1)| = |E(u, K1)| − |E−ℓ(u, K1)| = |K1| − 1 − |E−ℓ(u, K1)|
≥ |K1| − 1 − |E−ℓ(u, K)| > |K1| − 1 − η(|K| − 1)
≥ ξ|K| − 1 − η(|K| − 1),
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where the second inequality comes from Lemma 15, and the last inequality comes from the
condition of K1. Hence, the number of type 5 edges is at least

1
2
∑

u∈K1

|Eℓ(u, K1)| >
1
2 |K1| · (ξ|K| − 1 − η(|K| − 1)).

We now upper-bound the number of edges of types 2 and 6. For any u ∈ K1, we have

|E+(u, C⋆
1 \ K1)| = |E+(u, C⋆

1 \ K)| ≤ |E+(u, V \ K)| < η(|K| − 1),

where the last inequality is due to Lemma 15, implying that the number of type 2 edges is
strictly less than |K1| · η(|K| − 1). On the other hand, we also have that, for every u ∈ K1,

|E+ ∩ E−ℓ(u, K1)| ≤ |E−ℓ(u, K)| < η(|K| − 1)

where the last inequality comes from Lemma 15, yielding that the number of type 6 edges is
strictly upper-bounded by 1

2 |K1| · η(|K| − 1).
We can thus derive that the net gain in cost of (C, χ) against (C⋆, χ⋆) is greater than
1
2 |K1| · (ξ|K| − 1 − η(|K| − 1)) − 1

2 |K1| · 3η(|K| − 1)

= 1
2 |K1| · (ξ|K| − 1 − 4η(|K| − 1)).

Observe that ξ > 1+5η
2 > 1

2 > 4
13 > 4η by the choice of ξ and η. We can thus see

ξ|K| − 1 − 4η(|K| − 1) = (ξ − 4η)|K| − 1 + 4η ≥ 2ξ − 4η − 1 > η,

where the first inequality comes from the fact that K is non-singleton and ξ > 4η, and the
last inequality from the fact that ξ > 1+5η

2 . This again contradicts the optimality of (C⋆, χ⋆),
completing the entire proof of this case. ◀

The above lemma shows that each precluster K ∈ K is fully contained in some cluster
C⋆ ∈ C⋆. We can also show that every non-singleton precluster must be colored the same as
the cluster in C⋆ containing it.

▶ Lemma 18 (Restatement of Lemma 13 for CCC). For every cluster C⋆ ∈ C⋆ and any
non-singleton precluster K ∈ K contained in C⋆, we have χpre(K) = χ⋆(C⋆).

Proof. Suppose toward contradiction that there exists a non-singleton K and C⋆
1 such that

K ⊆ C⋆
1 but χpre(K) ̸= χ⋆(C⋆

1 ). We show that a solution (C, χ) obtained by splitting C⋆
1 into

K of color χpre(K) and C⋆
1 \ K of color χ⋆(C⋆

1 ) has fewer disagreements than (C⋆, χ⋆). The
proof indeed follows from exactly the same argument as in the latter half of Case 2 in the
proof of Lemma 17. ◀

▶ Lemma 19. (K, χpre) is a constant-approximate solution.

Proof. We show that the number of disagreements in (K, χpre) is within a constant factor of
that in (Cinit, χinit); since (Cinit, χinit) is a constant-approximate solution, this completes the
proof. To this end, we charge the edges newly disagreed in (K, χpre) due to the algorithm to
the edges already disagreed in (Cinit, χinit).

Consider any non-singleton cluster C ∈ Cinit of color ℓ := χinit(C). Observe that, if a
vertex u ∈ C becomes a singleton precluster in K, the set of newly disagreed edges is precisely
Eℓ(u, C). Let

B1 := {u ∈ C | |E−ℓ(u, C)| ≥ α(|C| − 1)} and
B2 := {u ∈ C | |E+(u, V \ C)| ≥ α(|C| − 1)}.

Note that B1 ∪ B2 is the set of marked vertices in C right after iterating over V . We break
the analysis into two cases depending on the size of B1 ∪ B2.
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Case 1. |B1 ∪ B2| < β(|C| − 1). In this case, the vertices in C \ (B1 ∪ B2) remain
unmarked, and hence, it suffices to consider the vertices in B1 ∪ B2. For any u ∈ B1, observe
that

|Eℓ(u, C)| = |E(u, C)| − |E−ℓ(u, C)| = |C| − 1 − |E−ℓ(u, C)|

≤ (1 − α)(|C| − 1) ≤ 1 − α

α
|E−ℓ(u, C)| <

1
α

|E−ℓ(u, C)|,

where the first and second inequalities are due to the definition of B1; on the other hand, for
u ∈ B2, we have

|Eℓ(u, C)| ≤ |C| − 1 ≤ 1
α

|E+(u, V \ C)|,

where the last inequality is due to the definition of B2. Hence, for any u ∈ B1 ∪ B2, it is
sufficient to cover |Eℓ(u, C)| by charging 1

α to each edge in E−ℓ(u, C) ∪ E+(u, V \ C). Hence
the total charged amount for the cluster C is at most

1
α

(
2 |{uv ∈ E−ℓ | uv ⊆ C}| + |{uv ∈ E+ | |uv ∩ C| = 1}|

)
.

Case 2. |B1 ∪ B2| ≥ β(|C| − 1). Recall that, in this case, the algorithm marks all
vertices in C. The total number of newly disagreed edges is at most

(|C|
2
)
. Note that, by the

definition of B1,

|{uv ∈ E−ℓ | uv ⊆ C}| ≥ 1
2
∑

u∈B1

|E−ℓ(u, C)| ≥ 1
2 |B1| · α(|C| − 1),

and, by the definition of B2,

|{uv ∈ E+ | |uv ∩ C| = 1}| ≥
∑

u∈B2

|E+(u, V \ C)| ≥ |B2| · α(|C| − 1).

We can thus derive that

2 |{uv ∈ E−ℓ | uv ⊆ C}| + |{uv ∈ E+ | |uv ∩ C| = 1}|
≥ α(|B1| + |B2|)(|C| − 1)
≥ αβ(|C| − 1)2,

where the last inequality is due to the condition that |B1| + |B2| ≥ |B1 ∪ B2| ≥ β(|C| − 1).
This yields(

|C|
2

)
= |C|(|C| − 1)

2 ≤ (|C| − 1)2

≤ 1
αβ

(
2 |{uv ∈ E−ℓ | uv ⊆ C}| + |{uv ∈ E+ | |uv ∩ C| = 1}|

)
,

where the first inequality is because C is non-singleton. It therefore suffices to cover the new
disagreements due to C by charging 2

αβ to each edge in {uv ∈ E−ℓ | uv ⊆ C} and 1
αβ to

each edge in {uv ∈ E+ | |uv ∩ C| = 1}, respectively.
Due to the above charging argument, we can see that every disagreement in (Cinit, χinit) is

charged at most 2
αβ while sufficiently covering the cost incurred by the new disagreements in

(K, χpre). ◀
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