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—— Abstract
We study length-constrained generalizations of Directed Steiner Tree (DST) and Directed Steiner

Forest (DSF) in planar digraphs. In both problems, the input is a directed graph with edge costs.
DST asks for a min-cost subgraph connecting a root to a given set of terminals, and DSF asks for
a min-cost subgraph connecting each of a given set of source-sink terminal pairs. In the length-
constrained setting, each edge has both a cost and a length, and the input includes a length bound
h; the goal is to find a min-cost subgraph connecting each terminal pair via a path of length at
most h. Our work is motivated by a recent line of results showing that several network design
problems that are traditionally hard in directed graphs admit polylogarithmic approximation ratios in
planar digraphs. We give polylogarithmic bicriteria approximation algorithms for length-constrained
analogues of DST and DSF in planar digraphs. Our approximation ratios match the best known
for DST and DSF in planar digraphs, with an O(log k) violation of the length constraint, where
k denotes the number of terminals (or terminal pairs). As corollaries, we obtain polylogarithmic
approximations for buy-at-bulk DST and DSF in planar digraphs.
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1 Introduction

Directed Steiner Tree (DST) and Directed Steiner Forest (DSF) are fundamental problems in
network design with a wide array of applications. For both problems, the input consists of a
directed graph G = (V, E) with edge costs ¢ : E — Ry. In Directed Steiner Tree, given a
root s € V and terminals S C V' \ {s}, the goal is to find a min-cost subgraph containing
an s-t path for each t € S. Directed Steiner Forest generalizes DST to the multicommodity
setting: given a set of demand pairs D = {(s;,t;)}ic[x], the goal is to find a min-cost subgraph
containing an s;-t; path for each i € [k].

DST and DSF are NP-hard, and in fact have strong lower bounds on their approximability.
DST generalizes several hard problems in combinatorial optimization, such as Set Cover
and Group Steiner Tree. It is hard to approximate to an Q(log? k/ log log k)-factor under
plausible complexity assumptions [33], and to a slightly weaker Q(log® € k)-factor unless
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NP is contained in randomized quasi-poly time [37]; here, k denotes |S|. The best known
approximation ratios are O(log® k/loglogk) in quasi-polynomial time [33, 31, 10] and O(k®)
for any fixed e > 0 in polynomial time [60]. Whether DST admits a polylogarithmic
approximation in polynomial time is a major open question. We remark that the natural
LP relaxation for DST has polynomial-factor integrality gap [61, 51]; this is one reason
that developing improved approximations for DST has proven challenging. DSF is hard to
approximate to a factor Q(Zloglﬁ(")) for any € > 0 and thus does not admit a polylogarithmic
approximation [24]. The best known approximation ratios are O(kz+¢) [12] and O(n2/3+¢) [7].
An exciting recent line of work has shown that many problems that are hard to approximate
in general directed graphs are tractable when the input graph is planar [45, 29, 17, 14]. In
planar digraphs, DST admits an O(log k)-approximation [29], a natural LP relaxation has
integrality gap O(log? k) [17], and DSF admits an O(log® k)-approximation [14].

In this paper, we consider a generalization of DST and DSF to the length-constrained
setting. As the name suggests, these impose an additional constraint on the length of
paths used to connect terminal pairs. Formally, in Length-Constrained Directed Steiner
Tree (LC-DST) and Length-Constrained Directed Steiner Forest (LC-DSF), we are given an
additional length function on the edges £ : E — R, and a length constraint h; the goal is to
find a min-cost subgraph in which terminal pairs are connected via a path of length at most
h. There are several practical reasons why connectivity alone may not suffice: short paths
are desirable for faster transportation and communication, improved tolerance to failure,
and more. Furthermore, length-constrained network design is closely related to several other
important problems in combinatorial optimization. For instance, buy-at-bulk network design
(closely related to cost-distance and other problems) is a well-studied and practical model
which places a penalty on the path lengths in the objective function instead of imposing
strict bounds on path lengths. Progress in length-constrained network design has led to the
resolution of several open problems in buy-at-bulk network design [13, 16]. As a result of its
practical and theoretical importance, length-constrained network design has been very well
studied; see Section 1.3 for details.

In undirected graphs, adding length constraints to problems adds significant complexity
to a problem. As an example, consider the minimum spanning tree problem; this is easily
solvable in polynomial time. However, the length-constrained minimum spanning tree
problem is essentially equivalent in approximability to DST (see [39] for a formal reduction).
A common way to handle this difficulty is by relaxing the length constraint, allowing for
some slack in both the length and the cost (see Definition 1). In directed graphs, on the
other hand, length constraints do not add inherent complexity. A simple reduction shows
that LC-DST is equivalent to DST, as shown in Figure 1,! and one can define a similar
reduction from LC-DSF to DSF. However, these reductions do not preserve planarity. Given
the fruitful progress on network design problems in planar digraphs, it is natural to ask if
LC-DST and LC-DSF admit polylogarithmic approximations in planar digraphs. We answer
these questions affirmatively.

1.1 Our Results

We obtain polylogarithmic bicriteria approximation algorithms for LC-DST and LC-DSF in
planar digraphs.

! For polynomial edge lengths one can replace each edge e with a path of length £(e). For larger edge
lengths, one can obtain a similar reduction losing a (1 + ¢€) factor in length slack.
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Figure 1 This example assumes all edge lengths are 1. Suppose the input graph is a path
s,a,t1,b,ta with terminals t1,t2. We create h copies of the vertex set Vi,...,V}, and for every
(u,v) € E and all ¢ < h, we add an edge from the copy of w in V; to that of v in Vi41. The terminals
in the resulting DST instance are given at the bottom of the figure.

» Definition 1. An («, 8)-bicriteria approzimation for a length constrained network design
problem with length constraint h is a solution F' C E in which all demand pairs are connected
via a path of length at most - h, and ¢(F) < - OPT, where OPT is the cost of an optimal
solution. We refer to a as the approximation ratio and 8 as the length slack.

The approximation factors for all of our results match the best known ratios for DST
and DSF in planar digraphs without length constraints; all algorithms incur an O(log k)
factor in the length slack. We remark that this O(logk) length slack factor is essentially
the best known for many problems in length-constrained network design when one seeks a
polylogarithmic approximation ratio, including length-constrained MST in undirected graphs.
There are known algorithms for length-constrained MST with polynomial approximation
ratio that do not lose any length slack. Reducing the length slack to O(1) while ensuring
polylogarithmic approximation ratio is an enticing research direction with some partial
progress discussed further in Section 1.3. We highlight one such recent work: in undirected
planar graphs, [39] obtains an O(log'*(n))-approximation with (1+¢) length slack. However,
it is unknown if this approach would extend to the directed setting, and there appear to be
several challenges.

We first consider length-constrained Directed Steiner Tree. An approximation algorithm
is LP-competitive if the cost of the given solution is at most a times the value of an optimum
fractional solution to a natural LP relaxation. We describe an LP relaxation to LC-DST in
Section 3. We obtain two algorithms: the first (Theorem 2) is with respect to the optimum
integral solution, and the second (Theorem 3) is LP-competitive.

» Theorem 2. There is a bicriteria (O(log k), O(log k))-approzimation for LC-DST in planar
digraphs.

» Theorem 3. There is a bicriteria (O(log? k), O(log k)) LP-competitive approzimation for
LC-DST in planar digraphs.

Next, we consider length-constrained Directed Steiner Forest. Note that Theorem 4
provides an approximation algorithm with respect to the optimum integral solution; ob-
taining an LP-competitive approximation remains open. We note that an LP-competitive
approximation for planar DSF is not known even without length constraints.

» Theorem 4. There is a bicriteria (O(log® k), O(log k))-approzimation for Length-Constrai-
ned Directed Steiner Forest in planar digraphs.
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1.1.1 Extensions

‘We mention two further extensions of our work. Details and formal theorem statements are
omitted as they are technically involved and require new machinery, see [41] for details.

Buy-at-bulk network design. As mentioned earlier, there are known connections between
buy-at-bulk and length-constrained network design problems. Prior work in undirected
graphs [13, 16] demonstrated an LP-based reduction from a buy-at-bulk problem to its
corresponding length-constrained problem. The resulting approximation ratio for the buy-
at-bulk problem depends on both the approximation and length slack of the algorithm for
the length-constrained problem. These arguments extend to directed graphs; thus, one
can obtain a polylogarithmic approximation for buy-at-bulk DST in planar digraphs as
a corollary of Theorem 3. In the multicommodity setting, more effort is needed, since
Theorem 4 does not yield an LP-competitive solution. Nevertheless, one can obtain a
polylogarithmic approximation for buy-at-bulk DSF in planar digraphs by arguing that there
exists a low-density junction tree. Similar arguments have been used in [11, 4, 13].

Group, Covering, and Polymatroid Steiner Tree. Chekuri et al. [17] developed polyloga-
rithmic approximation algorithms for several rooted generalizations of Directed Steiner Tree
in planar digraphs. This includes the Directed Polymatroid Steiner Tree problem, where a
polymatroid is defined on the vertex set, and a feasible tree is required to span a base of
the polymatroid. A polymatroid is an integer-valued, normalized, monotone, submodular
function. This generalizes several important network design problems, including Group
and Covering Steiner Tree. At a high level, the algorithm of [17] explicitly constructs the
recursion tree of the divide-and-conquer algorithm of [29]. One can view this recursion
tree as a “tree embedding” suitable for solving rooted problems, allowing one to reduce to
solving the problem on a tree. One can similarly construct a “tree embedding” that respects
length constraints, based on the divide-and-conquer algorithm of Theorem 2. Thus, one can
obtain polylogarithmic approximations for length-constrained rooted variants of directed
polymatroid, covering, and group problems.

1.2 Technical Overview

The proofs of Theorem 2 and Theorem 3 on LC-DST adapt established ideas to the length-
constrained setting. The main novel contribution of this work is Theorem 4 on LC-DSF, as
the previous approach for DSF in planar digraphs fails to extend. We outline the ideas for
all three algorithms here.

Approximation for DST in planar digraphs. We start by giving an overview of the divide-
and-conquer O(log k)-approximation given by Friggstad and Mousavi [29]. The algorithm
uses Thorup’s shortest path separator theorem applied to directed graphs:

» Lemma 5 ([29, 58]). Let G be a planar directed graph with non-negative edge costs c(e),
non-negative vertex weights w(v), and a root s € V' such that every vertex in V is reachable
from s. There exists a polynomial time algorithm to find three shortest dipaths Py, Py, P3
starting at s such that every weakly connected component of G\ (P; U Py U P3) has at most
half the vertex weight of G.

The high-level idea in [29] is simple; see Figure 2. Suppose we can guess the optimum
solution value OPT for a given DST instance. Then, we can remove all vertices farther
than OPT from s and use Lemma 5 to find three paths, each of cost at most OPT, whose
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Figure 2 High-level overview of the divide-and-conquer algorithm. In Step 1, we compute the
planar separator (shown in red). Step 2 demonstrates contracting the separator into the root, and
Step 3 demonstrates the resulting independent sub-instances.

removal results in connected components each containing at most half the terminals. We
shrink the paths into s and recurse on the resulting sub-instances. The recursion depth is
O(log k), which bounds the total cost to O(log k) - OPT. Implementing the guess of OPT in
each recursive call is challenging; naively guessing requires quasipolynomial time. [29] obtain
a polynomial time algorithm by a refined argument where the guess for OPT is folded into
the recursion itself.

Handling Length-Constraints and Bounding Integrality Gap. The main challenge in
using the approach of [29] in length-constrained Directed Steiner Tree lies in defining the
shortest path tree on which to apply the planar separator result. Ideally, one would like for
the tree to capture length-constrained distances, where the h-length-constrained distance
from w to v is the min-cost over all u-v paths of length at most h. Unfortunately, length-
constrained distances do not form a metric, so one cannot use a standard shortest path tree.
To circumvent this issue, we use the well-known “mixture-metric”, which balances length
constraints and costs. This suffices to obtain Theorem 2. We remark that recent work of [39]
on length-constrained MST in undirected planar graphs also uses the mixture-metric to apply
the separator lemma. To prove Theorem 3, we use an idea introduced in [17], which uses
the LP optimum value as the estimate for OPT instead of guessing. The algorithm of [17]
extends to the length-constrained setting with the mixture-metric in a similar fashion.

Directed Steiner Forest via Junction Trees. To tackle the multicommodity setting, we
build on the junction tree based algorithm of [14] for planar DSF. At a high level, junction
trees allow one to reduce a multicommodity problem to its single-source counterpart. This
technique has been used in a variety of network design problems; it was first explicitly
described in the context of non-uniform buy-at-bulk network design [36, 11], though it
was implicitly used earlier for Directed Steiner Forest in [10]. The idea is to repeatedly
find well-structured low-density partial solutions, where a partial solution is feasible for a
subset of terminal pairs, and the density is the ratio of cost to the number of terminal pairs
connected. Using a standard iterative approach for covering problems, one can reduce a
multicommodity problem to its corresponding min-density partial solution problem, losing
an O(log k) factor in the approximation ratio. We aim to find partial solutions that contain
a “junction” vertex v € V through which many pairs connect. This allows us to view the
problem as a single-source problem with source v. The approximation for DSF in planar
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digraphs of [14] consists of two steps: (1) proving the existence of a low-density junction
tree, and (2) efficiently finding an approximate min-density junction tree. The second step
uses a bucketing-and-scaling technique introduced by [11], which relies on the existence of an
LP-competitive single-source algorithm. With Theorem 3, this extends with little difficulty
to the length-constrained setting. Our main technical contribution is the first step: showing
existence of a low-density junction tree, as length constraints pose several new challenges,
and the proof of [14] does not cleanly extend. We defer further discussion to Section 4.

1.3 Related Work

Directed Steiner Tree. Zelikovsky [60] was the first to address the approximability of DST.
He obtained an O(k¢)-approximation for any fixed ¢ > 0 via two ideas. He developed a
recursive greedy algorithm and analyzed its performance as a function of recursion depth. He
then showed that one can reduce the problem on a general directed graph to a problem on a
depth d DAG (via the transitive closure of the original graph) at the loss of an approximation
factor that depends on d. Charikar et al. [10] refined the algorithm and analysis in [60] and
combined it with the depth reduction. They showed that one can obtain an O(kol/ dog k)
approximation in O(n®(®)-time; this led to an O(log® k)-approximation in quasi-polynomial
time. Subsequently, Grandoni et al. [33] improved the approximation to O(log2 k/loglog k)
in quasi-polynomial time via a more sophisticated LP-based approach. A different approach
that also yields the same bound was given by Ghuge and Nagarajan [31], and this is based
on a refinement of the recursive greedy algorithm for walks in graphs [18]. The approach
of [31] extends to several related problems, including directed single-source buy-at-bulk.

Zosin and Khuller [61] showed that the natural cut-based LP relaxation for DST has
an integrality gap of Q(v/k). However, their example only showed a gap of Q(logn) as
a function of the number of nodes n. There was some hope that the integrality gap is
polylogarithmic in n; however, [51] recently showed that the gap is Q(n°) for some § > 0 by
modifying the construction in [61]. Interestingly, these lower bound examples are DAGs with
O(1)-layers, for which the recursive-greedy algorithm yields an O(log k)-approximation in
polynomial-time. Rothvoss [57] showed that O(¢)-levels of the Lasserre SDP hierarchy when
applied to the standard cut-based LP reduces the integrality gap to O(¢logk) on DAGs
with £ layers. This was later refined to show that O(¢)-levels of the Sherali-Adams hierarchy
suffices [27]. However, both these approaches also require quasi-polynomial time to obtain a
polylogarithmic approximation. Recent work by Laekhanukit [50] shows a flow-based LP
relaxation that has polylogarithmic integrality gap under some strong assumptions on the
structure of an optimal fractional solution.

Directed Steiner Forest. The first nontrivial approximation for Directed Steiner Forest
was an O(k?/3)-approximation given by Charikar et al. [10]. This follows a similar iterative
density-based procedure as the junction tree approach; however, they restrict to trees of a
much simpler structure. This approximation ratio was subsequently improved to O(k‘%"‘e) by
Chekuri et al. [12]; they showed that given an instance (G, D) of DSF, there exists a junction
tree of density at most O(k'/?) times the optimum. They then provided an algorithm to
find a low-density junction tree via height reduction and Group Steiner Tree rounding. DSF
has improved approximation ratios when k is large. Feldman, Kortsarz, and Nutov [25]
obtained an O(n¢ - min(n*/® m?/3))-approximation using a junction-based approach. This
analysis was refined by Berman et al. [7] using ideas developed for finding directed spanners,
giving an improved approximation ratio of O(n?/3+¢). For DSF with uniform edge costs,
Chlamt4¢ et al. obtained an O(n?/5%¢)-approximation [19], which was subsequently improved
to O(n*/ 7€) by Abboud and Bodwin [1].
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Length-Constrained Network Design. Length-constrained network design has been primar-
ily studied in undirected graphs. It was first introduced by Balakrishnan and Altinkemer [5],
and has since been studied in both approximation and fast exact algorithms. The length-
constrained s-t shortest path problem is solvable exactly in polynomial time when edge lengths
are polynomially bounded, via the textbook Bellman-Ford dynamic programming algorithm.
However, it is NP-hard for arbitrary lengths [42].2 Moreover, length-constrained MST is
NP-hard even in the special case of hop constraints.® From an approximation algorithms
standpoint, until recently, the majority of the work on length-constrained network design
had been limited to single-source settings, such as s-t shortest path [43, 59, 38, 32, 53, 8],
MST [21, 2, 55, 3, 47, 56, 54, 40], Steiner Tree [49, 44], and k-Steiner Tree [36, 46]. While
s-t shortest path admits an FPTAS [38], other length-constrained problems have strong
hardness results under strict length constraints. Length-constrained MST is as hard as
Directed Steiner Tree, and the length-constrained variant of Steiner forest has no 0(21"5175(”))—
approximation [23]. These problems are more tractable when length constraints are relaxed.
A simple merging algorithm [54] yields an (O(logn), O(log n))-bicriteria approximation for
length-constrained MST and Steiner Tree. Recent progress by Hershkowitz and Huang allows
one to reduce the length slack to O(logn/loglogn) while increasing the approximation ratio
by a polylogarithmic factor [40]. The multicommodity setting has been more challenging. For
length-constrained Steiner Forest, polylogarithmic bicriteria approximations were implicitly
known via buy-at-bulk [11, 48]. There has also been a line of work on hop-constrained tree
embeddings, which have led to bicriteria approximations for hop-constrained Steiner Forest
and various related problems [35, 26]. Chekuri and Jain [13], building on hop-constrained
oblivious routing tools of Ghaffari, Haeupler, and Zuzic [30], obtained LP-competitive al-
gorithms for multicommodity problems in buy-at-bulk and length-constrained settings. In
directed graphs, a recent work obtains polynomial factor approximations for Directed Buy-
at-Bulk and related spanner problems [34]; these approximation ratios essentially match the
best known factors for DSF in general digraphs.

Planar and Minor-Free Graphs. Improved approximation ratios have been obtained for
several problems in special classes of graphs, such as planar and minor-free graphs. We
first discuss undirected graphs. In planar graphs, Steiner Tree admits a PTAS [9]; this
was later extended to a PTAS for Steiner Forest in graphs of bounded genus [6]. Recently,
[20] obtained a QPTAS for Steiner Tree in minor-free graphs. Furthermore, although the
node-weighted variant of Steiner Tree captures Set Cover in general graphs, there exists a
constant factor approximation in planar graphs, and more generally, in any proper minor-
closed graph family [22]. In directed graphs, several recent results have built on tools given
by Thorup [58] to obtain approximation algorithms in planar digraphs. Kawarabayashi and
Sidiropoulos [45] gave a polylogarithmic upper bound on the multicommodity flow-cut gap
in planar digraphs; this was derandomized and extended to the node-weighted setting by
[15]. As discussed earlier, Friggstad and Mousavi [29] obtained an O(log k)-approximation
for DST in planar digraphs. This was extended by Chekuri et al. [17] to an LP-competitive
O(log? k)-approximation. Chekuri et al. [17] also obtained polylogarithmic approximations
for several rooted variants of DST in planar digraphs, such as group, covering, polymatroid,
and multirooted versions. Chekuri and Jain [14] then obtained an O(log® k)-approximation
for DSF in planar digraphs. In minor-free input graphs that are quasi-bipartite, Friggstad
and Mousavi [28] obtained a constant-factor approximation for DST.*

2 The length-constrained shortest path problem is often referred to as Restricted Shortest Path.
3 Hop constraints refer to the unit-edge-length setting of length-constrained network design.
4 The input is quasi-bipartite if there are no edges between any two non-terminal nodes.
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2 Preliminaries

2.1 Notation

Let G = (V, E) be a directed graph with edge costs ¢ : E — R,. For E/ C E, we denote
c(E") =3 cp cle). We assume all edge costs c(e) > 1 and are polynomially bounded in
n. This can be done with a (1 + o(1)) factor loss in approximation, by guessing the cost of
the optimal solution OPT, contracting edges with cost much smaller than OPT, and scaling
appropriately.

For S C V, we use E[S] to denote the set of edges of E with both endpoints in S, G[S5]
to denote the subgraph (S, E[S]) induced by S in G, and §+(S) = {(u,v) € E:u € S,v ¢ S}
to denote the out-cut of S. The height of an out-tree T rooted at s is the maximum over all
v € V(T) of the number of edges on the unique s-v path. The size of the tree is the number
of vertices in the tree. To contract an edge (u,v) is to merge its endpoints into a single
vertex wy,, replacing all edges incident to v or v with edges incident to w,, and removing
resulting self-loops. For a subgraph G’ C G, we use G/G’ to denote the graph obtained by
contracting every edge of G’ and G — G’ to denote the graph obtained by deleting every
edge in G'. A graph H obtained from G via edge contractions and edge or vertex deletions
is called a minor of G. It is easy to see that if G is planar, then any minor of G is planar
as well. A weakly connected component of G is a maximal connected component of the
underlying undirected graph obtained from G by ignoring the edge orientations. We call this
undirected graph the undirected version of G.

The length ¢(p) of a path p is the sum of the lengths of its edges. More generally, we
write £(F) := Y g {(e) for any F' C E. For any subset of edges F' C E and any pair of
vertices u,v € V, we let £r(u,v) denote the length of the shortest-length u-v path in F. We
generalize this notation to sets: for A, B CV, {r(A, B) is the length of the shortest-length
path in F' from A to B. We drop F' when it is clear from context. For a tree T and vertices
u,v € V(T), we write Pr(u,v) to denote the unique u-v path in T.

2.2 Mixture Metric

We write d(®) (s,t) to denote the cost of the shortest h-length constrained s-t path. Computing
d™ (s, t) is NP-hard [42]; however, it can be approximated to a (1 + ¢)-factor [38]. Unlike
traditional graph distances, d® does not form a metric. We instead consider the mizture
metric; this is a standard notion to facilitate working with length constraints, and was
highlighted in recent work in length-constrained network design by [35].

Given a length constraint h and a cost bound -y, we define the mixture metric as follows:
for each e € E, the mizture cost function is ¢’(e) = c(e) + 1£(e). For all s,t € V, let d'(s, )
be the cost of the shortest s-t path with respect to ¢’. It is not difficult to see that d’ forms
a metric. Claim 6 demonstrates how d’ approximates d; the proof is simple and deferred
to a full version.

> Claim 6. Let d’ be the mixture metric with length constraint h and cost bound 7.
1. d'(s,t) < dP)(s,t) +;
2. d")(s,t) < d'(s,t), where b’ = &0 .,

2.3 Planar Separator

The key property of planarity used in our algorithms is the fact that planar graphs have
good shortest path separators, as shown in Lemma 5. We state a more general lemma on
undirected graphs. This lemma, essentially proved by Lipton and Tarjan [52], but given
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explicitly by Thorup [58], states that every spanning tree on any planar graph contains
three paths whose removal results in connected components each containing at most half the
number of vertices. The formal statement is as follows.

» Lemma 7 ([52, 58]). Let G be an undirected connected graph with non-negative edge costs
c(e), non-negative vertex weights w(u), and a spanning tree T rooted at v € V.. There exists
a polynomial time algorithm to find three vertices uy,us,us € V such that each component of
G\ (Pr(v,u1) U Pr(v,us) U Pr(v,u3)) has at most half the vertex weight of G.

Note that one can recover the directed variant (Lemma 5) by considering the spanning
tree T to be a shortest path tree rooted at v.

3 Length-Constrained Directed Steiner Tree

In this section, we consider length-constrained Directed Steiner Tree. We provide an O(log k)-
approximation in Section 3.1, and an LP-based O(log2 k)-approximation in Section 3.2.

First, we define a subroutine PRUNEANDSEPARATE (Algorithm 1) which will be used
in both the integral and LP-based algorithms. This subroutine takes as input a graph
G = (V, E) with edge costs c(e), a root s € V, terminals S C V, and a guess 7 for the cost
of the optimal solution. PRUNEANDSEPARATE(G, s, S,7) removes all vertices further than ~
away from s, and uses Lemma 5 on the resulting graph with vertex weights set to 1 on the
terminals and 0 elsewhere. This yields a planar separator P := P; U P, U P3 in which each
resulting component of G \ P has at most half the terminals. The subroutine contracts P
into s; each component of G\ P corresponds to a new subinstance induced by the terminals
in that component along with s. PRUNEANDSEPARATE(G, s, S,~) returns P along with the
subinstances for each component.

Algorithm 1 PRUNEANDSEPARATE(G, s, S, 7).

Delete all vertices v € V' with dg(s,v) > v

Let P := P; U P, U P3 be given by Lemma 5 with weights w(v) = 1,eg for v € V(G)
Let Gp be obtained from G by contracting P into s

Let Cy,...,C; be components of G\ P, and let G; + Gp[C; U {s}]

return (P, (G1,C4),...,(G-,C;))

3.1 Approximation with respect to Integral Optimum

We follow the divide-and-conquer algorithm given by Friggstad and Mousavi [29], adapted
to handle length constraints. Recall the high level approach: the algorithm branches on
two cases and returns the cheaper solution. In the first branch, it recurses with a halved
guess for OPT; this handles the case where OPT < ~/2. In the second branch, it computes a
planar separator P under the mizture cost ¢’, and recursively solves each resulting component
independently. Using the mixture cost for the separator is the main adaptation for length
constraints, which ensures that the separator paths have bounded cost and bounded length.
For clarity, we write the algorithm as though d(")(s,t) can be computed exactly; replacing
this with a (1 + €)-approximation does not affect the approximation guarantees.

15:9
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Algorithm 2 h-DST(I,~): an instance I = (G, s, S, h) and a “guess” 7 for OPT.

if 3t € S such that d™ (s,t) > v then
return Infeasible (c0)
if |S| =1 then
return min-cost h-length-constrained s-t path in G, where ¢ is the terminal in S
// Recursive Step 1:
F! «+ h-DST(I,~/2)
// Recursive Step 2:
Define mixture cost ¢'(e) = c(e) + 7{(e)
(P, (G1,C1),...,(G+,C)) + PRUNEANDSEPARATE(G = (V, E, (), 5,5, 27)
F?2¢« P
for i € [r] do
F; + h—DST(Il = (Gz, S, SN Ci, h), ’}/)
F? ¢+ F?UF,

return arg mingep1 g2y c(F)

First, we argue that the algorithm runs in polynomial time. This follows directly from [29];
the proof is deferred to a full version.

» Lemma 8. Algorithm 2 runs in polynomial time.

Next, we prove feasibility and bound the cost of the given solution. The proof of Lemma 11
is deferred to a full version. We start with a simple property about the planar separator.

> Claim 9. The planar separator P computed by h-DST(I,~) for any feasible instance
satisfies the following: (i) ¢(P) < 6+, (ii) £(P) < 6h.

Proof. Let P = P; U P, U P; be the planar separator computed by h-DST(Z,~). Recall that
each P;, for i € [3], is a shortest path from s with respect to ¢’. Since all vertices u € V
with dg o (s,u) > 27 are removed, each path P; must have ¢/(FP;) = ¢(FP;) + 2{(P;) < 2v.
Since both terms are non-negative, c¢(P;) < 2v, so ¢(P) < 6v. Similarly, 7£(P;) < 27, so
¢(P;) < 2h and thus ¢(P) < 6h. <

» Lemma 10. Let F be the solution returned by h-DST(I,~) for a feasible instance (I,).
Then, F contains an s-t path of length at most O(log |S|) - h for each terminal t € S.

Proof. We prove by induction on v + |S]| that if the instance (I,7) is feasible, then F :=
h-DST(I,) contains a path from s to ¢ of length at most 6h(log|S| + 1), for each t € S.
The base case is clear; if there is one terminal, then F' is an s-t path of length h.

We consider the two recursive cases separately. For the first recursive case, if (I,7/2) is
infeasible, then ¢(F!) is infinite and F # F''. Else, by induction, F'! contains an s-t path of
length at most 6h(log |S| + 1) for each t € S.

Next, we consider the second recursive case. Fix ¢t € S. Observe that since (I,7) is
feasible, d(h)(s7 t) <, so there exists an s-t path ¢ of length at most h and cost at most ~.
In particular, ¢/(¢q) = c(q) + F£(q) < 27, so t is not deleted in the pruning step. Therefore,
t is either in the planar separator P or in some component C; of G\ P. If t € P, then P
contains an s-t path of length at most ¢(P) < 6h, by Claim 9. If ¢t € C;, then since the
recursive sub-instance contracts P into s, C; contains a path from {s} U P to ¢ of length
at most 6h(log|SNC;|+1), by induction. Therefore, F? contains an s-t path of length at most

L(P) 4 6h(log |S N C;| + 1) < 6h + 6h(log(]|S|/2) + 1) = 6h + 6hlog|S| = 6h(log|S| + 1).

This concludes the inductive argument and the proof of the lemma. |
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Figure 3 Consider the s-t path p shown in blue dashed lines; here the separator P is black and
bolded. The portion of the path from u to t corresponds to p'.

» Lemma 11. The cost of the solution returned by h-DST(I,) for a feasible instance (I,7)
is at most O(log|S|) - OPT.

Theorem 2 follows from Lemma 8, Lemma 10, and Lemma 11 by applying Algorithm 2
to the given input instance I, with v chosen to be any upper bound on OPT; e.g. ¢(FE).

3.2 LP-Based Approximation

The goal of this section is to obtain a polylogarithmic upper bound on the integrality gap
of a natural LP relaxation for LC-DST in planar digraphs, defined as follows. For each
terminal ¢ € S, let P! denote the set of all s-t paths in G of length at most h. The variables
z. indicate whether an edge e is in the final solution, and variables f, indicate how much s-t
flow is sent on path p.

min Z cle)x,

ecE
st. Y fp=1 Vte S
peP) (LC-DST-LP)
Z fp<z. VYecE,teS
pEP e€p

xemfp Z 0 Ve € E7p S UtESPth

The LP contains an exponential number of variables but can be solved approximately
(up to a (1 4+ €) factor) via separation oracle on the dual.

We provide an LP-based algorithm following a similar framework as above; here, we use
the LP solution as the “guess” for OPT. This is the same approach used by [17] to obtain
an LP-based approximation for DST in planar graphs. The algorithm h-frac-DST(I, (z, f))
is as follows, where I = (G, s, S, h) is a problem instance and (z, f) is a feasible LP solution
to the relaxation for LC-DST-LP.

Base Case. If S = {t}, we return the min-cost h-length constrained s-t path.

Prune and Separate. We set v = 2log[S|}_ . c(e)ze to be the “guess” for OPT. As
in Algorithm 2, we define the mixture edge cost function as ¢/(e) = c(e) + 7£(e). Let
(P, (G1,C1),...,(G+,Cr)) denote the output of
PRUNEANDSEPARATE(G = (V, E, ), s, S, 27).

Recursive Step. For each component i € [r], we define the recursive sub-instance
I, = (G;,s,SNCy, k). In order to construct a feasible LP solution for I;, we first scale up

the solution; let (z, f) = (1 + m) (x, f). We set 2t = 7, for all e € G;.

15:11
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For the path variables, fix a terminal ¢+ € S N C;. For each path p € P! (in the graph G
before contracting P into s), let p’ denote the corresponding contracted path with resulting
cycles deleted. Note that £(p’) < h since contraction cannot increase path length, so p’ is
a valid s-f path in the new sub-instance. We define Q(p’) as the set of all paths in P} that
map to p’ after contraction and cycle removal; see Figure 3. We set f;, = ZpEQ(p’) fp for
all such p’ fully contained in G;. We recursively compute F; = h-frac-DST(I;, (z¢, f*)).
Return P U (U; F;)

It is clear that this algorithm runs in polynomial time. We show that each recursive call
is valid by showing that the constructed LP solutions are feasible for the subinstances.

» Lemma 12. For each i € [7], (z°, f*) is a feasible LP solution on instance I;.

Proof. Fix i € [r]. We show that (2, f*) satisfies all LP constraints. Fix ¢t € SN C;. To
distinguish between the set of h-length-constrained s-t paths in the new instance I; versus in
the original input instance I, we write P} versus Py; the length-constraint h is dropped from
this notation for visual clarity.

We start by showing that Zpept,c’(p)SZ'y fp > 1; that is, scaling up by a 1 + 1/log|9|
factor compensates for vertices deleted during the pruning step. Consider a path p € P; with
d(p) > 2v. Since p € Py, £(p) < h. Thus, c(p) = ¢ (p) — £(p) > 2y — v = 7. Observe that
since (z, f) satisfies the LP constraints,

Zc(e)xe > Zc(e) Z fr= Z foc(p) > Z fp-

e pEPi:e€p pEP: PEP:c(p)>y

In particular, - cp . ()sq fp < %Ze cle)re = 1/(2log|S|). Furthermore, since (z, f) is
feasible for I, Zpepf, fp > 1. Therefore,

7 1 1 1
X 0w B h () () 2

PEP:,c’ (p) <2y pEP:c(p)<y

Next, we show that Zpepg fh= D pePu () <2y fp- Let p € P, and let p’ denote the
corresponding contracted path. Since ¢/(p) < 2, no vertices of p are deleted during the
pruning step. We want to show that p’ is contained in G;. Let v be the last vertex on p
that is not in C};; note that p must end in C; since p is an s-t path and t € ;. Since the
components C, ..., C, are weakly connected in G\ P, there must be no edges between them.
Thus, v € P U {s}. Therefore, when P is contracted into s, the path p[s,v] corresponds to
a walk starting and ending at the contracted supernode s. This implies that p’ = plv, ],
which in the contracted graph, is contained in G;. Therefore, p € Q(p’) for some p’ € P}, so
2pep.c(p)<2y o S Dpepi Lpeaw) fo = Lpep; fy, as desired. Thus, 5 2,cp: f, > 1, 0
the first set of LP constraints is satisfied.

Proving that the second set of LP constraints are satisfied is more straightforward. We
want to show that for all edges e € E(G[C; U{s}]), >_

DD A D W M- W

p' €P},e€p’ p’ €PEe€p’ pEQ(P’) pEP:,e€p

) i i
pEP;,e€p Jp < Le-

since the sets Q(p') are disjoint. To conclude, since (z, f) is a feasible LP solution,

_ 1 1 ;
2 S=Otiagg) 2 frs (e =i ‘

pEP:,e€p pEPL,e€p
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The “prune and separate” portion of h-frac-DST is the same as in h-DST (Algorithm 2).
Therefore, Claim 9 holds for h-frac-DST. It is not difficult to see that the resulting solution
F = h-frac-DST(I, (z, f)) contains an s-t path of length at most O(log |S])-h for each terminal
t € S, using reasoning analogous to that of Lemma 10. We bound the approximation ratio
in the following lemma, which concludes the proof of Theorem 3.

» Lemma 13. If (z, f) is a feasible LP solution to the LC-DST instance I, then the cost of
the solution returned by h-frac-DST(I, (z, f)) is at most O(log® k) 3", c(e)w..

Proof. Let F' be the solution returned by h-frac-DST(I, (z, f)). We let X =" _c(e)x.. We
prove by induction on the number of terminals that ¢(F) < 12(log |S| + 1)2X.

In the base case, it is easy to see that the cost of the min-cost h-length-bounded s-t
path is at most X. For the recursive step, for each i € [7], let X; denote the value of the
LP solution (2%, f), and let F; denote the output of h-frac-DST(I;, (2%, f*)). By Claim 9,
¢(P) < 6y = 12X log|S|. By induction,

o(F)=c(P)+ ) c(F;) <12Xlog|S|+ Y 12X;(log |S N Ci| + 1),
i€lr] i€(r]

Since the number of terminals is halved at each recursive step, log|S N C;| < log(]S|/2) <
log | S| — 1. Furthermore, since C, ..., C; are disjoint, Zie[r] X, <1+ WllSI)X' Thus

1
c(F) < 12log |S|X + Y 12(log |S])*X; < 12log S| X + 12(log |S])*(1 + m)X
1€[7]
= 12X (log* |S| + 2log |S]) < 12X (log |S| + 1)*.
This concludes the inductive argument; thus, c¢(F) < O(log® k) Y ecr cle)ze. <

4 Length-Constrained Directed Steiner Forest

In this section, we consider length-constrained Directed Steiner Forest in planar digraphs
(called length-constrained planar DSF). We are given as input a directed graph G = (V, E)
with non-negative edge costs c(e), lengths £(e), length constraint h, and demand pairs
D = {(si,ti) }ier). The goal is to find a min-cost subgraph H C G such that for each
(si,t;) € D, H contains an s;-t; path of length at most h. We employ the junction tree
approach, discussed in Section 1. We formally define an h-length-constrained junction tree.

» Definition 14. Given an instance (G, D, h) of LC-DSF, an h-length-constrained junction
tree that covers terminal pairs Dy C D is a subgraph H C G with a root v € V(H) such
that for each (s;,t;) € Dy, H contains an s;-v path and a v-t; path, each of length at most
h. The density of H is ¢(H)/|Dg].

We first show, in Section 4.1, that given any instance to planar LC-DSF, there exists a
low-density length-constrained junction tree. In Section 4.2, we describe the approximation
algorithm to find such a junction tree, and conclude the proof of Theorem 4.

4.1 Existence of a good junction tree

We prove the following theorem.

» Theorem 15. Given an instance (G, D, h) of length-constrained planar DSF, there exists
a (3h)-length-constrained junction tree of density at most O(log® k) - OPT/k.
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For planar-DSF without length-constraints, [14] showed that every instance of planar-DSF
contains a low density junction tree. We outline the approach of [14], as we follow a similar
framework. The proof proceeds by considering an optimum solution £* C F and finding
several junction trees in E* that are essentially disjoint and cover a large fraction of terminal
pairs. The construction of these junction trees follows three steps. The first is a “layering”
of a directed graph, where each layer has a tree-like structure, and all paths in the original
graph are contained in at most two consecutive layers. This layering scheme was given by
Thorup [58] and also used by Kawarabayashi and Sidiropoulos [45] to obtain improved upper
bounds on the multicommodity flow-cut gap in directed planar graphs. The second step is
a recursive approach based on the planar separator theorem (Lemma 7). The third step is
to show that in one level of recursion, if many s;-t; paths pass through the separator, then
there exist vertices on the separator that behave as roots of low-density junction trees.

The proof of Theorem 15 follows the same three-step strategy. First, we reduce to the
case where the optimal solution is an h-length-constrained 3-layered digraph (Lemma 17).

» Definition 16. An h-length-constrained 3-layered spanning tree T of a digraph G is a
spanning tree of the undirected version of G, such that any root-to-leaf path in T is the
concatenation of at most 3 dipaths in G, each of length at most h. An h-length-constrained
3-layered digraph is one that has an h-length-constrained 3-layered spanning tree. The root
of the digraph is the root of the spanning tree.

The argument uses a similar decomposition as in [14], but requires additional care to handle
lengths. Second, we apply the planar separator and corresponding divide-and-conquer
argument to reduce to a so-called “one-path” setting (Lemma 20). This step is essentially
identical to the corresponding argument in [14]. The third step is a new contribution:
handling the one-path setting under length constraints. The argument of [14] no longer
applies, and we give a new argument (Lemma 23).

4.1.1 Reduction to length-constrained layered digraphs

First, we reduce to the case where the optimal solution is an h-length-constrained 3-layered
digraph, by proving the following lemma.

» Lemma 17. Let (G, D, h) be an instance of length-constrained planar DSF and let G* =
(V*, E*) be an optimal solution. Then, there exists a subgraph H C G* and a subset of
terminals Dy C D such that the following holds.

1. H is an h-length-constrained 3-layered digraph with root v;

2. For each (s;,t;) € Dy, there exists an s;-t; path in H \ {v} of length at most h;

3. H is a minor of G*, and H \ {v} is a subgraph of G*.
4.

CE(H) — o (B
Dul =3 BT -

To prove Lemma 17, we will decompose G* into a series of 3-layered digraphs and show
that at least one satisfies the necessary properties. We assume G* is weakly connected; else,
this decomposition can be applied separately on each weakly connected component. Let vy
be an arbitrary node in V*. Let Ly be the set of all nodes in V* that are reachable from vy
(in G*) with a path of length at most h. We then define alternating layers until all vertices
have been covered by a layer.

L {'LL eV \ Uj/<ij/ : E(U,Ljfl) < h} J is odd
! {ue V*\Uj;Lj : £(Lj_1,u) < h} jiseven
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Figure 4 Example of graph in which s-t path spans 3 layers, L1, Lo, L.

Let g denote the total number of layers. For each layer j < g — 2, we define G; to
be the graph obtained from G* by contracting U ;L into a new node v;, and deleting

Uj”>j+2Lj” .

> Claim 18. For each demand pair (s;,t;) € D, there exists j € {0,...,q — 2} such that
G; \ {v;} contains an s;-t; path of length at most h.

Proof. Let P; be an s;-t; path of length at most h in G*; such a path must exist as G* is
a feasible solution to the given LC-DSF instance. Let j be the minimum index such that

P,NLj # (. We assume j is odd; the case where j is even is similar. Let u be in P, N L;.

Then, since ¢(u,t;) < h, t; must be contained in Uj/<;j41L;. Since all of P; can reach t;
with a path of length at most h, P; C Uj<j4oLj. Therefore, since L; is the first layer that
intersects with P;, P, C L; ULj 1 U Lo C Gy \ {v;}.° <

» Remark 19. When considering planar-DSF without length constraints, [14] shows that all
s;-t; paths are contained in at most 2 layers. With length constraints, however, 3 layers are
needed; see Figure 4 for an example of a graph in which the s-t path spans 3 layers.

Proof of Lemma 17. For each j € {0,...,¢ — 2}, let D; denote the set of terminal pairs
for which G; \ v; contains an s;-t; path of length at most h. We show that the first three
properties required by Lemma 17 hold for all (G,, D;). The first and third properties follow
by construction: each G; is an h-length-constrained 3-layered digraph with root v;, and G
is constructed from G* via contraction (to form the root) and deletion. The second property
follows by definition of D;.

To conclude, we show that there exists some (Gj, D;) that satisfies the fourth property.

By Claim 18, U;D; = D. Furthermore, it is not difficult to see that >, ; ¢(G;) < 3c(E¥),
since each edge of E* is either contained in one layer L;, or goes between two layers L; and
L;i1 —in either case, it exists only in G, G;j_1, and G;_». By an averaging argument, there
must be some j € [¢ — 2] such that

o(Gy) _ 225¢G5) _ 3e(E7)
D,l = 5,10, = 1D

5 We point out a minor technicality — this claim is not true when j = 0. However, one can circumvent
this issue by creating a new dummy vertex as the root of Gy and adding a 0-length edge to vo.
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4.1.2 Divide-and-conquer via planar separator

Next, we use the fact that planar digraphs have good separators to reduce to the so-called
“one-path” case. We prove the following lemma.

» Lemma 20. Let G* = (V*, E*) be a planar h-length-constrained 3-layered digraph with
root v, and let D C V* x V* be a set of demand pairs such that for each (s;,t;) € D, G*\ {v}
has an s;-t; path of length at most h. Then, there exists a subgraph H C G*\ {v}, an h-length
path P C H, and subset of terminals Dy C D satisfying the following.

1. For each (s;,t;) € Dy, there exists an h-length s;-t; path in H that intersects P;

(E(H)) (E")
2. chiHl S O(lOg|D|)CID‘ .

The proof follows the same argument as that of [14]; we rewrite it here for completeness
and borrow the terminology. Fix an instance (G, D) of planar-DSF and a feasible solution
E* satisfying the conditions outlined in the statement of Lemma 20 above. Let T* C E* be
an h-length-constrained 3-layered spanning tree of G*. We will follow a recursive process to
partition D into subsets on which we build junction trees.

Set vertex weights as w(s;) = w(t;) =1 for all (s;,t;) € D, and 0 otherwise.

Consider the undirected version of E* and apply Lemma 7 on the undirected version of
spanning tree T* with vertex weights w. From this, we obtain w1, us, us.

Since T™* is an h-length-constrained 3-layered tree, each (undirected) path Pr«(v,u;)
consists of at most 3 dipaths, each of length at most h. Remove the root v and let Qg for
i,j < 3 denote the 3 dipaths of Pr-(v,u;)\ {v}. Let Sy = U; j<3Q7 denote this collection
of at most 9 dipaths, we call this the separator.

Define Dy C D to be the set of all terminal pairs (s;,t;) such that E* contains an h-length
s;-t; path that intersects one of the dipaths in Sy. Equivalently, (s;,t;) € Dy iff there
exists an h-length s;-t; path P; C E* such that V(P;) NV (Sp) # 0. We say these terminal
pairs are separated.

Let C; be the set of weakly connected components of G\ (U3 Pr=(v,u;)); we drop
“weakly connected” and simply refer to these as “components” in the remainder of this
section. Note that each C' € C; has at most half the total number of terminals.

We then follow a recursive process, similar to PRUNEANDSEPARATE described in Section 3.
For each C € C1, we contract Sy into v and recurse on the sub-instance consisting of G*[CU{v}]
with terminal set {(s;,t;) € D : s;,t; € C}\ Dy. It is easy to verify that G*[C U {v}] is an
h-length-constrained 3-layered digraph with root v. Furthermore, each (s;,t;) pair in the
new terminal set has an h-length-bounded path that does not intersect v; else, (s;,t;) would
have been included in Dy. Therefore, we can apply the same process as above, and repeat
this recursive process until each component has at most one terminal. Since the number of
terminals halves at each step, the recursion depth is at most [log2k] = [log k] + 1.

We use the following notation. For an instance defined on component C at recursive
depth 7, we let Sjc, ch denote the separator and corresponding separated terminal pairs.
We let C; denote the set of all components at recursive depth j (in particular, Co = {G*}),
and denote by S := Ucec; Sjc and Dj; := Ucec; D]C. The following claim is simple; the proof
is deferred to a full version.

> Claim 21. D C Ul D,

» Corollary 22. There exists a level of recursion j* € {0, ..., [logk] + 1} such that |D;-

>

k.
[log k142"
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S1 52

> P

Figure 5 Suppose £(s1,v) = 1,4(v,a}) = h — 1,£(s2,v) = h — 1,4(v,a5) = 1. The argument in
[14] would re-route s2 to P via the path from v to a}; however, this would increase the length of
the path from s2 to P to 2h — 2. In general, merging arbitrarily many terminals would make these
paths to P arbitrarily long.

Proof of Lemma 20. Let j* be the recursion level given by Corollary 22 such that |D;-| >
W. Since components of C;+ are disjoint, Ececj* ¢(E(C)) < ¢(E*) and {D$.}cec,-
form a partition of D;-. Using an averaging argument, there exists a component C' such that
(B(C))/IDS| < e(E%)/|D;-
exists at least one dipath @Q* such that at least é terminal pairs of DJC* intersect Q*; we
denote this set of terminals by D*.

We claim C, Q*, D* satisfy the required properties of the lemma statement. The first
follows by construction; for all terminal pairs (s;,t;) € D*, there exists an h-length s;-t; path
in C that intersects Q*. For the second, SEC) < 9. C(lg(ccl)) <9. C(E*I < O(logk)2E) 4

<

. Furthermore, since qu consists of at most 9 dipaths, there

[D*] [Djx [D]

4.1.3 One Path Case

To conclude, we show that in the “one-path” setting, there always exists a low-density junction
tree. This subsection contains the core technical contribution over [14], since previously used
techniques for handling the one-path setting do not extend to length-constraints.

» Lemma 23. Let G* = (V*, E*) be a planar subgraph that contains an h-length path P C G*,
and let D C V* x V* be a set of demand pairs such that for each (s;,t;) € D, there exists
an h-length s;-t; path in G* that intersects P. Then, G* contains a 3h-length-constrained
junction tree of density O(logk)c(E*)/k, where k = |D|.

Let v1,...,v p| denote the vertices of P. For each terminal pair (s;,%;) € D, the lemma
assumption guarantees an h-length s;-t; path in G* that intersects P. Let a; denote the first
vertex of P on this path, and let b; denote the last vertex of P on this path; note that a} <p bj.
Let Ps, be the subpath from s; to a}, and let P;, be the subpath from b} to ¢;; both have
length at most h. We can assume without loss of generality that E* = P U (U;c)(Ps, U Py,)),
since this satisfies the lemma assumptions. The main challenge with length constraints in
the one-path setting is in handling edges of E* \ P. In particular, the argument in [14] relies
on the fact that for any i,i’ € [k], if Py, N P, # (), then a] = a},. This no longer holds, as
demonstrated by Figure 5.

We adopt a different perspective. For each (s;,t;) € D, let a; denote the first node in P
that s; can reach within a path of length at most 2h, and let b; denote the last node in P
that can reach ¢; within length at most 2h. We use the following simple claim.

> Claim 24. For all i € [k], a; <p a; <p b, <p b;.

Proof. By definition, a; <p b.. For the other two inequalities, a; <p a, since a; is the first
node on P that s; can reach within length 2h, and Ps, is an s-P path of length . Similarly,
b <p b;, since b; is the last node on P that can reach ¢; within length 2h, and P;, is a path
from P to t; of length h. <
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Let 1 be the midpoint of the path P (i.e., 4 = v||p|/2)). We partition D into three sets:

L ={(s;,t;) :a; <p b; <p u}
R ={(si,ti) : b >p a; >p p}
M = {(ss,t;) :a; <p p <p b;}

> Claim 25. FE* contains a 3h-length-constrained junction tree with root p on terminals M.

Proof. It suffices to show that for each (s;, ;) € M, there exist 3h-length paths in E* from
s; to p and from p to ¢;. By definition, £(s;,a;) < 2h. Furthermore, since a; <p p and P is
an h-length path, £(a;, 1) < h. Therefore, £(s;, 1) < 3h. The argument for ¢; is similar. <

We follow a recursive process. First, we construct the junction tree H,, with root u given
by Claim 25. We conflate indices with vertices, and let (—1) and (u+ 1) denote the vertices
directly before and after ¢ on P. At a high level, the idea is then to recurse on the sub-paths
P[0, u — 1], Plp+ 1,9 p|], with corresponding paths in £\ P to connect terminals. Formally,
let By, = P[O, n— 1] U (U(Si,ti)eL(PSi @] Pti)), and Er = P[,u+1, U‘p|] U (U(Si,ti)eR(PSi U Ptz))
We recurse on the edge-induced subgraph Gy, := G[EL] with terminal set L, and G := G[ER]
with terminal set R. The following claim follows directly from Claim 24, and proves that
these are valid recursive calls.
> Claim 26. For each (s;,t;) € D, recall that a},b; denote the endpoints on P of Ps,, P,
respectively. If (s;,t;) € L, then al, b, € P[0,u — 1], and if (s;,t;) € R, then al,b, €
P[u + 1,U|p‘].

We continue this recursive process until P consists of one vertex v, in which case all
remaining terminal pairs can be routed through v. This process terminates after O(log |P|) =
O(log k) recursive steps, since |P| is halved at each step. The following key lemma bounds the
total cost of the junction trees constructed. Let By = E(Uje Ps;) and By = E(Uje Pr,)-

> Claim 27. EgN Eyp is disjoint from E, N Er. Similarly, E; N Ey, is disjoint from F; N ER.

Proof. We prove the claim for Ey; the argument for E; is similar. Suppose for the sake of
contradiction there exists an edge e = (u,v) in E; N Ep, N Eg. Since e € Ep, N Ej, there
must be a terminal s; such that e € P,, and a; <p b; <p p. By Claim 24, a; <p u.
Similarly, since e € Eg, there exists s; such that e € Ps; and a; >p pu. Consider the path
P" = Py,[sj,u] o Py, [u,a;]. Since P, and P, are both h-length paths, P’ has length at most

2h. Thus, s; can reach a} with a path of length < 2h, and a} <p a;, a contradiction. <

Proof of Lemma 23. The recursive process described yields a series of junction trees denoted
H, for some vertices v € P that, in total, cover all terminal pairs. By Claim 25, each H, is
a 3h-length-constrained junction tree. To bound the cost, it is helpful to think of FE;, E; and
E(P) as disjoint sets; this can be achieved by making at most 3 copies of each edge in E*.
Then, by Claim 27, Ey, is disjoint from Er. Therefore, each edge is in at most one junction
tree per recursive level, so it is in at most O(log k) total junction trees. Therefore, the total
cost of all junction trees is at most 3 - O(logk)c(E*) = O(logk)c(E*). By an averaging
argument, there must be one junction tree of density at most O(log k)c(E*)/k. <

To conclude, the proof of Theorem 15 follows from Lemma 17, Lemma 20, and Lemma 23.
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4.2 Finding an Approximate Low-Density Junction Tree
The main lemma we prove in this section is the following.

» Lemma 28. Suppose there exists a bicriteria (c, 8)-approzimation for LC-DST in planar
graphs with respect to the optimal solution to LC-DST-LP. Then, given a planar-LC-DSF
instance (G, D,h), there exists an efficient algorithm to obtain a Bh-length-constrained
Junction tree of G of density at most O(« - logk) times the optimal.

The algorithm is as follows. First, we guess the root of the junction tree; we can run
this algorithm for each candidate root v € V' and return the junction tree with minimum
density. Next, we solve the following LP relaxation for the min-density junction tree rooted
at v. We follow a similar structure to that of LC-DST-LP, with additional variables y; for
each i € [k] to indicate whether or not the pair (s;,t;) is covered in the solution. For each
(siyt;) € D, we let Pfi denote the set of all h-length-constrained paths from s; to v, and Pthi
denote the set of all h-length-constrained paths from v to ;. Following LC-DST-LP, we have
variables x. for each e € F indicating whether an edge e is in junction tree, and variables f,
indicating which paths are used to connect s; to v and v to ¢;. The resulting density of the

junction tree would be (3 cpc(e)ze)/ (X ;e ¥i); we normalize 3, yi = 1.

min Z cle)xe

ecelE
st. > fpzu  Vielk]
PEPL,
Y =y Vielk]
pEPthi
> fp<ze VeeEiclk] (LC-Den-LP)
pe’PQi,eEp
S f<z. VeeEjiclk]
pEP{;,eep

Z yi=1
i€ k]

Ze, fp,yi >0 Ve € E,p € Ui (7{? UPZ) ,i € [K]

Let z*, f*,y* be an optimal solution to LC-Den-LP. Partition the set of terminal pairs
into groups D, . .., Diog s, Where (s;,t;) € D; if yf € (55, o). We will abuse notation and
sometimes write 1 € D; for ease.

> Claim 29. There exists 0 € {0,...,logk} such that >, v > 1/(2(logk + 1)).

Proof. If (sit;) € D\ (U2SD;), then yf < ger = 5. Thus, Siguiosip, U <
ZZ.%U;OEO;CDJ_ 5= < 2. Recall that Yiem ¥ = 1. Therefore, Zieubozgoij y; > 1. Since

there are log k + 1 disjoint groups, there must be at least one group Dy with Y i D, Yi at
least 1/(2(log k + 1)). <

Let 6 be given by Claim 29. We use the («, 5)-approximation algorithm for LC-DST twice:
first, we consider the instance on G with root v and terminal set D} = {t; : (s;,t;) € Dy},
and obtain a solution T;. Second, we let G be obtained from G by reversing the direction
of all edges. We consider the LC-DST instance on G with root v and terminal set
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Dy = {s; : (si,t;) € Dy} and obtain a solution 7 in G¥. Note that 7/ contains an h-length-
constrained v-s; path in G% for all s; € Dj. Thus, if we reverse all edges of T7, the resulting
graph T is a subgraph of G containing an h-length-constrained s;-v path for all s; € Dj.
Therefore, T'= T; U T is a (8h)-length-constrained junction tree on terminal pairs Dy.

> Claim 30. Let A = 29+, Then (Az*, \f*) is a feasible solution to LC-DST-LP on both of
the following instances:

G with terminal set D},

G® with terminal set Dj.
In both cases, f* is restricted to relevant paths for terminals in D}, Dj.

Proof. We prove the claim for G® with terminal set Dj, as the argument for (G, D}) is
analogous. Recall that Pfi is the set of all h-length-constrained s;-v paths in G. Thus,
each path in Psht is an h-length constrained v-s; path in G. Since (z*, f*,y*) is a feasible
solution to LC-Den-LP, ZpeP;j. Iy, = yi. Furthermore, since i € Dy, y; > 29—1+1 Thus,

Zpepéy Af; > )\yz* > 1.

The fact that (Ax*, Af*) satisfies the second constraint of LC-DST-LP follows immediately
from the fact that (z*, f*) satisfies the third constraint of LC-DST-LP, since both z* and
f* are scaled by the same value. <

> Claim 31. The density of T" is at most O(alogk) ) . c(e)x}

Proof. The algorithms used to construct Ts and T} are («, 3)-approximations with respect
to the LP. This, along with Claim 30, implies that the costs of T3 and T are each upper
bounded by aA Y . c(e)z}, where A = 20+1,

To bound |Dyl, observe that > ;cp yi < > icp, 1/2° = |Dy|/2°. Furthermore, recall
that 0 was defined by Claim 29 such that ;. y; > 1/(2(logk + 1)). Therefore, |[Dy| >

. 0 . .
20 D iep, Yi = m. The density of T' is at most

c(Ty) + c(Ts) < 2logk +2 (

Dy < 50 20 Z c(e)xZ) = 8a(logk + 1) Z cle)zs. N

eck eck

Lemma 28 follows from Claim 31 and the fact that T is a (8h)-length-constrained junction
tree. Combining Lemma 28 with the bicriteria LP-competitive approximation for LC-DST
in planar digraphs (Theorem 3) then yields Theorem 32.

» Theorem 32. Given an instance (G, D, h) of LC-DSF in planar digraphs, there exists an
efficient algorithm to obtain an O(log k)-length-constrained junction tree of G of density at
most O(log® k) times the optimal.

This, along with Theorem 15, yields an efficient algorithm to find an O(log k)-length-
constrained junction tree of density at most O(log5 k)OPT/k. By the standard covering
argument, this yields a bicriteria (O(log® k), O(log k))-approximation for LC-DSF in planar
digraphs, concluding the proof of Theorem 4.
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