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—— Abstract

We develop low distortion embeddings with outliers from arbitrary metrics into hierarchically

separated trees (HSTs). In particular, we develop an efficient algorithm that for any € > 0, given
an input metric (X, d), and a probabilistic embedding of all but k points from X into HSTs with
distortion ¢, samples from a probabilistic embedding of all but O(% log k) points into HSTs that
achieves distortion at most (32 + €)c.

Our results are based on two key technical components. First, we extend an algorithm of
Munagala et al. [53] for minimizing the distortion of embeddings without outliers into HSTs to the
setting with outliers. We combine this with new results on bi-Lipschitz extensions into trees and ¢
space. In particular, we show that any probabilistic embedding into HSTs can be extended to k&
additional points with only a factor O(log k) of additional distortion. This bi-Lipschitz extension
result utilizes a new probabilistic partitioning scheme that we call onion partitioning.
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1 Introduction

Low-distortion embeddings into trees are a fundamental algorithmic tool for reducing op-
timization problems on general graph metrics to the special case of tree metrics, where
they are often easier to solve. The distortion of an embedding, defined as the maximum
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multiplicative change in pairwise distances, directly determines the loss in performance
incurred by such a reduction. A series of works [7, 12, 13, 37] showed that probabilistic
embeddings can embed any n-point metric into hierarchically separated trees (HSTs) with
expected distortion O(logn). While uniform distortion bounds are helpful in understanding
the general effectiveness of using metric embeddings to solve a problem, from a practical
perspective, we may ask how well a particular given metric (X,d) can embed into trees.
Indeed, for some metrics the optimal distortion is Q(logn) but for others it may be much
smaller, e.g. O(1), providing better algorithmic results.

In this paper we investigate instance-optimal distortion for probabilistic
embeddings into trees by exploring the role of outliers. For a finite metric (X, d),
a (k, ¢)-outlier embedding is a map defined on “most of” X — that is on all but k vertices,
which we designate as outliers — into another metric space Y such that the distortion over
the non-outliers is bounded by c. Intuitively, we can view the outliers as noisy or adversarial
data that may hurt the quality of the instance-optimal embedding from X into Y. The goal
of the outlier embedding is to identify and remove these outliers upfront so as to obtain a
much better embedding over the remaining points. Algorithmically, given a target distortion
¢, we want to find the smallest k£ such that the removal of k£ outliers enables embedding the
rest of the metric with distortion at most c. In this paper, we develop probabilistic outlier
embeddings into trees, providing a tradeoff between outlier set size and distortion. Our main
result is as follows.

» Theorem 1 (HSTs admit outlier embeddings). Let (X,d) be any metric that admits a (k,c)
probabilistic outlier embedding into HSTs. Then for any constant € > 0, there exists an
algorithm that efficiently samples from a probabilistic embedding into HSTs of some S C X
with | X \ S| < O(Lklogk) and expected distortion at most (32 + €)c.

Technical contribution: improved bi-Lipschitz extensions

A key technical component in our construction is a bi-Lipschitz extension for embeddings of
arbitrary finite metrics into trees. Given a finite metric (X, d) and a low distortion embedding
« from a subset S C X into a host space Y, a bi-Lipschitz extension extends the domain
of a to the entire set X, while only modestly increasing the distortion of the embedding.
We show that if the distortion of the original embedding « is c,, it is possible to obtain a
bi-Lipschitz extension with distortion at most O(c, logk) where k = |X \ S|. Formally, we
achieve the following bounds, where the expansion factor L.z, is the multiplicative increase
in pairwise distances beyond the expansion of the original embedding «, and the contraction
factor L.ontr is the multiplicative decrease beyond the contraction in «.

» Theorem 2 (HSTs have probabilistic bi-Lipschitz extensions). Let H be the class of all
HSTs. For any subset S C X with k :=|X \ S| and a probabilistic embedding Dg : S — H,
there exists a probabilistic bi-Lipschitz extension of Dg, D : X — H, with expansion factor
Legy, = O(log k) and contraction factor Leoptr = 4.

Further, we can efficiently sample from the distribution D if we can efficiently sample
from Dg.

A connection between outlier embeddings and Lipschitz extensions was first established
by Chawla and Sheridan [26] in the context of deterministic embeddings into normed
metrics. They showed that deterministic embeddings into ¢5 admit a Lipschitz extension
with expansion factor O(log k) (but potentially unbounded contraction), and this suffices to
obtain a bicriteria approximation for outlier embeddings into /5. We extend this approach
to embeddings into HSTs by combining it with an LP-rounding approximation algorithm of
Munagala et al. [53] for instance-optimal probabilistic embedding into HSTs.
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Probabilistic extension and bounded contraction

Extending the approach of [26] to HSTs poses two new technical challenges. First, while
Chawla and Sheridan [26]’s construction can tolerate arbitrary contraction in the Lipschitz
extension, in order to employ Munagala et al’s LP relaxation for HST embeddings, we
necessarily need to control contraction as well. The second challenge is applying the notion of
Lipschitz extension to probabilistic embeddings. This is important because probabilistic tree
embeddings can obtain exponentially smaller distortion than deterministic tree embeddings.
Consider, in particular, a distribution D over embeddings from some subset S of a given
metric (X, d) into a host space Y. Simply drawing an embedding « from D and extending it
to X may result in distortion o Eqp[maxy, yex (do(u, v)/d(u,v))]. This can be much larger
than the desired distortion max,, ,e x (Eq[da (4, v)]/d(u,v)).

We resolve both challenges by constructing a bi-Lipschitz extension through a sequence
of “merge” operations, each of which combines two embeddings over domains that intersect
in a single point. By carefully aligning and stitching each such pair of embeddings, we ensure
strong bounds on both contraction and expansion.

Improved expansion via “onion-like” partitions

Chawla and Sheridan’s Lipschitz extension for £ employs a probabilistic partitioning pro-
cedure over the outliers X \ S similar to that of Calinescu, Karloff, and Rabani [22], and
attaches an embedding of each component of the partition to its closest point in S (that we
call the anchor point). This approach combined with the merge operation described above
yields a bi-Lipschitz extension for HSTs with expansion factor O(log® k). We develop a new
technique to obtain a quadratic improvement over this factor, leading to Theorem 2. Our key
observation is that the largest distortion is suffered by pairs that are separated into different
components by the CKR partitioning procedure — one logarithmic factor arises from the
probability of separation, and the second arises from the distortion between the points and
their respective anchor points.

To improve upon this distortion, we construct a probabilistic partitioning where each
component has an “onion-shell” shape — all points are roughly equidistant from the anchor
point. We then employ an embedding of each component that preserves distances to the
anchor point within a constant factor (while potentially inflating other distances by a
logarithmic factor). This allows us to bound the distortion between any pair of points by
O(log k) times the distortion of the embedding over S.

Our improved partitioning approach also applies to ¢1, providing a bi-Lipschitz extension
with expansion factor O(log k). [26] previously obtained a bi-Lipschitz extension for ¢; with
expansion factor O(é log? k + log k), where c¢g is the distortion of the embedding of S into
£1; this can be a logarithmic factor worse than the bound we achieve when cg is O(1).

» Theorem 3 (¢; has bi-Lipschitz extensions, informal). Deterministic {1 embeddings have
deterministic bi-Lipschitz extensions with expansion factor O(logk) and contraction factor

o(1).

Related work

Embedding into HSTs has been studied primarily with the objective of minimizing expected
distortion. See e.g. [7, 12, 13, 24, 37, 14, 46]. In our work, we will use as a subroutine
the algorithm of Fakcharoenphol et al. [37], which for any n point metric samples from an
O(logn) distortion probabilistic embedding into HSTs. Instance-optimal distortion has been
studied for target spaces such as constant dimensional Euclidean space [10, 51, 30, 31, 58],
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the line [9, 51, 38, 57], trees [11, 27|, and ultrametrics [6, 53]. The goal in such embeddings
is to minimize the distortion needed for the given specific (X, d), which in some cases may
be smaller than the best bound achievable for all metrics of that size.

The notion of outlier embeddings was initially defined by Sidiropolous et al. [59] when
they studied deterministic embeddings into ultrametrics, trees, and constant-dimensional
{5 space. They consider approximating deterministic, isometric outlier embeddings (where
the distortion ¢ is 1) and bicriteria approximations with additive distortion. The structural
properties used for isometric approximations don’t apply to non-isometric embeddings,
and techniques for bounding additive distortion tend to be quite different from those for
multiplicative distortion, the focus of this work. Chubarian and Sidiropolous [29] continued
the work on outlier embeddings and studied non-isometric outlier embeddings of unweighted
graph metrics into the line. Later, Chawla and Sheridan [26] studied deterministic outlier
embeddings into {5 space with unbounded dimension.

Several related notions of distortion were previously studied. One notion is embeddings
with slack, in which the goal is to minimize the number of pairs that are distorted by more
than some target factor [1, 23, 47]. An even stronger notion is that of scaling distortion,
where for every ¢ > 0, at most ¢ fraction of the pairs suffer from distortion > f(e) (for some
function f), see [45, 3, 4, 16]. Another notion is terminal distortion, where instead of an
outlier set, there is a subset of terminals K C X, and the goal is only to preserve distance
pairs involving a terminal K x X [32, 49, 56, 28]. A stronger notion is prioritized distortion
[33, 34, 39] where there is a priority ordering over the vertices, and the distortion guarantee
is w.r.t. the priorities. Another notion is that of local embeddings [2, 8, 25] where the goal
is to minimize the distortion from each point to its k& nearest neighbors.

Outlier embeddings are also closely related to metric Ramsey theory [21, 17, 19, 18, 52,
55, 20, 5, 15, 41, 42]. Given inputs n and ¢, metric Ramsey theory asks: What is the largest
m such that all metrics of size n have a submetric of size m that embeds into some target
space with distortion at most ¢? In this paper we are primarily focused on instance-optimal
solutions rather than universal bounds that apply to all metrics, and we seek to approximate
the size of the outlier set rather than the size of the non-outlier set.

Many other types of embedding compositions or extensions have been considered. One
particular example is the notion of a Lipschitz extension [44, 48, 54], which seeks to leave non-
outliers unaltered from the original embedding and ensure the expansion (but not necessarily
the contraction) of every pair of nodes is bounded. Given an embedding on S C X, Calinescu,
Karloff, and Rabani [22] develop a partitioning algorithm for X \ S that implicitly defines
Lipschitz extensions with a contraction factor at most O(log|S|) for all metric spaces. Chawla
and Sheridan [26] define essentially the same partitioning algorithm, except that in their
algorithm, [22] pick a uniformly random permutation over the set S, but [26] take a random
permutation over the set of X \ S’s closest neighbors in S. The resulting Lipschitz extension
factor is O(log | X \ S|). We will permute over the same set as [26], but we follow the cleaner
analysis of [22]. Another related notion is that of 0-extension [22, 36, 35, 40] where one seeks

a stochastic contraction f : X — K from the metric point set to a subset K of terminals
dx(f(ﬂﬂ%f(y))} )

while minimizing max, ycx E [ ix ()

2 Definitions and results

Embeddings and distortion

A metric space is a set of points X with distances dx(-,-) between them that obey the
triangle inequality. That is, for all z,y,2z € X, dx(x,2) < dx(x,y) + dx(y, z). We assume
without loss of generality (via scaling) that in the metrics we consider, the minimum
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distance between distinct pairs of points is at least 1. For subsets S,T C X, denote
d(S,T) := mingeser {d(s,t)} Ifa:X — Y is a map from (X,dx) to (Y,dy), we write
do(z,y) := dy(a(z), a(y)) to denote the distance between the images of two points x,y € X
under this map.

D is a probabilistic embedding of (X,dx) into Y if for each function « in the support
of D, a: X = Y(a) for some (Y (a),dy(q)) € Y. This embedding has expected expansion
Cexp = 1, contraction ccontr > 1, and expected distortion Ceontr - Cegp if for all z,y € X we

have:
1
do(z,y) > - ~d(z,y) Vo € support(D)
contr
ozE'D[da (.CL', y)] § Cexp * d(.’L‘, y)

Observe that every embedding in the support of D has contraction at most ccontr, but
pairwise expansion (and thus distortion) is bounded in expectation over the randomness in
D. If the support of D contains a single embedding, it is a deterministic embedding. Further,
an embedding is expanding or non-contracting if it has contraction 1.

Cexp;Ccontr

We use the notation o« : X ——— Y to denote a deterministic or probabilistic
embedding with expansion ce,p and contraction ceonsr from (X, dx) into (Y, dy). If ceoner is
not specified, the embedding is expanding.

Bi-Lipschitz extensions

» Definition 4 (Bi-Lipschitz extension). Let (X,d) be a metric, S C X, and ag : S BN
for some parameters cg,cg. Then an embedding o : X — Y is a (strong) bi-Lipschitz
extension of aug with extension factors Legp, Leontr if 1

forallu € S, a(u) = ag(u), (1)
1
forallu,v e X do(u,v) > 5—F——d(u,v) (2)
Cg - Leontr
and, for all u,v € X, do(u,v) < Legp - cg - d(u, v). (3)

If Y is a normed vector space, for Constraint 1 we require only that the restriction of a to
the subspace spanned by S matches the embedding ag.?

Further, o is a weak bi-Lipschitz extension with extension factors Lezp, Leontr if Con-
straint 1 is replaced with the following weaker constraint:

for all u,v € S, do(u,v) = dag (u,v).

In this paper, we discuss bi-Lipschitz extensions in the probabilistic setting. In particular,
we model a probabilistic bi-Lipschitz extension on the weak version of a deterministic bi-
Lipschitz extension, requiring that the joint distribution of distances between pairs of nodes
in s is the same under the extended embedding.

1 Note that Leaxp, Leontr could be factors that depend on X and S.

2 Notably, to get non-trivial extensions we must allow o to “extend” the dimension of a.g in some cases. To
see this, consider an isometric (distortion 1) embedding of one or two points of a length n cycle into the
real line. Any bi-Lipschitz extension that also embeds into the real line must have Legt - Leontr = Q(n),
as Q(n) distortion is required to embed the cycle into a line.
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» Definition 5 (Probabilistic bi-Lipschitz extension). Let (X,d) be a metric, S C X, and

Dg L, Y for some parameters cg,cs. Then a probabilistic embedding D : X — Y is a

probabilistic bi-Lipschitz extension of ags with extension factors Legp, Leontr if

(do(z,Y))s,yesxs has the same joint distribution for « ~ D and o ~ Dg (4)
for all x,y € X, and for all a € support(D), do(z,y) > I c’ ~d(x,y) (5)
contr " Cg
and, for all v,y € X, E [da(z,y)] < Leap - ¢s - d(2,y). (6)
a~D

Outlier embeddings

If D is a probabilistic embedding from (X,dx) into J and K C X, define Dx\x to be
the distribution identical to D but with all functions « in the support restricted to the set
X\ K (i.e. we can sample from Dx\ g by sampling from D and restricting the domain of
the function drawn).

» Definition 6. A probabilistic embedding D of (X,dx) into Y is a probabilistic (k, ¢)-outlier
embedding if there exists K C X such that |K| < k and Dx\ is a probabilistic embedding
of (X \ K,dx) into Y with distortion c.

Note that in Definition 6, the subset K is chosen deterministically (not sampled). The
distances from K to other nodes (and each other) are ignored. The randomness is only on
the embedding for the remaining nodes in X \ K.

Hierarchically Separated Trees (HSTs), ultrametrics, and £,

» Definition 7. A metric (X,d) is a S-hierarchically separated tree (8-HST) if there is a
map from X to the leaves of a tree such that the following hold:
Each node u in the tree is associated with (“labeled” with) some value 1, and my, = B - Ny
whenever u is a child of v and w is not a leaf.®> Further, for all leaves v, n, =0, and for
nodes v that are parents of leaves, n(v) = 1.
For two leaves x,y € X with least common ancestor z, d(x,y) = 1,.

For simplicity, we will primarily focus on 2-HSTs, and in referring to HSTs, we mean
2-HSTs unless otherwise noted. We use H to denote the set of all 2-HSTs. Note that focusing
on B-HSTs for a different constant 8 at worst changes results by a constant factor.

» Definition 8. An ultrametric is a metric (X,d) that fulfills a strong triangle inequality
guarantee: for all x,y,z € X, d(x,y) < max {d(z,z),d(z,vy) }.

HSTs form a subset of the set of ultrametrics. Further, any ultrametric embeds into an
HST with distortion at most 2 [17]. We will use U to denote the set of all ultrametrics.

» Definition 9 (¢, space). ¢, in dimension ¢, denoted Eg, is (R67dzp) where for z,y € RY,
dy, is defined as

S5 1/p
de, (2,y) = (Z |z — yi|p> :
i=1
We let £,, space refer to the set of all spaces Eg for o € [1,00).

3 1In this paper, we will use the term S-HSTs to refer to what other sources sometimes call exact S-HSTs.
These sources typically define non-exact 5-HSTs as only requiring 7, > 3 - 1.
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Main results

Our primary results are for probabilistic bi-Lipschitz extensions of embeddings into HSTs
and deterministic bi-Lipschitz extensions of embeddings into ¢; space.

» Theorem 2 (HSTs have probabilistic bi-Lipschitz extensions). Let H be the class of all
HSTs. For any subset S C X with k := | X \ S| and a probabilistic embedding Dg : S — H,
there exists a probabilistic bi-Lipschitz extension of Dg, D : X — H, with expansion factor
Lezp = O(logk) and contraction factor Leontr = 4.

Further, we can efficiently sample from the distribution D if we can efficiently sample
from Dg.

We can also argue for the existence of deterministic extensions for ¢; embeddings, though
we do not know how to find such deterministic embeddings efficiently.

» Theorem 3 (¢; has bi-Lipschitz extensions). For any subset S C X with an embedding

’
Cs,Cg

ag : S —— {1, there exists

1. a deterministic weak bi-Lipschitz extension of ag, a : X — {1 with extension factors
Leyp = O(logk) and Leonsr = 1, where k :=|X \ S| and

2. a deterministic strong bi-Lipschitz extension with Ley, = O(logk) and Leonr = T7.

Our bi-Lipschitz extensions into ¢; are asymptotically optimal. Some metrics on n points
(namely expander graph metrics) require Q(logn) distortion for embedding into ¢, [50]. We
can always “extend” a distortion 1 embedding on one or two points to an embedding on an
expander graph metric, obtaining an embedding of distortion at most Leyp - Leontr. Thus,
we must have Legp - Leontr = Q(log k). Likewise, some metrics require 2(logn) distortion to
embed probabilistically into HSTs [12], so our HST results are also asymptotically optimal.

Our results for probabilistic bi-Lipschitz extensions into HSTs allow us to obtain a
bicriteria approximation for probabilistic outlier embeddings into HSTs, which we discussed
in the introduction.

» Theorem 1 (HSTs admit outlier embeddings). Let (X,d) be any metric that admits a (k,c)
probabilistic outlier embedding into HSTs. Then for any constant € > 0, there exists an
algorithm that efficiently samples from a probabilistic embedding into HSTs of some S C X
with | X \ S| < O(Lklogk) and expected distortion at most (32 + €)c.

In Section 6, we expand our results to the weighted outlier setting, and we use a
modification of the LP from Munagala et al. [53] to prove Theorem 1. Our LP-based
techniques also allow us to obtain the following result for the weighted variant of the
problem.*

» Corollary 10. Given a metric (X, d), node weights w, and target distortion c, let w* be the
optimal outlier set cost for probabilistically embedding (X, d) into HSTs with ¢ distortion and
let k be the size of such an optimal outlier set. Then for any constant € > 0, there exists an
algorithm that efficiently samples from a probabilistic embedding into HSTs of some S C X
with w(X \ S) < O(2w*logk) and expected distortion at most (32 + €)c.

€

4 Tn the weighted outlier set problem we are given weights w; on all nodes i in the metric space. The cost
of a subset K of the metric space is w(K) := ZieK w;, and the goal is to find an outlier embedding
with some target distortion such that the cost of the outlier set is minimized.
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3 Components of a bi-Lipschitz extension

The bi-Lipschitz extensions we discuss in this paper have three primary components. In
particular, given a probabilistic embedding Dg : S — Y for S C X, we develop bi-Lipschitz
extensions for Dg when the relevant spaces have certain properties. Namely, the space
X should admit what we refer to as “onion partitions” and the space ) should admit
“bounded-diameter embeddings” and “perfect merge functions.” We show in Section 4 that
onion partitions always exist, so our bi-Lipschitz extensions depend on the existence of
bounded-diameter embeddings and perfect merge functions for the space into which we are
embedding.

At a high level, we will use the onion partitions to find clusters of the set K = X \ S
and assign an “anchor point” in S to each such cluster. Then we find a bounded-diameter
embedding on each cluster with its anchor point, and we “merge” each of these embeddings
with the original embedding on .S using a perfect merge function.

3.1 Onion partitions

We begin by defining what we call onion partitions. Given a metric (X, d) and a subset
S C X with K = X \ S, an onion partition of K is a partition £ = { K; } of K such that
each K; has an assigned “anchor point” from S. For any point = € K;, we refer to its
cluster’s assigned point in S as the anchor point of z. The partition should satisfy three
properties: (1) for any z,y € K, the probability that x and y are separated in the partition
is proportional to d(z,y)/d({z,y },S); (2) for each z € K, the distance between z and its
anchor point is (deterministically) similar to d(z,S); and (3) for any cluster K; € K, the
distance between z € K; and its assigned anchor point is (deterministically) not too much
smaller than the diameter of the cluster K; itself.

» Definition 11 (Onion partitions). Let (X, d) be a metric and let S C X with K := X \ S.
Then an onion partition of K is a joint distribution over (KK = { K; };cy,7: K — S) such
that IC is a partition of K.

For any (K, r) in the support of the distribution and K; € K, we call r(K;) the anchor
point of K;. We extend the domain of r to points in K: for x € K, r(x) denotes the anchor
point assigned to the component containing x in the random partition (KC,r). Likewise, let
Ak, denote the diameter of a component K;, and A, denote the (random) diameter of the
component containing x in the random partition (IC,r). Additionally, for any fized (KC,r) we
let K;© denote the set K; U{r(K;)} for each K; € K.

An onion partition has separation parameter p > 0, closeness b > 1, and band thickness
v > 1 if it meets the following three criteria:

1. Low separation probability. For any x,y € K, the probability that x and y are in
different components of the partition is upper bounded by p - %
2. An anchor point is a “close” point in S. For any x € K and any (K,r) in the

support of the distribution, d(x,r(z)) < b-d(z,S) with probability 1.

3. Cluster points are arranged in a thin band around their anchor point. For
any x € K and any (KC,r) in the support of the distribution, d(x,r(x)) > A, /v with

probability 1.

Figure 1 gives a visual depiction of the third property of onion partitions, and in Section 4,
we show the following theorem about their existence.
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Figure 1 This figure depicts the third property of onion partitions. In particular, for any point
t € S, we think of the clusters with anchor point ¢ as rings around ¢ (like the rings of an onion). For
any z,y € K, if x and y are in the same cluster with anchor point r(z) = r(y) = ¢, then the third
criterion of onion partitions states that they must be a distance at most « - d(z,t) apart.

» Theorem 12 (Onion partitions). For any metric (X,d) and any S C X, there exists an
ongon partition on K = X \ S with separation parameter O(logk), closeness 2, and band
thickness 6, where k = |K|.

3.2 Bounded-diameter embeddings

The second component of our extension method involves what we call bounded-diameter
embeddings. In particular, we consider expanding embeddings that are parameterized not
only by their worst expected expansion for any pair of nodes, but also by their expected
expansion of the diameter of the original metric. That is, a bounded-diameter embedding can
place a smaller upper bound on the expected expansion for pairs of nodes that are relatively
far apart in the original metric than it does for other pairs of nodes. We define this formally
in Definition 13.

» Definition 13 (Bounded diameter embedding). A probabilistic embedding D : X — Y is an
expanding bounded-diameter embedding with expansion ¢ and diameter expansion ca if the
following conditions hold:

do(r,y) > d(x,y) Vz,y € X,Va € support(D)
B [da(a,y)] < c- d(ry) Ve e X
an~
E [do(2,y)] < ca- max {d(z,y")} Yo,y € X
a~D x’,y'€X

Further, we say Y admits bounded-diameter embeddings with expansion c; and diameter
expansion ca if for all metrics (X,d) of size k, there is a bounded-diameter embedding of X
into Y with the given parameters.

Notably, if all metrics of size k can embed into ) with expected expansion at most ¢y,
then ) admits bounded-diameter embeddings with expansion and diameter expansion equal
to ¢,. However, in the settings we consider here (namely HSTs and ¢; space), we will consider
bounded-diameter embeddings where ca is tighter than cg. In this paper, we will use FRT
embeddings [37] as our bounded diameter embeddings.

» Theorem 14 ([37]). For any metric (X,d) with |X| = n, there exists a probabilistic
expanding bounded diameter embedding (an FRT embedding) of X into HSTs with expansion
O(logk) and diameter expansion 2.

17:9
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In fact, for HST embeddings, we can assume without loss of generality an even stronger
property than that required by Definition 13: For any embedding « in the support of an
HST embedding on X, the diameter of the image of « is at most twice the diameter of X.
To see this, let A be the diameter of X and consider an HST embedding with diameter
larger than 2821, The nodes of the HST at level 2M1°8 21 or higher can all be merged into
a single node without incurring any new contraction between any pair of points, as their new
distance under this contraction is the minimum of their old distance and 20821,

Further, trees embed isometrically into ¢1, so we immediately get the following corollary.

» Corollary 15. For any metric (X,d) with |X| = n, there exists a probabilistic expanding
bounded diameter embedding (an FRT embedding) of X into €1 with expansion O(logk) and
diameter expansion 2.

3.3 Perfect merge functions

In the final step of our extension method, we “merge” the embedding ag on S C X with
bounded-diameter embeddings on the clusters of our onion partition. In particular, a merge
function is a function whose input is two embeddings whose domains overlap at a single point
and whose output is a new embedding on the union of their domains. For our purposes, we
want to ensure some of the necessary distance properties are maintained. In particular, for
any pair of nodes that appeared in the domain of the same input embedding, the distance
under the new embedding should be the same as under the original one. Additionally, we
want to ensure that no pair of nodes is allowed to be “too close” in the new embedding. This
extra requirement will allow us to bound contraction in our final bi-Lipschitz extension.

» Definition 16 (Perfect merge). A procedure Merge is a perfect merge function for embedding
X into Y with contraction factor n if for any Z1,Z> C X with Zy N Zy = {v} and any
deterministic embeddings oy : Z1 — Y1, ao : Zy — Yy for Y1,Y, € YV, it produces an
embedding o« : Z1 U Zy — Y for some Y € )Y such that:

1. Forallz,y € Zy, do(z,y) = da, (x,y).

2. For all x,y € Zs, do(x,y) = da, (2, y).

3. Forx € Zy and y € Zy, we have dy(z,y) >
We say ) admits perfect merge functions if there is a perfect merge function for any metric X.

In Section 5, we prove the following existence results about perfect merge functions for
HSTs and /5.

doy (,0)+day (v,y)
" .

» Lemma 17. HSTs admit a perfect merge function with contraction factor 2.

» Lemma 18. /1 admits a perfect merge function with contraction factor 1.

Putting the components together

With our three components defined, we now put them together to construct bi-Lipschitz
extensions for amenable target spaces ). In particular, given a metric (X, d) with subset
S C X and Dg : S — Y, our extension proceeds in the following manner:

1. Sample an embedding on ag from Dg.

2. Sample an onion partition (IC,r) of K = X \ S.

3. For each K; € K, sample an embedding a; from a bounded diameter embedding of
4. Use a perfect merge function to sequentially merge each «; with ag.
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Algorithm 1 formalizes this sampling process, and Theorem 19 states that the embedding
sampled by Algorithm 1 samples from a bi-Lipschitz extension of the input embedding Dg.
We highlight in red the places where Algorithm 1 uses each of the three components we have
discussed so far.

Algorithm 1 Bi-Lipschitz extension: Algorithm for finding a probabilistic bi-Lipschitz extension
when the requirements of Theorem 19 are met.
Input: Metric space (X,d), subset S C X, embedding Dg : S — Y; the spaces X and Y
should meet the conditions of Theorem 19, and PerfectMerge will be the designated perfect
merge function
Output: A randomly sampled embedding o : X — V.

1: Sample a partition (K = { Kj },cy,r) from an onion partition of K = X \ S
2: Let K;” be K; U{r(K;)} for all K; € K

3: Sample o ~ Dg

4: for each non-empty K; do

5: Let D; be an expanding bounded-diameter embedding of K" into Y

6 Sample Q ~ DZ

7 « < PerfectMerge(a, ;)

8

: Return «

» Theorem 19. Let (X,d) be a metric with S C X and let Dg : S — Y be a probabilistic

embedding with contraction at most ¢ and expansion at most cg.

Then, if:

1. X admits an onion partition with separation parameter p, closeness 2,%> and band thickness
s

2. Y admits expanding bounded-diameter embeddings on sets of size k with expansion c and
diameter expansion ca, and

3. Y admits a perfect merge function with contraction factor n,

Ds has a bi-Lipschitz extension to all of X with extension factors Leg, = O(y-p- (ca/cs +

1) + cr/cs) and Leonsr = n?. Further, Algorithm 1 samples from such an extension.

Before proving this theorem, we observe that due to the first two properties of a perfect
merge function, it is sufficient to bound the first extension Algorithm 1 produces that includes
both x and y in the domain.

» Observation 20. Let z,y € X. Consider the first iteration of Algorithm 1 in which both
x and y are in the domain of a, and let d be dn(x,y) at that time step. Then at every
subsequent iteration of the algorithm, do(x,y) = d.

We are now ready to bound the contraction and expansion of the embedding procedure,
which we do in Lemmas 21 and 22. We defer the full proofs of these lemmas to the full
version of this paper and just give a brief overview of the ideas here.

» Lemma 21 (Contraction bound). Let X, S, Ds be as in Theorem 19 and let o : X — ) be
the embedding returned by Algorithm 1. Then for all x,y € X, do(z,y) > d(z,y)/n>.

5 This could be defined for more general closeness parameters, but it greatly complicates the algebra, so
we set b = 2 in our analysis.
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To intuitively understand the contraction bound, note that when some node v € K; is
added to the domain of «, there is no contraction between v and other nodes in Kj ,as D;
is non-contracting and we use a perfect merge function to combine this with «. Further,
for any node u already in the domain of o when v was added, property 3 of perfect merge
functions ensures d, (u,v) > (dgo(u,7(v)) + do(v,7(v)))/n. Applying the triangle inequality
and appropriate contraction bounds on « prior to this point gives us the result.

We are now ready to bound the expected expansion for each pair of nodes. This argument
follows a similar line of reasoning to that for bi-Lipschitz extensions for ¢; in [26], but because
we are using onion partitions rather than CKR partitions, we are able to better bound the
distortion in the “bad case” of the embedding.

More specifically, the bad case for the embedding is when a pair of nodes z,y € K is
separated by the partition and they are much closer to each other than they are to S (so
routing their path through S potentially causes a large distortion). In this situation, we
bound the distance between z and y in terms of d(z, S) and d(y, S), and we use the fact that
the probability of separation is bounded by p- % to obtain our final bound. Crucially,
the bound we obtain for the distance between x € K; and y € K; depends on walking from
x to 7(z) (the anchor point of z) through the embedding on K", then from r(z) to r(y)
(the anchor point of y) through the embedding on S, and then from r(y) to y through the
embedding on K f (see Figure 2). In the simplest sense, we could apply a bound of ¢g for
the expansion of the distance between r(x) and r(y) and a bound of ¢ (the distortion bound
for embedding subsets of size k) for the distances between x and s and between y and t.
Because we must pay p as part of the separation probability in the partition, our overall
expected distortion goes up to O(p - (cs + cx)).°

However, because of the onion partitions we use here, d(x, s) is forced to be within a factor
of v of the diameter A, of the cluster x is in. Further, because we use diameter-bounded
embeddings on the set K :r , we know that the maximum distance between any pair of nodes in
that embedding is at most ca - A,. Thus, the distance between x and r(x) in this embedding
is within a constant factor of their true distance, allowing us to reduce our expansion factor
in this bad case to O(p-~v - (cs + ca)). We potentially still incur a cost of ¢, if = and y are in
the same component, so our overall cost is O((cs +c¢a) - p- v+ cx), which gives us a potential
savings if cg and ca are much smaller than ¢, and 7 is a constant. Our analysis follows a
similar reasoning to that of Calinescu, Karloff, and Rabani [22] for the 0-extension problem,
though we deal with an additional merge step and resulting effect on the embedding. See
the full version of the paper for a full proof.

» Lemma 22 (Expansion bound). Let X,S,Dg be as in Theorem 19, and let D be the
distribution over embeddings from which Algorithm 1 draws when given inputs X, S, Dg.
Then for all x,y € X

E lda(z,y)] < Oler +7-p- (cs +ca)) - d(z,y),
where ¢y, is the bound on the expansion of the bounded-diameter embeddings for each part of
the partition used by the algorithm, cg is the expansion of Dg, ca is the diameter expansion
of the bounded-diameter embeddings used by the algorithm, and k = |X \ S|.

6 In fact, this bound applies even if we do not have a bounded diameter embedding (i.e. we just have an
embedding with expected expansion cj on sets of size k) and even if the partitions we use do not meet
the third criterion of onion partitions (requiring that the distance between a cluster node and S be
similar to the diameter of the cluster).
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Partition K

< cs - d(r(z),r(y))

Figure 2 The “bad case” routing scenario for expansion bounds. Nodes x € K; and y € K; are
physically close but separated by the onion terminal partition K. The expected distance between =
and y in the merged embedding is bounded by routing the path through their respective anchor
points r(z) and r(y) within the base embedding S.

Noting that Algorithm 1 always outputs an embedding in which the distances on pairs of
points in S are the same as under the sampled embedding «s, Theorem 2 (finding bi-Lipschitz
extensions for HSTs) is immediate from Theorems 12, 14, and 19 and Lemma 17. Theorem 3

(finding bi-Lipschitz extensions for ¢1) takes a little more work, and we prove it in Section 5.

4  Onion partitions

In this section we prove Theorem 12.

» Theorem 12 (Onion partitions). For any metric (X,d) and any S C X, there exists an
onion partition on K = X \ S with separation parameter O(logk), closeness 2, and band
thickness 6, where k = |K]|.

We begin with a discussion of the partition algorithm given by Calinescu, Karloff, and

Rabani in their work on the 0-extension problem [22], which we refer to as CKR partitions.

Our onion partitions will consist of CKR partitions intersected with a randomized bucketing
scheme for K = X'\S. The CKR partitions ensure that nodes are separated with a probability
proportional to their distance, and the randomized bucketing allows us to control the diameter
of each cluster relative to the designated anchor point without increasing the probability of
separation between x and y by too much.

Given a metric (X,d) and a subset S C X, [22] finds a partition {K, Ka,...,K|g}
of K := X \ S such that the “anchor point” of K; is s € S, the probability of z,y € K
being separated is O(logk - %), and z € K, for s € S implies d(z,s) < 2d(z, S).
Algorithm 2 presents a variation of the CKR algorithm in which we use a subset T'C S as
the set of anchor points, rather than the entire set S.

The CKR partitioning algorithm works by selecting a random permutation on some set
of terminals and then “assigning” points in X \ S to terminals in 7' C S such that (1) a node
in X \ S is always assigned to a terminal that is fairly close to it, and (2) the probability
that a pair of nodes x,y € X are placed in separate part of the partition is proportional to
d(z,y)/d({z,y},T). We state these two properties as Observation 23 and Lemma 24. Note
that if we let the anchor point of a cluster K; for ¢t € T be ¢ itself, then these two facts imply
that CKR partitions meet criteria (1) and (2) of onion partitions, so we're left with fulfilling
criterion (3).
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Algorithm 2 CKR partitioning.
Input: Metric space (X,d), subset S C X, a set of terminals T'C S
Output: A partition { K; }, . of X\ S

1: Sample a permutation 7 uniformly at random over T

2: Sample p € [1,2) uniformly at random.

3: for Each node z € X \ S do

4: Let t € T be the first terminal under the ordering 7 such that d(z,t) < p-d(z,T)
5 Add z to K,

6

: Return { K} },., where the anchor point of K is set to ¢

» Observation 23 (Deterministic Proximity of CKR Rounding, implicit in [22]). For any
x € X\ S, if Algorithm 2 assigns x to K; for some t € T, then

d(z,t) < p-d(x,T) <2-d(z,T),
where the last inequality holds because p € [1,2).

» Lemma 24 (CKR Separation, Lemma 2.2 in [22]). Fiz z,y € X and let 6 := d(z,y). If
0<d< imin{d(x,T),d(y,T)}, then:

5 1)
Prlz,y are separated] < 4Hr| <d(;v T) + d(y T)) ’

where Hy, =1+ % + -4 % denotes the m-th harmonic number.

For our partitions, we will pick T to be the set of “nearest neighbors” of nodes in K.
That is, T := {t € argminges { d(s,z) } | z € K }. We assume that for each x € K, we add
only one of the nearest neighbors of z to T' so that |T'| < k. Moreover, by the choice of T,
we also have d(z,T) = d(z,S) for all z € K.

Randomized bucketing

Now we show how to refine the CKR partition technique so that the diameter of each partition
is bounded by a constant factor times the distance from that partition to the terminal set T
In particular, we will use a technique called randomized scale partitioning. For any point
x € K, let A, = d(z,T) denote its distance to the nearest terminal. We choose a shift
parameter u € [0, 1) uniformly at random and define § = 2*. We then (randomly) bucket K
into disjoint scales B; by distance from T":

Bi={recK|B-2"<A,<p 2.

Given a metric (X, d) with diameter A, subset S C X, and terminal set 7' C S, we will
randomly partition K = X \ S into sets { K; },., and buckets { B; };¢(f10g A”77 where the
K, are chosen by finding a CKR partition on K with terminal set 7" and the B; are chosen
by randomized scale partition. Then we define a new partition { Ky ; }, €T ie[[log A1)’ where
Ky, := (K; N B;) and let the anchor point of this set be t — that is, r(K; ;) = ¢.

7 Here, [n] denotes {0,1,2,...,n}.
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The primary properties of this partitioning that we will use are (1) for any node z € K,
the distance from x to another node in Ky ; is not too much larger than the distance from x
to T, and (2) the probability that a pair of nodes z and y are separated in this partition
is not too much larger than the probability that = and y are separated under the CKR
embedding. We express these as Observation 25 and Lemma 26, respectively.

» Observation 25 (Partition diameter bound). For any part Ky ; of our scale partition and
any node x € Ky ;, if Ay is the diameter of K ;, then d(z,t) > Ay, /6

Proof. For any pair z,y € K;;, we have d(z,y) < d(z,t) + d(t,y) < 2d(z,T) + 2d(y,T) <
6d(x,T). The first inequality is by the deterministic properties of CKR partitions, and the
second is because z and y being in the same bucket implies d(y,T') is no more than twice
d(z,T). Thus, Ay; <6-d(z,T) <6-d(z,1). <

» Lemma 26 (Scale Partition Separation). For any pair of points x,y € K = X \ S, let
§ :=d(z,y), and assume without loss of generality that A, < A,. The probability that = and

y assigned to distinct buckets B; and Bj is bounded by O (Aiz).

Thus, by the union bound and Lemma 24, the probability that x and y are in different
parts of the partition { K, ; } is at most O(log |T| - ).

Proof. Let z be in bucket ¢ and y be in bucket j. The scale boundaries are determined
by 2 = 2% which is equivalent to placing a grid of integers shifted by a uniformly
random u € [0,1) on a logarithmic scale. The probability that an integer boundary falls
strictly between log, A, and log, A, is bounded by the length of the interval between their
logarithmic distances. By the metric triangle inequality, A, < A, + . Therefore:

Prli # j] < logy(Ay) — logy(As)
A
=1 =2
0go (A:c>
< log, (Ai;_ 6) = log, (1 +
5 é
< = e
- Am In2 0 <Aw)

where the final inequality follows from the standard logarithmic bound In(1 4 z) < z for all
z > 0. |

9
A

Thus, the partitions we have constructed inherit property (2) of onion partitions with
closeness 2 from the CKR bounds on anchor point distances and our choice of T' (as the
nearest neighbors of nodes in K), and they inherit property (3) of onion partitions with
band thickness 6 from bounds on the diameter of randomized bucketing (and the fact that
taking a subset of a cluster never increases its diameter). They also achieve property (1)
with parameter O(log k) by Lemmas 24 and 26, our choice of T', and a union bound. Thus,
we get Theorem 12.

5 Merge functions for HSTs and ¢,

In this section, we give explicit perfect merge functions for ¢; and HSTs, and we prove
Theorem 3.
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Algorithm 3 MergeL1(a1, a2) Algorithm for merging two ¢; embeddings.

Input: Embeddings oy : Z1 — 61, ag : Z2 — {1, where |Z1 N Z3] = 1.
Output: An embedding of Z; U Zs into £

. Let u = Z1 n ZQ

: For all z € Zy, let a(z) + a1(x) o as(u), where o is concatenation
: For all z € Z, let a(z) + a1(u) o as(x)

: Return «

=W N =

5.1 Merge for ¢,

We begin by presenting a perfect merge function for ¢; embeddings. This is captured in
Algorithm 3, which essentially just extends each input embedding to the entire set Z; U Z5
by mapping everything not already in the domain to the same point as u € Z; N Zy and
concatenating the resulting embeddings together. This is easily seen to meet the requirements
of a perfect merge function with contraction bound 1 and thus we get Lemma 18 which states
that ¢; has perfect merge functions. We now move on to proving Theorem 3.

» Theorem 3 (¢; has bi-Lipschitz extensions). For any subset S C X with an embedding

CSvC{S‘ .
ag : S — {ly, there exists

1. a deterministic weak bi-Lipschitz extension of as, a : X — {1 with extension factors
Loy, = O(logk) and Leonyr = 1, where k :=|X \ S| and
2. a deterministic strong bi-Lipschitz extension with Ley, = O(logk) and Leontr = 7.

Proof. Part (1) of the proof is almost immediate from Theorems 12, 14, and 19, the fact
that ¢; has a perfect merge function with contraction factor 1, and the fact that Algorithm 1
outputs an embedding in which pairs of nodes in S have the same distance as under «g.
The problem is that Theorem 19 implies the existence of a probabilistic extension of the
original embedding. However, for any finite support probabilistic embedding D of X into /¢4,
there exists a deterministic embedding « : X — ¢; with d,(z,y) = Ew'~op|do (z,y)]. (Note
that the dimension of @ may be much larger than those of the embeddings in the support of
D, and it is not clear how to efficiently find o when D has a large support.) See e.g. [26]
for more. Proving the second part of this theorem requires a bit more of a sophisticated
de-randomization method, and we defer it to the full version of the paper. <

5.2 Merge for HSTs

We now present a perfect merge function for HSTs to prove Lemma 17, which states that
HSTs have perfect merge functions with contraction factor 2.

Algorithm 4 takes in two 8-HSTs for a fixed ratio 5 and returns another S-HST. This
algorithm works by “combining” the ancestors of the common point u at each level of the
two HSTs. That is, the new HST consists of v and all its ancestors, and each ancestor of
u has as its child subtrees the child subtrees of the ancestor of u at its same level in each
HST. Figure 3 gives a visual depiction of this algorithm. We defer the correctness proof for
Lemma 17 to the full version of the paper and briefly outline the idea here.

For any z,y € Z; or z,y € Z5, the least common ancestor of z and y must be at the
same level in the new tree as it was in the original embedding of Z; or Z5, so their distance
is unchanged from the original embedding. To bound the distance between = € Z1,y € Zs,
consider the least common ancestor of x and y in the HST produced at the algorithm. The
first ancestor of y that has descendants from Z; is the least common ancestor of y and wu.
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Figure 3 This figure depicts what happens in the algorithm MergeHST. In particular, u is the
node common to both HSTs on the left side of the figure. The triangles represent subtrees, and
the letters below the triangles indicate the presence of the corresponding node as a leaf of that
subtree. Note that after merging trees, the least common ancestor of x and y is that of z and u
from the first tree, as this was higher than that of y and u. This is the foundational idea behind
why do(z,y) > max {da, (u, z), das(u,y) } holds when « is the output embedding for MergeHST on
inputs a1 and as.

Thus, the least common ancestor of z and y cannot be lower than the least common ancestor
of y and u, so the distance between z and y is at least that between y and w under the
original embedding on Z,. Likewise, the distance between x and y is at least the distance
between x and u under the original embedding on 77, so we get contraction at most 2.

Algorithm 4 MergeHST (a1, a2) Algorithm for merging two S-HSTs.
Input: Embeddings oy : Z1 — T4, ag : Zo — Ty for f-HSTs T, T, where |Z1 N Z5] = 1. We
assume without loss of generality that the height of T3 is at least as large as the height of T5.
Output: An embedding of Z; U Z5 into a single 5-HST

1: Let u= 21N 2%,

2: Create a new HST T that is initially a copy of T}

3: afx) + ay(x) for all x € 73

4: for i = 0 to the height of T do

5: for the subtree of each child of as(u)’s ancestor at height ¢ in 75 do

6: if the subtree does not contain as(u) then > ie. if the subtree is not yet merged into T
7: Copy the subtree and make it a child of a;(u)’s ancestor at level ¢ in T

8: for any x € Z5 \ {u} such that as(z) is in the subtree at this step do

9: Set a(x) to be the copy of as(x) created in T at this step
10: Return «

6  Outlier embeddings for HSTs

Now, given the existence of bi-Lipschitz extensions for HSTs, we turn to approximating
outlier embeddings into HSTs. In [26], this type of approximation is obtained for ¢5 by
introducing new “outlier variables” into a semidefinite program for a minimum distortion
¢ embedding and rounding. We will employ a similar technique here using the linear
program and associated rounding algorithm of [53] to approximate the optimal distortion for
probabilistic HST embeddings.

Let A be the diameter of (X,d) and let M = {2°,2,22, ... 2M°8A11 Tet ¢ be the
constant factor from Theorem 2 and let B;(r) := {j € X : d(i,j) < r}. We define (HST LP),
which is parameterized by inputs ((X,d), k, ¢). The changes from [53] are highlighted in red.
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Table 1 We imagine assigning a “representative” at each node of the HST such that the
representative of a leaf node is the leaf node itself, and the representative of any other node is the
same as one of its children’s representatives. This table describes the intuitive meaning of each
variable in the LP (which is largely the same as in [53]).

variable intuitive meaning
0i indicator for whether 7 is an outlier
Zi0 the probability that i is the representative of j and ;' at level r
Vi the probability that j and j’ are separated at level
xy; the probability that 7 is the representative of j at level r

Table 1 gives an intuitive description of the variables in the LP. Note that in our LP c is
a parameter, but in [53] it is the variable they are minimizing. The biggest change from [53]
is that we have introduced new variables §; for each i € X that we use as an indicator for
whether ¢ is an outlier in the embedding.

min » 4, (HST LP)
=1
Vi, 33 e < (A4 (85 4+ 65) - logk) - e+ d(4, §') (7)
reM
Vi, r, (4,5 € Bi(r)) min(z; ;, 275) > 2555 (8)
Vi, 5 i, Z Zirjj/ >1- ’Y;j' 9)
i:5,5'€Bi(r)
Vi > ap=1 (10)
i:5€B;(r)
V5, (r<d i) vy =1 (11)
Vi g vy <1 (12)
Vi, g, 3’ s 2 00 > 050 < 1 (13)

Given an optimal solution to this linear program, we need to define an outlier embedding
with low distortion and few outliers. To do so, we will first use the rounding algorithm of [53]
to find an embedding on the entire metric, and then we take as outliers all vertices ¢ such
that §; > 0* for some threshold 6*. In the full version of the paper we formally prove that
this rounding algorithm works and gives us Theorem 1 as a result. In a similar manner to ¢y
outlier embeddings in [26], we use the existence of nested embeddings to bound the optimal
LP solution and thus obtain our final result.

Further, if we modify (HST LP) by changing the objective function to >, w; - d; for some
set of weights w;, we can use the same technique to obtain a bicriteria approximation for the
weighted variant of the outlier embedding problem, where the cost of making ¢ an outlier is
w;. This result is expressed as Corollary 10, and we prove it in the full version of the paper.

7 Applications

In the Minimum Cost Communication Tree (MCCT) problem, we are given a finite metric
X = (X, d) and weights r;; for all pairs of nodes ¢, j and we are asked for a non-contracting
embedding o of X into a tree with vertex set X such that 3, .y ri; - da (4, j) is minimized.
This problem is motivated by evolutionary biology, in which a scientist may attempt to
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reconstruct a tree of relationships between multiple organisms, and she comes to the problem
with some known minimum distances between them, derived through a method such as
DNA sequence analysis. In such a setting, the r;; are an additional tunable parameter that
can allow the scientist to indicate pairs she considers “more likely” to be related, by giving
them a bigger r;; value. As noted by Wu et al. [60], this problem can be approximated in
expectation to within a factor of O(logn) by simply embedding randomly into an HST and
converting it to a tree with vertex set X. Directly applying the algorithm of Munagala et
al. [53] with the observations of Wu et al. [60], we have a randomized algorithm that gets
an O(c(X))-approximation for the MCCT problem, where ¢(X) is the minimum distortion
needed to probabilistically embed X into HSTs.

It is quite natural to consider an outlier version of the MCCT problem. In the evolutionary
biology setting, we could consider the case that we are given some noisy data points, or
points that don’t really belong in the set being analyzed. One approach to this type of outlier
problem may be to look for a k outlier tree embedding of minimum distortion, but the set
of outliers that minimizes the embedding distortion does not necessarily also minimize the
MCCT solution cost. We may expect that the outlier MCCT problem is easier to solve on
tree metrics than on general metrics, so we could instead try the following approach: embed

the input metric into a tree, and then try to find the best outliers for the resulting tree metric.

In fact, if no outliers are allowed, MCCT is trivial on tree metrics. Further, in Subsection 7.1
we give a bicriteria approximation to the k-outlier MCCT problem when the input is a tree
metric. In particular, if the optimal cost of a k outlier solution for a given instance of a tree
metric is O PT},, then we give an algorithm that finds a solution with at most 3k outliers and
at most 240 PT}, cost. Let cx(X) be the minimum distortion required for probabilistically
embedding all but at most k£ points in X into HSTs. We can use the outlier embedding
algorithm from this paper to embed any input metric into a tree with outliers and then apply
the approximation algorithm for outlier MCCT on trees, obtaining a solution with at most
O(% log k) outliers and expected cost O((1 + ¢€) - ¢ (X) - OPT}). By contrast, directly using
the embedding algorithm of [53] with the tree approximation algorithm from this section
instead gives a solution with at most 3k outliers and O((1 + €) - ¢o(X) - OPT},) expected cost,
so we are unable to save on the cost of the optimal solution if there is a large subset that
embeds well into HSTs but the entire metric does not. We explain this further in the full
version of the paper.

7.1 MCCT with outliers

Let (T,d) be a tree metric, and let k be an integer. Then we define variables x;; for each
pair of nodes ij and variables ¢; for each variable i. We can use them to make the following
linear program.

min Z @i - T - d(i, §) st (MCCT Outlier LP)
i,j€T
Vi,je€T: 0;+0d;+my;>1
> 6i<k
i€l
Vi,jeT: 0 €[0,1]

> Claim 27. Let (7T, d) be a tree metric such that there exists a subset K C T, |K| < k,
and 3, o g i - d(i,j) < D.
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Then the following procedure finds a subset K’ C T with |K’| < 3k and an embedding «
of T'\ K’ into a tree with the same vertex set and }_; ;cp\ g da (4, j) < 24D.

1. Solve MCCT Outlier LP and let z;;,d; be the resulting values
2. Let K/ = {i:6;>1/3}
3. Embed T\ K’ into a tree 7" with distortion at most 8, using the algorithm of Gupta [43]

Proof. First, MCCT Outlier LP has a solution of value at most D. In particular, let K be
as in the claim statement and consider setting §; = and x;; = .
0 else 0 else

As there are only k outliers, the second constraint is clearly satisfied, and we have defined
x;; such that the other constraints are also satisfied. Further, x;; is 0 if either ¢ or j is an
outlier in K, so the objective function value is just ZmeT\K ri;d(Z, 7), which by the claim
statement is bounded by D.

Let K’ be as in the claim. As the d; sum to at most k, we know |K’| < 3k. Consider any
x;; with i, j ¢ K’ We have x;; > 1 —6; —d; > 1/3 by how we chose K'. The cost associated
with a given pair ¢j of non-outliers in our solution is r;;d(%, j), but that same pair contributed
at least r;;d(i,7)/3 to the optimal objective function value, so our final cost is at most 3
times the objective, which is at most 3D. At this point, we have an isometric (distortion 1)
embedding of the metric induced by 7'\ K’ into the original metric T itself. Thus, we can
view K’ as a set of Steiner points in our original metric.

Finally we consider the loss incurred applying the algorithm of Gupta [43]. This creates
a tree embedding that removes Steiner points and incurs distortion at most 8, so the cost of
this embedding on T\ K’ is at most 24D, as desired. This step is what prevents us from
applying this algorithm directly to general metrics. <

8 Open questions

There are still many open questions we can ask about topics in this space, such as:
Is it NP-hard to find the optimal outlier set size when probabilistically embedding a given
metric into HSTs with a small fixed distortion? This question is known to be hard for
deterministic embeddings into some spaces [59, 26].
Even if finding the optimal outlier set size for probabilistically embedding into HSTs is
NP-hard, can the approximation factors in this paper be improved?
Which other metric spaces admit perfect merge functions (and thus bi-Lipschitz exten-
sions), and can we approximate optimal outlier embeddings in such spaces?
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