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Abstract
The parameterized Minimum Monotone Satisfying Assignment (k-MMSA) problem asks whether
a monotone Boolean circuit admits a satisfying assignment of Hamming weight at most k. The
MMSA hierarchy is defined by allowing a bounded number of alternations between AND and OR
gates in the circuit. While the polynomial-time approximability of the MMSA hierarchy has been
studied extensively, much less is known in the parameterized setting. In particular, k-MMSA2 is
the well-known k-SetCover problem, whose parameterized inapproximability lies in the polylog(n)
regime. In contrast, k-MMSA4 captures k-MinLabel, for which known lower bounds give poly(n)
inapproximability. Sandwiched by k-MMSA2 and k-MMSA4, the inapproximability of k-MMSA3

remained comparatively unexplored.
In this paper, we give an FPT-time O(2k log n)-approximation algorithm for k-MMSA3, suggest-

ing that in the fixed-parameter regime, the third level of MMSA remains surprisingly close to the
second level. Complementing this algorithm, we also give an FPT-time gap-preserving reduction from
k-MMSA3 to k-MMSA2. Thus, stronger inapproximability for k-MMSA3 would imply new hardness
for k-MMSA2, potentially offering a route around the current barriers for the latter problem.

Revisiting Marx’s reduction from k-MMSAt to gap k-MMSAt+2, we also show that k-MMSA4

admits no no(1)-factor FPT approximation unless W[2]=FPT, and no nO(1/k)-factor approximation
running in no(k) time under ETH. These results separate the parameterized approximability behavior
of the third and fourth levels and clarify where stronger inapproximability enters the k-MMSA
hierarchy.
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1 Introduction

Given a Boolean circuit C consisting of only ∧ and ∨ gates on n input bits, the Minimum
Monotone Satisfying Assignment (MMSA) problem asks to find a satisfying assignment of C

with minimum Hamming weight.
MMSA was first introduced by Alekhnovich, Buss, Moran and Pitassi [1]. In a later

work, Dinur and Safra [9] defined a hierarchy of MMSA problems by restricting the number
of alternations of the monotone circuit1. Specifically, MMSAt refers to the problem where
the alternation starts with an ∧, and has at most t levels. This hierarchy turns out to be
equivalent to an AND/OR scheduling hierarchy suggested by Goldwasser and Motwani [15].

Looking into this hierarchy, MMSA1 can be solved easily by simply outputting the width
of the ∧ gate. MMSA2 is equivalent to the classical Set Cover problem, by identifying each
set with a variable and each element to cover with an inner disjunction. Thus, MMSA2
inherits the O(log n)-approximation [16, 21, 7] and (1 − o(1)) ln n NP-inapproximability [8]
of Set Cover. In [9], Dinur and Safra showed a 2log1−o(1) n inapproximability for MMSA3
via a reduction from PCP, and placed the Label-Cover problem2 between MMSA3 and
MMSA4. Recently, Chlamtáč, Makarychev, and Vakilian [6] revisited the polynomial-time
approximability of this hierarchy. They gave an Õ(N1/3)-approximation for MMSA3 and
MMSA4, and more generally an Õ(N1−δt)-approximation for MMSAt, where N is the total
number of gates and variables, and δt = 1

3 · 23−⌈t/2⌉.
In a separate line of work, Umans [23] studied the semantic variant of Minimum Monotone

Satisfying Assignment problem. In his formulation, the input is a circuit that is promised
to accept a monotone set of strings. In contrast, [1, 9] studies the syntactic variant where
the circuit itself is required to be monotone. Umans showed the NP-hardness of an n1/5−ε-
approximation for the semantic problem.

In the parameterized world, there is even more connection between MMSA and other
important problems. Parameterized by the target Hamming weight k, the unbounded-
alternation circuit version of k-MMSA is W[P]-complete, whereas the corresponding formula
version is W[SAT]-complete; imposing constant-depth and weft-t restrictions on weighted
circuit satisfiability yields the usual W[t]-hierarchy [13, 11]. As for the bounded-depth variants,
k-MMSA2 is equivalent to k-Setcover, the canonical W[2]-complete problem [10, 13, 11].
Inapproximability for k-Setcover was known under different complexity assumptions:
there are no no(k) time (respectively, nk−ε time) ( log n

log log n )1/k-approximation under ETH
(respectively, SETH) [19]; no FPT time (log n)o(1)-approximation under W[1] ̸= FPT [17, 19]3;
and no FPT time constant approximation under W[2] ̸= FPT [20].

Despite these substantial results, the parameterized inaprpoximability of k-Setcover
is not yet fully understood. Several central questions remain open and have been raised
repeatedly in the literature [12, 17, 19, 18, 20]. Can the FPT-time inapproximability factor
be strengthened to match the O(log n)-approximation by the greedy algorithm? Can the
total-FPT-inapproximability4 be based on the minimal assumption W[2] ̸= FPT? Under

1 Strictly speaking, [9] studied monotone formulae rather than general circuits. For fixed depth t, the two
are interconvertible with polynomial blow-up. The distinction matters only in the unbounded-depth
setting, e.g., in our later discussion on W[P]/W[SAT]-completeness of unbounded-alternation k-MMSA.

2 This is the minimization Label-Cover problem in the Arora–Lund sense [3], rather than the Projection-
game formulation, where the value is the maximum fraction of satisfied constraints.

3 The factor in the statement of [17] is (log n)1/poly(k), but by a simple padding trick, we can actually get
any FPT-time (log n)o(1)-factor inapproximability. See Lemma 2.8 for a formal discussion.

4 By total-FPT-inapproximability, we mean ruling out FPT-time f(k)-approximation algorithms for every
computable function f .
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ETH, or even Gap-ETH, can one go beyond the current (log n)1/k-scale barrier for no(k)-
time inapproximability? These questions motivate the study of k-MMSA3, the closest
natural extension of k-MMSA2 in the k-MMSA hierarchy. In particular, we ask whether the
additional expressive power of k-MMSA3 enables reductions that bypass the known barriers
for k-SetCover, and whether the techniques developed for k-MMSA3 can in turn shed light
on k-SetCover itself.

We remark that Dinur and Safra’s approach [9] for non-parameterized MMSA3 relies on
building one Boolean variable L[x, a] for each (variable, value) pair in the PCP construction.
In the yes case, selecting exactly one value per PCP variable yields a satisfying assignment
of weight n, where n is the number of variables. However, this approach does not extend
to the parameterized setting: to keep the solution weight bounded by k, one would need to
start from a parameterized CSP with only k variables, but for such CSPs, even just greedily
satisfying the constraints adjacent to the maximum degree variable gives a kO(1) factor
approximation5, which precludes deriving any inapproximability factor that grows with n.

With an extra level of alternation, k-MMSA4 possesses a stronger inapproximability. In
his paper studying parameterized monotone and antimonotone circuit satisfiability, Marx [22]
gave a gap-creating reduction from any k-MMSAt to k-MMSAt+2, and thus ruled out any
FPT-time f(k)-approximation for k-MMSA4 under W[2] ̸= FPT. We remark that k-MMSA4
also captures the k-MinLabel problem defined in [4]. It was known in [4] that, under
Gap-ETH, any f(k)-approximation of k-MinLabel requires nΩ(k) time. It was also implicit
in [17, 18] that, k-MinLabel is hard to approximate within an no(1)-factor6 in FPT time
under W[1] ̸= FPT, or an n1/poly(k)-factor in no(k) time under ETH, via reductions from
k-MaxCover.

Our Contributions

In this paper, we give an FPT time O(2k log n)-approximation algorithm for k-MMSA3
(Theorem 3.1), which shows, in contrast to the non-parameterized world, that approximating
k-MMSA3 is not significantly harder than approximating k-MMSA2. On the hardness side,
we give a reduction from (k, h)-gap k-MMSA3 to (2k, h/k)-gap k-MMSA2 (Theorem 4.1).
This connection has two implications. First, it helps explain why stronger inapproximability
for k-MMSA3 has not appeared separately from k-MMSA2. Second, via this reduction, any
sufficiently strong lower bound for k-MMSA3 would yield new FPT inapproximability results
for k-SetCover. In particular, a (log n)Ω(1)-factor FPT inapproximability for k-MMSA3
under W[1] ̸= FPT would imply the same for k-SetCover. Similarly, under W[2] ̸= FPT,
an ω(2k) FPT inapproximability for k-MMSA3 would translate into a superconstant FPT
inapproximability for k-SetCover, resolving long standing open problems.

We also revisit Marx’s reduction [22] and show that it yields stronger consequences
than previously recognized. By carefully picking the parameters, we show k-MMSA4 is
hard to approximate within an no(1)-factor6 in FPT time under W[2] ̸= FPT, and hard
to approximate within an nO(1/k)-factor in no(k) time under ETH, improving the previous
f(k)-factor [22] and n1/poly(k)-factor [17, 18], respectively.

We summarize the (in)approximability results for parameterized MMSA hierarchy in
Table 1.

5 We may assume without loss of generality that the parameterized CSP has arity 2. Arity-q CSPs reduce
to arity 2 by the standard label-coverization trick, with only an O(q)-factor loss in the gap.

6 Requires padding, see Lemma 2.8.

APPROX/RANDOM 2026
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Table 1 Approximability and Inapproximability Results for Parameterized k-MMSA.

Problems
Approximability Inapproximability

Ratio Runtime Reference Ratio Runtime Assumption Reference

k-MMSA2 O(log n) poly(n)
[16, 21]

[7]

(
log n

log log n

)1/k

no(k) ETH
[19]

(log n)1/poly(k) [17]

(log n)o(1)

FPT
W[1] ̸= FPT [17, 19]

any O(1) W[2] ̸= FPT [20]

k-MMSA3 O(2k log n) FPT Theorem 3.1 Inherited from above

k-MMSA4 n poly(n) Trivial

n1/poly(k)

no(k) ETH
[17, 18]

nO(1/k) Corollary 5.6

no(1)

FPT
W[1] ̸= FPT [17, 18]

any f(k)
W[2] ̸= FPT

[22]

no(1) Corollary 5.7

2 Preliminaries

2.1 Perfect Hash Families
▶ Definition 2.1 ((n, m, Σ, h)-perfect hash family [14]). An (n, m, Σ, h)-perfect hash family
is a family of m functions F = {fi : [n] → Σ | i ∈ [m]}, such that for every subset T ⊆ [n]
where |T | ≤ h, there is a function f ∈ F such that

∀x, y ∈ T with x ̸= y, f(x) ̸= f(y).

In other words, F is an (n, m, Σ, h)-perfect hash family if for any h distinct elements in
[n], there is a function f ∈ F which maps them to h distinct values.

When |Σ| ≥ h2, an (n, m, Σ, h)-perfect hash family can be constructed efficiently and
deterministically:

▶ Lemma 2.2 ([2]). An (n, m, Σ, h)-perfect hash family with |Σ| = h2, m = hO(1) log n can
be constructed deterministically in time hO(1) · n log n.

2.2 Parameterized Problems
We begin with a definition of the parameterized version of the MMSA problem.

▶ Definition 2.3 (k-MMSAt). For any t, k ∈ N+, k-MMSAt asks whether there is a satisfying
assignment with Hamming weight at most k, for a monotone circuit C of the following form.

C(x1, . . . , xn) =



n∧
i1=1

n∨
i2=1

· · ·
n∧

it=1
xwi1,...,it

, t is odd,

n∧
i1=1

n∨
i2=1

· · ·
n∧

it−1=1

n∨
it=1

xwi1,...,it
, t is even,

where for every i1, . . . , it ∈ [n], wi1,...,it is an index in [n]7.

7 We generally allow the width of each gate to be polynomial in the number of input bits, but for simplicity,
we can pad unused bits and thus use n for both of them.
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We write SAT(C) to denote the set of satisfying assignments of C, and write OPT(C) to
denote the minimum weight of any satisfying assignment.

For any h > k, we write (k, h)-gap MMSAt for the task of distinguishing between
OPT(C) ≤ k and OPT(C) > h, or equivalently, finding a satisfying assignment of C with
weight at most h given the promise that OPT(C) ≤ k.

For the special case of k-MMSA3, it will be convenient to replace the ordered list of literals
feeding into each bottom conjunction by the set of input indices appearing in that gate.
Specifically, a k-MMSA3 instance can be written as

C(x) =
n∧

i=1

n∨
j=1

∧
t∈Ni,j

xt,

where Ni,j ⊆ [n] for every i, j ∈ [n].
The following lemma shows that given a k-MMSA3 instance, one can prune any bottom

conjunction term with |Ni,j | > k without hurting the gap.

▶ Lemma 2.4. There is a polynomial-time deterministic algorithm which, given as input a
k-MMSA3 instance

C(x) =
n∧

i=1

n∨
j=1

∧
t∈Ni,j

xt,

outputs a k-MMSA3 instance

C ′(x) =
n∧

i=1

n∨
j=1

∧
t∈N ′

i,j

xt,

where for every i ∈ [n] and j ∈ Si, |Ni,j | ≤ k. Furthermore,
If OPT(C) ≤ k, then OPT(C ′) ≤ k.
SAT(C ′) ⊆ SAT(C). In particular, for every h > k, if OPT(C) > h, then OPT(C ′) > h.

Proof. C ′ is obtained from C by simply removing every bottom conjunction with |Ni,j | > k.
That is, let Si := {j ∈ [n] | |Ni,j | ≤ k}, and let

C ′(x) :=
n∧

i=1

∨
j∈Si

∧
t∈Ni,j

xt.

To pad the size of the second layer to n, we simply duplicate its inputs.
Obviously, C(x) ≥ C ′(x), hence SAT(C ′) ⊆ SAT(C). On the other hand, suppose

OPT(C) ≤ k, and let x be a satisfying assignment to C with ∥x∥0 ≤ k. Since |Ni,j | > k for
every i ∈ [n] and j /∈ Si, we have

∧
t∈Ni,j

xt = 0, thus

C ′(x) =
n∧

i=1

( ∨
j∈Si

∧
t∈Ni,j

xt

)
∨

( ∨
j /∈Si

∧
t∈Ni,j

xt

)
=

n∧
i=1

n∨
j=1

∧
t∈Ni,j

xt = C(x).

Hence x is also a satisfying assignment to C ′, which implies that OPT(C ′) ≤ k. ◀

APPROX/RANDOM 2026
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We next introduce two closely related parameterized problems: k-MaxCover and k-
MinLabel.

▶ Definition 2.5 (k-MaxCover and k-MinLabel). k-MaxCover and k-MinLabel are both defined
on a partitioned bipartite graph G = (A, B, E) where A = A1∪̇ . . . ∪̇Ak, B = B1∪̇ . . . ∪̇Bm

and m ≤ n, with different optimizing objectives.
We say a set X ⊆ A (possibly contain multiple vertices from the same part) covers a

right part Bj if there exists some b ∈ Bj, such that for every i ∈ [k], there exists a vertex
ai ∈ Ai ∩ X which is connected to b.

The goal of k-MaxCover is to pick one vertex ai from each left part Ai, to cover the
maximum fraction of right parts Bj, while the goal of k-MinLabel is to pick minimum-sized
subset X ⊆ A, to cover every right part Bj. We write the two values as MaxCover(G) and
MinLabel(G), respectively. Specifically,

MaxCover(G) = 1
m

(
max

a1∈A1,...,ak∈Ak

∣∣{j ∈ [m]
∣∣ ∃b ∈ Bj such that ∀i ∈ [k], (ai, b) ∈ E

}∣∣) ,

MinLabel(G) = min
X⊆A,X covers every Bj , j∈[m]

|X| .

There is a canonical reduction from (1, ε)-gap k-MaxCover to (1, ε−1/k)-gap k-MinLabel,
as formalized in [4, 17]. We omit the proof here and refer the reader to [17, Proposition A.1].

▶ Lemma 2.6 ([4, 17]). Let G = (A, B, E) be a k-MaxCover/k-MinLabel instance with
A = A1∪̇ · · · ∪̇Ak and B = B1∪̇ · · · ∪̇Bm.

If MaxCover(Γ) = 1, then MinLabel(Γ) = k.
If MaxCover(Γ) ≤ ε for some ε > 0, then MinLabel(Γ) ≥ (1/ε)1/k · k.

We remark that k-MinLabel can be written as a restricted special case of MMSA4. Therefore,
the inapproxiambility of k-MinLabel applies to k-MMSA4 as well. This observation is
formalized in the following lemma.

▶ Lemma 2.7. Let G = (A, B, E) be a k-MinLabel instance with A = A1∪̇ · · · ∪̇Ak and
B = B1∪̇ · · · ∪̇Bm. There is a polynomial-time construction of a k-MMSA4 circuit CG such
that

OPT(CG) = MinLabel(G).

Proof. For every left vertex a ∈ A, introduce one Boolean variable xa. For a right vertex
b ∈ B, write

NG(b) = {a ∈ A | (a, b) ∈ E}.

Define the monotone circuit

CG(x) =
∧

j∈[m]

∨
b∈Bj

∧
i∈[k]

∨
a∈Ai∩NG(b)

xa.

After padding dummy gates/variables to make the width of each gate equal to the number
of variables, CG(x) becomes a k-MMSA4 circuit and can be constructed in polynomial time.
It’s also easy to check the one-to-one correspondence between a subset X ⊆ A covering every
Bj in G and a satisfying assignment of CG. ◀

We next present a canonical padding lemma which boosts any FPT-time inapproximability
for k-MMSA with factor f(n)1/g(k) to f(n)o(1).
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▶ Lemma 2.8 (Boosting the inapproximability of k-MMSAt by padding). Fix t ∈ N+. Let
f : N → R+ be a computable, nondecreasing, unbounded, and padding-stable function in the
following sense: for every constant a ∈ N, there is a sufficiently large n0(a) such that

f(n + a) ≤ f(n)2 ∀n ≥ n0(a).

Let g : N → R+ be a computable, nondecreasing and unbounded function. Suppose for
k-MMSAt, no FPT algorithm can distinguish between

OPT(C) ≤ k and OPT(C) > k · f(n)1/g(k).

Then, for every computable function α : N → R+ with α(k) = o(1), no FPT algorithm can
distinguish between

OPT(C) ≤ k and OPT(C) > k · f(n)α(k).

In other words, k-MMSAt doesn’t admit an FPT-time f(n)o(1)-approximation.

Proof. Fix α(k) = o(1) and choose K sufficiently large such that α(K) ≤ 1/(4g(k)). Given
an MMSAt circuit C on n variables, add K − k fresh variables which are forced to be one in
any satisfying assignment:

Ĉ(x, y) = C(x) ∧ y1 ∧ · · · ∧ yK−k.

By representing each new variable as a dummy length-t unary path, the new instance Ĉ is
still a MMSAt instance with new parameter K. Furthermore, Ĉ has N = n + K − k many
variables, satisfies

OPT(Ĉ) = OPT(C) + K − k,

and can be constructed in FPT time. Suppose for contradiction that there is an FPT-time
algorithm which can distinguish between

OPT(Ĉ) ≤ K and OPT(Ĉ) > K · f(N)α(K).

Since for sufficiently large N depending only on K, padding-stability gives f(N) = f(n +
K − k) ≤ f(n)2, and f is unbounded, we have

K · f(N)α(K) ≤ K · f(n)2α(K) ≤ K · f(n)1/(2g(k)) ≤ K − k + k · f(n)1/g(k).

Thus, the same algorithm can also distinguish between

OPT(C) ≤ k and OPT(C) > k · f(n)1/g(k)

in FPT time, a contradiction. ◀

3 An FPT-time O(2k log n)-Approximation for k-MMSA3

▶ Theorem 3.1. There is a deterministic FPT-time O(2k log n)-approximation algorithm
for k-MMSA3 on n input bits.

Proof. Write the input instance as

C(x) =
n∧

i=1

n∨
j=1

∧
t∈Ni,j

xt,

where Ni,j ⊆ [n] for every i, j ∈ [n]. By Lemma 2.4, we can without loss of generality assume
that |Ni,j | ≤ k.

APPROX/RANDOM 2026
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The algorithm proceeds by repeatedly assigning some variables to 1, until the whole
instance C is satisfied. Let

S = {i ∈ [n] | xi = 1}

be the set of variables that are assigned to 1, the i-th clause n∨
j=1

∧
t∈Ni,j

xt


is covered if and only if there exists some term j ∈ [n] such that Ni,j ⊆ S. Let

Cov(S) = {i ∈ [n] | ∃j ∈ [n] with Ni,j ⊆ S}.

The algorithm starts with S0 = ∅. In the r-th iteration, it takes the set Na,b maximizing the
number of newly covered indices

|Cov(Sr−1 ∪ Na,b) \ Cov(Sr−1)| ,

and sets Sr = Sr−1 ∪ Na,b. Given the fact that |Ni,j | ≤ k for every i, j ∈ [n], it suffices to
prove that the algorithm stops after O(2k log n) iterations, and thus outputs a satisfying
assignment of C with weight at most O(k · 2k log n).

Let x ∈ {0, 1}n be a satisfying assignment of C and let X = supp(x). Fix the r-th
iteration, let

Ur = [n] \ Cov(Sr)

be the set of currently uncovered indices. For every i ∈ Ur, since x satisfies C, there exists
some witness j = j(i) ∈ [n] with Ni,j(i) ⊆ X. Every chosen witness is a subset of X, and
X has at most 2k distinct subsets. Therefore, by an averaging argument, some set W ⊆ X

appears as Ni,j(i) for at least |Ur|/2k indices i ∈ Ur. The best enumerated set covers at least
|Ur|/2k currently uncovered indices. Consequently,

|Ur+1| ≤
(

1 − 1
2k

)
|Ur|.

Iterating this inequality, for T = ⌈2k ln n⌉,

|UT | ≤ n

(
1 − 1

2k

)T

≤ n exp
(

− T

2k

)
< 1.

Since |UT | is an integer, UT = ∅. Thus, the algorithm returns a satisfying assignment for C

with weight at most kT = O(k2k log n).
The algorithm is deterministic and runs in FPT time: it performs O(2k log n) iterations,

and in each iteration it enumerates at most n2 candidate sets and computes their gains in
polynomial time. This proves the theorem. ◀

4 A Reduction from (k, h)-gap MMSA3 to (2k, h/k)-gap MMSA2

▶ Theorem 4.1. There is an FPT-time reduction, which takes as input a k-MMSA3 instance

F (z) =
∧

i∈[n]

∨
j∈[n]

∧
t∈Ni,j

zt,

on z ∈ {0, 1}n, outputs a 2k-MMSA2 instance G on x ∈ {0, 1}n2 , such that
(Completeness) If OPT(F ) ≤ k, then OPT(G) ≤ 2k.
(Soundness) Fix any h > k, if OPT(F ) > h, then OPT(G) > h/k.
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The reduction contracts each distinct bottom conjunction of F into one variable of the
k-MMSA2 instance G. Namely, for every distinct set Ni,j we create a variable intended to
mean that all original variables in Ni,j are set to 1. Since there are at most n2 bottom
conjunctions, this gives at most n2 variables.

For completeness, suppose F has a satisfying assignment z whose support Z has size at
most k. Every bottom conjunction that is true under z corresponds to a set Ni,j ⊆ Z of size
≤ k, and there are at most 2k many such sets. Setting the variables representing these true
conjunctions to one gives a satisfying assignment of G of weight at most 2k.

For soundness, suppose G has a satisfying assignment x of weight at most h/k. Decode x

back to an assignment z for F by taking the union of all sets represented by the ones in x.
Since every represented set has size at most k, the decoded assignment has weight at most h.

Proof of Theorem 4.1. Let

S := {Ni,j | i, j ∈ [n]}.

By Lemma 2.4, we can without loss of generality assume that every set in S has size at most
k. Since |S| ≤ n2, fix an injective map f : S → [n2]. For every i, j ∈ [n], write

si,j := f(Ni,j).

For every s ∈ Im(f), let Ts denote the unique set in S such that f(Ts) = s.
Define the k-MMSA2 instance

G(x) :=
∧

i∈[n]

∨
j∈[n]

xsi,j .

The instance uses at most n2 variables and has size nO(1). It can clearly be constructed in
polynomial time, and hence in FPT time.

Completeness. Suppose there exists z ∈ {0, 1}n such that F (z) = 1 and ∥z∥0 ≤ k. Let

Z := supp(z) = {t ∈ [n] : zt = 1}.

Define x ∈ {0, 1}n2 by

xs :=
{

1, if s ∈ Im(f) and Ts ⊆ Z,

0, otherwise.

We first show that G(x) = 1. Fix any i ∈ [n]. Since F (z) = 1, there exists some j ∈ [n] such
that ∧

t∈Ni,j

zt = 1,

equivalently, Ni,j ⊆ Z. As Tsi,j = Ni,j , the definition of x gives xsi,j = 1. Therefore every
outer clause of G is satisfied, and hence G(x) = 1.

It remains to bound the weight of x. If xs = 1, then s ∈ Im(f) and Ts ⊆ Z. Because f is
injective, distinct coordinates correspond to distinct subsets of Z. Hence

∥x∥0 ≤ 2|Z| ≤ 2k.

Thus OPT(G) ≤ 2k.
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Soundness. Fix h > k, and suppose for contradiction that there exists x ∈ {0, 1}n2 such
that G(x) = 1 and ∥x∥0 ≤ h/k. Let

A := {Ts | s ∈ Im(f) and xs = 1}

be the family of original bottom sets represented by the selected variables of G, and let

U :=
⋃

T ∈A
T.

Define z ∈ {0, 1}n to be the indicator vector of U .
Since every T ∈ A has size at most k, and since |A| ≤ ∥x∥0, we have

∥z∥0 = |U | ≤
∑
T ∈A

|T | ≤ k · |A| ≤ k∥x∥0 ≤ h.

We now show that F (z) = 1. Fix any i ∈ [n]. Since G(x) = 1, there exists some
j ∈ [n] such that xsi,j

= 1. By construction, Tsi,j
= Ni,j , so Ni,j ∈ A and therefore

Ni,j ⊆ U = supp(z). Hence∧
t∈Ni,j

zt = 1.

This holds for every i ∈ [n], so F (z) = 1, contradicting OPT(F ) > h. ◀

▶ Corollary 4.2. For any computable function t(n, k), if there is an FPT-time t(n, k)-
approximation for k-MMSA2, then there is an FPT-time (t(n2, 2k) · 2k)-approximation for
k-MMSA3. Equivalently, if there is no FPT-time t(n, k)-approximation for k-MMSA3, then
there is no FPT-time t(

√
n,log k)

k -approximation for k-MMSA2.

In particular, a (log n)Ω(1)-factor FPT inapproximability for k-MMSA3 under W[1] ̸=
FPT, or an ω(2k)-factor FPT inapproximability for k-MMSA3 under W[2] ̸= FPT, could
imply new FPT inapproximability results for k-MMSA2 under the respective assumptions,
improving [17, 19, 20].

5 A Reduction from k-MMSAt to Gap k-MMSAt+2

In this section, we first summarize known inapproximability results for k-MMSA4, then
introduce [22]’s reduction from k-MMSAt to k-MMSAt+2, and finally plug a better set of
parameters into it to get improved inapproximability of k-MMSA4 under W[2] ̸= FPT and
ETH.

5.1 Inapproximability of k-MMSA4 from Literature
The following inapproximability on k-MaxCover was from [17, 18]. We remark that [17]
also provides the inapproximability under other assumptions such as SETH or the k-SUM
Hypothesis. However, we choose to present only the most relevant assumptions here.

▶ Lemma 5.1 (Inapproximability of k-MaxCover [17, 18]).
Assuming W[1] ̸= FPT, no FPT algorithm can approximate k-MaxCover within an
n1/poly(k) factor.
Assuming ETH, no no(k)-time algorithm can approximate k-MaxCover within an n1/poly(k)

factor.
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Passing Lemma 5.1 through the reduction chain of Lemmas 2.6–2.8, we have:

▶ Corollary 5.2 (Inapproximability of k-MMSA4, implicit in [17, 18]).
Assuming W[1] ̸= FPT, no FPT algorithm can approximate k-MMSA4 within an no(1)

factor.
Assuming ETH, no no(k)-time algorithm can approximate k-MMSA4 within an n1/poly(k)

factor.

Marx [22] also showed a total-FPT-inapproximability for k-MMSA4 under the weaker
assumption W[2] ̸= FPT.

▶ Lemma 5.3 ([22]). Assuming W[2] ̸= FPT, for any computable function f , no FPT
algorithm can approximate k-MMSA4 within an f(k) factor.

5.2 Revisiting Marx’s Reduction
▶ Theorem 5.4 (Adapted from [22]). Let t ∈ N+ and let h ≥ k. Given a k-MMSAt instance
C on n variables and an (n, m, Σ, h)-perfect hash family F = {f1, . . . , fm} with |Σ| ≥ k,
there is a reduction that outputs a k-MMSAt+2 instance C ′ on the same n variables such
that:

the size and running time are at most
(

m ·
(|Σ|

k

)
· |C|

)O(1)
;

if C has a satisfying assignment of weight at most k, then the same assignment satisfies
C ′;
if every satisfying assignment of C has weight at least k + 1, then every satisfying
assignment of C ′ has weight more than h.

Proof. For every i ∈ [m] and every T ∈
(Σ

k

)
, write

Ni,T := f−1
i (T ).

Define

C ′(x) :=
∧

i∈[m]

∨
T ∈(Σ

k)
C

(
x ∧ 1Ni,T

)
.

This is a monotone circuit with two additional outer layers, hence an MMSAs+2 instance,

and its size is bounded by
(

m ·
(|Σ|

k

)
· |C|

)O(1)
.

For completeness, let x be a satisfying assignment of C with support X ⊆ [n] and |X| ≤ k.
For every i ∈ [m], choose Ti ∈

(Σ
k

)
such that

fi(X) ⊆ Ti.

This is possible because |fi(X)| ≤ |X| ≤ k and |Σ| ≥ k. Then X ⊆ Ni,Ti
, so

x ∧ 1Ni,Ti
= x.

Therefore every outer conjunction of C ′ is satisfied, and hence C ′(x) = 1.
For soundness, let x be any satisfying assignment of C ′ and let X = supp(x). Since

C ′(x) = 1, for every i ∈ [m] there exists some Ti ∈
(Σ

k

)
such that

C
(
x ∧ 1Ni,Ti

)
= 1.
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By the soundness assumption on C, the assignment x ∧ 1Ni,Ti
must have weight at least

k + 1. Equivalently,

|X ∩ Ni,Ti | ≥ k + 1 for every i ∈ [m].

Suppose toward contradiction that |X| ≤ h. Since F is an (n, m, Σ, h)-perfect hash family,
there exists some i⋆ ∈ [m] such that fi⋆ is injective on X. For this i⋆, every T ∈

(Σ
k

)
can

contain images of at most k elements of X. Thus

|X ∩ f−1
i⋆ (T )| ≤ k ∀T ∈

(
Σ
k

)
,

contradicting

|X ∩ Ni⋆,Ti⋆ | ≥ k + 1.

Hence |X| > h. ◀

▶ Remark 5.5. We remark that the goal of Marx [22] was to rule out f(k)-factor FPT
approximation algorithms for any computable function f . Thus, it was sufficient for him
to choose h to be larger than the approximation factor f(k). In his hardness proof, h was
used as the parameter of an intermediate FPT cost-approximation algorithm, which in turn
forced h to depend only on k. In contrast, our argument proceeds more directly, allowing us
to choose h to be as large as nO(1/k).

We apply Theorem 5.4 using an (n, m, Σ, h)-perfect hash family from Lemma 2.2 with
h = nΘ(1/k), |Σ| = h2 and m = hO(1) log n. Then(

|Σ|
k

)
≤ h2k,

so the reduction size and running time are bounded by(
m ·

(
|Σ|
k

)
· |C|

)O(1)
=

(
hO(1) log n · h2k · |C|

)O(1)
≤ nO(1).

It was known [5] that under ETH, k-MMSA2 (a.k.a. k-SetCover) cannot be solved in no(k)

time. We thus have the following immediate corollary:

▶ Corollary 5.6. Assuming ETH, no no(k)-time algorithm can approximate k-MMSA4 within
some nO(1/k) factor.

Using the same set of parameters and invoking the padding lemma (Lemma 2.8), we also
have the following W[2]-hardness:

▶ Corollary 5.7. Assuming W[2] ̸= FPT, no FPT algorithm can approximate k-MMSA4
within any no(1) factor.

Corollary 5.6 and Corollary 5.7 improve upon Corollary 5.2 and Lemma 5.3, respectively.
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