Cycle Cancellation for Submodular Fractional
Allocations and Applications

Chandra Chekuri &
University of Illinois at Urbana Champaign, 1L, USA

Pooja Kulkarni! &
University of Chicago, IL, USA

Ruta Mehta &
University of Illinois at Urbana Champaign, IL, USA

Jan Vondrak &
Stanford University, CA, USA

—— Abstract
We consider discrete allocation problems where m indivisible goods need to be allocated among
n agents. When agents’ valuation functions are additive, the well-known cycle canceling lemma
[39, 47, 45] plays a key role in the design and analysis of rounding algorithms. In this paper, we
prove an analogous lemma for the case of submodular valuations. Our algorithm removes cycles in
the support graph of a fractional allocation while guaranteeing that each agent’s value, measured
using the multilinear extension, does not decrease.

We demonstrate applications of the cycle-canceling algorithm, along with other ideas, to obtain
new algorithms and results for three well-studied allocation objectives: max-min (Santa Claus
problem), Nash social welfare (NSW), and maximin-share (MMS). For the submodular NSW
problem, we obtain a %—approximation; for the MMS problem, we obtain a %(1 — 1/e)-approximation
through new simple algorithms. For various special cases where the goods are “small” valued or the
number of agents is constant, we obtain tight/best-known approximation algorithms. All our results
are in the value-oracle model.
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1 Introduction

Allocation problems are fundamental to both theory and practice. They arise naturally in
diverse applications from optimization to fair division, and have been an influential source
of techniques in discrete (combinatorial) optimization. In this paper we give a new tool for
addressing allocation problems with submodular valuations.
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Cycle Cancellation for Submodular Fractional Allocations and Applications

Consider the problem of allocating a set M of m indivisible items to a set N of n
agents with diverse preferences. An allocation can be viewed as a partition of M into sets
S1,5%,...,5, with S; being the set given to agent i. Each agent i has a valuation function
v; 1 2M — Ry where v;(S) is the value that they obtain for subset S C M. We will assume
v;8 to be monotone submodular?, capturing decreasing marginal returns, and normalized so
that v;(#) = 0. Throughout this work, we denote an instance of the allocation problem by
(N, M, (vi)ienr) and the set of all allocations as IIjxr(M).

Allocation problems with submodular valuations are extensively studied within optimiza-
tion [43, 20, 25] and fair division [42, 35, 48, 32, 29] communities under various objective
functions. Also, see Section 1.1 for more detailed related works. A prominent example is to
allocate items to maximize social welfare: find an allocation Si,...,.5, to max Zie/\/ v;(S;).
While this is trivial for additive valuations (simply assign each good to the agent that values
it the most), it is an interesting optimization problem for submodular valuations, and is
NP-Hard. A simple greedy algorithm achieves an approximation ratio of 1/2 [44, 38] while a
much more sophisticated approach achieves a tight approximation ratio of (1 — 1/e) [49, 15].
The latter result was instrumental in developing the multilinear relaxation approach for
submodular maximization problems. In this paper, we are concerned with more challenging
objectives arising from fairness, efficiency, and other considerations, with the goal of designing
unifying tools and techniques. Three such objectives are: (i) Max-min allocation (also referred
to as the (Submodular) Santa Claus problem) [42], (ii) Nash Social Welfare (NSW) [36],
and (iii) Maximin-share (MMS) [13]. These problems are well-known to be challenging even
when agents’ valuation functions are additive, i.e, v;(S) = 32, g vi({j}) for all i € N See
Section 1.1 for more details about these problems.

Relax-and-round is a natural approach for most of these problems, where first a good
fractional allocation is obtained and then rounded to an integral allocation while incurring
some loss. The purpose of this paper is to develop a widely applicable technical tool that
helps round a fractional allocation effectively under submodular valuations. We further
highlight the utility of this tool by instantiating it on the above mentioned three objectives.
Our tool is inspired by a corresponding result in the additive setting: A fractional allocation
is an m - n dimensional vector x which we interpret as consisting of values z; ; for ¢ € A" and
Jj € M; x; j €[0,1] is the fractional amount of item j that is assigned to agent 7. We require
that Zz x;,; = 1 for each item j. We let x; denote the m-dimensional vector consisting of
the variables x; j, j € [m]. Each fractional allocation x defines an allocation graph Gy which
is a bipartite graph with agents on one side and items on the other side and an edge between
i and j labeled with the number z; ; iff z; ; > 0; in other words it is a representation of the
support of x. For a fractional allocation x the value of agent 7 in the additive setting, denoted
by v;(x;) is naturally defined as >, v;({j})zi;. Then the following rounding procedure is
known.

» Lemma 1 ([39, 47]). Let x be a fractional allocation and v; additive functions. Then there
is another allocation 'y in the support of x such that (i) the allocation graph Gy has no cycles
and (i) for all agents i, v;(y;) > vi(x;). Furthermore, the allocation'y can be rounded to an
integral allocation A = (Ax,...,A,) such that for all agents i, v;(A;) > Vi(y:) — a; where

Q; = MaXj.y, ;>0 UZ({]})

2 A real-valued set function f : 2™ — Ry is submodular if f(A + g) — f(A) > f(B + g) — f(B) for any
A C B and g € B\ A4; in other words the function exhibits diminishing marginal utility. Monotonicity
means that f(A) < f(B) for all A C B.



C. Chekuri, P. Kulkarni, R. Mehta, and J. Vondrak

» Corollary 2. Suppose x is a fractional allocation such that max;.,, ;o vi({j}) < evi(x;)
for each agent i. Then there is an integral allocation z such that vi(z;) > (1 — €)v;(x;).

The corollary immediately allows one to find a good approximation in the so-called “small”
items scenario. One can view the lemma and the corollary as interpolating between the fully
fractional setting (which can be solved optimally via LP) and the discrete setting in which
no single item is too important to an agent. The utility of the lemma can be understood by
considering an alternative rounding strategy: randomly allocate each item independently
to an agent based on fractional solution. The parameters obtained by such a rounding are
much weaker — a logarithmic factor in the number of agents is typically lost since one has to
rely on concentration inequalities followed by a union bound.

Here we generalize the preceding lemma to the submodular setting. In order to do this
we need to work with a continuous extension of submodular functions. As mentioned above,
for maximization problems the multilinear extension [14] has played a natural role.

» Definition 3 (Multilinear Extension of f).

F(z):=Y fS)[[a T] 0 —=)) (1)

SCV JES  JEV\S

It inherits some useful properties of submodularity and moreover, its value and partial
derivatives can be evaluated for a given point x via random sampling.
Our first contribution is to formulate and prove the following theorem.

» Theorem 4. Given an instance of the allocation problem (N, M, (v;)ienr) with monotone
submodular valuations v;, and a fractional allocation x of the goods to the agents, there is a
fractional allocation x' such that (i) the allocation graph G is acyclic, and (i) V;(x') > Vi(x)
for all agents i € N'; where V; is the multilinear extension of v;.

We state the preceding theorem in a non-constructive way. A polynomial-time algorithm

requires one to use approximations due to the sampling aspects of the multilinear extension.
We defer formal details of this to a full version of the paper since they are somewhat standard.

An efficient version of the lemma yields an allocation that loses a (1 — o(1))-factor in the

value for each agent which we ignore in this version. See the end of Section 2 for more details.

Next we discuss application of this lemma to obtained improved algorithms and/or results
for the three objectives mentioned above.

1.1 Applications

We demonstrate the utility of Theorem 4 on three problems that arise in fair allocation.

The focus is not on obtaining improved approximation factors, but rather to illustrate how
the cycle canceling procedure can be applied in conjunction with other ideas to design new
relaxation-based algorithms. Table 1 gives a summary of our results.

All the three applications we discuss in this paper have seen a lot of work in the literature.

While the table gives the current best-known guarantees, we discuss more details here.

3 The results from [43] are for welfare maximization. However, the structure of instance used for the
reduction directly implies the same bound for the problems mentioned here.

21:3
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Table 1 Summary of Applications of Theorem 4. For the result marked with (*), while our result
matches the existing result, we need € to be a constant independent of n in this paper whereas the
prior work required € to be ©(1/1ogn). Results marked with (**) are information theoretic lower
bounds whereas the other results are NP-hardness.

Fairness Notion ‘ Problem Setting ‘ Lower Bound ‘ Prior Work ‘ This Paper ‘
Max-min vi(j) < eOPT Vi, j - - (1—1/e—c¢)
Max-min Constant n (I1—1Yete) 431 ** | (1—1e—¢€)[20] | (1 —1fe—¢€)*

NSW General (1—1/e+e¢) [32] ~1/3.9 [11] 1/5
NSW Constant n (1—1/e+e¢) [32] (1—-1e—e€)[32] | (1—1/e—e)*
MMS General (1—1/e+e) [43)3** ~ 0.370 [48] ~ 0.316
MMS vi(j) < eMMS; Vi, j - ~ 0.370 [48] (1—=1/e—c¢€)

1.1.1 Santa Claus (Max-min)

In Section 3.1, we investigate the max-min objective where given an instance of the fair
allocation problem, (A, M, (v;);enr), the goal is to output an allocation A = {A;,..., A, } €
I (M) that maximizes mingepr vi(A;). It is alternatively referred to as the Santa Claus
problem.

1.1.1.1 Related work

Max-min was first considered as a fair allocation problem by [42]. There has been substantial
work since then. Despite this, the approximability is still not well understood even in the
additive setting. [12] showed that one cannot approximate max-min to a factor better than
2 in the additive setting unless P = NP. On the positive side, [8] gave an O(blgﬂ%)—
approximation algorithm in the restricted assignment setting (i.e., for each agent v;({j}) €
{v;,0}). The current best approximation for this setting is 4i5 [22]. In the general setting,
[17] gave a Q(ni) approximation algorithm in time n®(/9; in particular this implies a

Q(m)—appmximation in quasi-polynomial time. These results were extended to the

submodular setting: [7] gave a € -approximation algorithm with running time

poryoz )
pOUe8"/leg1osn) " and for any fixed € > 0; a Q(%)—approximation algorithm with running
time n®(/9). For the restricted case with submodular valuations, [6] gave an Q(m)—
approximation algorithm. Here, restricted submodular Santa Claus is defined as follows:
there is a common submodular valuation function v, each agent has a subset X; C M and
the value of agent 7 is v;(S) = v(S N X;). Another result known for additive valuations was
by [12] who showed that there is always an allocation which gives each agent a value of at
least (OPT — max;cnr jem vi(j)) where OPT is the optimal max-min value, and this is via

the cycle-cancellation lemma.

1.1.1.2 Our Contributions

In this work, we study the submodular Santa Claus problem. We show an additive approx-
imation guarantee that is analogous to the result in [12] for additive valuations. While
additive and multiplicative approximation guarantees are incomparable in general, when the
goods are small valued, additive approximation imply multiplicative approximations. We
thereby achieve the first non-trivial multiplicative approximation for the small-goods case
with submodular valuations. Furthermore, we give a (1 — 1/e — €) approximation for the
case when the instance has a fixed number of agents. This was previously known from [20],
however, we achieve a more efficient algorithm (see Remark 15).
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1.1.2 Nash social welfare (NSW)

In Section 3.2, we investigate Nash social welfare which is a popular fairness and efficiency
notion. The objective is to find an allocation A = (A, ..., A,) that maximizes the geometric

1/,
mean of agent valuations i.e., A = argmaxger , (m) (Hie[n} vi(Si)) .

1.1.2.1 Related work

The Nash social welfare (NSW) objective has been proved to offer a natural balance between
utilitarian welfare (sum of utilities) and fairness (max—min welfare) [36, 16]. Even for additive
valuations, maximizing NSW is APX-hard [37] and obtaining a constant factor approximation
was challenging. The first constant factor for additive valuations was presented by Cole
and Gkatzelis [24], using a market equilibrium approach. Alternative approaches were
found afterwards, using either market equilibria or fractional relaxations, that provide
constant factors for additive, budget-additive and piecewise-linear concave valuations [4, 5,
23, 10, 28]. For submodular valuations, [32] gave the first approximation independent of the
number of goods using a “matching-rematching” along with greedy allocation approach. [30]
extended the matching-rematching approach along with fractional allocations and proved
a constant factor for “Rado valuations” (a subclass of submodular valuations related to
matroids). This framework was thereafter extended to a 1/380-approximation for submodular
valuations by [40], which was subsequently improved to a 1/4-approximation using matching-
rematching and local search [29]. A recent line of work [27, 26, 11] studied the weighted NSW
problem, maximizing the weighted geometric mean of valuations, and obtained constant-
factor approximations for additive and submodular valuations even in this setting. For
additive valuations, their guarantees match the best known bound for unweighted NSW (e!/¢)
from [10]; for submodular valuations, the most recent approximation factor is ~ 5= [11] via
computer-aided analysis. These algorithms are based on a configuration-type relaxation and
randomized rounding.

1.1.2.2 Our Contributions

Our primary result here is to present a simple algorithm that still achieves a small constant-
factor approximation for submodular NSW. Our algorithm is based on the matching-
relaxation-rematching framework like [32, 30, 40] and provides a 1/5-approximation guarantee.
Additionally, we also give a (1 — 1/e — €)-approximation for the case when the instance has
constantly many agents in a more efficient manner than was previously done by [32] (see
Remark 21).

1.1.3 Maximin Share (MMS)

In Section 3.3, we look at the Maximin share objective. An agent’s MMS value, denoted by
MMS; is the maximum value she can ensure for herself if she divides the goods into n parts
and chooses the worst part for herself.

1.1.3.1 Related work

Maximin Share (MMS) was defined as a fairness notion by [13]. [46] proved that MMS-
allocations i.e., allocations that give every agent their MMS value need not exist even with
additive valuations. Therefore, a series of works that obtain a-MMS allocation, i.e., each
agent receives a value of a-MMS have been studied for additive valuations [46, 3, 33, 34, 2, 1]

21:5
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culminating in a 3/4 + O(1)-approximation. The algorithms in these works are mostly
combinatorial and rely on either matching-based or greedy-based techniques. For general
valuations, [9, 35] initiated the study for approximate MMS allocations. [9] gave a ~ 1/10
approximation algorithm via round-robin allocation and [35] gave a 1/3-approximation via
local search. Recently, [48] gave an algorithm that provides 10/27-approximation to MMS
using a greedy algorithm. For a subclass of submodular valuations called SPLC, [19] gave a
1/2 approximation algorithm based on market-equilibrium solution followed by rounding.
Several other works on MMS on other valuation functions or in constrained settings exist
that we do not list here.

1.1.3.2 Our Contributions

Our main theorem naturally extends the equilibrium-rounding approach to submodular
valuations to give a %(1 —1/e—o(1))-approximation algorithm. Additionally, when the goods
are small compared to the MMS value (at most eMMS), we obtain a novel (1 —1/e —€)-MMS
allocation using the same approach.

2 Cycle-Cancellation under Multilinear Extension

In this section we present the main technical contribution of this work — Theorem 4. This
theorem states that given an instance (N, M, (v;);enr) of the allocation problem and any
fractional allocation x, we can convert it to an allocation with at most |[A]—1 fractional
variables whose allocation graph forms a forest, while retaining the value received by any
agent under the multilinear relazation. It is well-known that when the function is submodular,
the multilinear extension is convex in any e; — e; direction [14]. We first generalize this to
show that the multilinear extension is convex in any direction given by ¢;e; — t;e;, where
ti,t; > 0. This allows us to argue how the function value changes when we move goods along
a cycle allowing us to eventually cancel cycles in the allocation graph.

» Theorem 4. Given an instance of the allocation problem (N, M, (v;)ien’) with monotone
submodular valuations v;, and a fractional allocation x of the goods to the agents, there is a
fractional allocation x' such that (i) the allocation graph Gy is acyclic, and (ii) Vi(x') > V;(x)
for all agents i € N'; where V; is the multilinear extension of v;.

Before we prove the theorem, we see what happens to the value of the multilinear extension
when for two goods i, j with i # j, we increase the allocation of good ¢ by t; and decrease
the amount of good j by t;. We remark that an equivalent lemma appears in an independent
work on the knapsack problem with a submodular objective [41].

» Lemma 5. Given a submodular function f with multilinear extension F', and allocations
Xx=(z1,...,Tm) and X = (T1,..., 2 +t;,...,&; —t;j,...,&m), for any t;,t; such that either
botht; > 0 and t; > 0, or both t; <0 and t; <0, we have,

oF

F(f()—F(X) th%

oOF

X j&'zj

R
Proof. Let x = (x1,...,%m), X = (21, .., T+t ..., Tj — L), ..., Ty,) and Px(R) = ngR%
ng[m]\R(l — x4). Note that x and x differ in probabilities only on the goods i and j.
Therefore, when we expand the multilinear extension, the only places the terms differ are

on the probabilities of selecting (or not selecting) ¢ or j. We explicitly separate these terms.
Towards this, we denote “R : i,j” to indicate all sets that include the elements ¢ and j,
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“R:1,5” are all sets that do not include the elements i and j. “R:4,;” and “R : i,” are
defined analogously. Further, we define Py; ;(R) = [ cp\ (i3 o Hgepnp my iy (1 — 2g) Le,
the probability of picking a set R according to a distribution x except that we ignore the
probabilities corresponding to ¢ and j. With this notation, we can write the difference of
multilinear extensions as:

F(x) = F(x) =) _(Px(R) = Px(R)) f(R)

R
=3 PLg(R)(t;(1 = wi) — ts(1 — 2) — tit;) f(R)

R:,j

+ Z Pu’j(R)(titj + ti(l — l‘j) + .thj)f(R)
R:i,j

+ 3 Pl (R)(tity — (1 — @)ty — tiwy) f(R)
R:i,j

+ Z P\M’j(R)(tZ.TJ — .’ﬂitj — tltj)f(R)
R:i,j

We rewrite the above equations by combining the terms in ¢;t;, ¢; and t; together and we
get the following equation

F(R) = F(x) =tit; Y Plij(R)(—f(R)+ f(R+i) + f(R+j) — f(R+i+)))

R:1,j
+ti Y Pug(R)(=(1 =) f(R) + (1= 25) f(R+1) — a; f(R+ ) +a; f(R+i + j))
R:i,j
1 Y Pag (R = ) f(R) = wif (R+1) = 2, (R + ) = f (R+ i+ )
R:i,j

Let f(R+4)+ f(R+7) — f(R) — f(R+i+j) = ar. Note that the coefficient of t; is 2€

ox;
x

and that of t; is —g—fj

. Substituting these values, we get
X

oF

ox

4 9F
i lx ]61‘]‘

>t8F

OF| ., OF
x 18.131'

F(f() - F(X) = tﬂfj Z PMJ'(R)CVR +t; j%
x J

R:i,j

X

where the second inequality follows since ar > 0 for submodular valuation functions and we
assumed t;, t; to be non-negative. <

» Remark 6. We note that it is well-known that when f is a submodular function, its
multilinear extension F is convex along the direction e; — e; for any i, € [m]. The above
lemma proves a stronger version of this result i.e., the multilinear extension is convex along
any t;e; — tje; for any i,j € [m] and t;,¢; > 0.

We can now prove Theorem 4. Recall that the instance of allocation problem is denoted
by (N, M, (v;)ien) and we assume that each v; is submodular. We denote the multilinear
extension of v; by V;. Note that while we write V;(x), the value of V; only depends on the
part of x corresponding to agent i’s allocation x;. Additionally, we use V/ ; to denote the
partial derivative of V; at x; with respect to good j.

Proof of Theorem 4. The main idea is that if there is a cycle with fractional values x;;,
we can move values along the cycle consistently so that no agent loses in value, and some
variable becomes an integer. For any given allocation x, consider a cycle ag — gg — a1 — g1 —

APPROX/RANDOM 2026
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---—ap_1 — ge—1 — ag where a; are the agents and g; are the goods. To reallocate along
the cycle, we need to maintain two constraints: (1) the total fractional allocation of each
good remains constant, (2) no agent’s value (under the multilinear extension) decreases. To
maintain the first constraint, we will change the allocation of good ¢ by §; on one edge and
—0d; on the other adjacent edge. Therefore, a reallocation strategy looks as follows:

4 — .
zaigi - x(lzgi + 61

/ P — .
‘Tai+1gi =ZLa;i19: 61

with index operations modulo /. By Lemma 5, for agent a; not to lose value, it is sufficient
to satisfy:
5V g = 0icaV 4 >0 (2)

@isGi—1
where, the index operations are modulo £. We get ¢ such inequalities corresponding to the ¢
agents on the cycle. We claim that there is always a non-trivial solution to these inequalities,
for any choice of V.,V .. .

First, if Va/i’gi = 0 for some agent i, we can set §; = 0 for all i’ # 4, and choose §; < 0
to ensure that the gain of every agent is non-negative. Similarly, if Va’ g, = 0, we can
set d; = 0 for all ' # ¢ — 1 and choose d;_1 > 0 to ensure that the gain of all agents is
non-negative.

Hence, we can assume that V, .~ >0and V, . >0 for all agents on the cycle. In this

case, for any value dy, we can iteratively find values of d1,...,d,_1 of the same sign such that
Ve
5iV¢1li,g,; - 5i—1vali,g7:_1 =0for 1 <4< /{—1. These conditions mandate that §; = 514_1‘,:%:1,
so we obtain inductively '
! / /
6[ 1= (50 ai,go " @2,91 Va5*17g@72
- / / / .
Va1791 Va2-,92 Vae—1,92—1

The last remaining condition is that

5()V/ - 5471‘// >0

@0,90 ao,ge—1 —

which is equivalent to

/ / /
(5 V/ _ 5 Vahgo Va2’91 Va2717g272 V/ >0
0VYao,90 OV/ V! V! ap,ge—1 —
ai,g1 -~ a2,92 ag—1,9e—1

We still have a free choice of dg # 0, so we can choose its sign appropriately so that the last
condition is satisfied. By construction, this satisfies condition (2) for all agents .

Denote by x’ the modified fractional solution where zj,, , = ¥4, g, + ;. By the discussion
above, all the d;’s are determined by dg. We want to choose the magnitude of dy so that x’ is
feasible and at least one variable on the cycle becomes an integer. This can be accomplished
by choosing the supremum or infimum of §y (depending on the desired sign) such that x’
defined by the changes described above is still feasible. We claim that such x’ must have a new
integer variable: If all the variables on the cycle are fractional, then there is a larger /smaller
value of dg that we can choose and x’ is still feasible. An extreme choice of dg still defines a
feasible solution, because the assignment polytope is a closed set.

Finally, we argue that the value for any agent cannot decrease in this /operation. After

choosing d, as above, the remaining §; for i € [¢] are chosen as §; = Ji_l%. Since the
A5,94
partial derivatives are all positive, all d;s will have the same sign. Therefore, by Lemma 5, we

have V,, (x) > V,,(x). Note that it is in this step that we use the convexity of the multilinear
extension along the direction that we modify our fractional solution. <
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Note that the proof does not work for non-monotone submodular functions. We could
possibly define §; to satisfy (2) even for non-monotone submodular functions, but since two
variables could be increasing or decreasing at the same time, the relevant multilinear function
could be concave rather than convex along the direction of change.

Notes on computational aspects of the procedure: In the discussion above, we ignore the
computational issues of computing or estimating the values of V;(x) and 592/3 . These issues
can be handled by techniques similar to prior work using the multilinear extension: The

values of V;(x) and its partial derivatives are expectations over a certain product distribution

and hence can be estimated by random sampling. The sampling error can be made smaller
than m where o; = max;ec a2, >0 vi({j}). Since variables are changing by at most 1

in each step, the true change in V;(x) might be off by compared to our estimates.

(e77
poly(m,n)
The number of rounding steps is polynomial in m and n (at least one new variable becomes
an integer in each step), and hence we can choose the sampling parameters so that the loss
for each agent is less than ———

poly(m,n)
negligible compared to the loss of a; which we shall incur in any case due to the rounding on
the remaining forest. For completeness, we give our computational result:

at the end. In many applications, this additive error is

» Theorem 7. Given an instance of the allocation problem (N, M, (v;)ienr) with monotone
submodular valuations v;, and a fractional allocation x of the goods to the agents, in ran-
domized polynomial time, we can compute with high probability another fractional allocation
y such that the support of y is acyclic, and V;(y) > Vi(x) — m for all agents i € [n]
where V; is the multilinear extension of v; and o = maxjep:a;; >0 vi({J})-

3 Applications

In this section we discuss applications of the cycle-cancellation. All applications we discuss
use the same rounding based on cycle-cancellation which we call NonUniformPipageRounding
and is outlined in Algorithm 1. Similar rounding has appeared in the context where valuations
are additive or SPLC* (eg., [24, 19)]).

Algorithm 1 NonUniformPipageRounding((N, M, (v;)ien), X).

1 Create x’ from x using Theorem 4.
2 In the forest of Gy, root each tree at an arbitrary agent
3 Allocate each fractional good to its parent in the rooted tree

We can prove the following guarantee of this algorithm.

» Lemma 8. Given an instance of the allocation problem, (N, M, (v;)ienr) and any frac-
tional allocation x, Algorithm 1 (NonUniformPipageRounding) finds an allocation A =
(A1, An) € Tn (M) such that vi(A;) > Vi(x) — vi(€;) for all i € N, where {; =
mazjemvi({j}).

Proof. From Theorem 4, the agents lose no value in converting to x’. Then, since the graph
is acyclic, step 2 can be executed. Since each agent in the rounding can lost at most one good

(the parent good), the agents lose a single good. By submodularity (in fact, subadditivity),
the lemma follows. <

4 SPLC is a class of functions that capture additive valuations and are a subset of submodular valuations.
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» Remark 9. As mentioned at the end of previous section, we ignore the computational aspects
of cycle-cancellation procedure. All our applications use the NonUniformPipageRounding
where the rounding incurs loss of one good. The loss due to computational aspects of
cycle-cancellation (result of Theorem 7) is negligible compared to this loss and therefore can
be safely ignored. For keeping the notation clean, we do not add that loss here. Similar to
the computational version of Theorem 4, we get the following computational version:

» Lemma 10. Given an instance of the allocation problem, (N, M, (v;)ienr) and any frac-
tional allocation x, Algorithm 1 (NonUniformPipageRounding), in randomized polynomial
time finds with high probability an allocation A = (Ay,..., An) € Mz (M) such that
vi(4;) > Vi(x) — v () — m for all i € N, where £; = mazjcpmvi({5})-

3.1 Approximating Submodular Max-min

The max-min problem also known as the Santa Claus problem is defined as: given an instance
of the allocation problem, (N, M, (v;)ienr), output an allocation A = (A;,..., A) €
7| (M) to maximize minge s v;(A;). This value is called the max-min value and we denote
it as OPT = max e . (M) Mingen vi(A;).

As discussed in Section 1.1.1, our primary aim is to provide an additive approximation
for the Submodular Santa Claus problem. We show that this directly gives a multiplicative
approximation for “small” goods. Additionally, we also show how to use cycle-cancellation
to achieve a multiplicative approximation for the special case when the instance has a fixed
number of agents. The key to these results is the NonUniformPipageRounding subroutine
(Algorithm 1). To use the subroutine, we naturally need a fractional solution. To obtain this
fractional solution for the max-min problem, we use the following result by [20, 18].

» Theorem 11 ([20, 18]). Let f1,..., fn be monotone non-negative submodular functions
over a common ground set N, Bi,Ba,...,B, € Ry and let Q € [0, 1]|N| be a solvable®
polytope. For every fized € > 0 there is a polynomial time randomized algorithm that either
outputs a point x € @ such that for all i,

Fi(x)>(1—-1/e—¢)B;
or correctly decides that there is no point x in @ such that F;(x) > B; for all i.

» Theorem 12. Consider an instance, (N, M, (v;)ien’) of the Submodular Santa Claus
problem with the optimal value OPT. Denote the mazimum value of any good as Max =

max;en jen Vi(j). For any fized € > 0, one can obtain in randomized polynomial time an
allocation A = (Ay, ..., A\n) such that vi(A;) > (1 —1/e — €)OPT — Max.

Proof. First, we obtain a fractional allocation x = (x1,...,X|zq) such that V;(x;) > (1 —
1/e — €)OPT. This can be done as follows. We guess the value of OPT via binary search.
We then define @ as a partition matroid constructed as follows: for each good, create |N|
copies, one corresponding to each agent. All copies of a given good belong to the same
part, and there are | M| such parts, corresponding to each good. An independent set of this
matroid can include at most one element from each part. This construction naturally defines
an allocation: each selected copy corresponds to a specific agent, and that agent receives

5 A polytope is called solvable if we can optimize linear functions over the polytope in polynomial time.



C. Chekuri, P. Kulkarni, R. Mehta, and J. Vondrak

the associated good. The agents’ valuation functions extend naturally while preserving
submodularity: given an independent set of the matroid, the value F; for agent 7 is computed
by considering only the copies associated with that agent. This construction first appeared
n [38]. Assuming that OPT is a valid estimate of a value that each agent can achieve, we
use Theorem 11 to find an x € @ that achieves V;(x;) > (1 — 1/e — €)OPT for each agent.
To round this fractional solution, we apply the NonUniformPipageRounding to x, and obtain
an integral allocation A = (Ay,..., Ajn) such that v;(A;) > Vi(x;) — vs(¢;) where /; is the
largest valued good for agent i. Therefore, we obtain v;(4;) > (1 — 1/e — €)OPT — Max. <«

As a corollary, we obtain the following result when Max < eOPT.

» Corollary 13. Consider an instance of Submodular Santa Claus with a promise that there
is a feasible allocation (ST, S5,...,Sx) of value OPT such that vi(j) < €OPT for each i € N
and each j € S;. In this setting, for any fized € > 0, there is an efficient randomized
algorithm that with high probability either outputs an allocation (Si,S2,. .., S|n) such that
vi(S;) > (1 —1/e — e — €)OPT or correctly refutes the promise.

3.1.1 Constant Number of Agents

Here we consider the setting with a fixed number of agents. In the additive setting there is a
PTAS for this case. For the submodular setting the following result can be obtained.

» Theorem 14. For any fized € > 0 and any fivred number of agents |N|> 1, there is a
(1 —1/e — €)-approzimation for the Submodular Santa Claus problem.

Proof Sketch. We sketch the ideas since the essence of this has already been captured in
Theorem 12. Suppose we have guessed OPT. Since |[A] is fixed we can guess all the “large’
items for each agent ¢ from some fixed optimum allocation (S7,...,S D\fl) More formally, for
each agent i we guess a set A; C S such that for all j € SF\ A;, v;(A; +7) —v;(A4;) < eOPT.
It is easy to see that there exists such a set with |A;|< (1/e+1). Thus there are |M|O(|M/6)
guesses that the algorithm needs to try and this is polynomial when |A] is fixed. Once
these are guessed we can then find a fractional allocation and round as in the proof of

Y

Theorem 12. The one good loss for an agent ¢ in this setting is at most ev;(4;) due to the
preprocessing. The running time is dominated by the guessing step which incurs an overhead
of | M|V, <

» Remark 15. One can use a different rounding approach for the second step after the
guessing the large items and solving the relaxation. This was the approach that was outlined
in [20] and is based on randomly allocating the items according the fractional allocation; more
precisely we allocate each item j independently to exactly one agent where the probablity
of agent 7 receiving item j is precisely z; ;. Since the fractional items are “small”, one can
then use concentration properties of submodular functions, to argue that each agent will
have their value preserved to within a (1 — ¢)-factor of their fractional value with sufficiently
high probability; one then uses union bound over all agents. However, randomized rounding
incurs larger errors than our rounding method. To make randomized rounding work, we
need to use the fact that the number of agents is small, and we need € = Q(1/log|\]) for the
union bound rather than a fixed constant as above.
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3.2 Nash social welfare with submodular valuations

Nash Social Welfare (NSW) is another possible objective in allocation problems: Given a
set M of m items, and a set N of n agents with valuations (v; : ¢ € V), find an allocation

A= (A1,...,A,) to maximize the Nash social welfare objective,
1y,
1EN

In this section, we present a new %—approximation algorithm for this problem with monotone
submodular valuations, using the rounding lemma.

As mentioned in Section 1.1.2, our algorithm follows the matching-rematching approach
that has been used for maximizing NSW with submodular valuations [32, 40, 29]. [40] used
this framework with a log-multilinear relaxation and randomized rounding, which gave the
first constant factor for NSW with submodular valuation [40]; however, the factor was rather
small (= 1/380). Later, the factor was significantly improved to 1/4 [29], by replacing the
log-multilinear relaxation by discrete local search. Here we return to the log-multilinear
relaxation and show that it can be actually used to extract a good approximation factor as
well. This is accomplished primarily by the new rounding lemma. In addition, we provide
an alternative way to solve the log-multilinear relaxation (approximately) by continuous
local search; this also helps in improving the approximation factor, but the effect of this

improvement is relatively minor (essentially replacing 1/e by 1/2).

3.2.1 A ;-Approximation Algorithm

Let us describe our new algorithm. It consists of 3 phases: (1) initial matching, (2) relaxation,
(3) rematching. The relaxation phase is the new contribution here: we solve the log-multilinear
relaxation using continuous local search, and then round it using the non-uniform rounding
lemma. A formal description of the algorithm follows.

Algorithm 2 1/5-approximation for NSW with submodular valuations.

Input :Instance (N, M, (v;)ien)
Output : An allocation of items with NSW at least %OPT

1 7 := matching N' = M maximizing ), - logv;(7(i))

2 H:=7N|M =M\H

3 x := ContinuousLocalSearch(M’, {v; : i € N'})

4 (S1,...,Sn) := NonUniformPipageRound(x, {v; : i € N'})

5 0 := matching N' — M maximizing ), \-log v;(S; + o (7))
6 return (S; +o(i) :i e N)

First, we have the following simple lemma about the initial matching.

» Lemma 16. If 7 : N — M is the initial optimal matching, then for every agent i € N
and every remaining item j € M\ T[N], v;(j) < v;i(7(7)).

Proof. If v;(j) > v;(7(4)), then we could improve the matching by redefining 7(¢) := j; note
that this item is not allocated to anybody else in the matching. <
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Algorithm 3 ContinuousLocalSearch(M’, (v; : i € N).

Let P:={x € RT/XN Vi e M,Y cn iy = 1} (the assignment polytope)
Initialize x(© := %1 €P ,andt:=0
Define the function F'(x) = >, log Vi(x;).
while 3y € P, (y — x) - VF(x) > 0 do
(1) = x4 ¢(y — x()
L t=t+1

o kR W N -

Next, we analyze the continuous local search algorithm. Here we ignore numerical issues
of convergence of the algorithm; we assume that the output is a local optimum, which
can be implemented up to an arbitrarily small error. Note that here we do not state the
computational versions of our results. To implement Algorithm 3 in polynomial time, we
need to discretize the process like [21]. Let P denote the assignment polytope as in the
description of ContinuouslLocalSearch.

» Lemma 17. Suppose that x € P is the output of ContinuousLocalSearch, and x* € P is
any other feasible solution. Then

Vi(x7) < alN
iGZNVi(Xi,) < 2Wl.

Proof. If x is a local optimum, then we have
(x* = x)- VF(x) = > (x] —xi) - V(log Vi(x;)) < 0.
ieN
Consider the points x V x* and x A x* (the coordinate maximum and minimum). We can
write (x Vx*) 4+ (x A x*) = x + x*, and hence

D (G vxp) =x) - V(log Vi(xi)) < Y (xi = (xi Ax])) - V(log Vi(xy)).

ieN ieN
By the chain rule, V(log V;(x;)) = %ﬁ:‘;) Also, by submodularity of V;, we have ((x;Vx})—
x;) - VVi(xi) > Vi(x; VX)) = Vi(x;). Similarly, (x; — (x; Ax])) - VVi(x;) < Vi(xi) — Vi(xi Ax])
From here and the inequality above,

)3 Vilxi Vx7) = Vi(xi) _ )3 Vi(xi) = Vi(xi AXT)
2T Vi & i)

This inequality is valid even for non-monotone submodular functions. Since here we are dealing
with monotone submodular functions, we can drop V;(x; A x}) and estimate V;(x; V xJ) >
Vi(x}), which gives

(x*
Ly~ Vi) o <
" iEN Vi(xi)
Next, we apply the non-uniform pipage rounding procedure. Given a fractional solution
X, it produces an allocation (Si,...,S,) of the items in M’ such that

v;(S3) > Vi(xi) — v (£(2))
where

£(i) = argmax v; ().
jEM!

21:13

APPROX/RANDOM 2026



21:14

Cycle Cancellation for Submodular Fractional Allocations and Applications

For the analysis of the last stage, we need the following “rematching lemma”, which has
appeared in various forms in this line of work. The variant we use here appears in [31].

» Lemma 18. If 7 : N — M is an optimal initial matching, H = 7[N], 7 : N - H
is any other matching on H, (S; : i € N) is any partition of M' = M\ H, and £(i) =
argmax;e vy vi(j), then there is a matching o : N'— H such that

[T oi(Si+0(i) > T max{vi(Si), vi(€(0)), vi(w (i)}
1EN 1EN

Using the rematching lemma, we conclude the analysis as follows.

» Theorem 19. [f OPT is the NSW walue of the optimal solution, then our algorithm finds
a solution of value

1/n
(H (S + a(i))) > %OPT.

ieN
Proof. Let the optimal allocation be (H;UO; : i € N), where H; C H and O; C M’ = M\ H.

Let 7 : N'— H be a matching such that 7(i) = argmax;, g, v;(j) if H; # 0, and otherwise
(i) an arbitrary item in H so that 7 is matching. By submodularity, we have

vi(H; UO;) < v (0;) + |Hi|vi(m(4)) = Vi(x]) + |Hi|vi (7 (7))

where x7 = 10,.
From Lemma 18, we have that the value obtained by our algorithm is

1/n 1/n
ALG = (H 0i(S; + o(i))) > (H WZ-)
iEN iEN

where W; = max{v;(S;), v;(€(?)),v;(w(i))}. From the pipage rounding procedure, we get
z(sz) > V;,(Xz) ( (’L)) Hence,

Wi = max{Vi(x;) — vi(£(i)), vi(€(2)), vi(m (i)} = maX{%W(Xi),vi(W(i))}-
Finally, we estimate by AM-GM

1/n
OPT S H Ui(HiUOi) S l Z ’Ui(HiUOi)
ALG : W; n W;
ieN ieN

1 ‘/ZX;k+HZU17TZ 1 ‘/'ij
EZ () I\Vil (())Snz<§1/f(><3)+m>'

iEN 1EN

Using Lemma 17 and the fact that 3, |H;|< n, we conclude that SPT < 5. <

3.2.2 Constant number of agents

We can prove the following theorem for NSW with a constant number of agents. This theorem
also works for weighted NSW. We note that a similar result was known previously [32]. See
Remark 21 for a comparison.

» Theorem 20. Given an instance of the fair allocation problem, (N, M, (v;)ienr), we can
compute in randomized polynomial time an allocation A; € I1,,([m]) such that the value of
NSW of the allocation is (1 —1/e — €)OPT where OPT is the value of the optimal Nash social

welfare.
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Proof Sketch. The proof is similar to proof of constantly many agents for the max-min
problem (see 14) and we only sketch the idea here. First, we predict the value agent i
receives in an optimal allocation, say OPT,;. For a particular agent, we can guess this to a
(1 + €) multiplicative approximation using a grid search in polynomial time. Therefore, for
constantly many agents, we can guess the valuation profile for an optimal NSW solution in
polynomial time. Now, consider the corresponding optimal allocation, (S7,...,S5). From
each S}, we guess a subset A; C S such that for each g € Sf\ 4;, vi(g | 4;) < eOPT;. It is
clear that we can have an A; such that |4;|< (1/€) otherwise, we have a value of more than
OPT, for agent i. Therefore, together for all n agents, this A; can be guessed in m©("/9) time.
This is clearly polynomial when n and € are constants. Now, we find a fractional solution for
the NSW problem — for each agent, we define it’s new valuation function to be v; 4, which
is the function that gives marginal values of sets on A;. It is well-known and easy to see
that this function is also submodular. For this function, we aim to allocate agent ¢ value
OPT; — v;(A;). Again, following the Theorem 11 from previous section, if such an allocation
exists, we can compute a fractional allocation x in time polynomial in m, n and € such that
vi(x;) > (1 —=1/e—¢€)(OPT; —v;(A;)). Further, we can also ensure that no agent is allocated
a good of value more than € - OPT by making the value of any such good for the agent
zero (this also maintains submodularity). Then we run the non-uniform pipage rounding
algorithm and obtain an allocation that allocates each agent a value of (1 —1/e —¢€ —¢)OPT,.
Therefore, in time polynomial in m, n and €’ = € + ¢, we can compute an allocation that
maximizes NSW with constant number of agent up to a factor of (1 —1/e — €’) i.e., we have
a PTAS for this problem with constantly many agents. Note that this algorithm also works
with asymmetric agents. |

» Remark 21. A (1 — 1/e — €)-approximation for constant n was achieved previously [32].
That work relied on an integral version of Theorem 11 which in turn was based on the same
ideas as in max-min allocation from [20]. Therefore, to obtain an approximation guarantee of
(1 —1/e —¢) for any fixed € > 0, [32] requires guessing from an optimal allocation all goods
allocated to an agent i of value at least € - OPT;/logn. In the preceding theorem, for a fixed
€ > 0, we need to guess the “large” goods of value at least e€OPT,. Therefore the size of the
set to be guessed is reduced.

3.3 Approximating MMS for Submodular Valuations

MMS is another fairness objective frequently studied in allocation problems. It is a share-
based guarantee, i.e., each agent demands a certain value a.k.a. share. An allocation is
considered to be fair if all agents receive their share. In case of MMS, this value for a
particular agent ¢ depends only on the valuation function of the agent, v; and the number of
agents |[N]. It is defined as follows:

MMSLN| (M) = max minuv;(4;).
A€M (M) i€[n]
Essentially, the MMS value of an agent is the maximum value she can ensure for herself when
she divides the goods into |A| parts and chooses the worst part for herself. When M and
N are clear from the context, we denote MMSLN| (M) as simply MMS;. As mentioned in
Section 1.1.3, since MMS-allocations do not exist, we study a-MMS allocations for a(< 1) as
large as possible. Here, we give an algorithm that achieves a value of ~ 1/2(1 —1/e) =~ 0.316
based on a simple application of the NonUniformPipageRounding. Our approach is again to
round a fractional allocation. While in the previous two sections we solved some fractional
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program to find the fractional allocation, in this section, we give a direct solution using
two known results. To state the results, we need to define another extension of submodular
valuation functions called the concave extension. Given a submodular function, f the concave
extension, fT of f is defined as follows.

» Definition 22 (Concave extension of f).

fT(x) = max {Zf as:Zagzland Zas:xj VieM and ag >0 VSEZM}.

(as) geom S 557
Now, we state the aforementioned results. The first one, from [19] gives an upper bound on
MMS in terms of the concave extension. The second one, from [14], is called the correlation

gap and connects the value of the concave extension at any fractional point with value of the
multilinear extension at the same point.

» Lemma 23 ([19]). Given an instance of the fair division problem, (N, M, (v;)ien) with
submodular valuations, MMS; < wv; (WI( IMD)) for all i € N, where v is the concave
extension of the function v;.

> Claim 24 ([14]). For any monotone submodular function, f with concave extension f*
and multilinear extension F,

P> (1-1) 770,

Combining the above two results, we get,

> Claim 25.  Given an instance of the fair division problem, (A, M, (v;)ienr) with submodular
valuations, MMS; < (ﬁ) -V(Wl(l‘M‘))

We can now use NonUniformPipageRounding to obtain:

» Theorem 26. Given a fair division instance, (N, M, (v;)ienr) with submodular valuations,
if max; ; v;({j}) < e-MMS,; foralli € N, j € M, we can compute an allocation in randomized
polynomial time where each agent receives a value of (1 — % — 6) MMS;.

Proof. We run NonUniformPipageRounding on the allocation x = (\J\lfl 1M1, Therefore, we
get an integral allocation, A = (Ay,..., A ) such that v;(A;) > V(Wl(l'M')) —v;(4;)
where ¢; := argmax; v;({j}). Since by assumption v;(¢;) < eMMS; by assumption, and from
Claims 24 and 25, V(WI (1M)) > (1 — 1) MMS,;, the theorem follows. <

Algorithm 4 gives a ~ 0.316-approximation for MMS with submodular valuations.
To analyze this, we first understand the algorithm. Step (6) is performing our NonUni-
formPipageRounding. The while loop in lines (2) to (4) performs an operation that is called
as “single good reduction”. The following claim regarding this is well-known and used in
almost all works on MMS.

> Claim 27. Given a fair division instance (N, M, (v;)icnr), the MMS value of any agent is
retained if we remove any single agent and any single good. That is,

MMSM M) < MMSV PR M\ {g})  forall g € M

We can now prove the following result for Algorithm 4.
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Algorithm 4 1(1 — 1 — o(1))-approximation for MMS with submodular valuations.

Input :Instance (N, M, (v;)ien)
Output : An allocation where each agent receives at least §(1 — 2 — o(1))MMS;.
Initialize N < N and M’ + M
while there exists i € N' and g € M’ with v;(g) > %V(IA},‘ﬂM ) do

Allocate g to i

Update N/ < N\ i and M’ + M’ \ ¢

itiali — [N x| M|

Initialize x = (\N’l (1 ))
(A1,..., Ajnr) < NonUniformPipageRound(x)
7 return (44,..., A|N\)

=

B W N

(S

(=)

» Theorem 28. Given a fair division instance, (N, M, (v;)ienr) with submodular valuations,
Algorithm 4 outputs an allocation where each agent receives a value of% (1 — é — 0(1)) MMS;.

Proof. First, let us assume that we can compute V;(y) exactly for any y € [0, 1]VI*IMI,

Note that as per Algorithm 4, an agent can receive an allocation either in the while loop of
Steps 2-4 or in Step 6 via NonUniformPipageRounding. In every iteration of the while loop,
we remove one agent and one good. Therefore, by Claim 27, the MMS value of any agent in
the residual instance does not decrease. As a result, until the algorithm reaches Step 6, we
always have MMS; < (%5 )V(‘ d 1M1, Therefore, any agent who gets a good in the while

)-
loop receives a good of value at least 1( — 7)|\/IMS Now, in Step 6, by Lemma 8, we get
an allocation of value at least V(W’ 1My —(05) > 1V(|N’\ 1My > 1(1 - 1)MMS;.

Now, we note that the values of V;( vl 1M |) are computed by sampling and in polynomial
time, we can only compute them to a factor of (1 — €). Accounting for this, we get that in
randomized polynomial time we can guarantee each agent a value of (1 — 1 — o(1))MMS;.
This proves the theorem. |
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