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—— Abstract

Two linear error-correcting codes C1,C2 C Fy are called linearly equivalent if there is a linear isometry

mapping C; to C2. In this work, we generalize the notion of linear equivalence and study the
minimum distortion D(C1,Cz) of a linear mapping between codes C1,C2 C Fy, which quantifies how
similar C; and Co are. We introduce and study the Code Distortion Problem (CDP), which asks to
find a minimum distortion mapping between two input codes C; and C2. CDP generalizes the Linear
Code Equivalence Problem (LCE), which is essentially the special case of CDP where D(C1,C2) =1
and which is well-studied because of its role in cryptography.

We prove that (decisional) CDP is NP-hard to approximate to within any constant factor, and
that it is in £5. We also give a single-exponential-time k?-approximation algorithm for CDP, where
k is the dimension of the input codes. Furthermore, we give a single-exponential-time (%,%)2-
approximation algorithm for a natural special case of CDP, and we show that our analysis is tight
in this case.

We use techniques from analogous work on the Lattice Distortion Problem (LDP) by Bennett,
Dadush, and Stephens-Davidowitz (ESA, 2016). We also introduce or study a number of additional
concepts that might be of independent interest. These include an adaptation of the celebrated
reduction of Goldreich, Micciancio, Safra, and Seifert (IPL, 1999) from the Shortest Vector Problem
(SVP) to the Closest Vector Problem (CVP) on lattices to the analogous problems on codes; successive
minima bases for codes; and the matrix 0 — 0 “norm” on subspaces.
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1 Introduction

A linear error-correcting code (or simply, code) is a linear subspace C C Fy. Although best
known for their use in robust communication, codes also appear prominently in algorithms,
computational complexity, and cryptography. Notably, several of the cryptosystems appearing
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in late rounds or standardized by the National Institute of Standards and Technology’s
(NIST) post-quantum cryptography standardization process are based on the intractability
of certain computational problems on codes [1, 12, 17].

One central problem on codes of cryptographic interest is the Linear Code Equivalence
Problem (LCE), in which, given generator matrices of two codes C1,Ca C [y as input, the goal
is to decide whether C; and Cs are linearly equivalent, i.e., whether one can convert Cy into Cy
simply by permuting coordinates and scaling coordinates by non-zero values. In particular,
the LESS cryptosystem [12, 5] crucially relies on the hardness of LCE. It is currently a
second-round candidate in NIST’s “Additional Digital Signature Schemes” standardization
process [26]. Furthermore, a large body of work has studied LCE and its variants from an
algorithmic and complexity-theoretic standpoint. See, e.g., [21, 28, 30, 4, 10, 6, 15, 9, 27, 7].

A linear isometry (i.e., distance-preserving map) on Fy corresponds to a matrix M € Fy*"
such that for all z € Fy, ||[Mz[lo = [|z|o, where [|-[|o denotes the Hamming weight of a
vector. It is not hard to check that a matrix M satisfying this property can be written as the
product M = DP of a non-singular diagonal matrix D (which corresponds to scaling) and a
permutation matrix P (such matrices M are called monomial matrices). In other words, the
two operations in the definition of LCE — permuting and scaling coordinates by non-zero
values — exactly characterize the linear isometries on Fy.

So, LCE asks whether there is a (perfectly) distance-preserving linear map between two
input codes C1,Cs. However, it is natural to ask a refined version of this question:

Is there a linear map T such that T'(C1) = C and T approzimately preserves distances?

We make this precise and quantitative by asking what the minimum distortion of such a map
T from C; to Cq is. We define the distortion of a map T with T(C;) = C3 as

Dr(Cy,Cs) ::( max HT:EHO)/( min HT{EHO), (1)

zeCi\{0} ||x]lo zeci\{0} [&]lo

and we define D(Cy,Cs) := miny Dr(Cy,C3), where the minimum is taken over all linear
maps T such that T(C;) = Co. Informally, Dy (Cy,Cs) is the ratio of the most T blows up
distances and the most it shrinks distances. We note that D (Cy,Cs) is simply the distortion
of the map T in the standard sense of metric embeddings, where the codes C; and Cy are
the ambient spaces and each is equipped with the Hamming metric. (See, e.g., the lecture
notes of Matousek [22] for background on metric embeddings.) Moreover, D(Cy,Cs) is the
minimum distortion over all such linear maps 7', and it therefore quantifies how similar C;
and Cy are. Intuitively, linearly equivalent codes are essentially the same, and codes Cy,Cs
with D(Cy,C2) > 1 are quite different. One can show that D(C;,C3) > 1 (see Lemma 15),
and that equality holds if and only if there exist linearly equivalent “unary scalings” of C;
and Cz (see Proposition 19).

Recall that a code C C Fy of dimension £, called an [n, k] code, is often represented by a
generator matrix (basis) G € Fi**.! Le., the code generated by G is C(G) := {Gz : x € Fk}.
And, one can represent an arbitrary linear map between two [n, k], codes in terms of generator
matrices Gy := (ggl)7 . ,g,(Cl)) € FZX’“ and Gy := (5]&2)7 . 7g,(f)) € IE‘Z}X’“ of the respective

codes by ggl) — gz(-Q).

! In this work we use column bases for codes, although row bases are often used in the literature.
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For example, consider the generator matrices

Gy = e Fy*?, Gy = cFy*?, G = c T2 .

o O O =
_ == O
O~ =
— == O
= O O =
=)

Notice that C; := C(G1) and Cy := C(G3) are not linearly equivalent, but that Co = C(GY%),

i.e., G2 and G} are different generator matrices of the same code. Letting T and 7" be linear
maps such that T(G1) = Gy and T'(G1) = Gy, it is straightforward to check that

DT(Cl,Cz):( max HTwHO)/( min ||Ta:||0>

zeCi\{0} [lzlo zeci\{0} |lx]lo

(ML 100lyy 10,00y

1(1,0,0,0)[lo /" \||(1,1,1,1)]fo
3 /1\-1
=1 (5) =¢
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( ecl\{o} |z |lo )/(melgii\%O} [ ]lo
(i

(1,0,0,1) ||o)/(||(171’170 Ho)

(1,0,0,0)[lo /" MI(1,1,1,1)llo

L0

In other words, T” is a substantially lower distortion mapping between C; and Co than T is.

Part of the reason for this is that GY is a better basis of Co than G4 is in a sense that we will
make precise in the sequel.

In this work, we study code distortion from a computational standpoint. Let v > 1 be an
approximation factor. Specifically, we study the vy-approximate Code Distortion Problem
(v-CDP), which asks to compute a linear mapping T between two codes C; and Cy such that
Dr(C1,Cs) <~ -D(Cy1,Cs). We also study its decision version, v-GapCDP, in which the goal
is to decide whether D(Cy,C2) < D or D(Cy,Cs) > D for a given input distortion threshold
value D > 1. When emphasizing the finite field IF, that the input codes are over, we add a
subscript g to the problems.

1.1 Our Results

We study CDP from both an algorithmic and complexity-theoretic perspective. We first
prove hardness of approximation for GapCDP with (fixed) D > 1.

» Theorem 1. For any constant v > 1, any constant D > 1, and any prime power
q < poly(n), v-GapCDP, with distortion threshold D is NP-hard under deterministic Cook
reductions.

As we formalize in Proposition 19, GapCDP with distortion threshold D = 1 is equivalent
to LCE up to scaling. From this it follows that GapCDP with D =1 is in NP, but, because
of a result of Petrank and Roth [28] showing that LCE is in coAM, it is not NP-hard unless
the polynomial hierarchy collapses. In contrast, Theorem 1 asserts that if D is just slightly
larger than 1 then GapCDP is NP-hard even to approximate to within any constant factor ~.

24:3
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For example, taking D = 1.01 and v = 1000, Theorem 1 shows that it is NP-hard to decide
whether D(C1,C3) < 1.01 or D(C1,C2) > 1010 when one of these is promised to hold. The
result holds for codes C1,Co C Iy for any field IF, with ¢ < poly(n).

We further show in Theorem 24 that GapCDP is in the complexity class ©5. Interestingly,
it is not clear that GapCDP is contained in NP. This stands in contrast both to LCE and the
Lattice Distortion Problem (LDP), the analogous problem to GapCDP on lattices, which [8]
noted is in NP.? The main difference between LDP and GapCDP is that the 2 — 2 norm ||T||
of a real-valued matrix T is efficient to compute (indeed, ||T|| is simply the largest singular
value of T), whereas the problem of computing the 0 — 0 “norm” of a linear operator T'
mapping one code to another is coNP-hard even to approximate to within any constant
factor! See Corollary 23.3

We next give algorithms for CDP. In Lemma 27, we give and analyze a brute force,
exact algorithm for CDP, on [n, k], codes, which runs in O*(g**T1)) ~ ¢*” time — essentially
the amount of time it takes to enumerate all generator matrices of a given [n, k], code.*
It is unclear how to get a faster exact algorithm, and so we turn to giving approximation
algorithms. We first give a single-exponential-time, k?-approximation algorithm for CDP on
[n, k]4 codes.

» Theorem 2. For any prime power q, there is an algorithm for k*-CDP on [n, k], codes
that runs in O*(q*) time and poly(n,log q) space.

We contrast the approximation factor of k2 in Theorem 2 with the trivial bound bound
of Dr(C1,C2) < n?, which holds for any linear map T such that T(C;) = Cz for [n, k],
codes C1,Ca; see Lemma 15. Since Dr(Cy1,C2) > 1 also always holds, this implies a trivial
n?-approximation algorithm for GapCDP. We do not know of a better bound (even a
non-constructive one), although we show an upper bound of n when allowing for non-linear
maps between the codes; see Lemma 17. However, even in this case it is not clear that finding
such a map would be at all efficient, and we note that Theorem 2 holds for approximate
search CDP.

For an [n, k|, code C and i € [k], we define the ith successive minimum A;(C) of C to
be the minimum value r € {1,...,n} such that C contains i linearly independent vectors of
Hamming weight at most r. In particular, A;(C) is the minimum distance of C. We get a
strengthening of Theorem 2 when the input codes are binary and when all of the successive
minima of both of the input codes are the same.

» Theorem 3. There is an algorithm for (2’%1)2-CDP on [n,k]a codes C1,Co satisfying
A(C1) == Xe(C1) = M\ (C2) = -+ = M\(Co) that runs in O*(2%) time and poly(n) space.

In fact, the algorithm used to prove both Theorems 2 and 3 is the same, but all of the
codes’ successive minima being the same allows for a tighter analysis of its approximation
factor. In fact, the analysis of Theorem 3 is tight. However, due to space constraints, we
defer the proof to the full version of our paper. Additionally, we note that although we give
Theorem 3 only for Fa, one can show that it extends to IF, for arbitrary prime powers ¢ with
a more complicated proof; see [25].

2 Recall that a lattice is the analog of a code over the integers or real numbers. Specifically, the lattice
generated by a basis B € R™** with full column rank is £(B) := {Bz : z € Z*}.

3 The 0 — 0 norm of a linear operator acting on all of FZ (and not restricted restricted to a code/subspace)
is also efficiently computable; see Proposition 20.

4 In this paper, we use O™ (+) to suppress polynomial factors in n and logq.
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1.2 Overview of Techniques

At a high level, the proofs of Theorems 1 and 2 follow along similar lines to those used to
show upper and lower bounds for the Lattice Distortion Problem (LDP) in [8]. However, they
also require a number of additional concepts, which may be of independent interest. The
proof of Theorem 3 goes along similar lines to the proof of Theorem 2, but it is substantially
more nuanced.

Approximation algorithms

We prove a constructive upper bound using what we call successive minima bases for
codes. We define a successive minima basis of an [n, k], code C to be a generator matrix
G = (gy,---.9;) € F*F such that |lg;lo = Ai(C), i.c., the columns of G are linearly
independent and their Hamming weights achieve the successive minima of C. Every code has
a successive minima basis (essentially because any k linearly independent vectors in C form a
basis of C) and they can be computed in roughly ¢* time; see Lemma 6. In contrast, not
every lattice £ has a successive minima basis.® Although successive minima are widely used
in the study of lattices, to the best of our knowledge they have not previously been explicitly
used for codes.

Our approximation algorithm for CDP that leads to Theorems 2 and 3 is simply to compute
successive minima bases G := (ggl), e ,g,(cl)) € IFZX’“ and Gy := (952), . ,g,(f)) € IFng of
the respective input [n, k], codes C; and Cs, and to take the mapping 7 : ggl) — g£2) that
they induce.

We show that such a mapping T is a k?-approximation, proving Theorem 2, as follows. For
[n, k|4 codes C; and Ca, define M (Cy,Cz) := max;efr) Ai(C1)/Ai(C2). (An analogous quantity
for lattices appeared in [8].) We show that the mapping T defined above in terms of successive
minima bases satisfies Dy (Cy,Co) < k? - M(Cy,C2)M(Co,Cy). Furthermore, we show that
any linear map T” such that T'C; = Cy must satisfy D/ (C1,Ca) > M(Cy,C2)M(Co,Cy), and
therefore D(Cy,C2) > M(Cy,C2)M(Ca,Cy1). Combining these two bounds, we have that

M (Cy,Co)M(Ca,C1) < D(C1,Co) < Dr(C1,Ca) < k*- M(Cy,C2)M(Ca,Ch)

and therefore that T is k2-approximately optimal, i.e., that D7 (C1,Co) < k% - D(Cy,Co).

Showing the refined result in Theorem 3 for codes over Fy all of whose successive minima
are the same requires more work. We assume that G; and G5 are successive minima
bases of the input [n, k]2 codes (so that each vector in G; and G2 has Hamming weight
Ai=X(C1) == M(C1) = M(C2) = - = A(C2)), and we let T be a mapping such that
TG1 = G2. We then analyze

|Gaallo |G1bllo G100 [[G2allo
Dr(Cy,Cs) := max | ——— ) max = max (———-——
r(€1,C2) = max (2o max (Tg) = max, (el [Gal,)

5 As an explicit example, consider the lattice £ = £(B) C R5 generated by the basis

1 0 0 0 1/2

0 1 0 0 1/2

B=(bi,...,b5):=]0 0 1 0 1/2

0 0 0 1 1/2

0 0 0 0 1/2
One can check that e; € £ for ¢ = 1,...,5, and that every vector in £ has norm at least 1. So,
A1 (L) =--- = Xs5(L) = 1. However, any basis of £ must contain £bs, which has norm greater than 1.

24:5
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IG2allollG1bllo : : k
G-alliGable O the right-hand side for non-zero a,b € Fy

in cases. In each case, we make use of the fact that for non-zero x, A < ||G1z||o < A||z||o,
where the upper bound follows from the triangle inequality. Similar bounds hold for Gs.

If allo + [|b]lo < (25EL), then by the AM-GM inequality ||a|o|[bllo < (%T“)Q)\?. So,

We upper bound the quantity

[G2allof|G1bllo (5282 (2k+ 1)2
Giallol|G2bllo — A2 3 '

On the other hand, if ||allo + [|bllo > () then the supports of @ and b have large
Gzallol|G1bllo

intersection, which leads to a similar upper bound on [Gallo[Gabllo

Hardness of approximation

To show hardness of approximation for GapCDP, we roughly follow the approach used in [8]
for showing hardness of approximation for LDP. We give a pair of reductions, the first of
which reduces from the Minimum Distance Problem (GapMDP) to a promise variant of the
Nearest Codeword Problem (GapNCP). This first reduction is an adaptation of the reduction
from the Shortest Vector Problem (GapSVP) to the Closest Vector Problem (GapCVP) on
lattices from [19], and it is likely of independent interest.%

The second reduction is from GapNCP to GapCDP. We recall that the input to GapNCP
is a pair consisting of a generator matrix G € ]FZX’“ of a code C and a target vector ¢ € Fy,
and the goal is to decide whether the minimum distance between ¢ and a codeword in C (i.e.,
mingec ||t — x||o) is at most some threshold. The idea behind our hardness reduction is to
construct the following pair of generator matrices, corresponding to an instances of CDP:

an(( D) w0 )

Here r € Z*. Let C; := C(G1) and Cy := C(G2).

If mineec ||c — t]|o is small then D(Cq,Cs) is small. If on the other hand mineec ||c — |0
is large, then we would hope is that D(Cy,Cs) is large. However, this does not clearly work
directly, and we need to modify the reduction. (The attempted reduction sketched here in
Equation (2) is the natural analog of the analogous hardness reduction in [8] for LDP; the
modified reduction is slightly more involved.)

Because GapMDP is known to be NP-hard to approximate to within any constant [16, 13],
this pair of reductions implies that CDP is also NP-hard to approximate to within any
constant.

6 We note that GapMDP and GapNCP are the coding problems analogous to the lattice problems GapSVP
and GapCVP, respectively. Furthermore, we note that while [2] showed hardness of approximation for
GapNCP, it did not show hardness of the variant that we use in the present work, which has an added
promise in the NO case. Finally, we note that our reduction has the advantage of being directly from
GapMDP, and of being dimension- and approximation-preserving.
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The complexity of GapCDP and its relationship to the 0 — 0 norm

We note that the complexity of GapCDP seems closely related to the complexity of computing
what we call the matrix 0 — 0 norm restricted to a subspace. The matrix 0 — 0 norm?”

[ M|l

T — ax
I Mlo—o zer\{0} [[zlo

of a matrix T € Fy"*™ is also efficiently computable; see Proposition 20. However, the matrix

0 — 0 norm restricted to a subspace C C Fy (i.e., code C), defined as,

[T]lo
max .
zec\{0} ||z|lo

1Ticllo—o =

is coNP-hard even to approximate; see Corollary 23. We note that for a linear map T
with TC; = C for codes C1,Ca, Dr(C1,C2) = || Tic, [lo—o - (T e, [lo—o- The most obvious
approach to showing that GapCDP is in NP would be to use a low-distortion map 7" between
the input codes as a witness, and to have the verifier check that || Tj¢, [|o—o-|| (T‘1)|C2 llo—o < D.
However, because computing the matrix 0 — 0 norm restricted to a subspace is coNP-hard,
this approach does not work. (We note that this coNP-hardness does not obviously translate
to GapCDP.) As a result, the best upper bound that we get on GapCDP is to show
containment in ¥5. (As we also note elsewhere, it is a tantalizing question whether one
can improve our NP-hardness result for GapCDP to ¥5-hardness, and therefore show that
GapCDP is X.5-complete.)

1.3 An Approach for a Faster Approximation Algorithm

A natural direction for making our approximation algorithm in Theorem 2 more efficient
would be to use reduced (but not necessarily optimal) bases in place of successive minima
bases. Indeed, this is how [8] achieves a time-approximation tradeoff in its algorithm for
LDP, which includes a polynomial-time approximation algorithm in one regime. (On the
other hand, our approximation algorithm in Theorem 2 only runs in polynomial time for an
extreme parameter regime — when k = O(log,n).) And, a recent line of work has studied
basis reduction algorithms for codes [14, 18], including analogs of basis reduction algorithms
for lattices. However, it is not clear how to leverage bases reduced in any of the senses they
consider to get an approximation algorithm running in a reasonable amount of time and
with a reasonable approximation factor.

1.4 Open Questions

Our work leaves open several interesting questions. On the complexity side, our results
showing that GapCDP is both NP-hard and in X% begs the question of whether GapCDP
is also XF-hard, and thus X5-complete. Moreover, as part of the inspiration for this work
comes from the analogous Lattice Distortion Problem (LDP) [8], it is natural to ask whether
(approximate) CDP reduces to LDP. We note that a fairly simple reduction from LCE to the

7 In fact, [I-llo=o is not a matrix norm just as Hamming weight is not a vector norm (even over the
real numbers). It does not satisfy the absolute homogeneity property ||[aM|o—o = || ||M|lo—o for
real-valued matrices M and scalars a, and the magnitude of a finite field element is not even defined.
However, the 0 — 0 norm satisfies the other axioms of a matrix norm, including the triangle inequality
(IA + Bllo—o < [|A]lo—o + ||Bllo—0), and it is sub-multiplicative (i.e., [|ABllo—o < ||Allo—o||B|lo—0)-
So, we abuse notation slightly and refer to ||-|jo—o0 as a matrix norm.

24:7
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Lattice Isomorphism Problem (LIP) — problems that essentially correspond to the distortion
D =1 cases of CDP and LDP, respectively — was given in [29, 9]. On the algorithmic
side, it is natural to ask whether there is a better exact algorithm than the brute force,
roughly qk2—time algorithm that we give, and whether there is a more efficient approximation
algorithm for CDP than our roughly ¢*. Finally, we ask given whether it is possible to build
cryptography whose security guarantee rests on the hardness of approximate CDP. This
seems particularly natural given the role of LCE both as security assumption for the LESS
cryptosystem [12], and as a closely related problem to the McEliece cryptosystem [23, 1].8

2 Preliminaries

We define a monomial matriz M to be the product M = DP of a non-singular diagonal

matrix D and a permutation matrix P. We denote the set of n X n monomial matrices over
a field F as M, (F).

2.1 Codes

A linear code is a linear subspace C C F", where F is field. Generally, F is the finite field I,
for some prime power ¢, and when ¢ = 2 (as is common in practice) the code is a binary
code. A linear code C is often characterized as an [n, k] or [n, k,d],; code, where ¢ indicates
the order of the field IF, that the code is taken over, k is the dimension of the code, and d is
the minimum Hamming distance of C, i.e.

d:= min o ~ylo = _min [z]o.

zFy
We also call n the block length of the code.

An [n, k] code C C F™ is usually specified by a generator matriz G € F*** with linearly
independent columns. The code is then the span of the columns of GG, and any codeword
x € C can be expressed as Gm for some message m € F¥. Likewise, each message m € F*
corresponds to a unique codeword Gm € C.

We will also find it useful to refer to the support of a vector € F¥. Denoted supp(zx),
the support of « is the set of indices 4 for which x; # 0. The Hamming weight can then be
expressed as [supp(x)|, the size of the support.

» Definition 4 (Successive Minima for Codes). Let n,k € Z*,k < n, let q be a prime power,
and let C be an [n, k], code. For 1 <i <k, the ith successive minimum of C, denoted \;(C),
is defined as the minimum value r € ZT such that C contains at least i linearly independent
codewords with Hamming weight at most r.

We note that A\;(C) is the minimum distance d of C. We emphasize again that successive
minima are well-studied for lattices, but do not seem to have been studied much for codes.
We will make use of the following definition, which formalizes one notion of optimal bases for
codes.

» Definition 5 (Successive Minima Basis). Let n,k € ZT,k < n, let q be a prime power, and
let C be an [n,k]q code. A generator matrix G = (v1,...,v;) of C is a successive minima
basis of C if ||villo = A\i(C) for all1 <i < k.

8 One can check that the public and private generator matrices in McEliece generate linearly equivalent
codes. However, it is not clear that breaking McEliece reduces to solving LCE or vice-versa.
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We next give an algorithm for computing successive minima bases, which in particular
implies that such bases always exist.

» Lemma 6. Let n,k € Z, k <n, let ¢ be a prime power, and let C be an [n, k|, code. Then
there exists a O*(q*)-time, polynomial space algorithm for computing a sucessive minima
basis of C. In particular, such a basis of C always exists.

Proof. Let v; € C be a codeword that satisfies ||vy|| = A1(C), and define v; recursively for
1 <7 <k so that

v; € arg min lzllo -
z€(C\span(vy,...,v;,-1))

We prove inductively that ||v;||o = A;(C). This is clearly true in the base case of ¢ = 1 since v;
is a shortest non-zero codeword by definition. For the inductive step with ¢ > 2, assume that
we can find vy, ...,v,_1 € C satisfying ||v;[jo = A;(C) for 1 < j <i—1. Additionally, observe
that for any 1 < ¢ < k, the span of the set S; = {v € C : ||[v]jo < A\;(C)} has dimension at
least i as a result of there being at least i linearly independent codewords in S;. On the
other hand, the set {vy,...,v;—1} C S; has dimension only ¢ — 1, so there must exist some
v; € C such that |Jv;|lo < X\:(C) and v; ¢ span(vy,...,v;-1).

We next show that ||v;|lo0 > A\(C) (and therefore ||v;]lo = A;(C)) for ¢ > 2. Suppose
not. Then ||v;|lo < Ai(C). We have by definition that vy, ...,v; are linearly independent,
and by the induction hypothesis, \;(C) = [jvj|lo for all 1 < j < i — 1. By definition,
[lvi]lo < -+ < ||villo, and it follows that vy, ...,v; € C are linearly independent vectors all
of Hamming weight strictly less than A;(C), which is a contradiction.

The recursive process above yields k linearly independent codewords v, ..., v, with
[[villo = Ai(C) for all i. Since C is a k-dimensional subspace of [y, any k linearly independent
vectors in C (and particularly our vy, ..., v,) must span C and thus form a basis for it.

Computing each v; involves a search over the O(g*) codewords in C with polynomial
time required to check the linear independence and Hamming weight of each, so it takes
O*(¢") time to compute. This enumeration can be done in polynomial space. Therefore,
by repeating this k times, we find the entire successive minima basis in O*(¢¥) time and
polynomial space. |

2.2 Coding Problems

Given a code, it is natural to ask what its minimum distance is. The Minimum Distance
Problem formalizes this, and we give here the approximation version of the problem.

» Definition 7. For v = vy(k) > 1 and a prime power q, the decisional y-approximate
Minimum Distance Problem over I, (’y—GapMDPq) is the decision problem defined as follows.
An instance consists of (a generator matrix G € F’(;Xk of) a code C and an integer distance
0<d<m. Itisa:

YES instance if A\1(C) < d.

NO instance if A1(C) > ~d.

We note that GapMDP is NP-hard to approximate to within any constant factor. This was
first established by Cheng and Wan [13]. (Earlier work showed NP-hardness under randomized
reductions [16], and subsequent work showed simplified deterministic reductions [3, 24].)

» Theorem 8 ([13]). For all constants v > 1 and all prime powers q, v-GapMDP is
NP-hard.
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We now define a variant of the Nearest Codeword Problem with a stronger promise in
the NO case.

» Definition 9. For v = (k) > 1, a = a(k) > 0, and a prime power g, the decisional
~-approximate Nearest Codeword Problem over F, with distance promise o (’y—GapNCPg ) is
the decision problem defined as follows. An instance consists of (a generator matriz G € IFZX’C
of) a code C, a target vector t € Fy, and a distance parameter d € Zr. It is a:

YES instance if dist(¢,C) < d.

NO instance if dist(t,C) > vd and d < ar{(C).
We additionally define y-GapNCP, to be 7-GapNCP.°. I.e., in 4-GapNCP, there is no
promised upper bound on d in the NO case. We note that 7-GapNCPy trivially reduces to v-
GapNCPg‘/ for o’ > «, and in particular 7-GapNCPy trivially reduces to “plain” y-GapNCP
for any o > 0.

2.3 Matrix Norms

While there are many ways to define matrix norms, the most useful for us is the matrix
p — ¢ norm, where p, q € [1,00]. We note in passing that matrix p — ¢ norms over the real
numbers have been studied from a computational standpoint; see, e.g., [11].

We can extend the definition of the matrix p — ¢ norm to arbitrary (finite) fields F
and to include p = 0 and ¢ = 0, with ||«||p being the Hamming weight as is standard.
Note, however, that the matrix 0 — 0 “norm” is not in fact a matrix norm as it is not
scale-invariant. However, it does satisfy the triangle inequality and it is sub-multiplicative.
Ultimately, throughout this article, we abuse notation and nevertheless refer to it as a norm.
Additionally, we employ a “restricted” version of the matrix 0 — 0 norm, where one only
maximizes over those vectors & € C for some subspace C C F™. More formally:

» Definition 10. Let n € ZT, let F be a field, let T € GL,(F) be a matriz, and let C C F™

be a subspace. The matrix 0 — 0 norm of T restricted to the subspace C is the quantity

[Tzl
Tlello—o == max .
H I || — mGC\{O} HwHO

Note that the restricted matrix 0 — 0 norm is also sub-multiplicative.

2.4 Distortion

To compare pairs of general codes, we introduce a quantity that captures how similar they
are. We formalize this with distortion, similar to the formulation for the Lattice Distortion
Problem [8] and distortion on metric embeddings. We start by defining the distortion of a
particular transformation between two codes.

» Definition 11. Let n,k € Z*, k < n, let q be a prime power, let C1,Ca be [n, k], codes, and
let T be a linear map such that T(C1) = Co. The distortion Dy (Cy,Ca) of T the minimum
value D such that for all € Cq,

Dy -lzllo < [|[Tx|lo < D2 - [|]lo

for some values D1, Dy > 0 satisfying Do/D1 < D. Equivalently,

Dp(C1,Ca) = max ”Twllo)/( i I\TwHo)7

zeCi\{0} |0 zeci\{0} |zllo
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which is the definition we gave in Section 1. Moreover, when T € GL,(F,) and thus is
invertible, this is equivalent to

Dr(C1,C2) = | Tle, lloso - 1T e, lloo- (3)

Consequently, at least in the case when T is invertible, the distortion between two codes
Cy and C, is inextricably tied to computing two matrix 0 — 0 norms, where one is restricted
to C1 and the other is restricted to Cy. Interestingly, as we show in Lemma 18, the assumption
that T is invertible can be made without loss of generality, so we may take Equation (3) as an
equivalent definition of distortion. Furthermore, while we require the codes in Definition 11
to have the same block length n, the definition can be extended to codes with different block
lengths by simply padding the shorter code with zeros (or, one could allow for non-square
matrices T).

We can now define the distortion between two codes generically as the lowest possible
distortion between them using any transformation.

» Definition 12. Let n,k € Z*, k < n and let q be a prime power. The distortion D(Cy,Cs)
between [n, k|, codes C1 and Cq is defined as the minimum value D such that there exists
T € GL,(F,) with T(C1) = Cy and Dy (C1,C2) = D. In other words,

D(Cl,CQ) = TGCI}’II{H%IF ) DT(Cl,Cg) . (4)
T(CI)ZCZ ’

2.4.1 The Code Distortion Problem

Using this definition of code distortion, we now define both the search and decision versions
of the (y-approximate) Code Distortion Problem (CDP).

» Definition 13. For v =~(n) > 1 and a prime power q, the y-approximate Code Distortion
Problem over F, (v-CDP,) is the search problem defined as follows. An instance consists of
(generator matrices G1,Ga € Fyr of) codes C1,Co C Fy, and the goal is to output D such
that D(Cl,CQ) S D S Y D(Cl,CQ).

» Definition 14. For v =~(n) > 1 and a prime power q, the decisional y-approximate Code
Distortion Problem over F, (y-GapCDP,) is the decision problem defined as follows. An
instance consists of (generator matrices G, Ga € F**™ of) codes C1,C2 CFy and D > 1. It
is a:

YES instance if D(C1,C2) < D.

NO instance if D(C1,C2) > ~D.

The exact versions of these problems, CDP, and GapCDP , are then defined to be
1-CDP, and 1-GapCDP , respectively. Furthermore, the Linear Code Equivalence Problem
is essentially the special case of CDP with D = 1. We formalize this relationship in
Proposition 19 in the next section.

2.5 Basic Facts about Distortion

We next present several basic facts about the distortion between codes. We start with the
following bounds on D(Cy, Ca).

» Lemma 15. Let Ci and Cy be [n, k], codes. Then, for any linear map T such that
T(Cy) = Co, 1 < Dr(C1,Co) < n?. As a consequence, 1 < D(Cy,Co) < n?

24:11
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Proof. For the lower bound, simply note that by the sub-multiplicativity of the matrix 0 — 0
norm on subspaces, it holds for all T' € GL,,(F) such that T'(C1) = C2 that

1=[(T7'D)le, lo—o < 1T esllowo - 1 Tley lomo = Pr(C1,Ca).

For the upper bound, note that for all T' € GL,,(F) such that T'(C1) = Cs, it holds that

T
IT2llo oy ITzlo <,

T = max
H |Cl||0_>0 xeC1\{0} ||w||0 _:ceC1\{0}

where the last inequality follows from the fact that Cs is an [n, k], code and for all z € C;\{0},
Tx € C2\{0}. A similar argument establishes that ||T71|c,|0—0 < 7, and consequently

Dr(C1,C2) = ||Te, oo - 1T eslloso < n?
as desired. The fact that 1 < D(Cy,Cs) < n? then follows from the definition of D(Cy,C2). <«

It is an open question if the upper bound in Lemma 15 can be reduced below n2. Indeed,
we do not know an example of a code with distortion n?, but we do know an example of a
code with distortion n, which we detail in the following.

» Lemma 16. For every n € Z*, there exist [n, 2]y codes C1,Co such that D(Cy,C2) = n.

Proof. Let Cq,Cy be the codes defined as follows:

1 0
1 0 1 1
Cl - {Onv (Onl) ) <1n1> 717L}7 C2 - Onv 0 ) 1 )

0n73 0n73 0n73

="

It is easy to check that C; and Cy are linear codes. Each non-zero codeword in Cy has
Hamming weight 2 (the constant weight of non-zero codewords in C, is the only property
of it that we are using) while the non-zero codewords in C; have minimum weight 1 and
maximum weight n. As such, the distortion for any transformation 7" from C; to Cs is

IT2lo el _ 2
1

n
X —=n. <
zeC\{0} |lxllo =zeci\{o} || Txlo 2

Ultimately, while we are unable to prove a matching upper bound of n on D(Cy,Cs), we
are nevertheless able to prove such a bound when including non-linear transformations T

» Lemma 17. Let C; and Cy be [n, k], codes. Then, miny Dp(C1,Ca) < n, where the
minimum is over all maps T (including non-linear maps) such that T(C1) = Ca.

Proof. List all non-zero codewords in C; in monotonically increasing order of Hamming
weight, and prepare a similar list for C5. Let T" be the map that takes codeword ¢ in the first
list to codeword i in the second list. Let N :=¢* — 1, and let 1 < a; < --- < ay <n and
1<b <--- <by <n be the Hamming weights of the non-zero codewords in the respective
lists. Then, the distortion of T is

i b,
Dr(C1,Co) = <max a) . <max j) .
i€[N] b; JEIN] a;
Now put i* = argmax;cy) a;/b;, and let M = a;«/b;-. We assume without loss of generality
that M > 1 (otherwise, repeat the argument with the two codes flipped). Then, for all j > i*,
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bj/aj < njagx < nbi-/a;+ = n/M. And, for all j < i*, bj/a; < bi+/1 = a;»/M < n/M.

Consequently, for all j € [N], bj/a; < n/M. Therefore,

Dr(C1,C2) = (max ai) : (max b]> < M- % =n,

i€[N] b; JEIN] a;j

as desired. <

We next show that if there exists a matrix T such that TC; = Cs, then then exists an

efficiently computable, invertible matrix T” such that 7'Cy = Cy and Dr(Cy,C2) = D1/ (C1,C2).

» Lemma 18. Let T be a (not necessarily invertible) matriz such that T(C1) = Ca for [n, k],
codes Cy, Co such that Dp(C1,Ca) < D. Then there exists an invertible matriz T' such that
TI<Cl> = CQ and DT/ (Cl, Cg)

Proof. Now consider a generator matrix Gy € IFZ;X’“ of C; and the corresponding generator

matrix of Ca, Gy = T(G1) € F'*k. Now, let Hy,Hy € Fy*" ™ be such that A :=
(G1|Hy), B := (G2|Hz) € Fp*™ are full-rank. (In particular, it suffices to take H; and Hj to

be (transposed) parity-check matrices for C; and Ca, respectively.) Finally, let 7" := BA~!.

Note that 7" is invertible, and that T'c = T"c for every ¢ € C. Tt follows that T"(Cy) = Co
and D1/ (Cq,Cs) = Dr(C1,C2) = D, as needed. <

We next show that two codes C; and C; being linearly equivalent is equivalent to
D(C1,C2) =1 up to “scaling.”

» Proposition 19. Let C1,Cs be [n, k]y codes for some n,k € Zt and prime power q. Then
D(C1,Ca) =1 if and only if C1 ® 1., (padded with some number of zeros to reach block length
rom) is linearly equivalent to Co ® 1., for some 11,79 € ZT, r1 < 1.

Proof. We start with the backward direction. Let C; be the result of padding C; ® 1.,
with ron — rin zeros and let C5 = C2 ® 1,,. Suppose we have 71,75 € Z*, r; < ry such
that Ci is linearly equivalent to Cj. Then, there must exist a monomial matrix T such that
T(C)) = Ch and [|[T(x ® 1,,)|lo = |l ® 1,0 for all € C;. Additionally, we can define
Sy =1, ® 1,,, which maps C; to €} with uniform scaling ||S1x||o = r1||z||o for any x € Cy,
and S = I,, ® e{ ,% which maps C} to C, with uniform scaling of ||Sox||o = %HSCHO for any
x € C}. We now compose these to define a transformation 77 = S37'S; that maps C; to Ca
and note that for any « € Cy,

[T'zlo _ 1S2TSizllo 1 [[TSizflo _ 1 [[Sizllo 71 [lefo ™
lllo (o r2 lzllo r2 lzllo 72 llzllo 7
As this is true for all x € Cy, we can see that || T"|¢c, oo = 2 and [|(T") e, lloso = 2.

T2 T1

ThllS7 D(Cl,CQ) = DT(Cl,Cg) =1.

For the forward direction, we are now given that D(Cy,C3) = 1, i.e., there exists some
T such that T(C1) = Cy and ||Tz||o = c||z||o for all z € C; and some ¢ € QT (we assume
without loss of generality that ¢ < 1). Let ¢ = ;—; for some ry,ry € Z*, and once again
take C; = C; ® 1,, (padded with ron — r1n zeros) and C5 = C3 ® 1,,. Finally, we redefine
S = (In ® (1 Orl,l)), Sy = I, ® 1,,. As before, note that S1(C;) = C1, S2(C2) = (4,
||Sle0 = %||w||0 for all x € Ci, and ||SQ$H0 = 7“2”33”0 for all & € Co. We define T = SoT'S,
so that T maps C} to Cj, and again compute that

Ccr
[T x|lo = [|S2TS1z|lo = 2| T'S12|l0 = cr2[|S1zflo = 72 lzllo = [lz[o -
1

This is true for all & € C1, so €] = C; ® 1,, is equivalent to C;, = C2 ® 1,, as required to
complete the proof. |

9 Here e; € IFZQ is the first standard normal basis vector in r2 dimensions.
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2.6 Reductions

In this paper, we employ three different types of reductions. The first and most general
notion is that of a Turing reduction. Formally, there is a Turing reduction from a decision
problem A to a decision problem B if and only if there exists an algorithm for A, given oracle
access to B. In other words, A Turing-reduces to B if, given a subroutine for B, one can
decide A. The second type of reduction is a Cook reduction. Formally, a Cook reduction is a
polynomial-time Turing reduction, i.e., A Cook-reduces to B if and only if A Turing-reduces
to B and the overall algorithm runs in polynomial time. The third and final type of reduction
is that of a Karp reduction (a.k.a., a polynomial-time many-one reduction). Formally, a
Karp reduction is a deterministic and polynomial-time algorithm that maps YES and NO
instances of A to YES and NO instances of B, respectively.

3 The Complexity of the Code Distortion Problem

We now study some basic facts about the complexity of both the exact and approximate
versions of GapCDP. Given the relationship of GapCDP to the matrix 0 — 0 norm
(Section 2.3), we start by discussing the complexity of computing both the unrestricted and
restricted versions of the matrix 0 — 0 norm.

3.1 The Complexity of the Matrix 0 — 0 Norm

Interestingly, the (unrestricted) matrix 0 — 0 norm is easy to compute.
» Proposition 20. Let F be a field, let m,n € Z*, and let T = (t1,...,t,) € F™X™. Then,

[T[lo—0 = max|[t;]lo -
1€[n]

Proof. By the triangle inequality, it holds for all & € F™ \ {0} that

Tzllo 12 iesupp(a) Titillo
E |supp()|
> icsupp(a) 1 Zitillo
|supp(z)|
|supp(@)| - max; csupp(a)l|2illo
|supp(z)|

“max  ||tlo -
i€supp(x)

Furthermore, max;egupp(a)lltillo < max;epl|tillo, 50 [|[T]lo—s0 < max;ep,||tilo. On the other
hand,

IT[lo—0 = max = max|[t;[|o - <
i€[n] i€[n]

We note that an immediate consequence of Proposition 20 is that there is a poly(m, n)-

™. simply compute the maximum

time algorithm for computing ||T||o—o for a matrix 7' €
Hamming weight of a column of 7. That said, we show that matrix 0 — 0 norm restricted to
a subspace is hard to compute, even approximately. We formalize this by defining a decisional

version of the problem.
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» Definition 21. Let F be a field, let m,n, k,q € ZF, and let v = v(m,n) > 1. The decisional
v-approximate matrix 0 — 0 norm problem over a subspace of I, (’y-GapNormg_’O ) is the
promise problem defined as follows. An instance consists of a basis G C ]F;‘Xk of a subspace
C CFy, a matriz T € F'*", and threshold v > 0. It is a:

YES instance if || T|cllo—o < 7.

NO instance if ||T|c|lo—o > yr.

We will now give a reduction from +'-GapMDP,, to v—GraLpNormg_>0 for which it suffices
to take 4" = O(v). This result is due to Golovnev and Stephens-Davidowitz [20].

» Theorem 22 ([20]). Let v > 1 and let € > 0 be a constant. Then, for all v' > (}fz) <Y,
there is a Karp reduction from v'-GapMDP, to fy—GapNormg_m.

Proof. Let (G € F**" ') be an instance of v'-GapMDP,, where m,n € Z*. Moreover, let
T be a generator matrix of an [m, nly code that is e-balanced, i.e., all non-zero codewords in
C(T) have Hamming weight in the interval [(1 — €)%, (1 +¢)%]. By a result of Ta-Shma [31],
such a T exists and, moreover, can be constructed in deterministic polynomial time.

Now, if (G,r’) is a YES instance of 4/-MDPj, then for all € C\{0} with ||z||o = A1 (C),

[Tzlo o [1T=lo

(1—¢€eym/2
el = 7 =

1T[ello—0 > ;

Here, the first inequality uses the definition of the restricted matrix 0 — 0 norm, the second
uses the fact that (G,r’) is a YES instance, and the third uses the fact that 7' generates an
e-balanced code.

On the other hand, if (G,r’) is a NO instance of 4'-MDPs5, then for all € C\{0},

[Tzlo  (1+e)m/2
(B4 vt
which implies
Tx 1+e)m/2
Tlelloo = max 172l (At Om/
zec\{0} ||z|lo ~'r

Altogether, with v = ﬁ('y’ +4) and r = % for any > 0, it holds that

IT)cllo—o > 77 (a YES instance of co-y-GapNorm$ *°) implies a YES instance of 4/-MDPs,
and ||T)clloo < r (a NO instance of co-y-GapNorm9~?) implies a NO instance of 7'
MDPs. <

Consequently, by Theorem 8, W-GapNormgqo is coNP-hard. In fact, it is coNP-complete.
» Corollary 23. For all v > 1, v—GapNormg_}O is coNP-complete.

Proof. Since fy—GapNormgﬁO is coNP-hard, it suffices to prove that fy—GapNormgﬁO € coNP.
But this is plain, since if (G, T, r) is a YES instance, then for all € € C\{0}, ||Tx||o/|lx]o0 < T,
and if (G, T, r) is a NO instance, then there exists & € C\{0} for which | Tx|lo/||z|o > yr. <

3.2 GapCDP is in X¥

We now show that the code distortion problem is in X5, the second level of the polynomial
hierarchy. Recall that a language L € XF if and only if there exists two polynomials p; and
p2 as well as a polynomial-time deterministic Turing machine M such that for all inputs
x € {0,1}*, x € L if and only if (3y € {0,1}»1(=D)(vz € {0, 1}P2U=D) : M (z,y,2) = 1.
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» Theorem 24. For all g € Z, GapCDP, € 5.

Proof. Let (G1,G4, D) be an instance of GapCDP, where G; and G generate the codes Cy
and Ca, respectively. By definition, (G1, G2, D) is a YES instance if and only if D(Cy,Cs) < D.
This holds if and only if there exists T' € GL,,(F,) with T(C;) = Cs such that for all
z,y € C1\{0},

(Ir=lb. (Tmo)l .
el )\ Tull

For all such T', , and y, the above inequality is checkable in deterministic polynomial time.
Moreover, the size of all such T, x, and y is a polynomial in the size of the input (G1, Ga, D).
Consequently, as the order of the 3 and V quantifiers in the above reformulation of GapCDP,,
is consistent with the class 35, it holds that GapCDP, € P, as desired. |

As mentioned in Section 1.4, we suspect GapCDP, is also ¥:¥-hard, thus making it
ES -complete. However, proving this remains an interesting open question.

3.3 GMSS for Codes

We will now give a reduction from y-GapMDP to v-GapNCP that is analogous to the seminal
reduction from the Shortest Vector Problem to the Closest Vector Problem on lattices due
o [19]. We will use this result in our proof of NP-hardness of approximate CDP.

» Theorem 25 (GMSS for Codes). Let m,n € Zt with n < m, let v = y(m,n) > 1, and let
q be a prime power. Then there is a poly(m, q)-time Turing reduction from v-GapMDP on
[m,n]q codes to ’y—GapNCPéM (and hence also v-GapNCP, ) on [m,n — 1], codes.

Proof. Let (G = (g;,...,9,) € F**",d) be the input instance of y-GapMDP, . The
reduction does the following. It constructs (¢ — 1)n many instances (G, t; ; = —j - g;,d)
of GapNCP, for 1 <i <n and j € F;, where G; := (gy,.--,9,-1:9i41,---»9y) is “G with
its ith column removed.” It then calls its v—GapNCPé/ 7 oracle on each instance (G;,t; ;, d).
The reduction outputs YES if the oracle responds with YES on some input, and otherwise it
outputs NO.

It is clear that the reduction runs in the stated amount of time, and it remains to show its
correctness. Suppose that the input is a YES instance. Then there exists a € F;\{0} such that
|Gallo < d. Let a; be a non-zero coordinate of @, and let a’ := (a1,...,a;-1,8i+1,...,a,) €
]FZ’1 be “a with its ith coordinate deleted.” Then for j = a;, we have that

IGia’ = tillo = 1Gia’ + jgillo = || Y_ acge + aigyl|, = |Galo < d .
0#i
So, the v—GapNCP;/V oracle outputs YES on input (G, t; ;,d), as needed.

Now, suppose that the input is a NO instance. Let C := C(G) and let C; := C(G;). We
note that for every 1 <4 <n and j € Fy,

CiCCandCi—ti,j CC\{O}

It follows that A;(C;) > A1(C) and that dist(¢; ;,C;) > A1(C) for all 1 <i < n and j € F.
Because the input is a NO instance, A1 (C) > vd, and so we have that for every 1 < i <n,
A1(C;) > A (C) > vd, and therefore d < A1(C;)/vy. Moreover, for every 1 < ¢ < n and
J € Fy, dist(t; j,Ci) > A1(C) > vd. Therefore, each instance (G, t; j,d) is a NO instance of
fy—GapNCPé/ 7, as needed. <
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3.4 NP-hardness of the Code Distortion Problem

We next give a reduction from v'-GapNCPy to v-CDP, for which it suffices to take 7' = O().

» Theorem 26. Let v > 1, let q be a prime power, and let D > 1 be a constant. Then
for any v > [%]D -7y, there is a Karp reduction from 'y’—GapNCPéM to v-CDP with
distortion D.

Proof. Let (G € ]FZXk, t € F},d € Z7) be an instance of ’y’—GapNCPéMI. Define

G G -t
0
1

s

G1:

0 o
G 0 5 GQ =
0 1

T

0
G
0

o O

0
0
with r := [2+£1] . d. The reduction outputs the v-CDP, instance (G1, G2, D).

It is clear that the reduction is efficient, and it remains to shows its correctness. Let
C :=C(G), C; := C(Gy), and Cy := C(G3). Suppose that the input is a YES instance of
’y'—GapNCP;/”’/. Let t' € C —t be such that ||t'||o = dist(¢,C), i.e., t’ is a shortest codeword
in the coset C —t. Define

G

0o
5=10 G
0 O

0
1,
Notice that C(G3) = C(G}), and, because the input is a YES instance, that ||t'|o < d.1°
Let G1 = (g1,---192p41), let G5 = (g7,...,95,41), and let M be an invertible linear map
such that M : g, — g} for every i. Such a full-rank map M exists because G; and G} are
full-rank, and it is clear that M maps C; to Cs.

Let « € C; be an arbitrary non-zero codeword. We can write = (', 2", al,) for some
x',x” € Cand a € F,. If a = 0, then |[Mz|o = ||x|o, and so [|[Mz|o/||z|o = 1. On the

other hand, assume that a # 0. Then Mz = x + (at’,0), and so by triangle inequality and
the fact that ||t'|lo < d, ||Mx|lo < ||z]|o + d. Therefore,

|Melo _ lo+d _ |llo+d

lzlo = llzllo — llaflo

=1+d/r. (5)

Furthermore, € = Mz — (at’,0), and so ||z|lo = |[Mz — (at’,0)|lo < ||Mz|o + [|t|l0 <
[Mx|lo + d. It follows that | Mx|o > ||x|lo — d, and therefore,

M —
[[[lo B 1|0 llal+{lo

Recalling that r = [B+]d > B+1d, we get that d/r < %' By combining Equations (5)

10 Actually computing ¢ amounts to solving ’y'—GapNCP;/W/, which is a hard problem. However, here we
are only using ¢’ and G% for analysis, and we are not computing them.
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and (6) we then have that

[Mz|o . [Mz|o
D(C1,C2) < max min
(€1, C2) mecl\{O}( 2|0 )/mecl\m}( l[[lo )

<(1+d/r)/(1—d/r)
<(tr )/ (- 50)

- <D2-l:1)/(D2+1)

D,

as needed.

Now, suppose that the input is a NO instance, and let M be an invertible linear map
such that M(Cy) = Cy. Let y := Mgy, .1 = M - (0,1,), and note that y = (y' — at,y", al,)
for some y’,y” € C and a € Fy. If a # 0, then

lyllo = lly" = atllo + l[y"llo + lar[lo = dist(—at,C) +r >~'d+r,

where we have used that dist(—at,C) = dist(¢,C) for a # 0. On the other hand, if a = 0,
then

lyllo = lly"llo + ly"llo = M(C) > ~'d,

where the first inequality holds because at least one of ¥y’ and y” is a non-zero codeword in C
(since y # 0), and the second inequality holds because of the assumption that d < A;(C)/v/,
which follows from the definition of NO instances of v/ -GapNCP}/ 7. In either case, we have
that

M M
Mzl | [Mgsnsilo _ Julo .y -
:l:ECl\{O} HSUHO ||g2n+1||0 T

Now, let &’ € C be such that ||x’|[o = A\1(C), and define x; := (x',0,0), x2 := (0,2, 0).
Note that xi,z2 € Co, and that y; := M 'x; = (v},y7,a11,) and y, :== M lxy =
(y5, Y5, a21,) for some ¢, yY,y5,y5 € C and a1, as € F,. Furthermore, because 1 and x;
are linearly independent and M is invertible, y; and y, must also be linearly independent. So,
at least one of ¥}, 4y, y5, ¥4 is non-zero, and therefore max{||M ~1xy||o, [|M ~tx2llo} > A (C).
It follows that

| M~ o S {||M_1901||o ||M_1902||o}
" >ma ,
zec:\{0}  ||z[o [211lo llz2lo

= max{||M 'z lo, [|M ' z2o} /M (C) > 1. (8)

Combining Equations (7) and (8) then gives

D(C1,Co) > A dfr = = > 22— 4D,
as needed. <

From Theorems 25 and 26 and the fact that v-GapMDP is NP-hard for any constant
v > 1, we conclude that the CDP is NP-hard to approximate to within any constant factor.
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» Theorem 1. For any constant v > 1, any constant D > 1, and any prime power
q < poly(n), v-GapCDP, with distortion threshold D is NP-hard under deterministic Cook
reductions.

Proof. Combine the NP-hardness result in Theorem 8 with the reductions in Theorems 25
and 26. |

We note that restriction on the field size ¢ in Theorem 1 is due the running time of the
reduction in Theorem 25.

4 Algorithms for Code Distortion

We now turn to giving algorithms for code distortion.

4.1 An Exact Algorithm

We first analyze the running time of a brute force exact algorithm for CDP, which is the
best exact algorithm we know.

» Lemma 27. Let n,k € Zt, k <n, let q be a prime power, and let C1,Cs be [n, k], codes.
The distortion D(Cy,Cz) can be computed in O* (¢*F+1)) time.

Proof. A linear transformation 7" with TC; = Co must map a generator matrix of C; to a
generator matrix of Co. So, it suffices to fix a generator matrix of G; € FZ;X" , enumerate
generator matrices Gy € IFZ‘X’“ of Ca, and compute Dr(Cy,C2) for the induced map T such
that TGl = GQ.

To enumerate generator matrices Ga of Ca, it suffices to compute G := GLU for a
fixed generator matrix G5 of Co and each U € GL(F,). In order to enumerate elements
of GLy(F,), it suffices to enumerate all matrices U € FF** and discard them if they are
singular. This takes O*(qk2) time.

To compute Dr(Cy,Cs) for a given map T, it suffices to compute |[|[Tz|o/||z||o for all
x € C; \ {0} and [T 1y|lo/|lyllo for all y € C2 \ {0}. This can be done in O*(¢*) time since
|C1| = |Ca| = ¢". So, overall the algorithm runs in O*(¢**+1))  as needed. <

We then get the following corollary.

» Corollary 28. Let n,k € ZT, k < n, let q be a prime power, and let C1,Ca be [n, k], codes.
The distortion D(C1,Cz) can be computed in poly(n) time if k = O (y/log, n).

Notably, Lemma 27 runs in roughly q’€2 time, and at a minimum it would be desirable to
find a single-exponential, roughly ¢®-time algorithm. Although we do not give an exact such
q"-time algorithm, we do give a roughly ¢*-time approzimation algorithm for CDP,,.

4.2 A General Approximation Algorithm
Our approximation algorithm uses the following fact.

» Lemma 29. Let n,k € Zt,k < n, let ¢ be a prime power, and let Cy,Cq be [n, k], codes
with successive minima bases G1 = (v1,...,v),Ga = (w1, ..., wy), respectively, and let T
be a linear transformation such that TG, = Gs. Furthermore, let x = G1a for a € Flg be a
non-zero codeword in C1. Suppose that j € [k] is the mazimum index such that a; # 0. Then

ITally _ Sy MlC)
[l = N
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Proof. Since TG; = G5, we know that Tw; = w; for 1 < i < k and that Tx =

{:1 T(a;v;) = Zg;l a;w;. Using the triangle inequality, we get the upper bound ||Tx[lop <
Yicillaiwillo < 375 llwillo = 3271 Ai(Ca).

On the other hand, the j vectors x and vy, ...,v;_1 must be linearly independent because

a; # 0 and v; ¢ span(vi,...,v;-1). By the definition of successive minima, we then have

that |||l > A;(C1). Combining this lower bound on ||z||¢ with the upper bound on ||Tz||o

above implies the claim. <

We define the following quantity relating the successive minima of [n, k|, codes C; and C:
Aqi(C
M(Cy,Cs) = max i(C2)

iclk] Ai(Cq)
We will use this quantity to give lower and upper bounds on the distortion D(Cy,Cs).

: 9)

» Theorem 30. Let n,k € Z", k <n, let q be a prime power, and let C1,Cs be [n, k], codes.
Let G = (v1,...,vk) and G2 = (w1, ..., wy) be successive minima bases of C1 and Ca,
respectively, and let T be a linear transformation such that TGy = Go Then

M (C1,Co)M(Ca,C1) < D(C1,C2) < Dr(Cr,Co) < k* - M(Cy,Co)M(Ca,Cy) .

Proof. We first prove the upper bound. For any « € C;\{0}, we can write & = Ga for some
a € F¥\ {0}. Let j € [k] be the maximum index such that a; # 0. By Lemma 29, we then
have that

1Tz TN(C) S N(C) Aj(Ca) Ai(Co)
< = < = <k- < k- max .
lzllo =  A(C) = N(C) T A(C) T delk] Ai(Cr)
As this is true for all € C;\{0}, it holds that
Tl Ai(Cz)
X <k- =k-M(C,Cs) .
o280y Talo = F I X (G Ga)

A symmetric argument applied to T~! yields
17~ yllo

veea\{0}  [|yllo
and plugging both into the definition of distortion yields the upper bound

D(Cy,Co) < k*- M(Cy,Co)M(Ca,Cy) .

<k -M(CsC),

We next prove the lower bound using an analogous proof to one in [8]. Let U be an

arbitrary full-rank linear map such that UC; = Cs. Then, because vy, ..., v; are linearly
independent for every i € [k], Uvy,...,Uwv; are also linearly independent. It therefore follows
that

Ai(Ca) < E%%Z?f“UUjHO < |Ule; llo—o - IJIIG&E](HT)J‘HO = |[Ule, llo—s0Ai(Cr) -

This yields the bound i’ggfg < ||Ule, llo—o for all 4, which implies max; ¢/ :\\7%; < |IUle; llo=o-

A symmetrical argument with (U~!)|c, mapping successive minima vectors of Co to C; yields

max;e ] itggig < ||U7Ye,llo0, and multiplying the bounds together shows that

Ai(C2) Ai(Cy) 1
< .
(grelf[g]( Mcl)> <grelf[g]< n(Ca) ) S IWledllo-sollU™lezllo—o

Because U was chosen arbitrarily, we then have that M (Cy,Ce)M (Cs,C1) < D(Cy,C2). <
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We now restate and prove Theorem 2, which gives our main approximation algorithm for

CDP,.

» Theorem 2. For any prime power q, there is an algorithm for k*-CDP on [n, k], codes
that runs in O*(¢*) time and poly(n,log q) space.

Proof. The algorithm works by computing successive minima bases G; and G5 for C; and Co,

respectively, using Lemma 6, and then computing and outputting a linear transformation 7'
such that TGy = G5. By Lemma 6, computing G and G takes O*(¢*) time and polynomial
space, and using these bases it is efficient to compute T. Furthermore, Dr(C1,Cs) <

k2
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