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Abstract
In a seminal work, Dooly, Goldman, and Scott (STOC 1998; JACM 2001) introduced the classic
Online TCP Acknowledgment problem. In this problem, a sequence of n packets arrives over time,
and the objective is to minimize both the number of acknowledgments sent and the total delay
experienced by the packets. They showed that a natural greedy algorithm, which acknowledges
when the delay of pending packets equals the acknowledgment cost, is 2-competitive.

Online TCP Acknowledgment is the canonical online problem with delay, capturing the funda-
mental tradeoff between reducing service cost through batching and the delay incurred by pending
requests. Prior work has largely focused on richer service-cost models, e.g., Joint Replenishment and
Multi-Level Aggregation. However, other than the work of Albers and Bals (SODA 2003), which
studies maximum delay and closely related objectives, not much is known about general delay costs
beyond the sum of delay costs of requests.

In this work, we study Online TCP Acknowledgment under two generalized delay-cost models
that we call batch-aware and batch-oblivious. In the batch-aware model, each batch incurs a delay
cost that depends on the packet delays within that batch. For the max-over-batches objective,
which generalizes Albers and Bals, we show that greedy remains 2-competitive for every monotone
batch-delay function. For the sum-over-batches objective, the picture changes sharply: greedy is
Ω(n)-competitive, and the optimal deterministic competitive ratio is Θ(log n). Our matching upper
bound requires only the minimal assumption that the batch delay function is monotone.

In the batch-oblivious model, the delay cost is a function of the global packet-delay vector. We
show that greedy is 2-competitive for continuous submodular delay costs, and more generally under
a weaker zero-coordinate diminishing-marginals condition. This yields 2-competitive algorithms for
ℓp norms, Top-k norms, and ordered norms. Using the submodular-norm approximation of Patton,
Russo, and Singla, we also obtain an O(log n)-competitive algorithm for arbitrary symmetric norms.
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1 Introduction

The Online TCP Acknowledgment problem, introduced by Dooly, Goldman, and Scott in
their seminal STOC 1998 paper [28], arose from critical challenges in computer networking.
Specifically, it addresses the dynamic management of acknowledgment delays within the
Transmission Control Protocol (TCP), a cornerstone of the Internet’s architecture (see [4, 24,
25]). The TCP protocol requires the recipient of a stream of packets to acknowledge every
packet. On the other hand, excessive delay can disrupt TCP’s congestion control mechanisms.
Consequently, limiting the latency between a packet’s arrival and its acknowledgment is vital
for maintaining network performance and protocol stability.

In the Online TCP Acknowledgment problem – the TCP problem henceforth – a sequence
of packets arrive online over time. At each time, we can transmit an acknowledgment to
acknowledge all currently pending packets at a cost of 1. Each packet accrues a delay
cost until it is acknowledged. More formally, the TCP problem involves a sequence of
packet arrival times A = (a1, . . . , an), and the objective is to partition A into k contiguous
subsequences σ1, σ2, . . . , σk, for some k. The end of each subsequence corresponds to the time
an acknowledgment is transmitted. Thus, each σi is a batch of packets that are acknowledged
together by the acknowledgment sent at time ti. The batches σi and the acknowledgment
times ti are required to satisfy the following constraints: each packet can only be acknowledged
after its arrival, i.e. ti ≥ aj for every j ∈ σi; and every packet must be acknowledged, i.e. the
final acknowledgment time tk ≥ an, the arrival time of the last packet. The tradeoff between
the cost of acknowledgments and the cost of delaying acknowledgments is modeled with the
objective function

k +
k∑

i=1
delay(σi, ti). (1)

The number of acknowledgments k is called the acknowledgment cost and
∑k

i=1 delay(σi, ti)
the delay cost. We refer to delay(·, ·) as the batch delay cost function.

TCP with Additive Delay Cost. The most classic and well-studied setting is when the delay
function delay(σi, ti) =

∑
j∈σi

(ti − aj), i.e. the delay cost is simply the total waiting time
between each packet’s arrival time and its acknowledgment time. The competitiveness of this
problem has been completely characterized. For deterministic algorithms, Dooly, Goldman,
and Scott [28, 29] proved that the following natural (in hindsight) Greedy algorithm achieves
a competitive ratio of 2: acknowledge whenever the delay cost has increased by the cost of
an acknowledgment. This is also the optimal deterministic competitive ratio as TCP with
additive delay generalizes the well-known Ski Rental problem for which a lower bound of 2 is
known [40]. Subsequently, Seiden [48] established a lower bound of e/(e− 1) ≈ 1.58 on the
competitive ratio of randomized algorithms; a matching upper bound was shown by Karlin,
Kenyon, and Randall [39] shortly after. These algorithms also work for slightly more general
delay costs: each request j incurs a delay cost cj that is a non-decreasing function of its
waiting time, and the overall delay cost is

∑n
j=1 cj . We call this more general problem TCP

with additive delay, since the delay cost is the sum of the delay costs of the requests.

Beyond TCP. TCP with additive delay is the simplest problem in the class of online
problems with delay, which captures trade-offs between batching requests to reduce service
costs and minimize delays. An online problem with delay involves a sequence of requests
that arrive online and a service cost function g which is a function on the set of requests; the
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goal is to partition the requests into (possibly non-contiguous) batches and a service time ti

for each batch σi so as to minimize the objective function
∑

i g(σi) + delay(σi, ti). The sum∑
i g(σi) is called the service cost.
Most prior work on online problems with delay has focused on objective functions with

more general service costs, with the overall delay cost computed as the sum of the delay costs
of requests. These objective functions capture various types of economies of scale arising
in varied practical domains such as scheduling, supply chain management, and logistics.
The ones most relevant to our work are: joint replenishment [21, 16, 23, 37, 45, 49, 9, 27],
multi-level aggregation [19, 20, 14, 15, 42], network design with delay [11, 12, 51], set
cover [7, 50, 33], set aggregation [22], online service with delay [8, 18, 41, 35, 36, 52, 53], and
matching [31, 6, 5, 17, 32, 10, 26, 38, 43, 30, 34].

Beyond Additive Delay Cost. In many of the above practical domains, it is natural to
consider non-additive delay costs, where the penalty incurred by delaying requests is not
simply the sum of their waiting times or delay costs. For example, one may wish to control
tail latency by ensuring that no request waits too long, or, more generally, by penalizing the
largest few waiting times. In settings with service-level agreements, another natural objective
is to limit the number of requests that experience positive delay or exceed a prescribed delay
threshold. Such objectives capture global quality-of-service or incident-based costs that are
not well represented by additive delays.

The main goal of our work is to initiate a systematic study of online problems with delay
beyond additive delay costs, starting with the setting that has the simplest service cost
function: online TCP Acknowledgment. We investigate the following broad questions.

▶ Question 1. For what families of natural delay costs can we obtain a good competitive
ratio for the online TCP acknowledgment problem?

As Greedy is heavily used as a subroutine in many algorithms for online problems with
delay to determine service times (e.g. in [12, 23]), a good understanding of the power of
Greedy can help us extend those algorithms to work with non-additive delay costs.

▶ Question 2. For what families of natural delay costs is Greedy a good algorithm for the
online TCP Acknowledgment problem?

To the best of our knowledge, the only previous works on online problems with delay that
go beyond additive delay costs are those below.

General Batch Delay Cost. Dooly, Goldman, and Scott [28, 29] considered a far-reaching
generalization of the objective in Equation (1) where the batch delay cost function delay(·, ·)
is only assumed to be monotone non-decreasing: if σ is a subsequence of σ′ and t ≤ t′,
then delay(σ, t) ≤ delay(σ′, t) and delay(σ, t) ≤ delay(σ, t′). Equivalently, the marginal delay
cost at each timestep depends only on the set of currently pending requests. These general
batch-delay cost functions can be used to model not only the goal of avoiding requests waiting
too long but also the goal of avoiding too many pending requests at any time. The former
can be modeled using ℓp-norms, while the latter can be modeled by taking delay(σi, ti) to be
a function of |σi|.1 Dooly, Goldman, and Scott showed that Greedy is 2-competitive when
delay(σi, ti) = maxj∈σi

(ti − ai), i.e. the batch delay cost is the maximum waiting time of

1 This type of delay cost function was also studied under the name “size-based delay” by Deryckere and
Umboh [26] and Gan, Sun, and Umboh [34] for online matching with delay.

APPROX/RANDOM 2026
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the batch. They also claimed that Greedy is 2-competitive for monotone, nondecreasing
batch-delay costs. However, we show that Greedy is actually Ω(n)-competitive, and thus
new algorithms are required.

Penalizing Long Delays. Later, Albers and Bals [2, 3] explored a structurally different
objective function of the form

k + kmax
i=1

max
j∈σi

(ti − aj)p

for some integer p ≥ 1. When p = 1, the delay cost is simply the maximum waiting time of
any packet. They gave tight upper and lower bounds on the competitive ratio of deterministic
online algorithms: when p = 1, it is π2/6 ≈ 1.644; when p > 1, it is an expression that
approaches 1.5 as p tends to infinity. For randomized algorithms, they showed lower bounds
of 3/(3− 2/e) ≈ 1.324 and 2/(2− 1/e) ≈ 1.225, when p = 1 and when p > 1, respectively. A
comprehensive overview of this area until 2003 can be found in Chapter 7.2 of the survey by
Albers [1].

1.1 Our Contributions
In this work, we make significant progress towards answering the above questions. We
consider three broad classes of delay costs that generalize those considered in previous works:
max-monotone, sum-monotone, and batch-oblivious.

Max-Monotone Delay Cost. We begin by considering a generalization of the delay cost
considered by Albers and Bals [3]. In the max-monotone delay setting, the objective function
is

k + kmax
i=1

delay(σi, ti) (Max-Monotone)

for some monotone non-decreasing delay(·, ·). We show that Greedy is 2-competitive without
any further restrictions on delay(·, ·) using a similar analysis as Greedy under additive delay
costs.

▶ Theorem 1.1. Greedy is a deterministic 2-competitive algorithm for TCP Acknowledgment
with max-monotone delay cost.

Sum-Monotone Delay Cost. Our main technical contributions are for the sum-monotone
delay setting, where the objective is

k +
k∑

i=1
delay(σi, ti) (Sum-Monotone)

for some monotone non-decreasing delay(·, ·).
Intuitively, given the success of Greedy for max-monotone delay, and the apparent

simplicity of the problem – that at any point in time, we only need to decide between two
actions (to acknowledge or not) – one expects that Greedy is also good for sum-monotone.
Indeed, Dooly, Goldman, and Scott [29, Theorem 10] claimed that the same analysis of
Greedy under additive delays can be extended to sum-monotone delays. Surprisingly, we
show that Greedy is actually terrible.
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▶ Theorem 1.2 (Informal; see Theorem 4.1). Greedy is Ω(n)-competitive for TCP Acknow-
ledgment with sum-monotone delay cost.

A further surprise is that there is no deterministic constant-competitive algorithm for
sum-monotone delays. We give a lower bound of Ω(log n) on the deterministic competitive
ratio for sum-monotone delays via the Parking Permit problem – a generalization of Ski
Rental – and a matching upper bound.

▶ Theorem 1.3. The deterministic competitive ratio for TCP Acknowledgment with sum-
monotone delay cost is Θ(log n).

Note that we measure the waiting time of a packet j ∈ σi as ti − aj . However, all of
our results also apply if the waiting time is transformed by any monotone, nondecreasing
(possibly nonlinear) function before aggregation. Since all delay cost functions we consider
are monotone non-decreasing, such transformations can equivalently be absorbed into the
definition of the batch delay cost function delay(·, ·).

Batch-Oblivious Delay Cost. In the batch-oblivious delay setting, the delay cost is given
by applying a monotone non-decreasing function f to the delay vector d of waiting times of
each packet. More precisely, the j-th coordinate of the vector d is the waiting time of the
j-th packet. To summarize, the batch-oblivious objective is

k + f(d). (Batch-Oblivious)

Unlike max-monotone and sum-monotone delays, batch-oblivious delays are “global” object-
ives. For example, we can measure the ℓ largest waiting times among all requests by taking
f to be the Top-ℓ norm;2 note that this objective is not captured by sum-monotone and
max-monotone delays.

In this setting, we show that a natural extension of Greedy is 2-competitive not only
for ℓp norms and Top-ℓ norms, but also for a broader class of functions that are continuous
submodular. The proof is much subtler than for additive delay.

▶ Theorem 1.4. Greedy is a deterministic 2-competitive algorithm for TCP Acknowledgment
with batch-oblivious continuous submodular delay cost.

Continuous submodularity (Definition 5.1) generalizes the notion of submodularity for
discrete functions to functions on real vectors [13]. Patton, Russo, and Singla [47] observed
that ℓp norms and several other symmetric norms are continuous submodular. They also
showed that any symmetric norm can be approximated by a continuous submodular norm
up to a logarithmic factor. Using the results of [47], we get the following result.

▶ Corollary 1.5. There is a deterministic 2-competitive algorithm for TCP Acknowledgment,
where the delay cost is: an ℓp norm, a Top-ℓ norm, or an ordered norm. When the delay
cost is a symmetric norm ∥·∥, then there is a deterministic O(log ρ)-competitive algorithm
where ρ = ∥(1, 1, . . . , 1)∥ / ∥(1, 0, . . . , 0)∥ ≤ n. In particular, there is a deterministic O(log n)-
competitive algorithm when the delay cost is a monotone symmetric norm.

Our final result shows that if we venture too far from norms to concave functions, then
the problem becomes significantly more difficult.3

▶ Theorem 1.6. Every deterministic algorithm is Ω(
√

n)-competitive for TCP Acknowledg-
ment with batch-oblivious concave delay cost.

2 The Top-ℓ norm of a vector is the sum of its ℓ-largest entries.
3 Recall that norms are convex.

APPROX/RANDOM 2026



26:6 Online TCP Acknowledgment Under General Delays

1.2 Our Techniques
We first develop intuition for our algorithms by recalling the Greedy algorithm and its
analysis for the classic additive delay costs. Then, we describe the modifications required
to prove that Greedy is 2-competitive for max-monotone and continuous submodular delay
costs. Finally, we give an overview of our algorithmic framework for sum-monotone delays,
where greedy strategies are no longer competitive, and outline the phase-based approach
that overcomes this barrier, together with the accompanying logarithmic lower bound.

Recap: Additive Delay. The Greedy algorithm can be easily described as follows: send
an acknowledgment when the total increase in its delay cost since the last acknowledgment
equals 1 – the cost of an acknowledgment. For additive delays, this is equivalent to sending
an acknowledgment when the total waiting time of unacknowledged requests since the last
acknowledgment reaches 1. Let us now analyze the competitive ratio of Greedy for additive
delays. Suppose Greedy makes k acknowledgments at times t1 < . . . < tk, with batches
σ1, . . . , σk. The analysis consists of two main components:
1. By design, Greedy’s acknowledgment cost equals its delay cost, so its cost is exactly 2k.
2. The optimal solution pays at least 1 during each of the k intervals Ij = [tj−1, tj) for

j ∈ [k], where t0 = 0. This is because with additive delays, if the optimal solution does
not send an acknowledgment within the time interval Ij , then the packets in batch σi

contribute delay(σi, t) to its delay cost.
While the first component still holds for any monotone delay cost, the second component
breaks for the delay costs that we consider.

Max-Monotone Delay. For max-monotone delays, we get that delay(σj , tj) = j and if the
optimal solution does not send an acknowledgment during interval Ij , then the packets of σj

were acknowledged together at some time t∗
j ≥ tj , and so by monotonicity of delay(·, ·), the

delay cost of the optimal solution is at least j. Thus, if the optimal solution makes k∗ < k

acknowledgments, its delay cost is at least k − k∗, and so its total cost is at least k.

Sum-Monotone Delay. For sum-monotone delay costs, greedy strategies are not competitive.
We show that for any constant threshold, there exists an instance where a greedy algorithm
incurs a cost that is Ω(n) times larger than that of the offline optimum. This fundamental
limitation stems from the additive nature of the delay cost: greedy algorithms react too
locally, failing to recognize when it would be better to wait and serve a larger group of
packets with a single acknowledgment. For instance, if the delay function is concave and
grows steadily up to the acknowledgment cost, and if the packets are spaced far enough
apart, greedy will serve each packet individually – incurring an acknowledgment cost each
time – while the optimal solution serves all at once at the last packet arrival, paying the
delay cost only once and saving on acknowledgments.

To overcome this, we use our offline dynamic programming solution to guide online
decisions. The key idea is to monitor the cost of the optimal solution on the packets seen
so far. We partition the execution of the algorithm into consecutive services, each of which
aggregates packets and ends with an acknowledgment. At the start of a service, we examine
the sequence of packets observed so far and identify the longest suffix for which the offline
optimum issues a single acknowledgment. The cost of optimally serving this suffix determines
a budget for the service. The algorithm then continues to accumulate packets and issues
an acknowledgment as soon as the total delay cost exceeds this budget. Thus, the service
budget is derived directly from the structure of an optimal offline solution on the currently
observed packets.
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To avoid repeatedly issuing acknowledgments with small accumulated delay costs, each
budget service is followed by three buffer services whose budgets are larger by a constant
factor than that of the preceding budget service. These buffer services separate consecutive
budget services and later allow us to analyze their costs independently. Throughout the
execution, the algorithm continues to monitor newly observed suffixes. During a budget
service, the arrival of any longer critical suffix triggers an update of the service budget,
whereas during a buffer service, such an update occurs only if the offline cost of a suffix
increases by a constant factor. This controlled budget growth ensures that the number of
services grows only logarithmically, implying that the total cost incurred by the algorithm is
within an O(log n) factor of the offline optimum.

Lower Bound for Sum-Monotone Delay. Observe that if the batch delay cost depends
only on the maximum waiting time of the requests in the batch, then the offline problem
essentially reduces to an interval covering problem, where we seek to cover the arrival times
with intervals whose cost is a function of the interval length. Thus, it makes sense to consider
the Parking Permit Problem [44], a generalization of the classic Ski Rental problem. In this
problem, we are given different permit types and for each permit type k, its cost Ck and
duration Dk. Purchasing permit k at time t covers the time up to t + Dk. Online, a sequence
of requests over time, and for each requested time t, we need to ensure that it is covered by
a purchased permit. A deterministic lower bound of Ω(log n) is known for this problem [46].

Offline, it is straightforward to reduce Parking Permit to our problem, since both problems
are interval covering problems in which the cost of an interval depends only on its length.
However, it is unclear how to do the reduction online. Intuitively, we would like to use an
algorithm for our problem to solve Parking Permit as follows: when a request arrives for
Parking Permit at time t, we give the same request to the TCP Acknowledgment algorithm,
see how long it waits before acknowledging the request, and buy a permit of the corresponding
length. Unfortunately, at the time the request arrives, the TCP Acknowledgment algorithm
does not need to commit to when it will acknowledge the request. Indeed, if the next request
arrives immediately after, it may be acknowledged at a different time than if it arrives much
later. We leave the possibility of an online reduction from Parking Permit to our problem as
an open, tantalizing problem.

Fortunately, the deterministic adversarial sequence for Parking Permit ensures that the
next requested time is later than all the permits the algorithm has purchased so far. Thus,
when the Parking Permit request arrives at time t, we pass it to the TCP Acknowledgment
algorithm and simulate it into the future to determine at what time t∗ it would acknowledge
the request, assuming no further requests, and purchase the corresponding permit that covers
up to time t∗. Since the next Parking Permit request arrives after the permit expires, the
next TCP Acknowledgment request also arrives after t∗. Since the TCP Acknowledgment
algorithm is online and the actual request sequence up to time t∗ matches the simulation, it
also acknowledges at time t∗. Thus, the TCP Acknowledgment algorithm and the Parking
Permit algorithm behave identically, yielding the desired lower bound.

Continuous Submodular Delay. The proof of Theorem 1.4 requires a more subtle analysis of
Greedy. The second part of the greedy analysis for additive delays breaks down even when the
continuous submodular delay cost is a concave function of the total waiting time. Intuitively,
this is because the optimal solution can “front-load” its delay cost by acknowledging, e.g., the
first few packets a long time after their arrival. This increases the delay cost, so later packets
contribute only a small marginal amount to it. To address this, we consider a hypothetical

APPROX/RANDOM 2026
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solution that produces the same acknowledgments as the optimal solution, but each packet’s
waiting time is capped at its waiting time in Greedy. Since f is monotone, capping the
waiting times can only decrease the delay cost. Thus, the cost of the hypothetical solution is
at most the cost of the optimal solution, so it suffices to prove a lower bound on the cost of
the hypothetical solution. The capping prevents the hypothetical solution from front-loading
its delay cost and enables us to argue that if it does not make an acknowledgment during
interval Ij , then its delay cost increases by at least 1 during the interval.

2 Preliminaries

Problem Setup. We consider the Online TCP Acknowledgment problem. The input is
a sequence of packet arrival times A = (a1, a2, . . . , an), where aj is the time at which the
j-th packet arrives, and we assume a1 ≤ a2 ≤ · · · ≤ an. An online algorithm must select
acknowledgment times t1 < t2 < · · · < tk, such that every packet is acknowledged at or
after arrival – that is, for each 1 ≤ j ≤ n, there exists some 1 ≤ i ≤ k with aj ≤ ti. Each
acknowledgment ti covers the batch σi = { j : ti−1 < aj ≤ ti }, where we set t0 = 0. These
batches form a partition of the packet indices {1, . . . , n}. Each packet j ∈ σi experiences a
waiting time (or delay) dj = ti − aj , and we denote the full delay vector by d = (d1, . . . , dn).
The goal is to minimize the total cost, which typically balances two competing objectives:
reducing the number of acknowledgments and limiting the total incurred delay. The online
nature of the problem is that, as time t increases, the algorithm is aware only of requests
whose arrival time is at most t and can only make an acknowledgment at the current time t.

Batch-Aware TCP. The Batch-Aware TCP model defines the delay cost in terms of the
individual acknowledgment batches. Let delay(σi, ti) denote the delay cost of acknowledging
batch σi at time ti. The total delay cost is then computed from the per-batch costs, thereby
capturing richer dependencies between the acknowledgment structure and delay.

In this work, we focus on two important classes of batch-aware cost models. In the
sum-monotone delay model, the total cost is given by k +

∑k
i=1 delay(σi, ti). Here, the

function delay(·, ·) is required to be monotone non-decreasing: if one batch is a subsequence
of another and the acknowledgment times are ordered accordingly, the delay cost cannot
decrease. This model captures objectives in which the overall delay accumulates across
batches and scales with the batch size or delay duration.

In the max-monotone delay model, the objective is k + max1≤i≤k delay(σi, ti), where
delay(·, ·) is any monotone non-decreasing function. Unlike the sum-based case, this model
focuses on minimizing the worst per-batch delay contribution, which is natural in applications
where fairness or tail performance is critical.

Batch-Oblivious TCP. In the Batch-Oblivious TCP model, the delay cost is defined globally
over the entire delay vector d. Specifically, the delay cost is given by a function fn(d1, . . . , dn),
where fn : Rn

+ → R+ is assumed to be monotone and consistent under zero-padding. Since
the number of packets n is not known in advance, we assume the algorithm learns the function
fi only when the ith packet arrives. These functions satisfy the consistency condition

fi+1(d1, . . . , di, 0) = fi(d1, . . . , di),

ensuring that appending a packet with zero delay does not affect the cost. A natural example
of this model is total waiting time, where fn(d) =

∑n
j=1 dj . The overall objective in this

setting is to minimize k + fn(d), where k denotes the number of acknowledgments. We refer
to this setting as batch-oblivious because the delay cost treats all packet delays globally,
regardless of which acknowledgment batch a packet belongs to.
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3 Max-Monotone Delay Cost

We begin our investigation with the max-monotone delay model, where the total cost is given
by the number of acknowledgments plus the maximum per-batch delay cost. We show that
the natural greedy algorithm is 2-competitive.

▶ Theorem 1.1. Greedy is a deterministic 2-competitive algorithm for TCP Acknowledgment
with max-monotone delay cost.

Proof. Recall that we assume the acknowledgment cost is normalized to 1. We analyze the
natural greedy algorithm that sends an acknowledgment whenever the total cost increases
by 1. Since we are in the max-monotone model, this is equivalent to acknowledging a batch
of packets once its delay cost reaches the current batch index. For example, the algorithm
sends the first acknowledgment when the currently pending packets accumulate delay cost 1,
then the second when the pending batch reaches delay cost 2, and so on. In this way, each
acknowledgment increases the total cost by exactly 1 from the delay, in addition to the unit
cost of the acknowledgment.

Let tj denote the time when the algorithm makes its j-th acknowledgment, and define the
interval Tj = (tj−1, tj ], with t0 = 0. Moreover, let σj be the batch of packets acknowledged
at time tj . By design, we have delay(σj , tj) = j, since the algorithm waited until this batch’s
delay cost reached exactly j. Thus, the total cost of the algorithm is k from acknowledgments
and max1≤j≤k delay(σj , tj) = k from delay, totaling at most 2k.

Denote by k∗ the number of acknowledgments made by the optimal solution. We now
argue that its total cost is at least k, which implies that the greedy algorithm is 2-competitive.

▷ Claim 3.1. If the optimal solution does not send an acknowledgment during interval Tj ,
then its delay cost is at least j.

Proof. Since no acknowledgment is made during Tj , all packets in σj must be acknowledged
by the optimal solution in a later batch σ∗, sent at time t∗ ≥ tj . Because delay(·, ·) is
monotone non-decreasing in both batch size and acknowledgment time, it follows that
delay(σ∗, t∗) ≥ delay(σj , tj), which equals j, proving the claim. ◁

Suppose that the optimal solution makes k∗ acknowledgments. If k∗ ≥ k, then we are
done. Otherwise, Claim 3.1 implies that the delay cost of the optimal solution is at least
k− k∗ (as the acknowledgments can be placed in the last k∗ Ti intervals) and so the optimal
solution has total cost at least k, as desired. ◀

4 Sum-Monotone Delay Cost

In this section, we focus on TCP acknowledgment under the sum-monotone delay-cost model.
First, we prove that any deterministic greedy policy is Ω(n)-competitive: there exists an input
of size n that enforces the greedy algorithm to pay n-fold more than the offline optimum.
We then turn to the offline problem and present a polynomial-time algorithm via dynamic
programming, that computes an exact optimum schedule. By embedding this offline oracle
into an online framework, we obtain a new algorithm with an O(log n) competitive ratio: at
each decision point, it computes the offline optimum schedule for the set of all packets that
have arrived so far and uses that schedule to guide its acknowledgments. Finally, we show
that every deterministic algorithm is Ω(log n)-competitive.
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4.1 Lower Bound for Greedy
We begin with a more precise statement of Theorem 1.2. Elsewhere in this paper, when we
talk about the Greedy algorithm, we refer to the algorithm that sends an acknowledgment
whenever delay(σ, t) = 1, where σ is the set of currently unacknowledged packets and t is the
current time. Our lower bound holds for a family of greedy algorithms: for τ > 0, algorithm
Greedyτ sends an acknowledgment when delay(σ, t) = τ .

▶ Theorem 4.1. For every τ > 0, the algorithm Greedyτ is Ω(n)-competitive for TCP
Acknowledgment with sum-monotone delay cost.

Proof. Fix τ > 0. Define the batch delay function delay(σ, t) = min{
∑

i∈σ di, τ}, where
di = ai − t. Consider the sequence of n packet with arrival times ai = i(τ + ϵ) for a small
enough ϵ. Observe that Greedyτ makes an acknowledgment exactly τ time steps after the
arrival of each packet. Thus, Greedyτ makes n acknowledgments and incurs a delay cost of
nτ for a total cost n(1 + τ). On the other hand, the solution that waits to make a single
acknowledgment at the arrival time of the last packet an has a total cost of at most 1 + τ .
Thus, the competitive ratio of Greedyτ is at least n. ◀

4.2 Offline Model
Solving the offline version of the TCP acknowledgment under the sum-monotone delay-cost
model can be efficiently performed using dynamic programming. The general structure of
the solution closely follows the approach used by Dooly et al. [29], though here we consider a
general batch cost function delay(σ, t), making our model a natural generalization of their
framework.

Let σ be the given sequence of packets, and σ|ji be its subsequence containing packets
i through j. We define the subproblems for our dynamic programming solution as follows.
Let DP[i] denote the minimum total cost of acknowledging packets 1 through i, and set
DP[0] = 0. Then, the optimal cost can be computed using the following recurrence relation:

DP[i] = min
1≤j≤i

{
DP[j − 1] + delay

(
σ|ij , ai

)
+ 1

}
.

Intuitively, at each step i, the algorithm evaluates all possible previous acknowledgment
positions j and selects the one that minimizes the sum of the optimal cost up to j − 1, the
delay cost delay(σ|ij , ai), and the acknowledgment cost 1.

The correctness of this approach follows directly from the optimal substructure property:
an optimal partitioning of packets into acknowledged subsequences necessarily implies that
each of these subsequences itself must be an optimal solution to the corresponding subproblems.
The computational complexity of this method is O(n2), since evaluating each DP[i] involves
examining O(n) previous acknowledgment points, and we have n such subproblems.

4.3 Online Model
Using the offline result from the previous subsection, we now prove the following lemma.

▶ Lemma 4.2. There is a deterministic O(log n)-competitive algorithm for TCP Acknow-
ledgment with sum-monotone delay cost.

The key idea is to use the cost of the optimal offline solution on the sequence of packets
seen so far to guide when our algorithm issues acknowledgments. Suppose the j-th packet
arrives and there are no pending packets; we then start a new budget service s. Let σ|j denote
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the sequence of the first j packets observed so far.4 We first identify the longest critical
suffix of σ|j , that is, a suffix σs ⊆ σ|j such that the optimal offline strategy for σs consists of
issuing a single acknowledgment exactly at the arrival time of its last packet. Observe that
at least one such suffix always exists, namely the one containing only packet j. Moreover,
notice that for a critical suffix σs, the optimal cost of serving it equals delay(σs, aj) + 1. To
simplify notation, we define serve(σs, aj) = delay(σs, aj) + 1. Whenever an acknowledgment
is issued at the arrival time of the last packet in the suffix, we omit the second argument
and write serve(σs).

Based on σs, we define a budget bs for service s (its precise definition will be given later).
The service s then aggregates arriving packets and issues an acknowledgment as soon as
their total accumulated delay cost reaches bs; we refer to this moment as the critical time
of service s. If, during the aggregation phase of a budget service, a new packet arrives, we
again compute the longest critical suffix σ′ ⊆ σ|j . If σ′ strictly extends σs (that is, if it starts
earlier than σs), we update the budget bs accordingly to reflect the increased cost suggested
by the offline optimum.

When a budget service s finally issues its acknowledgment, the algorithm schedules three
consecutive buffer services, each with a budget equal to twice the budget of s. Each buffer
service aggregates packets and acknowledges them as soon as their delay cost reaches its
assigned budget, and this process is repeated three times.5 During a buffer service, if a
packet arrives that induces a critical suffix whose cost is at least twice the cost of σs, then
the current service is immediately promoted to a new budget service, with its budget defined
accordingly.

Assigning exponentially larger budgets to buffer services prevents the algorithm from
issuing many low-cost acknowledgments in situations where the offline optimum would issue
a single high-cost acknowledgment. By scaling service budgets exponentially in response to
increasing costs of critical suffixes, the algorithm ensures that its total cost increases only
logarithmically relative to the optimal offline cost, yielding an O(log n) competitive ratio.

In what follows, we use OPT(σs) to denote the cost of the optimal offline solution for
batch σs.

4.3.1 Algorithm Description
We begin by formalizing the notion of critical batches, which correspond to the critical suffixes
discussed earlier and will play a central role in the design and analysis of our algorithm.

▶ Definition 4.3 (Critical Batch). We call batch σ critical if it satisfies OPT(σ) = serve(σ).

We are now ready to present Algorithm 1. This algorithm is structured around two
event-driven functions: “UponArrival”, which is triggered whenever a new packet arrives,
and “UponCriticalTime”, which is triggered when a precomputed critical time is reached.
Together, these functions manage the scheduling of acknowledgments based on the observed
input structure.

When a packet arrives, the UponArrival appends it to the already-seen packets sequence
and finds the largest critical suffix. Then, depending on whether there is a service running
and if so – of what type it is – we possibly update the budget of the service (and its type, as
in line 11). Notice that line 13 sets the critical time tc so that acknowledging all currently

4 Here we slightly overload notation: earlier, σ|j denoted the j-th batch served by the algorithm.
5 The purpose of these buffer services is to separate consecutive budget services and simplify the analysis.
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Algorithm 1 Sum-Monotone TCP Algorithm.

Initialization: sequence of already seen packets σ = [], critical time tc = 0,
critical batch σc = [] and budget b

Function UponArrival(r):
1: put r at the end of σ

2: let σ′ be the largest critical suffix
3: if there is no service running, i.e., σc is empty then ▷ start a buffer service
4: σc = σ′

5: else if there is a budget service running then
6: if σc ⊆ σ′ then ▷ check if the current critical suffix is a larger
7: σc = σ′ ▷ if so, update the critical batch
8: else if there is a buffer service running then
9: if serve(σ′) ≥ 2 · serve(σc) then ▷ check whether the critical suffix is large enough

10: σc = σ′ ▷ if so, update the critical batch
11: switch the current service to a budget service
12: b = 2 · serve(σc) ▷ update the critical batch
13: let tc be such that serve(pending packets, tc) = b ▷ update the critical time

Function UponCriticalTime(): ▷ called when tc is reached
1: make an acknowledgment
2: if the budget service ended then
3: start a new buffer service and double the budget b← 2b

4: else if the first or second buffer service ended then
5: start a consecutive buffer service
6: else if the third buffer service ended then
7: σc = [], b = 0 ▷ reset the variables

pending packets at time tc will incur a delay cost exactly equal to the budget b. If this cost
never reaches b, we assume tc =∞, meaning the current service will conclude only at the
end of the input sequence.

The UponCriticalTime function is called when tc is reached. It performs an acknowledg-
ment and issues a new service, or resets the state if all buffer services have completed.

4.3.2 Critical Batches and Relations Between Them

We begin by introducing some notation. Suppose that Algorithm 1 issues k acknowledgments
for budget services over a sequence of n requests. We denote the corresponding critical
batches by σi

c for i ∈ {1, 2, . . . , k}. Each critical batch may be followed by up to three buffer
services. We denote by σi

b,l, for l ∈ {1, 2, 3}, the sequences of packets acknowledged by these
services. If a particular buffer service is not started, we define the corresponding batch to be
the empty sequence.

▶ Definition 4.4 (Critical Batch Intersection). We say that the critical batch σj
c intersects σi

c,
i < j, if
(1) j = i + 1 and the budget service corresponding to σj

c was started in line 11 of the
UponArrival function in Algorithm 1, or
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(2) σi
b,2 and σi

b,3 are both not empty, while σj
c and σi

b,2 share at least one packet, that is,
σj

c ∩ σi
b,2 ̸= ∅.

When using set-theoretic notation, we implicitly identify a sequence with the set of packets it
contains.

Understanding how critical batches intersect is key to analyzing the proposed algorithm.
To make our reasoning simpler, we introduce a few new terms to describe this relation.

▶ Definition 4.5 (Parent Batch). Given a critical batch σi
c, we define the set children(σi

c) to
consist of all earlier critical batches that σi

c intersects and for which σi
c is the first subsequent

critical batch to do so. For each batch σj
c ∈ children(σi

c), we refer to σi
c as its parent batch.

We use the terms ancestor and descendant to denote the transitive closure of this relation.

▶ Definition 4.6 (Final Critical Batch). We call a batch with no parent a final critical batch.

In what follows, we also use the following notation for the pivotal packet arrival times.
We use ti

s and ti
c to denote the first and the last packet’s arrival times in σi

c. Moreover, if σi
c

is a parent batch, we let σi
e be its descendant that was acknowledged the earliest, and let ti

e

be the arrival of the first packet in σi
e.

▶ Definition 4.7 (Coverage Interval). Given a critical batch σi
c, we define its coverage interval

as follows. If σi
c has no children, then its coverage interval is [ti

s, ti
b]; otherwise, it is [ti

e, ti
b].

We denote this interval by Ii
c. When convenient, we also use Ii

c to denote the set of packets
arriving within this time interval.

4.3.3 Analysis
Let us start by showing how final critical batches relate to the optimal cost of serving packets.

▶ Lemma 4.8. Let σ1
c , . . ., σℓ

c be a sequence of final critical batches obtained during a run of
Algorithm 1 on a packet sequence σ̂. We assume that they are listed in the order in which the
corresponding budget services were issued, and that the list contains all such batches. Then,
it holds that

OPT (σ̂) ≥
ℓ∑

i=1
OPT

(
Ii

c

)
.

Proof. Let σ̂1, . . . , σ̂p denote the partition of σ̂ induced by the optimal solution, where each
σ̂i corresponds to a single acknowledgment. By definition, each σ̂i forms a critical batch and
therefore must be recognized by Algorithm 1.

Suppose that for some j ∈ {1, . . . , p}, the batch σ̂j overlaps with at least two coverage
intervals corresponding to the final critical batches identified by the algorithm. Let σk

c , for
some k ∈ {1, . . . , ℓ}, be the latest such critical batch, and let ĵ denote the last packet in
σ̂j . Finally, let σk,j

c be the largest critical batch among σk
c and its descendants such that ĵ

belongs to one of the services associated with this batch.
If ĵ is served by the budget service associated with σk,j

c , then at the moment ĵ arrives, the
UponArrival function would recognize σ̂j in either line 4 or 7 and act upon it. Otherwise, if
ĵ is served by a buffer service, it would trigger the start of a new budget service in line 11.
Indeed, since σ̂j overlaps with all packets acknowledged by the budget service corresponding
to σk,j

c , its service cost exceeds 2 · serve(σk,j
c ), as stated in line 12, and thus the condition in

line 9 is satisfied.
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Therefore, no batch served by the optimal solution can overlap with more than one
coverage interval. Consequently, for each coverage interval Ii

c, we consider the set of all
batches σ̂j that overlap with it. This set covers at least as many packets as Ii

c, and hence
its total cost is at least OPT(Ii

c). Since each batch σ̂j is counted at most once, the desired
inequality follows. ◀

From there, we obtain two straightforward properties.

▶ Corollary 4.9. The total cost of OPT on a given sequence of packets σ is at least equal
to the sum of the optimal costs of serving coverage intervals of all the final critical batches
recognized during the run of Algorithm 1 on σ.

▶ Corollary 4.10. For any critical batch with children, the optimal cost of serving its coverage
interval is at least the sum of the children’s critical interval optimal serving costs.

Now, observe that also the following holds for any critical batch with children.

▶ Lemma 4.11. Let σi
c be a critical batch such that children(σi

c) ̸= ∅. Then, for any child
batch σj

c , we have serve(σi
c) ≥ 2 · serve(σj

c).

Proof. Since σi
c is a parent of σj

c , Definition 4.5 implies that σi
c intersects σj

c . Therefore, one
of the two conditions in Definition 4.4 – namely, 1 or 2 – must hold.

We first consider condition 1. In this case, we have j = i + 1, and the budget service
corresponding to σj

c is initiated in line 11 of the UponArrival function by some critical suffix
σ′. Consequently, the condition in line 9 holds, which implies that serve(σ′) ≥ 2 · serve(σi

c).
Since σ′ ⊆ σj

c (as σ′ may have been extended in line 6 to become σi
c), the claimed inequality

follows.
We now turn to condition 2. In this case, both σi

b,2 and σi
b,3 are non-empty, and σj

c

shares at least one packet with σi
b,2, that is, σj

c ∩ σi
b,2 ̸= ∅. Since σj

c overlaps with σi
b,2, it

must also cover σi
b,3, which immediately follows σi

b,2. As σi
b,3 ̸= ∅, its service cost satisfies

serve(σi
b,3) = 2 · 2 · serve(σi

c), by lines 3 of the UponCriticalTime function and 12 of the
UponArrival function. Hence, serve(σj

c) ≥ serve(σi
b,3) = 4 · serve(σi

c), and the desired
inequality also holds in this case. ◀

▶ Lemma 4.12. The budget service associated with the critical batch σi
c incurs a cost of

2 · serve(σi
c), while each buffer service associated with σi

c incurs a cost of at most 4 · serve(σi
c).

Proof. By the definition of the algorithm. ◀

▶ Lemma 4.13. Every final critical batch σi
c has at most log(OPT(Ii

c)) ≤ log n levels of
descendant sets.

Proof. By Lemma 4.11, each child batch has a cost at least twice that of the parent. Since
the minimum cost is 1 (the acknowledgment cost), the first property follows. To observe the
upper bound on this value, notice that one of the possible solutions is to acknowledge each
packet individually, and thus OPT(Ii

c) ≤ n. ◀

Combining the above lemmas gives us Lemma 4.2. Indeed, by Lemma 4.13 and a recursive
application of Corollary 4.10, we have that the sum of optimal costs for all the critical batches
processed by our algorithm (i.e., those for which a service was issued) is at most equal to
log n ·

∑ℓ
i=1 OPT(Ii

c). Thus, by Lemma 4.12, the algorithm paid at most 14 log n ·
∑ℓ

i=1 OPT(Ii
c)

to serve all the packets. The lower bound on optimal cost from Corollary 4.9 completes the
proof.
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4.4 Lower Bounds for Arbitrary Algorithms
We show that the deterministic O(log n) competitive ratio of our algorithm (Algorithm 1)
is tight. We start by defining the Parking Permit Problem [44]. It is known that for every
deterministic algorithm B for Parking Permit, there is an adversarial request sequence A

on which B is Ω(log n)-competitive (Lemma 4.14 [46]). Then, we show how to convert any
deterministic algorithm A for TCP Acknowledgment into a deterministic algorithm BA for
Parking Permit. Finally, we show that A is Ω(log n)-competitive on the adversarial sequence
for BA (Lemma 4.17).

Parking Permit Problem [44]. An instance of the Parking Permit Problem. For each
timestep t ≥ 1, a request may arrive, and if so, needs to be covered by a permit. There are
several different types of permits that can be purchased at any time throughout the time
horizon. A permit of type k ≥ 0 has cost Ck and duration Dk: when bought at time t, it
covers the time interval [t, t + Dk]. The goal is to minimize the cost of the purchased permits.

Hard Parking Permit instances. A hard Parking Permit instance is one where Ck = 2k

and Dk = 4k for each k ≥ 0.

▶ Lemma 4.14 ([46]). Let B be a deterministic online algorithm for Parking Permit. Consider
a hard Parking Permit instance where the sequence of request arrival times A is generated by
the following adversary: for each 1 ≤ j ≤ n (in ascending order), request j arrives at the
earliest timestep that is not yet covered by the permits bought by B.

When run on A, algorithm B
buys a separate permit [aj , tj ] for each request j; moreover, aj+1 = tj + 1 for each j < n;
has competitive ratio Ω(log n).6

Hard TCP Acknowledgment instances. We now define the corresponding TCP Acknowledg-
ment instances. Define the piecewise-linear concave function f(x) = mink≥0 Ck + x · (Ck/Dk)
where Ck and Dk are defined as above. A hard TCP Acknowledgment instance is one in
which the total cost of a batch σ acknowledged at time t – i.e., sum of the acknowledgment
cost7 and the delay cost of the batch delay(σ, t) – is given by f(t− a(σ)) where a(σ) is the
earliest arrival time among the packets in σ. That is, delay(σ, t) = f(t− a(σ))− 1.

Converting TCP Acknowledgment algorithm to Parking Permit. Observe that a hard
Parking Permit instance with arrival sequence A has a corresponding hard TCP Acknow-
ledgment instance with the same arrival sequence. Our goal now is to show how to map
decisions of a TCP Acknowledgment algorithm on the corresponding instance into decisions
for the Parking Permit instance. We begin by presenting the two necessary ingredients.

First, we need to decide which permit to buy when a request arrives even though the
TCP Acknowledgment algorithm is not required to commit on arrival of a request, when the
request will be acknowledged. For a sequence A, let Aj denote the subsequence containing
the first j elements. The following lemma, together with Proposition 4.16, lets us decide
which permit to buy on arrival of a request.

6 We remark that the Parking Permit Problem is typically defined as having a time horizon [1, N ] (on
which n requests arrive) and Lemma 21 of [46] gives a lower bound of Ω(log N). Since N ≥ n, we get a
lower bound of Ω(log n).

7 Recall that the acknowledgment cost is 1.
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▶ Lemma 4.15. Let A be a deterministic online algorithm for TCP Acknowledgment.
Then, there exists a function next such that for every sequence of packet arrival times
A = (a1, . . . , an) and for every j, if aj+1 > next(Aj), then packet j is acknowledged at time
next(A). The function next is called the threshold function of A.

Proof. Fix a sequence A and 1 ≤ j ≤ n. Define next(Aj) ≥ aj to be the time that A
acknowledges the last packet of Aj when A is run on Aj . If aj+1 > next(Aj), then up till
time next(Aj), the executions of A on Aj and of A on A see the same information. Since A
is an online algorithm, the execution of A on A will also acknowledge at time next(Aj). ◀

Second, we need to be able to map batches to permits. In general, the time between when
a batch is acknowledged and the earliest arrival time of the batch can be arbitrary, while
permits can only have lengths Dk = 4k. The following lets us approximately map batches to
permits.

▶ Proposition 4.16. For every x ≥ 0, there exists k∗ ≥ 0 such that Dk∗ ≥ x and Ck∗ ≤ 2f(x).

Proof. Suppose f(x) = Ck + x(Ck/Dk). If x < Dk, then f(x) ≥ Ck so choosing k∗ = k

works. Next, we consider the case when x > Dk. Let k∗ > k be such that Dk∗−1 ≤ x ≤ Dk∗ .
Observe that Ck/Dk = (1/2)k ≤ (1/2)k∗−1 = Ck∗−1/Dk∗−1. Together with the fact that
x ≥ Dk∗−1, we have

f(x) ≥ x(Ck/Dk) ≥ Dk∗−1(Ck∗−1/Dk∗−1) = Ck∗−1 = Ck∗/2,

as desired. ◀

We now have the ingredients to convert any deterministic algorithm A for hard TCP
Acknowledgment instances to a deterministic algorithm BA for hard Parking Permit instances.
Let next(·) be the threshold function of A. The algorithm BA works as follows. For each
request arrival aj that is not covered by permits bought so far:
(1) let Aj be the sequence of arrival times so far, including aj ;
(2) let k∗ be such that Dk∗ ≥ x and f(Dk∗) ≤ 2f(next(Aj)− aj) as guaranteed by Proposi-

tion 4.16;
(3) buy permit [aj , aj + Dk∗ ].

▶ Lemma 4.17. Let A be a deterministic algorithm for hard TCP Acknowledgment instances
and A∗ be the adversarial sequence for BA given by Lemma 4.14. Then, A is Ω(log n)-
competitive on A∗.

Proof. Let OPTPP(A∗) and OPTTCP(A∗) be the cost of the optimal Parking Permit and TCP
Acknowledgment solutions to A∗, respectively. Since Lemma 4.14 already shows that BA is
Ω(log n)-competitive on A∗, it suffices to show the cost of A on A∗ is at least Ω(1) times the
cost of BA on A∗, and that OPTTCP(A∗) = O(1)OPTPP(A∗).

By Lemma 4.14 and by definition of BA, for every j < n, we have that aj+1 > aj + Dk∗ ≥
next(Aj). Thus, for each request j, Lemma 4.15 implies that A acknowledges j by itself at
time next(Aj) and the total cost of the batch is f(next(Aj)− aj)); on the other hand, BA
buys permit [aj , aj + Dk∗ ] of cost Ck∗ ≤ 2f(next(Aj)− aj). Thus, the cost of A on A∗ is at
least 1/2 the cost of BA on A∗.

Next, we show that OPTTCP(A∗) = O(1)OPTPP(A∗). Let Pi = [si, ti] be the i-th permit
bought by the optimal solution for the hard instance of Parking Permit with arrival sequence
A. We construct a solution to the hard TCP Acknowledgment instance as follows: while
there is an unacknowledged packet, let aj be the earliest unacknowledged packet and send
an acknowledgment at time t where t is the furthest end time among all permits covering aj

(at least one such permit exists since the permits have to cover A).
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We now argue that we can charge the total cost of each batch to a unique permit. For
each batch σi acknowledged at time ti, let P(i) be the permit that covers a(σi) and has end
time ti. Since P(i) is the permit with the furthest end time, we have that P(i′) ≠ P(i) for
i′ ̸= i. Let C(i) and D(i) be the cost and duration of P(i). Since a(σi) ∈ P(i), we get that
the total cost of σi is f(ti − a(σi)) ≤ f(D(i)) = 2C(i). Thus the cost of each batch σi is
charged to at most twice the cost of permit P(i), and each permit is charged by at most one
batch. Thus, we have shown that OPTTCP(A∗) = O(1)OPTPP(A∗), completing the proof of
the lemma. ◀

Thus, we conclude that every deterministic algorithm for TCP Acknowledgment with
sum-monotone delay costs is Ω(log n)-competitive, as desired. This also completes the proof
of Theorem 1.3.

5 Batch-Oblivious Delay Costs

We now turn to the batch-oblivious model, where the delay cost is defined globally over the
vector of packet delays, without reference to how packets are grouped in acknowledgments.
Formally, the objective is to minimize k + f(d), where k is the number of acknowledgments,
f : Rn

+ → R+ is a monotone delay function, and d = (d1, . . . , dn) is the vector of waiting
times, where di denotes how long packet i waits before being acknowledged. The function f

is revealed incrementally as packets arrive. While this framework captures natural objectives
such as total waiting time, it also includes more general functions, such as concave or
submodular delay costs. As discussed earlier, greedy algorithms that succeed for additive
delay fail in these settings, due to the ability of the optimal solution to concentrate delay
on a few early packets and reduce marginal costs for the rest. A formal lower bound for
concave delay functions is provided in Section 5.1. Here, we focus on broader classes of delay
functions, including submodular functions and norms.

5.1 Concave Delay Cost
▶ Theorem 1.6. Every deterministic algorithm is Ω(

√
n)-competitive for TCP Acknowledg-

ment with batch-oblivious concave delay cost.

Proof. Let ℓ ≤ n/2 and ϵ ∈ [0, 1] be parameters that will be set later. Define x, y ∈ Rn such
that: each of the first ℓ coordinates of x is ϵ and each of the remaining coordinates is 1; each
of the first ℓ coordinates of y is n/ℓ and each of the remaining is ϵ. Given a waiting time
vector d, define d≤ℓ =

∑
i≤ℓ di and d>ℓ =

∑
i>ℓ di. We now define the delay function

f(d) = min{d · x, d · y} = min
{

ϵd≤ℓ + d>ℓ,
n

ℓ
d≤ℓ + ϵd>ℓ

}
.

Note that the function f is concave as it is the point-wise minimum of linear functions.
The adversary proceeds as follows. For the first ℓ packets, it releases packet i at time i.

Let Aℓ be the number of packets made by the algorithm just before time ℓ + 1. If Aℓ ≥ ℓ/2
(case 1), it releases the remaining n− ℓ packets together at time ℓ + 1; otherwise (case 2), it
continues releasing each remaining packet i at time i.

We now show that in both cases, the adversary can construct a significantly cheaper
solution. Consider case 1: the algorithm incurs a cost of at least ℓ/2. Meanwhile, the
adversary can use a single acknowledgment at time ℓ + 1. Let d∗ denote the resulting waiting
time vector, where d∗

i = ℓ + 1 − i for i ≤ ℓ, and d∗
i = 0 for i > ℓ. The delay cost of this

solution is at most f(d∗) ≤ ϵ
∑ℓ

i=1 i = O(ℓ2ϵ), and the total cost is 1 + O(ℓ2ϵ). Therefore,
the competitive ratio of the algorithm is Ω

(
min{ℓ, 1/(ℓϵ)}

)
in this case.
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Next, we consider case 2. Let k denote the total number of acknowledgments made by
the algorithm. Without loss of generality, we may assume that each acknowledgment occurs
at the arrival time of some packet, as this can only reduce the total cost. Recall that in this
case, packets arrive at unit times 1, 2, . . . , n. Thus, for any time interval starting at a packet
arrival, the number of acknowledgments made during the interval plus the total waiting time
incurred by the packets arriving within it must be at least the length of the interval. This is
because the acknowledgment cost is 1, so each acknowledgment can “pay for” at most one
unit of waiting time.

Now, consider the first ℓ packets. By assumption, the algorithm makes Aℓ < ℓ/2
acknowledgments during this interval. From our previous observation, it follows that the
total delay incurred by these packets is at least ℓ − Aℓ > ℓ/2. Thus, we obtain that
d · y ≥ (n/ℓ) · (ℓ/2) = Ω(n). On the other hand, consider only the remaining n− ℓ packets.
Here, the number of acknowledgments and the overall waiting time sum up to (k−Aℓ) + d>ℓ.
As noted above, this sum must be at least the length of the interval (ℓ, n], which is greater
than n/2, since ℓ < n/2. Hence, we have k + d · x ≥ (k −Aℓ) + d>ℓ = Ω(n). Thus, the total
cost of the algorithm satisfies k + min{d · x, d · y} ≥ Ω(n).

On the other hand, consider the solution that acknowledges each of the first ℓ packets
on arrival and makes one acknowledgment at the end at time n. Let d∗ be its waiting time
vector. Then, it holds that f(d∗) ≤ d∗ · y = ϵd>ℓ ≤ O(n2ϵ) and so the solution has total cost
ℓ + O(n2ϵ). Thus, the competitive ratio is Ω(min{n/ℓ, 1/(nϵ)}) in this case.

Setting ℓ = ⌈
√

n⌉ and ϵ = 1/n2 gives the theorem. ◀

5.2 Submodular Delay Cost and Norms
We begin by defining continuous submodularity.

▶ Definition 5.1 (Continuous submodular functions). A function f : Rn
+ → R+ is continuous

submodular if for every x, y ∈ Rn, it satisfies f(x ∨ y) + f(x ∧ y) ≤ f(x) + f(y), where ∨
denotes coordinate-wise maximum and ∧ denotes coordinate-wise minimum.

We remark that, unlike the case of discrete submodular functions, continuous submodular-
ity is only equivalent to a weaker notion of diminishing marginals: for every x, y ∈ Rn

+ such
that x ≤ y, i ∈ [n] such that xi = yi and a ≥ 0, we have f(x+aei)−f(x) ≥ f(y +aei)−f(y),
where ei is the i-th standard basis vector. We refer the reader to [47, Remark 7 and
Appendix A.1] for further discussion on this topic.

In fact, our analysis only uses an even weaker condition, where the diminishing-marginals
property is required only when the coordinate being increased is zero in both vectors. We
say that f satisfies zero-coordinate diminishing marginals if for every x, y ∈ Rn

+ such that
x ≤ y, every i ∈ [n] such that xi = yi = 0, and every a ≥ 0, we have f(x + aei) − f(x) ≥
f(y + aei)− f(y). Clearly, continuous submodularity implies this condition.

For a vector ∆ ∈ Rn
+, let supp(∆) = {i ∈ [n] : ∆i > 0}. We will use the following simple

observation.

▶ Observation 5.2. Suppose that f satisfies zero-coordinate diminishing marginals. Let
u, v, ∆ ∈ Rn

+ be such that u ≤ v and ui = vi = 0 for every i ∈ supp(∆). Then

f(u + ∆)− f(u) ≥ f(v + ∆)− f(v).

Indeed, one can add the coordinates in supp(∆) one at a time. Before each coordinate is
added, it is still zero in both the smaller and the larger vector, so zero-coordinate diminishing
marginals apply. Summing these inequalities over all coordinates in supp(∆) gives the desired
inequality.
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▶ Theorem 1.4. Greedy is a deterministic 2-competitive algorithm for TCP Acknowledgment
with batch-oblivious continuous submodular delay cost.

Proof. Recall that Greedy makes an acknowledgment whenever its delay cost increases by 1.
We now analyze the competitive ratio of the algorithm. First, observe that by construction,
the cost of the algorithm is at most twice the number of acknowledgments. Let k be the
number of acknowledgments made by the algorithm. Fix an optimal solution. In the rest of
the proof, we argue that its cost is at least k.

Let tj be the time when the algorithm made its j-th acknowledgment, and define
Tj = (tj−1, tj ] with t0 = 0. For each packet i, let di(j) and d∗

i (j) be the amount of waiting
time that packet i incurred up till tj in the algorithm’s solution and the optimal solution,
respectively. If packet i arrived after tj , we define di(j) and d∗

i (j) to be both 0.
At a high level, we adopt the proof framework of [29] for the standard TCP Acknow-

ledgment setting and generalize it to our case: within each interval Tj , the optimal solution
either issues an acknowledgment and pays a cost of 1 or its delay cost increases by at least 1.
However, if the optimal solution allows earlier packets to wait a long time, it can effectively
“front-load” its delay cost, which causes the marginal cost in later intervals to be too small.
To address this, we introduce a capped version of the optimal delay vector, denoted d̄, where
each entry is defined as d̄i(j) = min{d∗

i (j), di(j)}. In what follows, we use d(j) and d̄(j) to
denote the vectors (d1(j), . . . , dn(j)) and (d̄1(j), . . . , d̄n(j)), respectively. By monotonicity,
the optimal solution’s delay cost f(d∗) ≥ f(d̄) and so it suffices to show that if the optimal
solution makes no acknowledgment in Tj , then the increase in the delay cost of the capped
optimal delay vector in Tj is f(d̄(j))− f(d̄(j − 1)) ≥ 1.

▷ Claim 5.3. For each interval Tj , if the optimal solution did not make an acknowledgment
in Tj , then

f(d̄(j))− f(d̄(j − 1)) ≥ f(d(j))− f(d(j − 1)) = 1.

Proof. The equality follows from the fact that f(d(j)) − f(d(j − 1)) is the increase in the
algorithm’s delay cost during interval Tj , and the algorithm makes an acknowledgment
exactly when its delay cost increases by 1 since the last acknowledgment.

It remains to prove the inequality. Let ∆j = d(j) − d(j − 1) be the increase in the
algorithm’s delay vector during interval Tj . Since the algorithm acknowledged all pending
packets at time tj−1, the only packets whose delay can increase during Tj are the packets
that arrive during Tj . Hence, for every i ∈ supp(∆j), we have di(j − 1) = 0. Moreover,
by the definition of the capped vector, d̄i(j − 1) = 0. We also have d̄(j − 1) ≤ d(j − 1).
Therefore, applying Observation 5.2 with u = d̄(j − 1), v = d(j − 1), and ∆ = ∆j , we get

f(d̄(j − 1) + ∆j)− f(d̄(j − 1)) ≥ f(d(j − 1) + ∆j)− f(d(j − 1)).

Since d(j − 1) + ∆j = d(j), this gives

f(d̄(j − 1) + ∆j)− f(d̄(j − 1)) ≥ f(d(j))− f(d(j − 1)). (2)

It remains to compare d̄(j − 1) + ∆j with d̄(j). We claim that d̄(j − 1) + ∆j ≤ d̄(j)
coordinatewise. Fix a packet i. If i arrived during Tj , then, since the optimal solution did
not make an acknowledgment in Tj , the packet has the same waiting time up till tj in both
solutions. Thus, d∗

i (j) = di(j), and hence d̄i(j) = di(j) = ∆j
i . Also, d̄i(j − 1) = 0, so the

desired inequality holds with equality.
If packet i arrived no later than tj−1, then the algorithm does not incur additional

waiting time for packet i during Tj , so ∆j
i = 0. Since waiting times in the optimal solution

do not decrease while no acknowledgment is made, and since di(j) = di(j − 1), we have

APPROX/RANDOM 2026
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d̄i(j − 1) ≤ d̄i(j). Thus, the desired inequality again holds. Finally, if packet i arrives after
tj , all relevant quantities are 0, and the inequality is trivial. Therefore, d̄(j − 1) + ∆j ≤ d̄(j),
as desired.

Applying monotonicity of f to the above inequality, we have f(d̄(j)) ≥ f(d̄(j − 1) + ∆j).
Plugging this into Equation (2) gives

f(d̄(j))− f(d̄(j − 1)) ≥ f(d(j))− f(d(j − 1)).

Together with the greedy rule f(d(j))− f(d(j − 1)) = 1, this proves the claim. ◁

Suppose the optimal solution makes k∗ acknowledgments. If k∗ ≥ k, then we are done.
Otherwise, there exist at least k− k∗ intervals in which the optimal solution did not make an
acknowledgment. By monotonicity of f and Claim 5.3, the optimal solution’s delay cost is

f(d∗) ≥ f(d̄) =
k∑

j=1
f(d̄(j))− f(d̄(j − 1)) ≥ k − k∗.

Thus, the optimal solution’s total cost is at least k. ◀

Patton, Russo, and Singla [47] observed that ℓp norms, Top-k norms and ordered norms
are submodular. They also proved a result on the approximability of symmetric norms by
submodular norms. Using these results give us the following corollary.

▶ Corollary 1.5. There is a deterministic 2-competitive algorithm for TCP Acknowledgment,
where the delay cost is: an ℓp norm, a Top-ℓ norm, or an ordered norm. When the delay
cost is a symmetric norm ∥·∥, then there is a deterministic O(log ρ)-competitive algorithm
where ρ = ∥(1, 1, . . . , 1)∥ / ∥(1, 0, . . . , 0)∥ ≤ n. In particular, there is a deterministic O(log n)-
competitive algorithm when the delay cost is a monotone symmetric norm.

▶ Remark 5.4. The zero-coordinate diminishing-marginals condition has a natural modeling
interpretation in practical domains beyond TCP Acknowledgment. It says that the marginal
cost of making a new coordinate positive is smaller when more other coordinates are already
present. This is appropriate for incident-based or SLA-type8 delay costs, where the first few
delayed requests may create most of the operational or reputational cost, while additional
newly delayed requests are partly absorbed into the same incident. For example, functions
of the form f(d) = g(supp(d)), where g is a monotone submodular function, satisfy zero-
coordinate diminishing marginals: adding a new positive coordinate corresponds exactly
to adding a new element to a larger set, whose marginal contribution is smaller by the
submodularity of g. Such functions model global costs depending on the set of requests that
experience any positive delay, rather than on the precise magnitude of each delay.

6 Conclusion

In this work, we revisit Online TCP Acknowledgment under broad and natural generalizations
of delay costs. We show that the classical guarantees of Greedy extend well beyond additive
delays: it remains 2-competitive for max-monotone objectives and for a rich class of batch-
oblivious continuous submodular delay costs. At the same time, we identify a sharp boundary
where this paradigm breaks, by proving that Greedy can be Ω(n)-competitive for sum-
monotone delays. For this harder regime, we develop a new phase-based online algorithm

8 SLA = Service Level Agreement.
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that achieves a tight Θ(log n) competitive ratio. Together, our results give a more complete
picture of TCP under non-additive delay objectives and lay conceptual groundwork for online
problems with delay more broadly.

There are several intriguing open problems. First, what is the competitiveness of other
problems such as Joint Replenishment, Multi-Level Aggregation, and Set Cover with Delay
under the more general delay cost models considered in this work? Second, while we have a
tight characterization of the deterministic competitive ratio for sum-monotone delays, it is
unclear whether randomization can help. For the Parking Permit problem, Meyerson [44]
showed that the randomized competitive ratio is Θ(log log n). A reduction from Parking
Permit will imply the same lower bound. Finally, are there other interesting delay objectives?
For example, fairness-oriented delay objectives, where the goal is to balance efficiency
with equitable treatment of packets, a setting that remains largely unexplored in the TCP
acknowledgment framework.
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