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—— Abstract

We introduce a unified framework for classical search and routing problems, including pathwise

search, expanding search, the minimum spanning tree problem, and the traveling salesperson problem.
The framework is based on two parameters. The first is a discount factor a € [0, 1]: the first traversal
of an edge incurs its full cost, whereas each subsequent traversal incurs only an a-fraction of this
cost. For a path starting at a designated root vertex, the a-latency of a vertex is the discounted
cost accumulated until the vertex is first visited. The second parameter is a norm parameter p > 1.
The objective is to find a root-starting path that visits all vertices and minimizes the p-norm of the
resulting vector of a-latencies.

The model interpolates between several well-studied objectives. For p = 1 and a = 1, it
recovers pathwise search; for p = 1 and « = 0, it recovers expanding search. As p tends to infinity,
the objective converges to a makespan-type criterion. At the endpoints @ = 1 and « = 0, this
limiting objective corresponds to TSP-type and MST-type behavior, respectively. For p = 1, we give
polynomial-time constant-factor approximation algorithms for all a € [0, 1], matching the best known
guarantees for expanding search at & = 0 and pathwise search at o = 1. For general p > 1, we obtain
a randomized constant-factor approximation algorithm and a derandomized pseudo-polynomial-time
algorithm with the same guarantee.
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1 Introduction

Pathwise search, expanding search, the traveling salesperson problem, and the minimum
spanning tree problem are four fundamental models for exploring or connecting a network.
At first glance, these problems optimize rather different objectives: pathwise and expanding
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search minimize sums of discovery times, while the traveling salesperson problem and the
minimum spanning tree problem minimize the time until all vertices are reached or connected.
In this paper, we study a common framework that unifies these problems through two
parameters. The first parameter determines how repeated traversals of edges are charged,
and the second parameter determines how the individual vertex latencies are aggregated.

We are given an undirected graph G = (V| E)) with non-negative edge cost ¢, € N, and a
designated start vertex s. A solution is a traversal of the graph, i.e., a path starting in s
that may visit edges more than once and eventually visits all vertices. For a vertex v, its
latency is the time at which v is visited for the first time. Classical search problems ask for a
traversal that minimizes the sum of these latencies.

The pathwise search problem asks for such a traversal when every traversal of an edge e
requires ¢, time units. Thus, the latency of a vertex is equal to the total cost of the prefix of
the path until the vertex is first visited, and the goal is to minimize the sum of the latencies
of all vertices. The problem, also known as the traveling repairperson problem, captures
situations in which all traversals of an edge take the same amount of time. Hence, it has been
used as a model for the movement of a repairperson in a road network or for disk heads on a
hard drive. The problem is NP-hard even on weighted trees (Sitters [27]), so much research
has focused on approximation algorithms. An algorithm is a g-approximation algorithm if for
any instance it runs in polynomial time and the cost of the solution output by the algorithm
is at most ¢ - OPT, where OPT denotes the cost of an optimum solution to the respective
instance. The factor ¢ is called the approximation ratio or guarantee. The best currently
known approximation algorithm for general graphs with unit weights for all vertices yields a
3.59-approximation (Chaudhuri et al. [15]).

The expanding search problem asks for a sequence of edges with the property that every
prefix of edges is a connected subgraph and, without loss of generality, a tree containing s.
The latency of a vertex is the total cost of the edges added until the vertex first appears
in the sequence, and the goal is again to minimize the sum of the latencies of all vertices.
It captures situations in which a tree network needs to be installed, and the cost of an
edge is interpreted as the time needed to establish a connection between its end vertices.
Hence, it has been used as a model for clearing paths in an area devastated by disasters
or for mining. The problem is NP-hard (Averbakh and Pereira [9]) and the best currently
known approximation algorithm for general graphs yields a 5.44-approximation (Griesbach
et al. [22]).

We propose and study a general model of graph exploration that we term the discounted
graph search problem. As in pathwise search, a solution is a traversal 7 starting in s that
may visit edges more than once and eventually visits all vertices. The first parameter of the
model is a discount factor « € [0, 1]. While the first traversal of an edge e in the sequence
requires c. time units, every further traversal of the same edge requires only « - ¢, time units.
We call the cost of a path where repeated traversals are discounted in this way the «-cost of
the path. Given a traversal 7, the a-latency Cy () of a vertex v is defined as the a-cost of
the smallest prefix of 7 that visits v.

The second parameter is a norm parameter p > 1, which determines how the individual
a-latencies are aggregated. For a traversal m, its p-norm a-latency is

1/p
[Ca(m)l, = (Z Ca,v(ﬂ)”) :

veV

The goal is to compute a traversal m minimizing this quantity.
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This two-parameter model contains several classical problems as special cases or limiting
cases. For p = 1 and a = 1, every traversal of an edge is charged its full cost, and the
objective is the sum of the first-visit times of all vertices. Thus, we recover the pathwise

search problem. For p = 1 and a = 0, repeated traversals of already used edges are free.

Therefore, only the cost of newly added edges contributes to the discovery time of vertices,
and we recover the expanding search problem.

The parameter p interpolates between sum-of-latencies objectives and makespan-type
objectives. As p — oo, the p-norm objective converges to the maximum a-latency of any
vertex. For o = 1, this limiting objective asks for a shortest traversal starting at s that
visits all vertices, since the maximum latency is exactly the time when the last vertex is
first reached. This is the path version of the traveling salesperson problem. For a = 0,
the maximum a-latency is the total cost of the distinct edges that have been introduced
by the time all vertices are reached. Minimizing this quantity is therefore equivalent to
finding a minimum-cost connected subgraph spanning all vertices, and hence to the minimum
spanning tree problem. Intermediate values of a € (0, 1) capture situations where the first
traversal of an edge is more time-consuming than later traversals, for example, because of
additional delays due to pathfinding or clearing a road, while further traversals still require a
non-negligible amount of time. Intermediate values of p capture settings in which one wants
to balance the average discovery time of vertices with the time until the last vertices are
reached. The parameter p can also be interpreted from a fairness perspective. For p =1,
the objective minimizes the total latency and thus corresponds to a social-welfare objective,
whereas larger values of p put increasing emphasis on vertices with large latency; in the limit

p — oo, the objective becomes an egalitarian objective that minimizes the worst latency.

The special case of p =2 and «a = 1 has been studied as the traveling firefighter problem in
the literature [16]. The authors motivate this particular choice of objective by firefighters
looking for an order in which to tackle wildfires whose damage grows quadratically with the
elapsed time.

1.1 Our Results

We first note that the discounted graph search problem is computationally hard already in
the case p = 1. In particular, the hardness of pathwise and expanding search carries over to
the endpoints a = 1 and a = 0, and we also show that the problem remains hard for every
fixed intermediate value « € (0,1). The proof can be found in the full version of the paper.

» Theorem 1. For p =1 and every constant « € [0,1], there exists a constant € > 0 such
that there is no polynomial-time (1 4 €)-approximation algorithm for the discounted graph
search problem with discount factor o, unless P = NP.

We therefore focus on approximation algorithms. We first consider the case p = 1, where
the objective is the total a-latency. For this case, we obtain a polynomial-time approximation
algorithm with approximation ratio

2e if a =0,
o01(a) = o .
QW OtherW]SG,

where W : R>g — Ry is the Lambert-W function, which assigns z > 0 the unique
value w > 0 such that we” = x. This gives the following result.

» Theorem 2. For p = 1 there is a polynomial-time o1(«)-approzimation algorithm for
the discounted graph search problem.
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Figure 1 Approximation ratios o(a) obtained in this work: (a) for p = 1 as a function of «; (b) as
a function of p > 1 and a.

For a = 0, the approximation factor is 2e, which matches the best currently known
approximation guarantee for the expanding search problem (Griesbach et al. [22]). For @ = 1,
the approximation factor is 3.59, which matches the best currently known approximation
guarantee for the pathwise search problem in general graphs with unit vertex weights
(Chaudhuri et al. [15]). For arbitrary values of « € [0, 1], the approximation ratio interpolates
smoothly between these two values; see Figure 1.

Like the algorithms of Chaudhuri et al. [15] and Griesbach et al. [22], our algorithm
is based on a sequence of certain trees of exponentially growing cost. The trees that we
consider are related to the concept of good trees used by Chaudhuri et al. [15] in their
3.59-approximation for the pathwise search problem. Roughly speaking, a tree is called good
if it contains a certain number of vertices and its cost is bounded by the cost of an appropriate
path visiting the same number of vertices. We extend this concept to general values of
a. Specifically, we define good k-trees for o and show that such trees can be computed in
polynomial time for the values of k required by our algorithm. For a = 1, this recovers the
trees used by Chaudhuri et al. [15]. For a = 0, the good k-trees correspond to k-MSTs, and
the resulting bound matches the best known approximation guarantee for expanding search.

We then turn to the more general case p > 1, where the objective is the p-norm of the
vertices” a-latencies. For p > 1, the approach for the case p = 1 cannot be applied directly.
The main difficulty is that the objective is no longer linear in the latencies, and hence the
auxiliary-graph construction used for p = 1 no longer directly captures the contribution
of each additional tree. Moreover, the good-tree machinery from the p = 1 case does not
provide suitable trees for every value of k.

We therefore use a randomized construction that is closer in spirit to the geometric tree
sequences used for p = 1, but relies only on 2-approximate k-MSTs. For every k € [n], we
compute such a tree, choose a random geometric offset, and concatenate trees whose costs
grow geometrically. Analyzing the p-th moments of the resulting vertex latencies gives the
following guarantee.

» Theorem 3. For every p > 1, there is a polynomial-time randomized algorithm for the
discounted graph search problem with approzimation factor

0,(0) = min { 21 e) 2] w} |

v—1 pln~y

The approximation factor from Theorem 3 is depicted in Figure 1. For fixed «, the
optimized factor tends to 8(1 + «) as p — co. Over the range « € [0, 1], the smallest value is
attained at @ = 0 and p = 1, where the factor is 2e, while the largest value is approached for
a =1 and p — oo, where the factor tends to 16.
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For the traveling firefighter problem, corresponding to the cases @« = 1 and p = 2,
this yields an approximation factor of &~ 11.28. This is worse by a factor of 2 than the
approximation factor of & 5.65 claimed by Farhadi et al. [16]. However, as we discuss in
Section 1.2, we do not believe that this discrepancy can be resolved straightforwardly.

Finally, we derandomize the p-norm algorithm using an auxiliary graph, as in the case
p = 1. The difference is that for p > 1 the state must also record the accumulated cost of
the trees traversed so far, since this quantity determines the nonlinear contribution to the
p-norm objective. This yields a two-dimensional, time-expanded auxiliary graph and the
following deterministic guarantee.

» Theorem 4. For every p > 1, there is a deterministic pseudo-polynomial-time algorithm for
the discounted graph search problem with approzimation factor pp(a) defined in Theorem 3.
Moreover, if the tree costs are integral and polynomially bounded, then the algorithm runs in
polynomial time.

1.2 Related Work

The pathwise search problem is also known as the traveling repairperson problem. This
problem was shown to be NP-hard on general graphs by Sahni and Gonzalez [26], and to
be NP-hard even on weighted trees by Sitters [27]. In the weighted setting, each vertex
has a non-negative weight and the task is to minimize the weighted sum of latencies. The
problem can be solved efficiently on unweighted trees and paths [1, 17, 25]. The first
approximation algorithm for this problem was devised by Blum et al. [12] who gave a 144-
approximation for general graphs and an 8-approximation for weighted trees. Goemans and
Kleinberg [20] improved the approximation ratio for general graphs to 21.55 and the one
for weighted trees to 3.59. In particular, they show that a S-approximation for the rooted
k-MST problem of finding a shortest tree containing a given root and k — 1 further vertices
implies an approximation ratio of 3.594 for the traveling repairperson problem. Thus, the
improved k-MST approximations of 8 = 3 by Garg [18], of 5 = 2.5 by Arya and Ramesh [8],
of B = 2+ ¢ by Arora and Karakostas [7], and of 8 = 2 by Garg [19] immediately yield
better approximations of 10.77, 8.98, 7.18 + €, and 7.18, respectively. In addition, the work
of Arora [5] implies an improved approximation ratio of 3.59 + ¢ for the Euclidean case.
Archer et al. [4] showed that the approximation ratio of 7.18 + ¢ can be obtained with fewer
calls to the k-MST subroutine. Chaudhuri et al. [15] improved the approximation ratio for
general graphs to match the ratio of 3.59 for weighted trees. Archer and Blasiak [3] further
improved the approximation ratio for weighted trees to 3.03. Arora and Karakostas [6] gave
a quasi-polynomial-time approximation scheme (QPTAS) both for weighted trees and for
Euclidean instances. Sitters [28] gave a polynomial-time approximation scheme (PTAS) for
Euclidean instances, weighted trees, and planar graphs.

The expanding search problem has been shown to be NP-hard by Averbakh and Pereira [9].
Alpern and Lidbetter [2] proposed an algorithm for the expanding search problem on weighted
trees. The first approximation algorithm was devised by Hermans et al. [23] who gave an
8-approximation. The approximation ratio was improved by Griesbach et al. [22] to 2e ~ 5.44.

Farhadi et al. [16] study the L,-TSP, where the objective is to minimize the p-norm of the
vector of visit times; this problem interpolates between the traveling repairperson problem
for p = 1 and the path variant of TSP for p — oo and corresponds to our case of &« = 1. They
claimed to have a universal 8-approximation that is valid for all p simultaneously. If correct,
this would improve over a 16-approximation by Golovin et al. [21]. Farhadi et al. [16] further
claimed a 5.65-approximation for p = 2. However, we believe that both their results have a
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substantial gap. Their algorithms rely on the ability to compute good k-trees for all values
k € [n]; Lemma 3.1 in their paper cites Chaudhuri et al. [15] for the claim that this can be
done in polynomial time. However, this is not what Chaudhuri et al. [15] show. They only
show “how to obtain such k-trees for some values of k7 and “that it actually suffices to use
the few k-trees that we found” [15, p. 3]. The algorithms of Farhadi et al. [16], on the other
hand, crucially require good k-trees for all values of k to be computable in polynomial time.
It seems to be an open problem whether this can be done. A positive answer to this open
problem appears to require new techniques, as Garg [19, p. 1] writes that “we cannot argue
that the cost of the tree picked is at most the cost of the best k-stroll. As was shown in [15]
such an argument can be made for certain values of k£ by exploiting the same slack in the
Goemans-Williamson argument”. Our algorithms for p > 1 avoid this issue by computing
2-approximate k-MSTs for all values of k instead of good k-trees; the former can be done
with the algorithm of Garg [19]. This is exactly why we incur an additional loss of a factor
of 2. The discussion of Garg cited above makes it plausible that this additional factor of 2
cannot be avoided with current techniques. This route was also taken by Golovin et al. [21],
who use 2-approximate k-MSTs for all values of k instead of good k-trees. It is interesting to
note that our approximation guarantees for any p > 1 and a € [0, 1] are strictly below 16
and approach this value when o« = 1 and p — .

Norm-based interpolation also appears in ordered optimization problems such as ordered
k-median, which interpolates between k-median and k-center [13]. In scheduling and load
balancing, one often minimizes the L,-norm of the machine-load vector, which similarly
interpolates between average-load objectives and makespan minimization; see, e.g., the
work of Awerbuch et al. [10] and subsequent work on all-norm and minimum-norm load
balancing [11, 14, 24]. While these problems differ from ours, they illustrate the role of
p-norm objectives as a natural way to interpolate between sum-type and bottleneck-type
criteria.

2 Preliminaries

Let G = (V, E) be an undirected graph with |V| =n + 1 and a designated start vertex s and
let & € [0,1] be the discount factor. Each edge e € E has a non-negative cost ¢, € N. We
assume that ¢, > 0 for every edge incident to s since otherwise these edges can be contracted.
We call a sequence of edges m = (e1,...,ex) a path if for all 1 < i < k the end vertex of e;
and the start vertex of e;11 coincide and the sequence starts in s. If the path also ends in s,
we call it a tour. The set of all tours is denoted by II. For two paths m = (eq,...,ex) and
n' = (€},...,€]) where the end vertex of 7 coincides with the start vertex of 7/, we write
m+1 = (e1,...,ex,€],...,€)) for the concatenation of those two paths.

For a sequence of edges 7, we define the a-cost ¢, (7) of m as the sum of all edges in ,
where for the second and further traversals of an edge e its cost ¢, is multiplied by «. We
call a sequence 7 a tree if the set of edges in 7 spans a tree in G that contains s. Since a tree
contains no edge more than once, the a-cost of a tree is independent of a, and we simply
write ¢(m). The following lemma states the simple fact that every tree can be transformed
into a tour by increasing the a-cost by at most a factor of 1 + a. We state it here for future
reference; its proof can be found in the full version of the paper.

» Proposition 5. For a tree T, there exists a tour m(T) that visits all vertices in T and has
a-cost at most co,(7(T)) < (14 a)e(T).

For a vertex v € V visited by a tour 7 € II, we denote by m, the prefix of 7 until v is visited
for the first time. The a-latency Cq o (m) of vertex v in « is defined as Cy o (7) = cq(my)
where we set Cy,,(7) = 00 if v is not visited by 7 at all. Note that C, s(7) = 0. The total
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a-latency Cq(m) of 7 is then defined as Co(7) = >, oy Ca,w(m). In particular, we have
Cy(m) = oo if there is a vertex v € V' that is never visited by . The set of feasible solutions
for the discounted graph search problem is the set II. Further, a tour 7#* € II is optimal for
the discounted graph search problem with a € [0, 1] if Cy(7*) < Cy () for all tours 7 € II.

A k-tree, k-path, or k-tour is a tree, path, or tour, respectively, that contains s and visits
at least k£ + 1 distinct vertices of V. For a k-tour w € II, we denote by 7 the prefix of 7 until
the k-th distinct vertex of V' \ {s} is visited for the first time. A k-path 7* is optimal with
respect to « if ¢, (7*) < cq () for all k-paths w. If « is clear from context, we simply say
that 7* is optimal. Further, a k-tree T is called good if its cost is at most ¢(T") < 1J%aca(w*),

where 7* is an optimal k-path.

3 Algorithms for the 1-Norm of a-Latencies

Recall that o(«)
result.

= 20 ayiaze When o € (0,1] and o(0) = 2e. We prove the following

» Theorem 2. For p = 1 there is a polynomial-time o1(«)-approzimation algorithm for
the discounted graph search problem.

The intuitive idea behind the algorithm is to concatenate a specific subset of good trees.

We construct an initial set of good trees in Section 3.1 using an algorithm by Chaudhuri et
al. [15]. They introduced this algorithm for the computation of good k-trees for a specific
subset of values of k and in the special case of @ = 1. A more thorough analysis of their

approach yields that the obtained trees are indeed good trees for arbitrary choices of a € [0, 1].

Since the algorithm does not return good k-trees for all values of k € [n]o, we use so-called
phantom trees for the remaining values of k; the details of this construction can be found in
the full version of the paper. Next, we introduce the concatenating algorithm in Section 3.2,
which takes as input a set of good trees and returns a feasible solution to the discounted
graph search problem. More precisely, it constructs an auxiliary graph H whose vertices
correspond to the good trees. Within this auxiliary graph, the algorithm computes a shortest
path and concatenates the corresponding trees to the desired tour. The algorithm is thus
well-defined only if the input contains only real trees. We temporarily ignore this constraint
and show in Section 3.3 that, under this relaxation, the returned (phantom) tour has an
approximation guarantee of g1(a). The analysis builds on the construction of a randomized
path in the auxiliary graph that visits exponentially growing trees. Then, we show that the
same guarantee can be obtained by a path that visits only real trees. This allows us to restrict
the input to good real trees while maintaining the approximation guarantee. Combining these
results yields a well-defined algorithm that returns the desired solution. The running-time
analysis then concludes the proof of Theorem 2.

3.1 Finding Good Trees

To obtain good k-trees, we use an algorithm by Chaudhuri et al. [15]. They study the
pathwise search problem, i.e., the discounted graph search problem with p = o = 1, for which
they introduce a primal-dual algorithm that computes good k-trees for a subset of values of
k. With a more thorough analysis, we can show that these trees are indeed good trees for all
choices of a € [0, 1].

A subtle issue is that the primal-dual procedure is not monotone in the vertex-budget
parameter. In contrast to what is sometimes assumed in related Lagrangian approaches for
E-MST [7], increasing the parameter need not produce a larger tree, even before the final
pruning step. This is because the parameter can change the order in which moats merge and
become inactive. An explicit example can be found in the full version of the paper.

27:7
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A detailed explanation of how the framework of Chaudhuri et al. [15] needs to be adapted
to compute good k-trees for all values of k € [n] can be found in the full version of the paper.
For this purpose, it is important to distinguish between values of k for which a good k-tree
can be computed and those for which this is not the case. In the latter case, we define a
phantom tree, which is not an actual tree but a placeholder whose costs are interpolated from
the costs of the closest two real k-trees. We later argue that these phantom trees are not
used by our approximation algorithm, so their inclusion as placeholders does not introduce
any issues down the line.

The main result needed here is the following lemma; its proof can be found in the full
version of the paper.

» Lemma 6. There is a polynomial-time algorithm that computes a set T containing, for
each value k € [n]o, a real or phantom tree Ty, € T. Each such Ty, is a good k-tree.

3.2 The Concatenating Algorithm

We introduce the concatenating algorithm, which takes as input a set of good k-trees, selects

a subset of these, and concatenates them to obtain a solution for the discounted graph search

problem. To this end, let Z be a set of good k-trees for a subset of values k € [n]p and let

I C [n]o be such that k € I if and only if Z contains a good k-tree denoted by Tj. Then the

concatenating algorithm with input Z is defined as follows:

1. Construct a directed auxiliary graph H = (Vy, Ag) with vertices Vi = I, edges Ay =
{(i,7) : i < j}, and edge lengths ¢; ; = [(1 + a)n — aj — i]c(T}).

2. Compute a shortest O—n-path P* = (ng,nq,...,n;) with ng =0 and n; = n in H.

3. Start with the empty sequence 7 = (+).
For each phase j = 1,...,1, construct the tour 7(7,;,) according to Proposition 5. Let ¢
and 7, be the tour obtained from traversing the sequence 7(7},;) in forward or backward
direction, respectively. Let V; :== V. \( Uz;ll Vni) be the set of vertices that are contained
in T,,, but in no previous tree T),, for 1 <4 < j. Let mnin € {m, mp} be such that
Zvevj Cow(TaLe + Tmin) is minimized. Set Targ ¢ Tare + Tmin-

Note that the concatenating algorithm is only well-defined under the following two
assumptions. First, the input must contain a good 0-tree and a good n-tree. Second, all
trees T, ..., 1y, on the shortest path must be real trees, because otherwise Step 3 is not
well defined. The second constraint is trivially fulfilled if the input Z only contains real trees.

3.3 The Concatenating Algorithm with Phantom Trees

We want to apply the concatenating algorithm to the set 7 of good trees whose existence is
guaranteed by Lemma 6. However, this set may contain phantom trees, so the concatenating
algorithm is not necessarily well-defined on this input. We ignore this issue for now by
assuming that all phantom trees are real trees and can therefore be transformed into tours.
Under this assumption, we analyze the approximation ratio of the resulting tour 7. and
then show how to obtain the same guarantee when restricting to real trees.

To this end, let 7 be the set of good k-trees whose existence is guaranteed by Lemma 6.
Note that 7 contains a good (real or phantom) k-tree for all values of k € [n]y and that the
trees Ty and T, are real trees. Before applying the concatenating algorithm to 7, we slightly
adjust the cost of the phantom trees P C 7. More precisely, for a phantom tree Ty € P, let
k; < k be maximal and k < k, be minimal such that T},, T}, € T are two real trees. We
redefine the cost of T} to
k— ki
. (1)

o(Tr) = (1 = p)e(Ty,) + pe(Ty,) with  p:=
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Since the phantom tree T} was originally constructed by a linear interpolation of two real
trees, this redefinition of the cost can only decrease its cost. See also [15] for a more detailed
discussion. Hence, the phantom tree T} remains a good k-tree. We denote the set 7 with
the adjusted costs of the phantom trees by 7’. We analyze the approximation guarantee of
the tour ma;¢ obtained by running the concatenating algorithm on input 7. In this section,
we prove the following lemma.

» Lemma 7. If all trees in T were real trees, the tour wa,c obtained from the concatenating
algorithm with input T' is a feasible solution for the discounted graph search problem with
approximation guarantee pq1(a).

For the remainder of this section, we denote by P* the shortest O0—n-path in H computed
in Step 2 of the concatenating algorithm on input 7”. Since each vertex i € Vi corresponds
to a unique tree T; € T, we often refer to the vertices on P* as the chosen trees. Furthermore,
we extend the procedure of Step 3 to an arbitrary O-n-path P = (ng,n1,...,ny) in H. More
precisely, we introduce a randomized variant of Step 3 that runs as follows. We start with
the empty sequence mp = (). For each phase j = 1,...,l’, we construct the tour 7(7},,)
according to Proposition 5. Then we pick a traversal direction (forward or backward) of the
tour 7(7},;) uniformly at random and set mp < 7p + 7(T}; ).

We proceed to analyze the sequence ma . First, observe that P* contains vertex n. Thus,
the corresponding good n-tree T, is traversed and appended to mar in Step 3. This ensures
that the returned tour ma, is a feasible solution to the discounted graph search problem with
finite total a-latency, i.e., may¢ visits all vertices. It remains to analyze the approximation
factor obtained by maLe. To this end, we first show that for any given 0-n-path P in H, the
expected total a-latency E[Cy(mp)] of mp is at most the length ¢(P) of P in H. Next, we
use a probabilistic argument to prove the existence of a 0—n-path in H whose length is at
most 91(a) times the total a-latency of an optimal tour. Finally, we explain how these two
results imply that the concatenating algorithm on input 7’ indeed computes a tour with an
approximation ratio of g1 («).

In that direction, we introduce the function ¥ p such that ©p(k) gives an upper bound
on the latency of the k-th distinct vertex in V' \ {s} visited by the tour constructed from
path P in H. More formally, for a fixed 0—n-path P = (ng,n1,...,n;) in H, the function
Yp : [n]o = Rx>g is defined by

0 ifk=0
c(Tn;) + (14 ) f;g e(Th,) if nj_1 <k <ny,for some j € {1,...,1}.

Yp(k) = {

This definition is well-defined as ng = 0 and n; = n. We obtain the following lemma. Its
proof can be found in the full version of the paper.

» Lemma 8. Let wp be the randomized tour obtained from a O—n-path P in H and let
v € V be the k-th distinct vertex of V '\ {s} in wp for some k € [n]o. Then we have

E[Ca,v(ﬂ'P)} < ¢p(k).
For a fixed O-n-path P in H, Lemma 8 yields E[Cy(mp)] = > oy E[Can(mp)] <
v—o¥pr(k). Recall that in Step 3 of the concatenating algorithm, we pick the traver-
sal direction of each subtour such that Zuevj Cov(Tare + Tmin) is minimized, where

Vi = an\( Uz;ll Vn,-)- Hence, for the tour ma s we obtain the deterministic bound

Coz(ﬂ'ALG) S Z Ca,'U(TrP*) S Z wP* (k) (2)
k=0

veV
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Next, we use the following identity, which expresses the length of a path P in H in terms
of Yp. Its proof can be found in the full version of the paper.

» Lemma 9. For a 0-n-path P in H we have Y, _, ¥p(k) = ((P).

The following lemma is the technically most challenging part of the analysis, as it compares
the length of a 0—n-path P in H against the total a-latency of the optimal solution. The
proof uses similar ideas as in [15] and [22]. We consider a randomized sequence of good
k-trees with exponentially increasing costs where v € (1,00) is a factor determining the rate
of the exponential growth. Then the expected length of that path can be bounded by a
constant factor times the optimal total a-latency. A probabilistic argument then yields that
this bound is also attained by the shortest 0—n-path P* in H. Specifically, we obtain the
following bound. Its proof can be found in the full version of the paper.

» Lemma 10. Let n* € 11 be an optimal solution for the discounted graph search problem.

Then there exists a 0-n-path P in H such that {(P) < 2%00((#*) for any v € (1,00).

Lemma 10 yields an approximation ratio parametrized in v € (1,00). To obtain the
smallest approximation ratio possible, we optimize over . To this end, we denote by
W :R>¢ = R>( the Lambert-W function that assigns > 0 the unique value w > 0 such
that we™ = x. The proof of the following result can be found in the full version of the paper.

» Lemma 11. For v € (1,00), let h be defined as h(y) = 225 . Then h is minimized

(1+a) In(v)
for v* = e'TW(/e) " In particular, we have o1 (o) = h(y*).

Combining all previous results yields the proof for Lemma 7; this proof can be found in
the full version of the paper.

We have shown so far that the concatenating algorithm with input 7" (the set of trees
guaranteed by Lemma 6 with adjusted costs for phantom trees) computes a solution to the
discounted graph search problem with approximation guarantee g (a). However, we obtained
this result only under the assumption that all trees were real trees, i.e., that they could
be transformed into tours. It remains to show that we can obtain the same approximation
guarantee when using only real trees as input to the concatenating algorithm. The issue
with phantom trees as input arises only if phantom trees lie on the shortest O—n-path P*
computed by the concatenating algorithm, since these trees are the ones traversed to obtain
the final tour ma ¢. As a first step towards proving Theorem 2, we thus show that whenever
the shortest O-n-path P* on input 7’ contains a phantom tree, there exists another 0-n-path
with the same length that visits only real trees. The proof of the lemma follows the argument
of [4, 15] and can be found in the full version of the paper.

» Lemma 12. Let H be the auxiliary graph constructed by the concatenating algorithm on
input T'. Then there exists a shortest 0-n-path P in H that does not visit any vertex whose
corresponding tree is a phantom tree.

By Lemma 12, applying the concatenating algorithm to the set R C T of real trees in T
ensures that the algorithm is well-defined while maintaining an approximation guarantee
of ¢1(a)). We can now prove Theorem 2; the proof can be found in the full version of the

paper.

4 Algorithms for the p-Norm of a-Latencies

We now turn to the case of arbitrary p > 1. The case p = 1 was treated in the previous
section, where the linearity of the objective allowed us to use an auxiliary graph whose edge
lengths directly represent the additional latency caused by adding a tree. For p > 1, this
linearity is lost, and the same construction no longer applies directly.
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At a high level, we would still like to use sequences of trees of geometrically increasing
cost. However, two difficulties arise. First, as pointed out by Garg [19], it is not possible,
for every k € [n], to use the primal-dual algorithm to obtain a k-MST with cost no more
than the optimum k-stroll. In particular, this issue occurs for those values of k for which
the primal-dual procedure does not directly compute a k-MST. Second, when p > 1, the
objective is nonlinear in the vertices’ a-latencies. Thus, an analogue of the auxiliary-graph
cost from the previous section has to keep track not only of how many vertices have already
been visited, but also of the accumulated cost of the trees used so far.

We subdivide this section into two parts. First, we present a randomized algorithm
based on a geometric scaling argument. Then, we show how to derandomize it using a
time-expanded auxiliary graph; the resulting running time is pseudo-polynomial in the edge
costs.

4.1 A Randomized Algorithm

To avoid the difficulties with the auxiliary-graph construction for the moment, we first give a
randomized algorithm with the desired approximation guarantee.

» Theorem 3. For every p > 1, there is a polynomial-time randomized algorithm for the
discounted graph search problem with approzimation factor

o(a) = mm{2<1 Lol —w}w}.

v—1 pln~y

The approximation ratio given in the above theorem is depicted in Section 1.1. It ranges
from 2e for « = 0 and p = 1 to a limiting value of 16 for « = 1 as p — co. Note that the
value 2e matches the bound for & = 0 and p = 1 from the previous section.

Instead of computing a good k-tree, we use Garg’s 2-approximation [19] to compute a
2-approximate k-MST for every k € [n]. Recall that such a tree contains s and visits k
additional vertices. Let these trees be denoted by 11,75, ...,T,.

We next define a randomized sequence of trees, similar to the construction in the previous
section. Fix some v > 1, which will be optimized later. Let b = 4V, where U is drawn
uniformly at random from [0, 1]. For all relevant values of r, define n, = max{k € [n]o :
¢(Ty) < 2by"}. Here, ¢(T}) denotes only the total length of the tree and, in particular, does
not depend on p.

Let P = (ng,n1,...,n;) be the sequence of values obtained by the above procedure,
where ng = 0. As in the previous section, we concatenate the sequence of trees induced by
P to obtain a tour, which we denote by mp. We also define a function ¥ p such that ¢ p(k)
gives an upper bound on the a-latency of the k-th distinct vertex in V' \ {s} visited by 7p.
Formally, the function ¢p : [n]o — Rx>¢ is defined by

0 if k=0,
Vp(k) = j . .

I+a)d i yc(Th,) if nj_1 <k < nj,for some j € {1,...,1}.
We obtain the following lemma.

» Lemma 13. Let wp be the randomized tour obtained from P, and let v € V' be the k-th
distinct vertex of V' \ {s} in wp, for some k € [n]o. Then Cq ,(mp) < p(k).

Proof. This follows directly from the definition of ¥ p. In the worst case, all trees are nested
and vertex k is visited at the very end of the last tree containing it. Moreover, the cost of
the tour induced by tree T,,, is bounded by (1 + «)c(Th,). <
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Lemma 13 and the randomized sequence of trees imply Theorem 3.

Proof of Theorem 3. Let 7* be an optimal tour for the p-norm a-latency objective. Let v}
be the i-th vertex visited by 7*. Then

1/p
OPT = | > (Can: (r%))"
i€[n]
Fix some arbitrary i € [n]. Let r be such that Cy,,»(7*) = dy" for some d € [1,7). We
consider two cases.

First case: d < b. In this case, there is a tree T;,, with cost at most 2by" and n, > 1.
Hence,
T

¢Ang(y+m§:dngg(L+®§:%¢m<u+a)}:2mﬁ:(y+@%¢;%T
k=1 k=1 k=—o0

Second case: d > b. In this case, the same argument applied to the next threshold gives
r+1 r+1 r+1

Yp()) <14+ a) Y e(Tn) < (1+a)> 207" <(1+a) Y %%E:O+aﬂhf“§%7.

k=1 k=1 k=—o00

Since U is chosen uniformly at random in [0, 1] and b = 4V, we can average over the two
cases and obtain

Eulip(i)) < /

log. d

1 ~y p log., d v P
<u+aﬂmr>dU+/ <a+aﬂmﬁl>du
y—1 0 v—1

We now compute the right-hand side. Let a := log, d. Since b = 7Y, we have

1 v D logwd v P
/ ((1 + 04)21)77’“> dU + / ((1 + a)2b’yr+1> dU
1 - 0

og, d Y= 1
p 1 a
:(@+ap71) Pm/wﬁde+7“Hm/ WUdd.
Y- a 0
Using
pU
Uy =

/V pln~y’

we obtain

p 1 a
((1 + a)271> [7“’/ PV U + 7(7’“)”/ ~PY dU}
Y- a 0

(1 +ap 2 PATP(yP = 4P%) + 4P (e — 1)
v—1 pln~y

Since a = log, d, we have yP* = dP. Hence,

Porp (AP _ P (r+Dp(gp — 1
Bolve(P) < (14 a2y ) THE @D

P 's
7\ dyP(P 1)
=@ 2
Q +a)71) plny

op dr+2p dr+1P
-eergns |(555) - (5=5) |
plny [\ y—1 v—1
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The contribution of v; to the optimum is
(Caz (7))" = (dy")".

Therefore, the previous bound implies

M api ’72 pi e P . o)? oP ,VZP*’VP_.
@y =0 g Kv—l) <v—1>}(1+ Yoy oo o ®)

In particular, since Cy » (7*) = dy", we have

Eu[yp(i)] <1+ (Car (17))". (4)

We now use this bound to compare the expected p-norm a-latency of the randomized
tour with the optimum. By the definition of ¥p, for every realization of U we have

Coawr(mp) < Pp(i) for all i € [n].

Hence,
1/p 1/p

Ev | { Y Cow:(mp)? <Ey || Y ¢p()?
i€[n]

i€[n]

We next use Jensen’s inequality. Recall that if f is concave and X is a nonnegative random
variable, then

E[f(X)] < f(E[X]).
In our setting, we apply this with

f(z) =a'/P and X = pr(i)p.
i€[n]

Since p > 1, the function f(z) = z'/P is concave on Rsq. Moreover, X > 0 for every
realization of the random choice of U. Therefore, Jensen’s inequality gives

1/p 1/p 1/p

Ey z{: Yp (i)’ < | Ev 2[:]1/@(2')” = | Y. Eulvr(i)]

] i€ln]

Using (4), we obtain

1/p 1/p
IEU Z C(Jt,v;‘ (WP)p < Z U (Ca,v;‘ (W*))p
i€[n] 1€[n]
1/p
_ nl/p Z (C«aw: (W*))P
1€[n]
= 7}1/” - OPT.
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It remains to simplify 7'/?. By (3),

op .,72p_,yp:|1/1’
plny (y—1)P
(y%P —AP)l/P

771/”2(1—&-0[){

( +a)(plnv)l/p -1
2 ,YQp_,yp 1/p
=(1 = 1 .
( +a)v—1[ plny ]

Thus, for every fixed v > 1, the randomized algorithm has expected approximation factor

|:,>/2p _ ,_Yp:l 1/p

2
1 e
1+ «) JTnn

v—1

Optimizing over v > 1 gives the claimed bound. |

4.2 Derandomization via a Time-Expanded Auxiliary Graph

We now describe how to derandomize the randomized algorithm from the previous subsection.
The idea is similar to the derandomization used for the case p = 1: we construct an auxiliary
graph and compare the length of a shortest path in this graph to the expected length of a
suitable randomized path.

For p = 1, the auxiliary graph only needs to keep track of how many vertices have already
been visited. For p > 1, however, the objective is nonlinear in the latencies. Thus, the
additional cost of traversing a tree depends not only on the number of vertices visited so far,
but also on the latency accumulated so far. We therefore use a two-dimensional auxiliary
graph. One dimension keeps track of the number of vertices that have already been visited,
and the other dimension keeps track of the total cost of the trees traversed so far.

» Theorem 4. For every p > 1, there is a deterministic pseudo-polynomial-time algorithm for
the discounted graph search problem with approzimation factor p,(«) defined in Theorem 3.
Moreover, if the tree costs are integral and polynomially bounded, then the algorithm runs in
polynomial time.

Let T1,...,T, be the 2-approximate k-MST trees used in the previous subsection, and
let ¢(T) denote the cost of tree Ty,. We set Ty to be the trivial tree containing only s, with
¢(Tp) = 0. Let

Z::{Zc(Tk):Sg[n]}.

keS

Thus, Z is the set of all values that can occur as the accumulated cost of a set of traversed
trees.

We construct a directed auxiliary graph H = (Vy, Ag) as follows: The vertex set is
Vi = ([n]o x Z) U {w}, where w is an additional terminal vertex. A vertex (i, z) represents
the state in which i vertices of V' \ {s} have already been visited, and the total cost of
the trees traversed so far is z. For every i,j € [n]p with ¢ < j and every z,z’ € Z with
2! = z+ ¢(Tj), we add the directed edge ((z, z), (4, z’)) The length of this edge is defined as

Ly, Gy = (n—1) (((1 + a)z/)p - ((1 + a)z)p) ) (5)
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Finally, for every z € Z, we add an edge ((n, z),w) of length zero. The algorithm computes
a shortest path from (0,0) to w in H. Let P* = ((no,20), (n1,21), ..., (n, 2),w) be such
a shortest path, where ng = 0, zg = 0, and n; = n. The algorithm then concatenates the
trees T, , Ty, - - -, I, in this order, using the tree-to-tour conversion from Proposition 5. We
denote the resulting tour by ma, . We first relate the length of a path in H to the p-norm
a-latency of the corresponding concatenated tour.

» Lemma 14. Let P = ((no,zo), (n1,21),..., (nl,zl),w) be any (0,0)—w path in H, where
ng = 0, zo = 0, and n; = n. Let mp be the tour obtained by concatenating the trees
Toisoooy Tor Then (X,ey Can(mp)?) /7 < 0(P)V/?.

Proof. For h € {1,...,1}, the transition from (np_1,2n-1) to (np, z) corresponds to travers-
ing tree T}, , and by construction

zh = zp—1 + c(Th,)-

After this traversal, the accumulated cost of the traversed trees is z,. By the tree-to-tour

conversion, the a-latency of every vertex that is first covered by T}, is at most

(1 + a)zh.
Hence, if np,_1 < k < ny, then the k-th distinct vertex visited by mp has a-latency at most
(1+ a)zp.

Define

Yvp(k) = 1+ o)z, ifnp_1 <k <ny.
Then
Co.(tp) < Pp(k)
for the k-th distinct vertex vg, of V'\ {s} visited by mp. Therefore,

D Can(mp)? < (k).

veV k=1

It remains to observe that the right-hand side is exactly the length of P. Indeed, using
the definition of the edge lengths in (5), we get

l
(P) =50 —nny) (L +)z) = (1 +@)z1)?)

h=1
!
= Z(nh — nh_l)((l + a)zh)
h=1
= bp(k)
k=1

The second equality follows by telescoping. Thus,

Z Com)(ﬂ'P)p S E(P)a

veV

which proves the claim. <
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We next show that the auxiliary graph contains a path whose length is bounded by the
same expression that appeared in the randomized analysis. For fixed v > 1, define

P 2P — AP

ny = (14 )P N
v = )phw (y—1)p

» Lemma 15. Let 7* be an optimal tour for the p-norm a-latency objective. Then, for every
fized v > 1, there exists a (0,0)-w path P in H such that

e(P) < Ty Z (Coc,v: (Tr*))p'

1€[n]

Proof. We use the randomized construction from the previous subsection. For a random
choice of U € [0,1], let P(U) be the corresponding sequence of trees. After removing
consecutive repetitions, this sequence defines a path in the auxiliary graph H. Indeed, the
first coordinate records the number of vertices covered, while the second coordinate records
the accumulated cost of the selected trees.

By the definition of the auxiliary graph and the calculation in the proof of Lemma 14, we
have

UPU)) =D pw (i)
1€[n]

From the randomized analysis, for every i € [n] we have

Ev () ()] < 15 (Cawr (77))7

Taking the sum over all ¢ € [n] and using linearity of expectation gives

Ey[((PO)] =Eu | > ran@F| = D Eultrw) @] <1y Y (Car (77))".

i€[n] i€[n] i€[n]

Therefore, there exists at least one realization of U such that

(PM)) <1y Y (Car(7))".

i€[n]
This proves the lemma. |

Using the above lemmas and analyzing the size of the time-expanded auxiliary graph, we
prove Theorem 4.

Proof of Theorem 4. Let P* be a shortest (0,0)-w path in H, and let 7a,c be the tour
obtained by concatenating the trees along P*. By Lemma 14,

1/p
(Z Ca,u(WALc)p> < (P,

veV

Since P* is a shortest path, for every v > 1 and for the path P whose existence is guaranteed
by Lemma 15, we have

UP*) < U(P).
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Thus,

UP*) <y Y (Capr (7%))7 =1, - OPT?.

i€[n]

Taking p-th roots gives

1/p
(Z Ca,v (WAL(:):D) < U.ly/p -OPT.

veV

Finally,

2 |:,y2p_,yp:|1/17

1/p _

Since this holds for every v > 1, we may minimize over v > 1, which gives the claimed
approximation factor.
It remains to discuss the running time. Let

Ny = |Vu|+ |An|

denote the size of the auxiliary graph. All edge lengths in H are nonnegative, and hence a
shortest (0,0)—w path can be computed with Dijkstra’s algorithm in time

O(NH IOgNH).

In general, the set Z may be exponentially large, since it consists of all subset sums of
the tree costs. Thus, the algorithm is pseudo-polynomial. If the tree costs are integral
and polynomially bounded, then |Z] is polynomially bounded as well. In this case, Ny is
polynomially bounded, and the algorithm runs in polynomial time. |

5 Discussion

We studied the discounted graph search problem, a two-parameter framework that contains
pathwise search, expanding search, TSP-type objectives, and MST-type objectives as special
or limiting cases. The first parameter, o € [0, 1], determines how repeated traversals of
edges are charged, while the second parameter, p > 1, determines how the individual vertex
latencies are aggregated. For p = 1, we obtain a polynomial-time approximation algorithm
whose guarantee interpolates between the currently best-known approximation ratios for
expanding search and pathwise search. For general p > 1, we obtain a randomized constant-
factor approximation and a deterministic pseudo-polynomial-time algorithm with the same
approximation guarantee.

We stated and analyzed the problem for a uniform discount factor a. The results for p =1
also extend to the case where every edge e has its own discount factor . € [0,1]. In this
setting, the first traversal of edge e costs ¢, while every further traversal costs aec.. Let
Qmin = Milegcp Qe and Quax = MaXecp . Then the analysis yields the approximation
guarantee

2e if Omax = Omin = 07
Q1 (Oé) = 9 Omax
(1 + amin) W (max/€)

otherwise.
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The reason is that the analysis uses the largest possible discount factor when comparing
the cost of trees to paths, while the conversion of trees into tours benefits from the smallest
discount factor. Thus, the same proof goes through with « replaced by amax in the former
part of the analysis and by am,i, in the latter.

A similar generalization is possible when the cost of an edge depends on how often it has
already been used. Suppose that for each edge e we are given a sequence cgl), 09), cg?’), .
such that the k-th traversal of edge e costs cgk). If these sequences are non-increasing,
ie., cék) > cng) for all e € F and k € N, then our analysis can again be extended.
Define api, == minecg cg) / cél) and max ‘= MaXecp 09 / cgl). Then the same approximation
guarantee as above follows. Indeed, in the comparison to the optimum, it is sufficient to
consider paths in which each edge is used at most twice. On the other hand, the algorithm
may use edges more often, and for non-increasing traversal costs, every traversal after the
second one can only become cheaper. Thus, replacing all costs cék) for k£ > 2 by cg) can
only make the algorithm more expensive, while preserving the relevant comparison to the
optimum.

By contrast, for arbitrary non-decreasing traversal-cost sequences, one cannot hope for
a constant-factor approximation in full generality. For example, suppose that cgl) =0 and
0
and only if the graph has a Hamiltonian path starting at s. Otherwise, every feasible traversal
must repeat some edge and hence has positive latency. Since deciding the existence of such a
Hamiltonian path is NP-complete, no constant-factor approximation can exist in this setting
unless P = NP. It would be interesting to understand which structural assumptions on the

sequences cgl), c£2), cf’)

=1 for all k£ > 2 for every edge e € E. Then there is a traversal with total latency zero if

,... still allow constant-factor approximations.

Finally, for the case p > 1, one can also compare our bounds to algorithms for the limiting
case p = oo. For any nonnegative latency vector x € R, we have ||7o < [|7][, < n'/P||2| .
Thus, any S-approximation for the maximum—latenc37 objective immediately gives a fn'/?-
approximation for the p-norm objective. At the endpoint @ = 1, the maximum-latency
objective corresponds to a TSP-path-type problem, while at the endpoint a@ = 0 it corresponds
to the MST problem. Therefore, for large values of p, one can use approximation algorithms
for these limiting problems to obtain alternative approximation guarantees. In particular,
once p = Q(logn), the factor n'/P becomes constant. For even larger values of p, this factor
approaches 1, and the guarantee approaches that of the corresponding maximum-latency
approximation algorithm. This gives better bounds for sufficiently large p in regimes where
the limiting TSP- or MST-type objective can be approximated more accurately than the
general bound obtained from the randomized geometric construction.
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