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approximation algorithm for MAX CUT on graphs with degrees bounded by d, due to Hsieh and
Kothari [15]. Together with the state-of-the-art approximability results for MAX DI-CUT and MAX
2-AND [7], our result suggests that similar improvements exist for bounded-degree instances of these
problems as well.
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1 Introduction

Maximum Constraint Satisfaction Problems (MAX CSPs) are a fundamental class of combi-
natorial problems that are studied extensively in theoretical computer science. The design of
approximation algorithms for MAX CSPs has been a central topic of research that has seen
substantial progress in the past decades. Some of the main highlights include the design of
approximation algorithms for MAX CSPs [21] and the development of a framework for hard-
ness reductions to study the limits of approximation for CSPs [17, 18]. These developments
have culminated in surprisingly tight characterizations of the optimal approximation factor
of every MAX CSP [23], under the Unique Games Conjecture (UGC) [16].

In this work, we aim to explore the approximability of MAX CSPs for structurally simpler
instances, namely, when the instances are sparse. Specifically, we explore the question of
whether one can improve on the optimal approximation guarantee of a MAX CSP when the
degree of the underlying constraint graph is bounded. Formally, we are interested in the
following:
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28:2 Threshold Rounding and Bounded-Degree Boolean MAX 2-CSP

Given a MAX CSP problem P , suppose its optimal approximation factor is αP .
Then, if the degree of the instance is bounded by some constant d, can we efficiently
achieve αP + ϵd approximation, where the improvement ϵd depends on the degree d?

The above question has been studied for various specific MAX CSPs in the literature [6,
13, 9, 4, 5, 15]. Arguably, one of the most interesting lines of work among these involves the
approximability of MAX CUT in this setting. It was first studied by Feige, Karpinski, and
Langberg [9], who showed that the MAX CUT problem on graphs with maximum degree
d admits an efficient approximation guarantee of αGW + Ω(1/d4), where αGW ≈ 0.87856
denotes the optimal approximation factor for MAX CUT under the UGC [12, 19]. This was
then improved by Florén [11] up to an αGW + Ω(1/d3) factor, and by Hsieh and Kothari [15]
to a factor of αGW + Ω̃(1/d2). Another notable work in this context is that of [5], who
showed that one can bypass the approximation resistance of MAX k-LIN and other related
problems in bounded-degree instances.

Unfortunately, generalizing this phenomenon beyond the specific examples mentioned
above has been challenging. In particular, such results are not known even for well-studied
friends of the MAX CUT problem, such as MAX 2-SAT and MAX 2-AND. One of the main
difficulties in obtaining similar guarantees for general MAX CSPs has been the following:
most of the aforementioned improvements in the bounded-degree setting implicitly rely on
tight structural characterizations of the hardest-to-round, i.e., integrality gap, instances of
the problem1. Such explicit characterizations are known only for a handful of examples (e.g.,
MAX CUT [10], MAX k-LIN [14], MAX 2-SAT [20, 8]), and even the question of tightly
characterizing the gap instances for every Boolean 2-CSP is a long-standing open question.

To get around this bottleneck, we instead consider improving the approximation guarantee
of a family of algorithms in the degree-bounded setting. Specifically, we consider the family
of T HRESH−-rounding scheme-based algorithms described informally below2:

SDP + T HRESH−-Rounding Algorithm
1. Solve the canonical semi-definite programming (SDP) relaxation for the MAX CSP.
2. Round the SDP solution using the T HRESH− family of rounding functions.

Figure 1 The T HRESH−-based Approximation Framework.

The above framework was first introduced by Lewin, Livnat, and Zwick [20], and it vastly
generalizes the hyperplane rounding-based algorithm of Goemans and Williamson [12]. This
algorithmic framework has been used successfully for obtaining optimal and near-optimal
guarantees for a wide variety of MAX CSPs such as MAX 2-SAT [20, 8], MAX 2-AND [7],
MAX BISECTION [3], and several other related problems. Furthermore, Austrin showed
that under a certain positivity condition, the above framework is optimal for approximating
Boolean MAX 2-CSPs assuming UGC [2]. Guided by these considerations, we are therefore
motivated to ask – Can we improve on the approximation guarantee of the T HRESH−-based
algorithm, when the degree of the input instance is bounded? – which is the main question
explored by this work.

1 We elaborate the connection between integrality gaps and improvements in the bounded-degree setting
in Section 1.2.

2 We refer the reader to Section 2 for a more formal description of the SDP relaxation and the T HRESH−

rounding scheme.
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1.1 Our Results
In this work, we make progress on the above questions and give improved approximation
guarantees for bounded-degree Boolean MAX 2-CSP instances which satisfy a natural
“reasonable” condition. The formal definition of the reasonable condition is a bit technical,
and we instead attempt to give an informal description of it. Let P denote a set of Boolean
predicates, and let MAX CSP(P) denote the MAX CSP problem where the predicates
corresponding to the constraints belong to P. Then loosely speaking, we say that the MAX
CSP(P) problem is reasonable if for any hardest-to-round instance3 of MAX CSP(P), the
local geometric arrangement of the vector solution in the neighborhood of any vertex satisfies
certain “general position” conditions. In particular, these conditions ensure that certain
pairwise moments involving labels of variables in the neighborhood are non-constant under
the rounding distribution (see Lemma 22). We refer the reader to Definitions 6 and 20 for a
formal description of this condition.

We now state our main result, which gives improved approximation guarantees for
reasonable CSPs.

▶ Theorem 1 (Informal version of Theorem 23). Suppose P is a set of Boolean binary predicates
such that the MAX CSP(P) problem is reasonable. Let βP denote the approximation factor
achieved by the algorithm in Figure 1 for MAX CSP(P). Let I be an instance of MAX
CSP(P) such that every variable appears in at most d constraints. Then, there exists an
algorithm that achieves an approximation factor of βP + Ω̃(d−4) on I, where the constant
hidden in Ω̃ only depends on P.

While the above theorem by itself just implies improvement on the approximation
guarantee of T HRESH−-based algorithms, it has stronger implications for MAX CSPs
that satisfy certain additional properties. As mentioned above, Austrin [2] showed that if
P satisfies the positivity condition, then the algorithm from Figure 1 obtains the optimal
approximation guarantee assuming UGC. Therefore, for MAX CSP(P) problems that satisfy
the reasonable and positivity conditions, the above theorem actually implies improvement on
the optimal approximation guarantee in the bounded-degree setting.

Furthermore, by leveraging the structural insights from the recent work [8], we are able
to derive a sharper version of the above theorem for the MAX 2-SAT problem. We formally
state this result in the next theorem.

▶ Theorem 2. Let I be an instance of MAX 2-SAT such that every variable appears in at most
d constraints. Then there is an efficient algorithm that can return a β⋆ + Ω(d−2 log−1(d))-
approximation to I, where β⋆ ≈ 0.9401 is the optimal approximation guarantee for the MAX
2-SAT problem.

We point out a couple of interesting features of the above theorem. Firstly, observe that
the above theorem does not mention the “reasonable” condition. This is because the structural
results from [8] directly imply that the hardest-to-round instances of MAX 2-SAT naturally
satisfy the reasonable condition, and hence we are able to apply our framework to obtain
an unconditional improvement for degree-bounded MAX 2-SAT instances. Furthermore, by
using the specific structure of the 2-SAT predicate, we are able to improve the additive gain
in the approximation factor from Ω̃(d−4) to Ω̃(d−2).

3 An instance I of MAX CSP(P) is said to be hardest-to-round if the algorithm from Figure 1 achieves
its worst approximation guarantee in I.

APPROX/RANDOM 2026
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1.2 On Integrality Gaps and Bounded-degree CSPs
We close out this section by highlighting the connection between hard-to-round instances
and improved approximation for bounded-degree CSPs. Most of the previous works in this
setting adopt the approach of improving the performance of a base algorithm via a greedy
post-processing step that relies on certain anti-concentration properties of the objective
function at local neighborhoods (similar to Lemma 18). In particular, such an approach has
to be capable of interpolating between the following extremal scenarios:

For instances that are far from being an integrality gap, the base algorithm by itself is
capable of yielding improved approximation guarantees,
And for instances that are close to being an integrality gap, the post-processing procedure
should be able to leverage the bounded-degree structure of the instance to improve on
the worst-case approximation guarantee.

Now, note that under this framework, it stands to reason that the greedy post-processing
needs to be more effective for instances that are closer to being an integrality gap, whereas it
may be less useful for easier instances – e.g., for instances which are perfectly solvable by the
base algorithm, the procedure cannot improve the quality of the solution output by the base
algorithm any further. Therefore, the analysis of the post-processing step necessarily requires
a structural understanding of the hardest instances for the base algorithm. For example,
for the MAX CUT problem, the analyses of algorithms in [9, 11, 15] use the well-known
characterization that the edges that are hardest to round by hyperplane rounding are those
for which the inner product of the corresponding SDP vectors is equal to a certain critical
value.

We conclude by noting that while it might be possible to obtain improvements without
explicitly characterizing the hardest instances, such a result will require algorithms that go
beyond the above two-phase approach.

1.3 Organization of the Paper
The rest of the paper is organized as follows. In Section 2, we formally define MAX CSP, the
Basic SDP relaxation, the T HRESH− rounding family, and related concepts. In Section 3,
we present our algorithm and define some algorithmic quantities. In Section 4, we analyze
the algorithm in the case of MAX 2-SAT, proving Theorem 2. In Section 5, we analyze our
algorithm for general Boolean MAX 2-CSPs, where we state and prove the formal version of
Theorem 1. Finally, we state in Appendix A certain variance lower bounds needed in the
analysis, whose proofs we defer to the full version of the paper.

2 Preliminaries

For n ∈ N, let [n] := {1, 2, . . . , n}. Let Φ, φ be the c.d.f. and p.d.f. of a standard Gaussian
variable. Given an event A, we use 1{A} to denote the indicator random variable for A. We
use true, false for the truth values of a Boolean variable. We may also represent the truth
values using {0, 1} or {−1, 1}: in the former case 1 stands for true and 0 stands for false,
while in the latter case −1 stands for true and 1 stands for false.

2.1 MAX CSP and the Basic SDP Relaxation
▶ Definition 3. Let P be a set of Boolean predicates. An instance I = (V, C, w) of
MAX CSP(P) is defined by

A finite set V of variables.
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A finite set C of constraints where each constraint C ∈ C is obtained by applying some
predicate P to some variables from V . We use C = (P, i1, i2, . . . , ik) to denote a constraint
C obtained by applying some k-ary predicate P to variables i1, i2, . . . , ik.
A weight function w : C → R≥0.

Given an assignment A : V → {−1, 1}, we say that a constraint C is satisfied if the
corresponding predicate evaluates to 1, and we use Val(I, A) to denote the total weight of
constraints satisfied by A. The objective is to find an assignment A that maximizes Val(I, A).

For simplicity, we will assume without loss of generality that
∑

C∈C w(C) = 1. This can
always be achieved by renormalizing, which does not meaningfully change the problem. In
this case we may also think of C as a distribution over constraints, with probabilities specified
by w. We will also assume V = [n] for some n ∈ N.

In this paper we only consider the special case of MAX 2-CSP, namely the case where
every Boolean predicate in P is of arity 2. For convenience, we encode truth assignments
for variables using {−1, 1}, while predicates take values in {0, 1}, and thus each predicate
has the form P : {−1, 1}2 → {0, 1}. Given a MAX 2-CSP instance I = (V, C, w), we can
formulate its Basic SDP relaxation [23] as follows (cf. [8]).

maximize
∑

C=(P,i,j)∈C

w(C) ·
(

P̂∅ + P̂iv0 · vi + P̂jv0 · vj + P̂i,jvi · vj

)
subject to ∀i ∈ {0, 1, 2, . . . , n} , vi · vi = 1 ,

∀C = (P, i, j) ∈ C ,

(v0 − vi) · (v0 − vj) ≥ 0 ,

(v0 + vi) · (v0 − vj) ≥ 0 ,

(v0 − vi) · (v0 + vj) ≥ 0 ,

(v0 + vi) · (v0 + vj) ≥ 0 .

Here P̂∅, P̂i, P̂j , P̂i,j ∈ R are the Fourier coefficients of P , namely, we have

P (xi, xj) = P̂∅ + P̂ixi + P̂jxj + P̂i,jxixj .

for every xi, xj ∈ {−1, 1} (See [22] for more on Fourier analysis of Boolean functions). The
constraints in (2.1) are often referred to as triangle inequalities. In fact, we may in addition
impose triangle inequalities on all triples of vectors:

∀i, j, k ∈ {0, 1, . . . , n} ,

(vi − vj) · (vi − vk) ≥ 0 ,

(vi + vj) · (vi − vk) ≥ 0 ,

(vi − vj) · (vi + vk) ≥ 0 ,

(vi + vj) · (vi + vk) ≥ 0 .

▶ Definition 4. We say that unit vectors v0, v1, . . . , vn are an SDP solution for some MAX
2-CSP instance over the variable set [n], if they satisfy (2.1). We say that they satisfy all
triangle inequalities if they further satisfy (2.1). For i, j ∈ [n], we write

bi = v0 · vi and bij = vi · vj .

We will often need to take projections for an SDP solution. For i ∈ [n] and S ⊆ {0} ∪ [n],
we use v⊥{S}

i to denote the (renormalized) component in vi that is orthogonal to span{vj |
j ∈ S}. In particular, v⊥{0}

i = vi−biv0√
1−b2

i

is the (renormalized) component in vi that is

orthogonal to v0 (in the case |bi| = 1, we may define v⊥{0}
i to be any unit vector that is

orthogonal to all other vectors in the SDP solution, but this case won’t show up in our
paper). We will write v⊥

i for v⊥{0}
i to avoid clutter.

APPROX/RANDOM 2026
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2.2 Configurations
To analyze SDP-based approximation algorithms, it is sometimes more convenient to work
with the inner products between vectors in an SDP solution rather than the vectors themselves.
This leads to the following definition.

▶ Definition 5. A configuration is a tuple of the form (bi, bj , bij , P ) where P is a Boolean
predicate of arity 2, and bi, bj , bij ∈ [−1, 1] are real numbers such that

−1 + |bi + bj | ≤ bij ≤ 1 − |bi − bj |.

We say that a tuple (bi, bj , bij) is valid if it satisfies (5). Given a configuration θ =
(bi, bj , bij , P ), we define ρ(θ) = bij−bibj√

(1−b2
i
)(1−b2

j
)

if
√

(1 − b2
i )(1 − b2

j ) ≠ 0 and ρ(θ) = 0 other-
wise.

It can be easily verified that the inequality (5) corresponds exactly to the triangle
inequalities in (2.1), and therefore a tuple (bi, bj , bij) is valid if and only if it can be obtained
as inner products between v0, vi, vj from an SDP solution. In this case, ρ(θ) is exactly the
inner product between v⊥

i and v⊥
j .

▶ Definition 6. Given a MAX 2-CSP instance I = (V, C, w) and an SDP solution v0, · · · , vn,
we say that a distribution D of configurations represents the SDP solution if it is obtained as
follows:

Sample a constraint C = (P, i, j) ∼ C from the instance.
Return the configuration θ = (bi, bj , bij , P ).

We may also say that θ as defined above represents the constraint C.

Now we define completeness, which corresponds to the value of the Basic SDP relaxation.

▶ Definition 7 (Completeness). Given a configuration θ = (bi, bj , bij , P ), we define its
completeness to be

Completeness(θ) = P̂∅ + P̂ibi + P̂jbj + P̂i,jbij .

For a distribution D over configurations, we define Completeness(D)=Eθ∼D[Completeness(θ)].

By construction, if a distribution D represents some SDP solution, then its completeness
corresponds exactly to the SDP objective value achieved by that SDP solution.

2.3 The T HRESH− Rounding Family
The T HRESH− rounding family, introduced in [20], is a powerful family of rounding
algorithms for Boolean MAX 2-CSPs. A rounding algorithm from the T HRESH− round-
ing family is specified by a threshold function f : [−1, 1] → R. Given an SDP solution
v0, v1, . . . , vn, it computes the projection v⊥

i = vi−biv0√
1−b2

i

for every i ∈ [n], samples a standard

Gaussian vector r, and sets the variable i to be true if r · v⊥
i ≥ f(bi) and false otherwise.

We now define soundness, which corresponds to the probability that a configuration
(or more precisely, any constraint represented by the configuration) is satisfied using a
T HRESH− rounding algorithm.
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▶ Definition 8 (Soundness). Let f : [−1, 1] → R be a threshold function. Given a configuration
θ = (bi, bj , bij , P ), let (gi, gj) be a pair of standard Gaussian random variables with correlation
ρ(θ), and define

Xi =
{

−1, if gi ≥ f(bi),
1, otherwise,

Xj =
{

−1, if gj ≥ f(bj),
1, otherwise,

Then, the soundness of θ with respect to f is defined to be

Soundnessf (θ) = Pr[P (Xi, Xj) = true].

For a distribution D over configurations, we define Soundnessf (D) = Eθ∼D[Soundnessf (θ)].

By construction, if a distribution D represents some SDP solution, then its soundness
with respect to f corresponds to the expected satisfied fraction if we use T HRESH− with f

to round that SDP solution.

3 Description of the Algorithm

We now state our main algorithm. It is adapted from the bounded-degree MAX CUT
algorithm due to [15]. The quantities Wi,1, Wi,0, and Wi,∗ will be defined momentarily after
the algorithm.

Algorithm 1 Algorithm for Bounded-Degree Boolean MAX 2-CSP.

1: Input: Boolean MAX 2-CSP instance I = (V, C, w) with variable set V = [n], parameter
ϵ > 0, and an SDP solution {vi | i ∈ V ∪ {0}}.

2: Output: an assignment A : V → {true, false}.

3: Choose a standard Gaussian vector r.
4: for i ∈ V do
5: Compute bi = v0 · vi and v⊥

i = vi−biv0√
1−b2

i

.

6: Set A′(i) = true if r · v⊥
i ≥ f(bi) and false otherwise.

7: Set A(i) = A′(i) if
∣∣r · v⊥

i − f(bi)
∣∣ ≥ ϵ and ∗ otherwise.

8: for i ∈ V do
9: if A(i) = ∗ then

10: Set A(i) =


true if Wi,1 > Wi,0 + Wi,∗,

false if Wi,0 > Wi,1 + Wi,∗,

A′(i) otherwise.
11: return A

Informally, the algorithm first computes an assignment A′ using T HRESH− with the
threshold function f . It then greedily flips any variable which lies approximately on the
boundary of the T HRESH− rounding algorithm (more specifically,

∣∣r · v⊥
i − f(bi)

∣∣ < ϵ) if
there is some local gain, which we define below.

For every variable i, let Ci ⊆ C be the set of constraints that involve i. We define the
following subsets of Ci with respect to the (partial) assignment A before executing the for-loop
at Line 8:

APPROX/RANDOM 2026
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Ci,∗ = {C ∈ Ci | the other variable in C is unassigned}
Ci,sat = {C ∈ Ci \ Ci,∗ | C is satisfied regardless of the truth value of i}

Ci,unsat = {C ∈ Ci \ Ci,∗ | C is unsatisfied regardless of the truth value of i}
Ci,1 = {C ∈ Ci \ Ci,∗ | C is satisfied if i is true and unsatisfied if i is false}
Ci,0 = {C ∈ Ci \ Ci,∗ | C is satisfied if i is false and unsatisfied if i is true}.

We use Wi,∗, Wi,sat, Wi,unsat, Wi,1, Wi,0 to denote the total weights of clauses in these subsets,
and we define

Wi :=
∑

C∈Ci

w(C) = Wi,∗ + Wi,sat + Wi,unsat + Wi,1 + Wi,0

to be the total weight of constraints which contain i. We would like to understand how the
for-loop starting at Line 8 affects the constraints in these subsets. By definition, constraints
in Ci,sat and Ci,unsat won’t be affected by the truth value for i since they are already fixed,
and therefore they (as well as the weights Wi,sat, Wi,unsat) won’t play a role in our analysis.
The only constraints whose status can be affected in the for-loop are the ones in Ci,∗, Ci,0 and
Ci,1. If we set i to be true, then we satisfy every constraint in Ci,1, possibly some constraints
in Ci,∗, and certainly none in Ci,0. Similarly, if we set i to be false, then we satisfy every
constraint in Ci,0, possibly some constraints in Ci,∗, and certainly none in Ci,1. It follows
that if we flip i from true to false, then the total weight of satisfied constraints changes
by Wi,0 − Wi,1 − p · Wi,∗, for some p ∈ [−1, 1]. If we have Wi,0 − Wi,1 − Wi,∗ > 0, then this
change is guaranteed to be positive. In particular, this means when Wi,0 − Wi,1 − Wi,∗ > 0
and A′(i) = true, we obtain an improvement over A′ by setting A(i) = false. Analogously,
when Wi,1 − Wi,0 − Wi,∗ > 0 and A′(i) = false, we also obtain an improvement over A′ by
setting A(i) = true. This motivates the formal definition of local gains as follows:

▶ Definition 9. We define the local gain ∆i of the variable i to be

∆i = (Wi,0 − Wi,1 − Wi,∗)+ · 1{r · v⊥
i ∈ (f(bi), f(bi) + ϵ)}

+ (Wi,1 − Wi,0 − Wi,∗)+ · 1{r · v⊥
i ∈ (f(bi) − ϵ, f(bi))}.

Here (z)+ is defined to be z if z ≥ 0 and 0 if z < 0.

Note that there is tension over the choice of ϵ, which controls how many vertices we
potentially flip in the for-loop: on one hand we would like to flip more vertices in order to
get more local gain, on the other hand we would like Wi,∗ to be small, for otherwise it may
overwhelm the difference between Wi,0 and Wi,1 and we won’t get any local gain at all.

The following lemma formalizes the motivation for local gains.

▶ Lemma 10. Let D be the distribution of configurations that represents the SDP solution
in the input to Algorithm 1. Then, we have E[Val(I, A)] ≥ Soundnessf (D) +

∑
i∈V E[∆i].

Proof. Observe that for any i ∈ V , we have A′(i) = A(i) unless
Wi,1 > Wi,0 + Wi,∗ and r · v⊥

i ∈ (f(bi) − ϵ, f(bi)), or
Wi,0 > Wi,1 + Wi,∗ and r · v⊥

i ∈ (f(bi), f(bi) + ϵ).
In these two cases, we flip the value of variable i and the weight of satisfied constraints
increases by at least ∆i. So we have

Val(I, A) − Val(I, A′) ≥
∑
i∈V

∆i.

The lemma follows by taking expectation and observing that E[Val(I, A′)] = Soundnessf (D).
◀
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4 Analysis for MAX 2-SAT

We first analyze Algorithm 1 in the case of MAX 2-SAT. Let P2SAT = {x ∨ y, x ∨ y, x ∨ y},
then MAX 2-SAT is exactly MAX CSP(P2SAT ). We start by stating some known results for
MAX 2-SAT. For β ∈ [0, 1], define the threshold function fβ : [−1, 1] → R by

fβ(t) = Φ−1
(

1 + βt

2

)
,

where Φ−1 is the inverse CDF for a standard Gaussian variable. Observe that fβ is odd for
any β ∈ [0, 1], in the sense that fβ(−t) = −fβ(t) for every t ∈ [−1, 1].

▶ Theorem 11 ([20, 1, 8]). There exists some constant β⋆ ≈ 0.94016567 such that for any
MAX 2-SAT configuration θ,

Soundnessfβ⋆
(θ) − β∗ · Completeness(θ) ≥ 0.

Consequently, the T HRESH− algorithm with the f = fβ⋆
achieves a β⋆-approximation for

MAX 2-SAT. On the other hand, assuming the Unique Games Conjecture, for any ϵ > 0 it
is NP-hard to approximate MAX 2-SAT within a factor of β⋆ + ϵ.

By inspecting the proofs in [8] we in fact have the following slightly stronger statement:

▶ Theorem 12 ([8]). Given a valid triple (bi, bj , bij), define

g(bi, bj , bij) = Soundnessfβ⋆
(θ) − β∗ · Completeness(θ),

where θ = (bi, bj , bij , x ∨ y). Then g has exactly two minimizers

g(b⋆, b⋆, −1 + 2b⋆) = g(−b⋆, −b⋆, −1 + 2b⋆) = 0

where b⋆ ≈ 0.162478. Furthermore, there exists c > 0 such that for any valid tuple (bi, bj , bij),

g(bi, bj , bij)

≥ c · (min (∥(bi, bj , bij) − (b⋆, b⋆, −1 + 2b⋆)∥, ∥(bi, bj , bij) − (−b⋆, −b⋆, −1 + 2b⋆)∥))2
.

Let θ = (bi, bj , bij , P ) be a MAX 2-SAT configuration (i.e., P ∈ P2SAT ) and δ > 0. We
say that θ is δ-critical, if one of the following holds:

P = x ∨ y or P = x ∨ y, and

min (∥(bi, bj , bij) − (b⋆, b⋆, −1 + 2b⋆)∥, ∥(bi, bj , bij) − (−b⋆, −b⋆, −1 + 2b⋆)∥) ≤ δ.

P = x ∨ y and

min (∥(bi, bj , bij) − (b⋆, −b⋆, 1 − 2b⋆)∥, ∥(bi, bj , bij) − (−b⋆, b⋆, 1 − 2b⋆)∥) ≤ δ.

Theorem 12 shows that for non-critical configurations we may hope for a better-than-β⋆

approximation.

▶ Lemma 13. Let θ be a MAX 2-SAT configuration θ that is not δ-critical. Then

Soundnessfβ⋆
(θ) − β⋆ · Completeness(θ) = Ω(δ2).

Proof. Follows directly from Theorem 12. ◀
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On the other hand, for δ-critical configurations with sufficiently small δ > 0, we may use
Algorithm 1 to obtain an improvement if the instance is bounded degree.

▶ Theorem 14. There exists some constant δ > 0 such that the following holds. Let
I = (V, C, w) be an instance of MAX 2-SAT such that every variable appears in at most
d constraints. Let D be a distribution of configurations representing some SDP solution
{vi | i ∈ V ∪ {0}} for I such that bi ≥ 0 for every variable i, and every θ ∈ supp(D) is
δ-critical. Then, for f = fβ⋆ and ϵ = d−1 log−1 d, Algorithm 1 returns an assignment A such
that E[Val(I, A)] = Soundnessf (D) + Ω(d−2 log−1(d)).

We remark that the assumption that bi ≥ 0 for every variable i is for convenience only.
The proof of Theorem 14 is deferred to Section 4.1. Combining Lemma 13 and Theorem 14
we obtain the following theorem:

▶ Theorem 15 (Restatement of Theorem 2). Let I be an instance of MAX 2-SAT such that
every variable appears in at most d constraints. Let D be a distribution of configurations
representing an SDP solution for I. Then, for f = fβ⋆ , we can find an assignment A such
that

Val(I, A) ≥ β⋆ · Completeness(D) + Ω(d−2 log−1(d)).

Proof. Let δ > 0 be chosen as in Theorem 14 and η = cd−2 log−1(d) for some small
constant c > 0. If there are at least η-fraction (in the weighted sense) of configurations
in D that are not δ-critical, then in this case by Lemma 13 we have that the T HRESH−

algorithm with the f = fβ⋆
already achieves Soundnessf (D) ≥ β⋆ · Completeness(D) + Ω(η) =

β⋆ · Completeness(D) + Ω(d−2 log−1(d)).
Now assume at least (1−η)-fraction of the configurations are δ-critical, then we may ignore

the constraints corresponding to configurations that are not δ-critical and form a new instance
I ′ and a new distribution of configurations D′ supported only on δ-critical configurations
by renormalizing the weights. Applying Theorem 14 to I ′ and D′ (after possibly flipping
variables and SDP vectors so that bi ≥ 0 for every i), we obtain an assignment achieving a
satisfying fraction of at least

(1 − η) ·
(
Soundnessf (D′) + Ω(d−2 log−1(d))

)
≥ (1 − η) ·

(
β⋆ · Completeness(D′) + Ω(d−2 log−1(d))

)
≥ (1 − η) ·

(
β⋆ · (Completeness(D) − η) + Ω(d−2 log−1(d))

)
= β⋆ · Completeness(D) + Ω(d−2 log−1(d)) − η · O(1)
= β⋆ · Completeness(D) + Ω(d−2 log−1(d)). ◀

4.1 Analyzing a Local Neighborhood
In this subsection we aim to prove Theorem 14. Since we assume bi ≥ 0 for every variable i, our
δ-critical configurations (bi, bj , bij , P ) must all satisfy that ∥(bi, bj , bij)−(b⋆, b⋆, −1+2b⋆)∥ ≤ δ

and P is either x ∨ y or x ∨ y, if we take δ to be sufficiently small.
To prove Theorem 14, we first state and prove a few lemmas on the algorithmic quantities

Wi,0, Wi,1, Wi,∗, ∆i in the neighborhood of i defined in Section 3. To avoid ambiguity, we
use A∗ to denote the (partial) assignment A before the execution of the for-loop at Line 8.
The overall idea is to show that conditioned on i being unassigned, Wi,0 − Wi,1 must have a
large variance, leading to a nontrivial local gain.
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▶ Lemma 16. For every i and t ∈ (f(bi) − ϵ, f(bi) + ϵ), we have

E[|Wi,0 − Wi,1| | r · v⊥
i = t] = Wi · Ω(d−1),

where the constant in Ω can be chosen independently from t.

Proof. Let C+
i ⊆ Ci be the set of constraints involving i that are defined using the predicate

x ∨ y, and C−
i ⊆ Ci be the set of those defined using x ∨ y. For C ∈ Ci, let jC be the variable

other than i involved in C. For every C ∈ C+
i , we have

C ∈


Ci,sat if A∗(jC) = true,

Ci,1 if A∗(jC) = false,

Ci,∗ if A∗(jC) = ∗.

Similarly, for every C ∈ C−
i , we have

C ∈


Ci,sat if A∗(jC) = false,

Ci,0 if A∗(jC) = true,

Ci,∗ if A∗(jC) = ∗.

So we have

Wi,0 − Wi,1 =
∑

C∈C+
i

w(C)1{A∗(jC) = true} −
∑

C∈C−
i

w(C)1{A∗(jC) = false}.

Given a configuration θ = (bi, bj , bij , P ), we have A∗(j) = true if and only if r · v⊥
j ≥

f(bj) + ϵ, or equivalently r · v⊥{0,i}
j ≥ −ρ(θ)r·v⊥

i +f(bj)+ϵ√
1−ρ(θ)2

. Similarly A∗(j) = false if and only

if r · v⊥{0,i}
j ≤ −ρ(θ)r·v⊥

i +f(bj)−ϵ√
1−ρ(θ)2

. Since r · v⊥
i ∈ (f(bi) − ϵ, f(bi) + ϵ) and θ is δ-critical, we

have ∥ −ρ(θ)r·v⊥
i +f(bj)±ϵ√

1−ρ(θ)2
− s∥ = O(ϵ + δ), where

s := −ρ⋆f(b⋆) + f(b⋆)√
1 − ρ2

⋆

= f(b⋆) · 1 − ρ⋆√
1 − ρ2

⋆

= f(b⋆) ·
√

1 − ρ⋆

1 + ρ⋆

and ρ⋆ = −1+2b⋆−b2
⋆

1−b2
⋆

= − 1−b⋆

1+b⋆
. By plugging in the value of b⋆ and β⋆, we get s ≈ 0.4779. So

we may rewrite

Wi,0 − Wi,1

=
∑

C∈C+
i

w(C)1{r · v⊥{0,i}
jC

≥ s ± O(ϵ + δ)} −
∑

C∈C−
i

w(C)1{r · v⊥{0,i}
jC

≤ s ± O(ϵ + δ)}

=
∑

C∈Ci

w(C)1{r · v⊥{0,i}
jC

≥ s ± O(ϵ + δ)} −
∑

C∈C−
i

w(C).

In the last step we used the fact that for a continuous random variable X we have 1{X ≤
s} = 1 − 1{X ≥ s}. In the above calculations, the terms O(ϵ + δ) may be different depending
on C but we may choose them small enough so that they are all less than s/2. Note that∑

C∈C−
i

w(C) is a constant which does not affect the variance. So, we can apply Lemma 26
and obtain

Var[Wi,0 − Wi,1 | r · v⊥
i = t] = W 2

i · Ω(d−1).
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It follows that

E[|Wi,0 − Wi,1| | r · v⊥
i = t] ≥ 1

Wi
· E[(Wi,0 − Wi,1)2 | r · v⊥

i = t]

≥ 1
Wi

· Var[Wi,0 − Wi,1 | r · v⊥
i = t]

= Wi · Ω(d−1). ◀

▶ Lemma 17. For every i and t ∈ (f(bi)−ϵ, f(bi)+ϵ) we have E
[
Wi,∗ | r · v⊥

i = t
]

= Θ(ϵ·Wi)
where the constant in Θ can be chosen independently from t.

Proof. Consider a constraint C ∈ Ci involving i and some other variable j, represented by
the configuration θ = (bi, bj , bij , P ). As computed in the proof of Lemma 16, we have that j

is unassigned if and only if

−ρ(θ)r · v⊥
i + f(bj) − ϵ√

1 − ρ(θ)2
< r · v⊥{0,i}

j <
−ρ(θ)r · v⊥

i + f(bj) + ϵ√
1 − ρ(θ)2

.

This is an interval of length Θ(ϵ). It follows that

E
[
1{C ∈ Ci,∗} | r · v⊥

i = t
]

= Θ(ϵ),

and therefore

E
[
Wi,∗ | r · v⊥

i = t
]

= E

[∑
C∈C

w(C)1{C ∈ Ci,∗} | r · v⊥
i = t

]
= Θ(ϵ · Wi). ◀

▶ Lemma 18 (Local gains). Choose ϵ = cd−1 log−1(d) for some sufficiently small constant
c > 0. Then, for every variable i, we have E[∆i | A∗(i) = ∗] = Wi · Ω(d−1).

Proof. It is sufficient to show that

E[∆i | r · v⊥
i = t] = Wi · Ω(d−1)

either for every t ∈ (f(bi) − ϵ, f(bi)) or for every t ∈ (f(bi), f(bi) + ϵ).
From the definition

∆i = (Wi,0 − Wi,1 − Wi,∗)+ · 1{r · v⊥
i ∈ (f(bi), f(bi) + ϵ)}

+ (Wi,1 − Wi,0 − Wi,∗)+ · 1{r · v⊥
i ∈ (f(bi) − ϵ, f(bi))}

we have

E[∆i | r · v⊥
i ∈ (f(bi), f(bi) + ϵ)]

= E
[
(Wi,0 − Wi,1 − Wi,∗)+ | r · v⊥

i ∈ (f(bi), f(bi) + ϵ)
]

≥ E
[
(Wi,0 − Wi,1)+ − Wi,∗ | r · v⊥

i ∈ (f(bi), f(bi) + ϵ)
]

= E
[

|Wi,0 − Wi,1| + (Wi,0 − Wi,1)
2 − Wi,∗ | r · v⊥

i ∈ (f(bi), f(bi) + ϵ)
]

,

and similarly

E[∆i | r · v⊥
i ∈ (f(bi) − ϵ, f(bi))]

≥ E
[

|Wi,1 − Wi,0| + (Wi,1 − Wi,0)
2 − Wi,∗ | r · v⊥

i ∈ (f(bi) − ϵ, f(bi))
]

.
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Assume that E[Wi,0 − Wi,1 | r · v⊥
i ∈ (f(bi), f(bi) + ϵ)] ≥ −Wi/(d

√
log d). Then by

Lemma 16 and Lemma 17 we have

E
[

|Wi,0 − Wi,1| + (Wi,0 − Wi,1)
2 − Wi,∗ | r · v⊥

i ∈ (f(bi), f(bi) + ϵ)
]

≥ Wi ·
(

Ω(d−1) − d−1 log−1/2(d) − O(d−1 log−1(d))
)

= Wi · Ω(d−1).

Otherwise, we have E[Wi,0−Wi,1 | r·v⊥
i ∈ (f(bi), f(bi)+ϵ)] < −Wi/(d

√
log d), or equivalently

E[Wi,1 − Wi,0 | r · v⊥
i ∈ (f(bi), f(bi) + ϵ)] > Wi/(d

√
log d). Observe that by Equation (4.1)

the function E[Wi,1 − Wi,0 | r · v⊥
i = t] is O(Wi)-Lipschitz in t, so we have

E[Wi,1−Wi,0 | r·v⊥
i ∈ (f(bi)−ϵ, f(bi))] > Wi/(d

√
log d)−ϵ·O(Wi) = Wi ·Ω(d−1 log−1/2(d)).

It follows that

E
[

|Wi,1 − Wi,0| + (Wi,1 − Wi,0)
2 − Wi,∗ | r · v⊥

i ∈ (f(bi) − ϵ, f(bi))
]

≥ Wi ·
(

Ω(d−1) + Ω(d−1 log−1/2(d)) − O(d−1 log−1(d))
)

= Wi · Ω(d−1).

Thus, we conclude that E[∆i | A∗(i) = ∗] = Wi · Ω(d−1). ◀

We are now ready to prove Theorem 14.

Proof of Theorem 14. By Lemma 10, we have

E[Val(I, A)] ≥ Soundnessf (D) +
∑
i∈V

E[∆i]

≥ Soundnessf (D) +
∑
i∈V

E[∆i | A∗(i) = ∗] · Pr[A∗(i) = ∗]

≥ Soundnessf (D) +
∑
i∈V

Wi · Ω(d−1) · Ω(ϵ)

≥ Soundnessf (D) + Ω(d−2 log−1 d).

Here we used the assumption that
∑

i∈V Wi = 2 (since total weight is 1 and each constraint
is counted twice) and Lemma 18. ◀

5 Analysis for General Boolean MAX 2-CSPs

In this section we analyze general Boolean MAX 2-CSPs. To this end we need the distribution
of configurations to be reasonable as introduced below.

▶ Definition 19. We say that two predicates P1, P2 : {−1, 1}2 → {0, 1} are aligned if there
exist σ1, σ2 ∈ {−1, 1} and s ∈ {0, 1} such that

P1(−1, σ1) = P2(−σ2, σ1σ2) = s and P1(1, σ1) = P2(σ2, σ1σ2) = 1 − s.

We say that they are anti-aligned if there exist σ1, σ2 ∈ {−1, 1} and s ∈ {0, 1} such that

P1(−1, σ1) = P2(σ2, σ1σ2) = s and P1(1, σ1) = P2(−σ2, σ1σ2) = 1 − s.
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Informally, if we look at two constraints with one variable in common, then they are
aligned if there is a way to fix the other variables to induce the same unary preference on
the shared variable, and they are anti-aligned if they induce opposite unary preferences.

▶ Definition 20. We say that a distribution of configurations D representing some SDP
solution is reasonable if the following conditions hold:

For every θ = (bi, bj , bij , P ) ∈ supp(D), we have |bi|, |bj | ≤ 0.4 and |bij | ∈ [0.5, 0.9].
If θ1 = (bi, bj , bij , P1), θ2 = (bi, bk, bik, P2) ∈ supp(D) represent some constraints (P1, i, j)
and (P2, i, k), then ρ(θ1)ρ(θ2) ≥ 0 if P1 and P2 are aligned and ρ(θ1)ρ(θ2) ≤ 0 if P1 and
P2 are anti-aligned.

▶ Remark 21. The conditions for reasonableness may seem somewhat arbitrary. Indeed, the
constants are chosen only for convenience: with these values we are able to prove bounds on
the covariances as in Lemma 22. That said, it may be verified that the hardest (optimal
under UGC) distributions for MAX CUT and MAX 2-SAT are both reasonable. Furthermore,
the known (numerically) hardest distributions (though not known to be optimal) for MAX
2-AND and MAX DI-CUT due to [7] are also reasonable.

The main benefit of reasonableness is the following bound on covariances in a local
neighborhood. The proof of this lemma is deferred to the end of this section.

▶ Lemma 22. Let D be a reasonable distribution of configurations representing some SDP so-
lution {vi | i ∈ {0}∪ [n]} which satisfies all triangle inequalities. Let θ1 = (bi, bj , bij , P1), θ2 =
(bi, bk, bik, P2) ∈ supp(D) be two configurations representing some constraints (P1, i, j) and
(P2, i, k). If P1 and P2 are aligned, then v⊥{0,i}

j ·v⊥{0,i}
k ≥ −5/6. If P1 and P2 are anti-aligned,

then v⊥{0,i}
j · v⊥{0,i}

k ≤ 5/6.

Under the reasonableness condition, we prove the following theorem.

▶ Theorem 23. Let P be a set of Boolean predicates of arity 2 such that every P ∈ P depends
on both coordinates. Let d ∈ N, and B > 0. Let I be an instance of MAX CSP(P) such
that every variable appears in at most d constraints. Let D be a reasonable distribution of
configurations corresponding to an SDP solution satisfying all triangle inequalities. Then, for
some ϵ = Θ(d−2 log−2(d)) and any f : [−1, 1] → [−B, B], Algorithm 1 returns an assignment
to I that satisfies at least Soundnessf (D) + Ω(d−4 log−7/2 d) fraction of constraints, where
the constant inside the Ω notation depends only on P and B.

We will implicitly assume the assumptions in Theorem 23 in our analysis for the remainder
of the section. We use A∗ to denote the (partial) assignment A before the execution of the
for-loop at Line 8. The overall idea is similar to Theorem 14: we show that Wi,0 − Wi,1 has
a large variance which overwhelms the expected value of Wi,∗, and therefore at least one
of the two terms in ∆i will have a nontrivial contribution. The variance lower bound for
Wi,0 − Wi,1 is shown in the following lemma.

▶ Lemma 24. There exist c, ϵ0 > 0 (depending only on the configurations and the threshold
function f) such that for any ϵ < ϵ0, i ∈ V and any t ∈ (f(bi) − ϵ, f(bi) + ϵ), we have

E[|Wi,0 − Wi,1| | r · v⊥
i = t] ≥ c · Wi

d2 log3/2 d
.

Proof. We have

Wi,0 − Wi,1 =
∑

C∈Ci

w(C) (1{C ∈ Ci,0} − 1{C ∈ Ci,1}) .
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Let C ∈ Ci be a constraint on i and some other variable j, represented by the configuration
θ = (bi, bj , bij , P ). Observe that since by assumption P depends on both variables, the
indicator functions 1{C ∈ Ci,0} and 1{C ∈ Ci,1} are two distinct functions among the three
functions 1{A∗(j) = true}, 1{A∗(j) = false}, and 0 (as a constant function). Conditioned
on r · v⊥

i = t, we may write the first two indicators as 1{r · v⊥{0,i}
j ≥ sj}, 1{r · v⊥{0,i}

j ≤ s′
j},

where sj , s′
j are some thresholds whose absolute values are bounded due to our reasonableness

assumption (the expressions for these thresholds are the same as those in (4.1)). By using
the fact that 1{r · v⊥{0,i}

j ≤ s′
j} = 1 − 1{r · v⊥{0,i}

j ≥ s′
j}, we may therefore rewrite (5) as

Wi,0 − Wi,1 =
∑
j∈J1

wj1{r · v⊥{0,i}
j ≥ sj} −

∑
j∈J2

wj1{r · v⊥{0,i}
j ≥ s′

j} + c

where J1, J2 are some (multi-)sets of variables and c is some constant. We also have∑
j∈J1

wj +
∑

j∈J2
wj ∈ [Wi, 2Wi] since each constraint contributes either 1 or 2 nonzero

indicator functions.
Now we aim to bound the inner products between the v⊥{0,i}

j vectors, which are equiv-
alently the covariances between the standard Gaussian variables r · v⊥{0,i}

j . Take another
constraint C ′ involving i and some third variable k, represented by θ′ = (bi, bk, bik, P ′). Then
P and P ′ are aligned if there exist s ∈ {0, 1} and s ∈ {true, false} such that

1{C ∈ Ci,s} = 1{A∗(j) = s} and 1{C ′ ∈ Ci,s} = 1{A∗(k) = s},

or

1{C ∈ Ci,s} = 1{A∗(j) = s} and 1{C ′ ∈ Ci,1−s} = 1{A∗(k) = not s},

where we used not s to mean the truth value other than s. These are exactly the cases
where we get both j, k ∈ J1 or j, k ∈ J2. By Lemma 22, we have v⊥{0,i}

j · v⊥{0,i}
k ≥ −5/6 if

P and P ′ are aligned. On the other hand, P and P ′ are anti-aligned if there exist s ∈ {0, 1}
and s ∈ {true, false} such that

1{C ∈ Ci,s} = 1{A∗(j) = s} and 1{C ′ ∈ Ci,s} = 1{A∗(k) = not s},

or

1{C ∈ Ci,s} = 1{A∗(j) = s} and 1{C ′ ∈ Ci,1−s} = 1{A∗(k) = s}.

These are exactly the cases where one of {j, k} is in J1 and the other is in J2. Again by
Lemma 22, we have v⊥{0,i}

j ·
(

−v⊥{0,i}
k

)
≥ −5/6 if P and P ′ are anti-aligned.

Hence, by rewriting

Wi,0 − Wi,1 =
∑
j∈J1

wj1{r · v⊥{0,i}
j ≥ sj} −

∑
j∈J2

wj1{r · v⊥{0,i}
j ≥ s′

j} + c

=
∑
j∈J1

wj1{r · v⊥{0,i}
j ≥ sj} +

∑
j∈J2

wj1{r · (−v⊥{0,i}
j ) ≥ −s′

j} −
∑
j∈J2

wj + c,

we obtain an expression which is the weighted sum of indicators of the form 1{gj ≥ s′′
j } (plus

some constant) where gj ’s are correlated standard Gaussians and the covariances between
them are all at least −5/6. We can therefore apply Lemma 28, which gives us

Var[Wi,0 − Wi,1 | r · v⊥
i = t] ≥ Ω

(
W 2

i

d2 log3/2 d

)
.
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Since |Wi,0 − Wi,1| ≤ Wi, we have

E[|Wi,0 − Wi,1| | r · v⊥
i = t] ≥ 1

Wi
E[(Wi,0 − Wi,1)2 | r · v⊥

i = t] ≥ Ω
(

Wi

d2 log3/2 d

)
. ◀

▶ Lemma 25 (Local gains). Choose ϵ = cd−2 log−2(d) for some sufficiently small constant
c > 0. Then, for every variable i, we have E[∆i | A∗(i) = ∗] = Wi · Ω(d−2 log−3/2(d)).

Proof. As in the proof of Lemma 18, it is sufficient to show that

E[∆i | r · v⊥
i = t] = Wi · Ω(d−2 log−3/2(d))

either for every t ∈ (f(bi) − ϵ, f(bi)) or for every t ∈ (f(bi), f(bi) + ϵ).
As in Lemma 17, we have E

[
Wi,∗ | r · v⊥

i = t
]

= Θ(ϵ · Wi). Assume that E[Wi,0 − Wi,1 |
r · v⊥

i ∈ (f(bi), f(bi) + ϵ)] ≥ −Wi · d−2 · log−2(d). Then by Lemma 24 we have

E[∆i | r · v⊥
i ∈ (f(bi), f(bi) + ϵ)]

≥ E
[

|Wi,0 − Wi,1| + (Wi,0 − Wi,1)
2 − Wi,∗ | r · v⊥

i ∈ (f(bi), f(bi) + ϵ)
]

≥ Wi ·
(

Ω(d−2 log−3/2(d)) − d−2 log−2(d) − O(d−2 log−2(d))
)

= Wi · Ω(d−2 log−3/2(d)).

Otherwise, we have E[Wi,0 − Wi,1 | r · v⊥
i ∈ (f(bi), f(bi) + ϵ)] < −Wi · d−2 · log−2(d), or

equivalently E[Wi,1 −Wi,0 | r ·v⊥
i ∈ (f(bi), f(bi)+ϵ)] > Wi ·d−2 · log−2(d). Since the function

E[Wi,1 − Wi,0 | r · v⊥
i = t] is O(Wi)-Lipschitz in t, we have

E[Wi,1 − Wi,0 | r · v⊥
i ∈ (f(bi) − ϵ, f(bi))] > Wi · d−2 log−2(d) − ϵ · O(Wi) ≥ −Wi · O(d−2 log−2(d)).

It follows that

E[∆i | r · v⊥
i ∈ (f(bi) − ϵ, f(bi))]

≥ E
[

|Wi,1 − Wi,0| + (Wi,1 − Wi,0)
2 − Wi,∗ | r · v⊥

i ∈ (f(bi) − ϵ, f(bi))
]

≥ Wi ·
(

Ω(d−2 log−3/2(d)) − O(d−2 log−2(d)) − O(d−2 log−2(d))
)

= Wi · Ω(d−2 log−3/2(d)).

Thus, we conclude E[∆i | A∗(i) = ∗] = Wi · Ω(d−2 log−3/2(d)). ◀

Proof of Theorem 23. Follows similarly as in the proof of Theorem 14. By Lemma 10, we
have

E[Val(I, A)] ≥ Soundnessf (D) +
∑
i∈V

E[∆i]

≥ Soundnessf (D) +
∑
i∈V

E[∆i | A∗(i) = ∗] · Pr[A∗(i) = ∗]

≥ Soundnessf (D) +
∑
i∈V

Wi · Ω(d−2 log−3/2(d)) · Ω(ϵ)

≥ Soundnessf (D) + Ω(d−4 log−7/2 d). ◀



S. Ghoshal, N. Huang, E. Lee, K. Makarychev, and Y. Makarychev 28:17

5.1 Proof of Lemma 22
We only prove the case where P1 and P2 are aligned since the anti-aligned case can be reduced
to the aligned case by negating the variable k as well as vk. Assume that P1 and P2 are aligned.
Then, since D is reasonable, we have ρ(θ1)ρ(θ2) ≥ 0, |bi|, |bj |, |bk| ≤ 0.4 and |bij |, |bik| ≥ 0.5.
This implies that |bij | ≥ |bi||bj |, and therefore bij and ρ(θ1) = bij−bibj√

(1−b2
i
)(1−b2

j
)

have the same
sign. We may then by possibly negating vi assume that bij , bik, ρ(θ1), ρ(θ2) ≥ 0.

For ℓ ∈ {j, k}, let u⊥{0,i}
ℓ be the component of vℓ parallel to v⊥{0,i}

ℓ , so we have

u⊥{0,i}
ℓ =

√
1 − b2

ℓv⊥
ℓ − biℓ − bibℓ√

1 − b2
i

v⊥
i .

It follows that

∥u⊥{0,i}
ℓ ∥2 = 1 − b2

ℓ − (biℓ − bibℓ)2

1 − b2
i

for ℓ ∈ {j, k}, and

u⊥{0,i}
j · u⊥{0,i}

k = (bjk − bjbk) − (bij − bibj)(bik − bibk)
1 − b2

i

.

For σ ∈ {−1, 1} and ℓ ∈ {j, k}, let us define

pσ = 1 + σbi

2 , and qσ,ℓ = 1 + σbi − σbℓ − biℓ

2(1 + σbi)
.4

By the triangle inequalities, we have 1 − bi + bℓ − biℓ ≥ 0, so bℓ ≥ −1 + bi + biℓ ≥ −0.5 + bi.
Since |bℓ| ≤ 0.4, we have bℓ ≥ max(−0.4, −0.5 + bi). So we have

q+1,ℓ = 1 + bi − bℓ − biℓ

2(1 + bi)
≤ 1 + bi − max(−0.4, −0.5 + bi) − 0.5

2(1 + bi)
.

When bi ≥ 0.1, the right hand side above is 1
2(1+bi) ≤ 5

11 . When bi ≤ 0.1, the right hand side
above is 0.9+bi

2(1+bi) = 1
2 − 0.1

2(1+bi) ≤ 5
11 . So in either case we obtain q+1,ℓ ≤ 5

11 . Similarly, for q−1,ℓ

we use the triangle inequality 1+bi −bℓ −biℓ ≥ 0, from which we deduce bℓ ≤ min(0.4, 0.5+bi),
and therefore

q−1,ℓ = 1 − bi + bℓ − biℓ

2(1 − bi)
≤ 1 − bi + min(0.4, 0.5 + bi) − 0.5

2(1 − bi)
.

When bi ≤ −0.1, the right hand side above is 1
2(1−bi) ≤ 5

11 . When bi ≥ −0.1, the right hand
side above is 0.9−bi

2(1−bi) = 1
2 − 0.1

2(1−bi) ≤ 5
11 . So in either case we obtain q−1,ℓ ≤ 5

11 .
Now let’s relate the quantities pσ, qσ,ℓ to the SDP vectors. We have

∑
σ∈{−1,1}

pσqσ,ℓ(1 − qσ,ℓ) =
∑

σ∈{−1,1}

1 + σbi

2 · (1 + σbi)2 − (σbℓ + biℓ)2

4(1 + σbi)2

= 1
4

(
1 − (bℓ + biℓ)2

2(1 + bi)
− (bℓ − biℓ)2

2(1 − bi)

)
= 1

4∥u⊥{0,i}
ℓ ∥2,
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as well as∑
σ∈{−1,1}

pσqσ,jqσ,k

=
∑

σ∈{−1,1}

(1 + σbi − σbj − bij)(1 + σbi − σbk − bik)
8(1 + σbi)

=
∑

σ∈{−1,1}

1
4

(
1 + σbi − (σbj + bij + σbk + bik)

2 + (bj + σbij)(bk + σbik)
2(1 + σbi)

)

= 1
4

(
1 − bij − bik + (bj + bij)(bk + bik)

2(1 + bi)
+ (bj − bij)(bk − bik)

2(1 − bi)

)
= 1

4

(
1 − bij − bik + bjbk + (bij − bibj)(bik − bibk)

1 − b2
i

)
= 1

4

(
1 − bij − bik + bjk − u⊥{0,i}

j · u⊥{0,i}
k

)
≥ −1

4u⊥{0,i}
j · u⊥{0,i}

k .

Here the last inequality is due to the triangle inequalities.
Observe that since qσ,ℓ ≤ α where α = 5

11 for every σ ∈ {−1, 1}, ℓ ∈ {j, k}, we have

qσ,jqσ,k ≤ α

1 − α

√
qσ,j(1 − qσ,j)qσ,k(1 − qσ,k)

and therefore∑
σ∈{−1,1}

pσqσ,jqσ,k

≤ α

1 − α
·
∑

σ∈{−1,1}

pσ

√
qσ,j(1 − qσ,j)qσ,k(1 − qσ,k)

≤ α

1 − α
·

√√√√√
 ∑

σ∈{−1,1}

pσqσ,j(1 − qσ,j)


√√√√√
 ∑

σ∈{−1,1}

pσqσ,k(1 − qσ,k)

,

where the last inequality is due to Cauchy-Schwarz. Thus, we have

u⊥{0,i}
j · u⊥{0,i}

k

≥ −4
∑

σ∈{−1,1}

pσqσ,jqσ,k

≥ −4 · α

1 − α
·

√√√√√
 ∑

σ∈{−1,1}

pσqσ,j(1 − qσ,j)


√√√√√
 ∑

σ∈{−1,1}

pσqσ,k(1 − qσ,k)


= − α

1 − α
· ∥u⊥{0,i}

j ∥∥u⊥{0,i}
k ∥

By shifting the factors, we obtain

v⊥{0,i}
j · v⊥{0,i}

k =
u⊥{0,i}

j · u⊥{0,i}
k

∥u⊥{0,i}
j ∥∥u⊥{0,i}

k ∥
≥ − α

1 − α
= −5

6 .

This completes the proof.
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A Variance of Sums of Gaussian Threshold Indicator Functions

In this appendix, we study the variance of functions of the form

d∑
i=1

wi1{gi ≥ si},

where (g1, . . . , gd) is a centered Gaussian vector with unit variances, s1, . . . , sd ∈ R are some
thresholds for the Gaussians, and w1, . . . , wd ≥ 0 are some nonzero weights. We state a few
different versions with different assumptions on the covariance structure or on the thresholds.
They will be used to show that there is sufficient variance in a local neighborhood of a
bounded-degree MAX 2-CSP instance for an algorithm to exploit, generalizing Lemma 7
from [15] which served a similar purpose for MAX CUT. Due to the page limit, we defer the
proofs in this section to the full version of the paper.

In the first version, there is no assumption on the covariance structure but the thresholds
are assumed to be close to some nonzero real number.

▶ Lemma 26. Let (g1, . . . , gd) be a centered Gaussian vector with unit variances. Let s ∈ R
be nonzero, δ = |s|/2, s1, . . . , sd ∈ (s − δ, s + δ), and w1, . . . , wd ∈ R≥0, then we have

Var
[

d∑
i=1

wi · 1{gi ≥ si}

]
=
(

d∑
i=1

wi

)2

· Ω(d−1),

where the constant inside Ω depends only on s.

In the second version we assume that the covariances are somewhat bounded away from
1 in absolute value, and that the thresholds are also absolutely bounded.

▶ Lemma 27. Fix some constants B > 0. Let (g1, . . . , gd) be a centered Gaussian vector
with unit variances and pairwise covariances in

[
−1 + 1

d2 log2 d
, 1 − 1

d2 log2 d

]
. Let s1, . . . , sd ∈

[−B, B] and w1, . . . , wd ∈ R≥0, then we have

Var
[

d∑
i=1

wi · 1{gi ≥ si}

]
=
(

d∑
i=1

wi

)2

· Ω(d−2 log−3/2 d),

where the constant inside Ω depends only on B.
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In the last version, we assume that the covariances are bounded away from -1 by a
constant, and again the thresholds are bounded in absolute value.

▶ Lemma 28. Fix some constants η, B > 0. Let (g1, . . . , gd) be a centered Gaussian vector
with unit variances and pairwise covariances at least −1 + η. Let s1, . . . , sd ∈ [−B, B] and
w1, . . . , wd ∈ R≥0, then we have

Var
[

d∑
i=1

wi · 1{gi ≥ si}

]
=
(

d∑
i=1

wi

)2

· Ω(d−2 log−3/2 d),

where the constant inside Ω depends only on η and B.
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