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—— Abstract

Determining the sample complexity for testing k-colorability is perhaps the most well studied
problem in property testing. It was (implicitly) introduced almost 50 years ago by Bollobds, Erdés,
Simonovits and Szemerédi, who used the regularity lemma in order to give a tower-type bound
for this problem. This bound has been successively improved in a long list of works, bringing the
state-of-the-art bounds to lie between Q(1/¢) and O((k/e)log?(1/¢)). We obtain the following new
results:

(i) Our first main result is an improved O((k/c)log(1/e)) upper bound, bringing the sample
complexity closer to “truly” linear in €. To prove this result, we improve upon a variant of the
container method, introduced recently in the breakthrough paper of Blais and Seth.

(ii) Perhaps the most important gap in our understanding of this problem is that while the best
known upper bound increases with k, the lower bound is independent of k. Our second main
result fills this gap by providing a new Q(%) lower bound, improving upon a result of
Alon and Krivelevich from 2002. We conjecture that this is the true sample complexity of
k-colorability.
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1 Introduction

Given a graph G = (V| E), we use x(G) to denote its chromatic number, that is, the smallest
integer k so that V' can be colored with the colors {1,...,k} so that for each edge (u,v) € E
the vertices u, v are colored differently. Computing x(G), or even just determining if x(G) < 3,
is of course one of the classical NP-hard problems. One of the best “combinatorial evidence”
for the hardness of determining x(G) is a classical result of Erdds [12], which states that
for arbitrary k& and n, there are n-vertex graphs of chromatic number & in which every set
of Q(n) vertices induces a 3-colorable graph. Qualitatively, this means that the chromatic
number of a graph lacks any relation between its global and local aspects. Suppose now that
we strengthen our global assumption on G, and instead of just assuming that it has large
chromatic number, we further assume that it is “far” from having small chromatic number.
Can we then show that G has a subgraph on a small number of vertices which witnesses
this fact? Interestingly, the answer in this case is dramatically different. We now make this
statement more precise.
? Nick Kushnir and :Asaf Shapira; .
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For a fixed € > 0 we say that G is e-far from being k-colorable, if one should remove
from G at least en? edges in order to obtain a graph which is k-colorable!. A result of
Bollobés, Erdés, Simonovits and Szemerédi [10] from 1978 states that if G is e-far from being
2-colorable then GG contains a set of vertices of size C'(¢) which spans a non 2-colorable graph.
This result was later extended by Rédl and Duke to arbitrary fixed k. Both proofs [10, 25]
relied on Szemerédi’s regularity lemma [29], therefore they only supplied tower-type bounds
for C'(¢). Interestingly, both proofs in fact show that a random sample of C(g) vertices spans
a non-k-colorable subgraph with probability at least 2/3. Let us then define Si(g) to be the
smallest g such that if G is e-far from being k-colorable then a sample of g vertices spans a
non-k-colorable subgraph with probability at least 2/3. We call Si(g) the sample complexity
of k-colorability.

We pause our discussion for a moment and observe that the fact that Si(e) is independent
of n has an immediate surprising algorithmic implication. A randomized algorithm is said to
be an e-tester for k-colorability if it accepts k-colorable graphs with probability at least 2/3
and rejects those that are e-far from being k-colorable with probability at least 2/3. It is
now easy to see that we can obtain an e-tester for k-colorability which simply samples S (¢)
vertices, and checks? if the subgraph they induce is k-colorable. This observation was made
explicit by Goldreich, Goldwasser and Ron [17] in their seminal paper which introduced?
the area of property testing, and where similar algorithms were designed for more general
partition properties. See [5, 16] for more details on property testing. The take-home message
here is that besides the purely graph theoretic interest in understanding Sk (e), an additional
motivation stems from its algorithmic application.

The study of the sample complexity of k-colorability took two dramatic turns in the mid
90’s. First, Frieze and Kannan [14, 15] made the crucial observation that in order to study
Si(g) one does not need the full power of Szemerédi’s regularity lemma [29], and that a
weaker regularity lemma suffices. This observation brought down the sample complexity to
2(k/ 5)O<1)7 already making a significant improvement over the regularity-based tower-type
bound of R6dl and Duke [25]. Independently of [14, 15], Goldreich, Goldwasser and Ron [17]
obtained the first polynomial bound for Si(¢). They did so by completely doing away
with the regularity lemma method, showing that Sy (¢) = O(k?/&®). This bound was later
improved by Alon and Krivelevich [1] to O(k/e2). A significant breakthrough was obtained
by Sohler [28] who improved the dependence on € to near linear, giving an upper bound of
O(kS/¢). In a recent breakthrough, Blais and Seth [7] further improved this, showing that
Si(e) = O((k/e)log?(1/¢)). In terms of lower bounds, Alon and Krivelevich [1] proved that
Sk(e) = Q(1/e).

As is evident, determining the correct order of Si(e) has long served as a testbed for
developing many of the most important techniques that became ubiquitous in the area of
graph property testing. Consequently, resolving this problem was raised as an open problem

L Observe that every graph can be made k-colorable by partitioning the vertices into k sets of equal size
and removing the edges within these sets. We thus remove at most n?/k, hence we can always assume
that k£ < 1/e.

2 Note that this algorithm actually accepts with probability 1 every k-colorable input.

3 We should point out that [17] used the notion of query complexity which is the number of edges we
need to sample from G in order to design an e-tester for k-colorability. Clearly the query complexity
is at most quadratic in Sk(e), since we can simply query all edges inside the sampled set of vertices.
Interestingly, there is a theorem of Goldreich and Trevisan [19] stating that this quadratic gap actually
holds for every graph property, and a recent theorem of Goldreich and Wigderson [20] stating that it is
sometimes unavoidable. See [21, 18] for further discussion. Since almost all works on k-colorability used
the notion of sample complexity, we also use it here.
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in several papers?, for example in 2002 by Alon and Krivelevich [1] and more recently by
Blais and Seth [7]. Observe that a striking inconsistency has persisted for the past 20 years:
while all upper bounds for S(e) increase with k, the only known lower bound is independent
of k. Our first main result in this paper fills this qualitative gap, improving upon the lower
bound obtained in 2002 by Alon and Krivelevich [1].

» Theorem 1.1. The sample complexity of k-colorability satisfies Si(e) = Q(M)

g

The main idea of the proof of Theorem 1.1 is the following. As we mentioned above
Erdés [12] showed that there is a graph of chromatic number k in which every set of vertices
of linear size is 3-colorable. Alon and Krivelevich [1] showed that by taking a blowup of
such a graph one can obtain an §2(1/¢) lower bound. The parameters in Erdds’s example

are tight if one insists that every set of vertices of linear size has small chromatic number.

Our main innovation here is that in the setting of testing it is enough that most sets satisfy
this condition, which allows us to use a theorem of Luczak [23] on the chromatic number of
sparse random graphs.

Our second main result in this paper improves the state of the art upper bound as follows.

» Theorem 1.2. The sample complexity of k-colorability satisfies Si(e) = O(g log é)

The proof of Theorem 1.2 builds on the approach introduced in the recent breakthrough
of Blais and Seth [7, 6], which itself is a variant of the Container Method in extremal
combinatorics. This method very roughly states that if the edges of a (hyper)graph are
reasonably well distributed then there is a small collection of vertex subsets C1, ..., C; called
containers, so that every independent set is a subset of one of these containers. The main
advantage is that this lemma allows one to improve upon naive union bounds since instead

of having to union bound over all independent sets, one only needs to consider the sets C;.

This method has its origins in the works of Kleitman and Winston [22] and Sapozhenko [26]
who considered containers in graphs. A major breakthrough was obtained about 10 years
ago by Balogh, Morris, and Samotij [4] and by Saxton and Thomason [27] who extended
this method also to hypergraphs, allowing many more applications of this method. Blais
and Seth [7, 6] found a clever way of applying this method in the setting of testing graph
properties. As in [4, 27] the main challenge is to design an algorithm® which receives the
graph and constructs the containers. Our main contribution here is in improving the analysis
of the algorithm presented in [6]. More concretely, in Lemma 3.10 we remove a log 1/e factor
from the bound obtained in [6] for the same lemma (Lemma 6° in [6]), which results in the
improved upper bound in Theorem 1.2.

The two main differences between our analysis here and the ones in [7, 6] are the following:
First, we use the reduction of [6] which reduces testing k-colorability to finding a single
independent set in an appropriate graph (the one in [7] requires k independent sets which is
more costly), but we run on this graph the container algorithm of [7], which is much simpler
to analyse and adapt to our needs. The second idea is to break the analysis of the container

It is worth mentioning that some papers [8, 9] focused on the special case of determining S2(¢) (which
might be simpler given the simple structure of bipartite graphs) while other papers [2, 6, 11] studied
the more general problem of hypergraph colorability.

We stress that by “algorithm” we refer to the procedure that (explicitly) constructs the containers, and
not to any algorithmic aspect of testing k-colorability.

The result of [6] actually applies to more general hypergraph coloring properties. Our improved bound
can be easily extended to that setting, but we chose to focus on the graph setting in order to simplify
the proofs.
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algorithm of [7] into Claims 3.3, 3.4 and 3.5, which allows us to make the crucial observation
in Claim 3.4. This claim allows us to save a logé factor in the edge counts at the end of
the proof of Lemma 3.10. To summarize, we combine the ideas presented in [7, 6] with the
crucial observation in Claim 3.4.

Our new lower/upper bounds suggest the natural question: what is the true asymptotic
behaviour of Si(¢)? While the &k term and the log1/e term in the upper bound seem like an
artifact of the proof, it appears as if the log k term in the lower bound is much harder to
improve upon. We thus suspect that the following holds.

» Conjecture 1.3. The sample complexity of k-colorability satisfies Sy(c) = ©(2&%).

€

For what it is worth, our feeling is that it will be hard to remove the final log% factor
from the upper bound on Si(¢) using the method of [7, 6], but that it should be possible to
improve the dependence on k (perhaps even all the way to the optimal/conjectured log k)
using this method.

Two intermediate goals towards Conjecture 1.3 are to prove an upper bound of C(k)/e
(for some arbitrary constant C(k)) and an upper bound of @ log 1. Observe that a
bound of the form O(log k/e®) (with C = 7) is known [3, 13], but is inferior to the known
O(g logo(l) %) bounds as long as C' > 2 since, as we mentioned earlier, we can assume that
k < 1/e. It would also be very interesting to investigate the sample complexity of tolerantly
testing k-colorability [24], namely, estimating how far is an input from being k-colorable.
While this can be done with sample complexity polynomial in 1/e using the results of [17],

determining the sample complexity of this problem seems very challenging.

Paper overview

In Section 2 we prove Theorem 1.1. We first state and prove Lemma 2.3 which is the main
lemma in the section, and then use it to prove the lower bound. In Section 3 we prove
Theorem 1.2 using the container method.

2 Proof of Theorem 1.1

Our proof of Theorem 1.1 will rely on the following theorem of Luczak [23] regarding the
chromatic number of G(n,p).

» Theorem 2.1. There exists a constant do such that if d = d(n) = n-p(n) > do and
p(n) = o(1), then with probability 1 — o(1)

np
<
x(Cn.p) < 0

Puczak [23] actually obtains the much stronger bound x(G(n,p)) < (1 + o(1))np/log np
but the above result suffices for our purposes here. We will also need the following basic
Chernoff bound.

» Lemma 2.2. Given pi,...,p, € [0,1] and mutually independent random wvariables
X1,...,Xn, taking values in {0,1}, with P[X; = 1] = p;, denote p = (p1 + -+ + pn)/n
and X = X1+ -+ X,. Then for every 0 < a < pn

PIX — E[X] < —a] < e~ /2"
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In order to prove Theorem 1.1, we will first prove the following lemma.

» Lemma 2.3. There is kg so that for every k > ko, and every large enough m there is an
m-vertex graph H satisfying:
(i) For every 1 < r < m/80, a uniformly sampled subset of r vertices of H spans a
k-colorable graph with probability at least 1%,

(ii) One needs to remove from H at least mlogk edges in order to make it k-colorable.

Proof. Set p = 40klogk/m. To prove the lemma, we will show that for all large enough m,
the random graph H = G(m, p) satisfies each of the two desired properties with probability
at least 3/4, and hence there is a graph satisfying both properties.

We first prove that property (i) holds with probability at least 3/4 with respect to
r =m/80. Fix a set R of m/80 vertices of H = G(m,p). Due to the independence of the
G(m, p) model, we can think of the induced subgraph H[R] as generated by G(m/80,p).
Thus, by Theorem 2.1, with the parameters n = m/80, p = 40k log k/m, we deduce that for
all large enough k7 and all large enough m, with probability at least 0.99 we have

np klogk

< =
“lognp  2log (H1%8F)

<k.

X(R)

Let X = X(H) denote the number of subgraphs of H = G(m,p) of size m/80 that are
not k-colorable. By the above assertion we have E[X] < 0.01- (" ). Hence, by Markov’s
inequality

P [X > 0.1<m780>] <1/4.

Therefore, with probability at least 3/4, at most O.l(m%o) of the subsets of H of size m /80

m/SO)

span a non-k-colorable subgraph, which is exactly what property (i) states for r = m/80.

Consider now any ' < r. We can sample a random set of size v’ by first picking random
set of size r and then picking from it a random set of size r’. By the above argument, the
random set of size r spans a k-colorable graph with probability at least 9/10, and since a
subgraph of a k-colorable graph is also k-colorable, a random set of size r’ is also k-colorable
with probability at least 9/10.

We now prove that property (ii) holds with probability at least 3/4. Towards this, we
first prove that with probability at least 3/4 every set of vertices R in H of size |R| =7 > 5
contains at least 2r log k edges. Let us then fix a subset R C V(H) of size r. From Lemma 2.2,
with n = (;), all p, =pand a = (g)p — 2rlog k, we have

P[[E(G[R])| < 2rlogk] < e~ (B)p=2rlogk)*/2(3)p
< ¢~ (rp—5logk)?/(4p)

< e_pT2/10 .

7 We need k to be large enough so that pm = %klogk is larger than dop in Theorem 2.1.

35:5
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Hence, the probability that there is a subset R of size m/2k < r < m violating the above
property is at most

m\ _ —pr?/10 < 2¢k)" - —pr?/10
Z (r)e < Z (2ek)" - e

m/2k<r<m m/2k<r<m

Z er(ln(26k)—pr/10)
m/2k<r<m

Z er(ln(2€k)—2 log k)
m/2k<r<m

Z er(flogk) _ 0(1)

m/2k<r<m

IN

IN

IN

We now prove that if the condition in the previous paragraph holds, then item (i7) holds
as well, and hence it holds with probability at least 3/4. Indeed, take any partition of
V(H) into k sets Cy,...,Cy. Since at most half of H’s vertices belong to sets C; of size
at most m/2k and since any C; of size at least m/2k contains at least 2|C;|log k edges, we
conclude that H contains at least mlog k edges within the sets C,...,C). Since this is true
for any partition into k sets, at least mlogk edges need to be removed from H to make it
k-colorable. |

Proof (of Theorem 1.1). Let ko be the constant in Lemma 2.3. We may clearly assume that
k > ko since we can either absorb this into the constant in the Q(lofk ) bound or alternatively
just use the (1) lower bound of [1] which holds for all k. Given k > ko and all small enough
e > 0, we will show that there are infinitely many n € N for which there is a graph G which

log k :
°E%) vertices spans a
g

is e-far from being k-colorable, and yet a randomly chosen set of €(
k-colorable graph with probability at least 9/10. Set

_nk
ik

m (1)
Since we may assume that ¢ is small enough, we can assume that m is large enough for
Lemma 2.3 to hold. Let H be the graph guaranteed by the lemma. For each integer n, let
G be the n/m-blowup of H, that is, the graph obtained by replacing each vertex v of H
with an independent set I, of size n/m, and every edge (u,v) of H with a complete bipartite
graph connecting the sets I,,, I,,. We will now show that G satisfies the two properties above,
namely, that it is e-far from being k-colorable, and that a sample of s = m /80 = Q(%) of
vertices spans a k-colorable graph with probability at least 9/10.

Let us number the vertices of H as 1,...,m and the vertex sets that replaced them in G
as In,...,In. Given a set of vertices S in G, let S; = SN I; and let Sy be the set of vertices
1 < j <mof H for which S; # (. It is now easy to see that for each S, if the graph H[Sy]
is k-colorable then so is G[S]. Indeed, we can color all the vertices of I; in G using the color
assigned to vertex j in H. We also observe that by symmetry, if we randomly select a set
S in G of size s, then for every s’ < s, all sets of size s’ are equally likely to form the set
Su. We deduce that conditioned on the size of Sg, the set Sy is a uniform subset of H of
size at most m/80. By Lemma 2.3 a uniform set Sy of any fixed size at most m/80 in H is
k-colorable with probability at least 9/10. Hence, if we randomly pick a set S of size m /80
with probability at least 9/10 the graph H[Sg] is k-colorable. But from our observation
above, this means that with probability at least 9/10 the graph G[S] is also k-colorable.
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We now prove that G is e-far from being k-colorable. Take any partition of V(G) into k
color sets C, ..., Ck, and let M denote the number of monochromatic edges of this partition,
namely, the number of edges within these & sets. Let use this k-coloring in order to (randomly)
k-color H as follows: assign color ¢ to a vertex u with probability |C,N1,|/|I,|. The expected
number of monochromatic edges of H in such a coloring is precisely

k k
IC,NL,||C,NnI,|] m?
Z Z q\f | j]| :ﬁz Z |Cq N L||Cq N 1|

(u,v)EE(H) q=1 q=1 (u,w)€E(H)

[\v]

[
]~

m

© > M@y € E@) i ny ey

<
Il
R

-m

n2
By Item (i) of Lemma 2.3, every k-coloring of H creates at least mlog k monochromatic
edges, implying that MT'LTQ > mlogk and recalling (1) this means that M > en?. We
conclude that every k-coloring of G creates at least en? monochromatic edges, implying that
G is e-far from k-colorable. <

3 Proof of Theorem 1.2

As we mentioned in Section 1, our proof relies on the container method. Algorithm-1 described
below receives as input an independent set I in a graph G and produces a sequence Cy,Cs, . ..
of supersets of I, which we call “containers”, together with a sequence F}, Fs, ... of subsets
of I, which we call “fingerprints”. As the name suggests, each fingerprint F; determines the
container C;. The algorithm constructs these two sequences using a (surprisingly) simple
greedy algorithm. Starting with Fy = 0 and Cy = V(G), in each iteration ¢ the algorithm
picks a new vertex v; € I'\ Fi_; to be added to the fingerprint. It does so by taking v; to be
the vertex in I\ F;_; of the highest degree in G[C;_1] (the graph induced by G on C;_1).
It then adds v; to Fi_; to obtain F;. It also removes all neighbors of v; from C;_; (none
of them belongs to I since it is an independent set) as well as all vertices of Cy_1 of degree
larger than that of v; (none of them belongs to I by choice of v;). Note that the algorithm
terminates after |I| steps but we further set C; = F;, = I for t > |I|.

Algorithm 1 FINGERPRINT AND CONTAINER GENERATOR.

Input: A graph H = (V| F) and an independent set I C V

=

Initialize Fy « 0 and Cy < V(H);
fort=1,2,...,|I| do
3 vy < the vertex in I\ F;_; that has the largest degree in H[C;_1];

N

// remove all vertices with higher degree than v,
4 X + {w c€Ci_q: degH[thl](w) > degH[CFl](vt)};

// remove all neighbors of v

5 Y+ {weV:{wuv}eE};

// Add v; to the fingerprint

6 F, + Fi_1 U{v}

// Update container set by removing X and Y

7 Cy+ Ci1 \ (X UY);

8 Return Fi,..., Fjyand Cy,...,Cpj;

35:7
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3.1 Basic Properties
We now prove several useful properties regarding Algorithm 1.

» Definition 3.1. For a graph H = (V, E) and an independent set (I C V'), we write Cy(I)
for the container obtained after t iterations of the Algorithm when the algorithm is run
with input I on the graph H. Similarly, Fy(I) denotes the corresponding fingerprint after t
iterations.

By construction, we have
FFChCo---CHy=1CCnCCn1<---CC1CCy (2)

Let us state more useful properties of these sequences. Note that the construction of the
containers and the fingerprints given the independent set I guarantees that the Cy(I) equals
Cy(F¢(I)). This is stated in the following claim:

> Claim 3.2. For any graph H = (V, E) and any independent set [ in H, and any ¢, the
fingerprint F}(I) and container Cy(I) of I satisfy

Ci(Fu(D)) = Ci(T).

Proof. Fix ¢ to be the iteration index. We will prove that Cy(Fy(I)) = Cy(I). We will prove
by induction on the iteration index i that for every i < ¢ we have C;(F,(I)) = C;(I). For
1 = 0 the statement is trivial. Let us assume that the statement is true for ¢ and prove it
for i + 1. From the inductive assumption we know that C;(F;(I)) = C;(I). Consider the
vertex v;11 that was chosen in the (i + 1) — th iteration of the algorithm (running on input
I). By construction, the degree of v;1 in C;(I) is the highest from I\ F;. In particular, the
degree is also the highest from the following set F\F; in the graph C;(I) and hence also in
C;(F,(I)), and so it is chosen as the i + 1 vertex when the algorithm is running on F;(I) as
well. As the current C; are the same in both algorithms, and so is the chosen vertex in the
(i + 1)-th iteration, it follows that Cjy1(Fy(1)) = Cip1(I). <

> Claim 3.3. Let H = (V, E) be a graph, let I be an independent set in H, and let 0 < ¢ < |I|.
Denote by A; the maximal degree in C;. Then, A; is weakly decreasing w.r.t ¢.

Proof. Follows immediately from the fact that Cy C C;_; as stated in (2). <

> Claim 3.4. Let H = (V, E) be a graph, let I be an independent set in H, let 1 <t < ||
and let A; denote the maximum degree of H[Cy(I)]. Then Ay < |Cr_1\Cy|.

Proof. Suppose v; is the vertex in I'\F;_; that has the largest degree in H[C;_1]. Let d(v:)
denote the degree of vertex v; in H[Cy—1]. Then |C;_1\C}| > d(v;) since Algorithm-1 removes
from C;_; the d(v;) neighbors of v; in C;_1. On the other hand A; < d(v;) since Algorithm-1
removes from C;_; all vertices of degree larger than d(v;). <

> Claim 3.5. Let H = (V,E) be a graph, let I be an independent set in H, and let
1 < ¢ < |I|. Then the maximum degree of H[C}] is at most |V|/t.
Proof. Fix 1 <t < |I|. As stated in (2), we have C; C Cy—1 C --- C Cy C Cy. Hence,

t

t
V] >1Col = 1Cil =D (ICical = |Cil) =Y 1Cia \ Cil -
=1

i=1

Therefore, there is some index j € [t] such that |C;_1\C;| < |V|/t. Thus, in the notation of
Claim 3.4, we have A; < |V|/t. By Claims 3.3 and 3.4 we have also A; < |V|/t. <
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3.2 Graph Construction

A k-coloring of a graph G is given by k independent sets corresponding to the k color classes.

Therefore, if we want to apply the container algorithm to such a description, we have to
apply it k times, once for each of the k£ independent sets. We now describe a simple way
to encode the k-colorings of a graph G using another graph H. The advantage is that now
every k-coloring of G corresponds to a single independent set in H. This will simplify the
analysis in the next two subsections.

» Definition 3.6. Given a graph G = (V, E) and an integer k, we define the graph He ) =
(V,E) as follows. If the vertices of G are V = {v1,...,v,} then Hg  has the following k - n
vertices: for each vertexr v; € V', the vertex set V contains k vertices Vi, ik For what
follows, let S; = {vi1,...,vik}. The edges of Hg i are the following: for every v; € V we
put a complete graph on S,, and for every edge (v;,v;) of G and every 1 < q < k we have
and edge (Vi g, Vjq)-

One should think of vertex v; 4 as indicating the fact that v; is colored ¢. The following
follows immediately from the definition above.

» Fact 3.7. Given a graph G = (V,E) and an integer k let Hg ), = (V,E) be the graph
from Definition 3.6. Suppose S = {v1,...,vs} C V(G) is such that G[S] is k-colorable with
k-coloring ¢ : S + [k]. Then the set Sy = {v1 g(vy)s--+»Vs,p(v,)} 5 an independent set
m HG,k-

» Definition 3.8. Given a graph G = (V, E) and an integer k, let Hg ), = (V,E) be the
graph from Definition 8.6. If U C V then we use vert(U) to denote the set of vertices v for
which S, NU # 0, that is, the set of vertices v; € V(G) so that at least one vertex v; 4 is
inU.

» Observation 3.9. Given a graph G = (V, E) and an integer k, let Hg = (V, E) be the
graph from Definition 3.6. Suppose U C V satisfies vert(U) = V(G) and |U| = n (i.e. so
that [UNS,| =1 for every v € V(G)). Then U encodes a coloring ¢ : V — [k] on the vertices
of G. Furthermore, the number of edges in H[U| is exactly the number of monochromatic
edges in G w.r.t the coloring ¢.

Proof. Let ¢ : V — [k] be such that ¢(v;) = ¢ if v; ; € U. It is then clear from definition
of Hg , that every monochromatic edge created by ¢ corresponds to precisely one edge
of H[U]. <

3.3 A New Container Lemma

The next lemma is the key tool we need for the proof of Theorem 1.2. It improves upon a
similar lemma from [6] by a log1/e factor®.

» Lemma 3.10. Given a graph G = (V, E) and an integer k let Hg , = (V, E) be the graph
from Definition 3.6. Suppose that for some € > 0 the graph G is e-far from being k-colorable.
Then, if I is an independent set in Hg i then there exists 1 <t < 4k/e such that

lvert(Cy(I)| < (1 - ZZ) n.

Here, C(I) refers to the container of Algorithm-1.

8 We remark again that the analogous Lemma 6 in [6] applies also to hypergraph colorability properties,
but it is easy to extend our improved bound to this more general setting.
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Proof. Assuming by contradiction that for all 1 <t¢ < 4k/e we have

vert (Cy(I))] > (1 _ Li) ", 3)

2 monochromatic

we will construct a coloring ¢ : V' — [k] of the vertices of G, with less than en
edges, contradicting the assumption of the lemma. Observe that by Observation 3.9 we can
construct such a coloring by finding a set U of size n in Hg j, which satisfies vert(U) =V
and which contains less than en? edges. We will construct U as a union of sets Uy, ..., Uy Je
defined as follows.

Let Co(1),...,Cuse(I) be the containers produced by Algorithm-1 when applied to I in
the graph Hg ;. Recall that Cy(I) C Cy—1(I) so we will consider these containers in reverse
order starting from Cyy,/.(I). Given Cyy (1), let Uyyye € Cup/e(I) be the following set: for
each vertex v; € G for which S; N Cyy/o(I) # 0, put in Uy . an arbitrarily chosen vertex
from Sz N 04.’@/5(])

We now repeat this for every t = 4k/e — 1,...,0, constructing a set Uy C Cy(I) \ Cry1(I)
as follows: Let R; be the vertices v; € V(G) so that none of the vertices of S; belongs to
Usrje U...UUpq1. Then for each vertex v; € R, for which S; N (Cy(I) \ Cy11(I)) # 0, put in
U an arbitrarily chosen vertex from S; N (C¢(I) \ Cip1(1)).

Let U = Uye UUgpye—1 U ... U U UUy. Note that our choice or R; guarantees that
U contains at most one vertex from each set S;. Furthermore, since Cy = V we conclude
that U will contain a vertex from each S;. More precisely, if S; N Cyy/. # 0 then we add a
vertex of S; to Uyy .. Otherwise, if ¢ is the largest? integer 1 < t < 4k/e so that Oy contains
vertices of S;, then in step ¢ we will add one of the vertices of S; to U;. We thus conclude
from Observation 3.9 that U encodes a k-coloring of G. Hence, it remains to prove the U
contains less than en? edges.

We claim that H[UyUU;U- - -UUyy .| contains less than en? edges. Since Usrse € Capse(D),
then by Claim 3.5 (with |V/| = kn), the maximum degree in the subgraph H[Uyy .| is at
most ﬁ = ¢n. Hence, H[U4k/€] has at most %nQ edges. Now, consider adding to Uyy .
the vertices of Up U -+ U Ugp/c—1 in reverse order. For any 0 < ¢ < 4k/e — 1, we choose
Us C Cy, hence when adding Uy, the number of edges in H[Uy- U . ..U U] increases by at
most |Uy| - Ay where A; is the maximum degree of H[C:(I)]. We conclude that the number
of edges in U is at most

4k/e—1

€
17124» Z |Ut|At . (4)
t=0
Note that our construction guarantees that for any 0 < ¢ < 4k/e — 1 we have
vert(Up U...UUy) =V \ vert(Cry1 (1)) .

From our assumption in (3) we know that |vert(Ciyi(1))| > (1 - %) n, which means
that

t+1
[vert(Up U...UU)| < et + )n
4k
Note also that since (by construction) the sets vert(Up), ..., vert(Us ) are disjoint then

t t
[vert(Uo U...UT)| = Y [vert(Uj)| = > [Uj] .

=0 =0

9 Since we consider the containers in reverse order, ¢ is the “first” index satisfying this condition.
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We thus conclude that Z o lU;| < (tH) . By Claim 3.3, the sequence A, is decreasing
with respect to t. Hence, in (4), the contrlbutlon of |U;| decreases as t increases, implying
that the sum is maximized when |U;| = 7 for every 0 <t < 4k/e — 1. We can thus bound
(4) from above by

4k/s 1 4k/s 1 4k/5 1

where in the last inequality we used the fact that Ay < |V| = kn. By Claim 3.4, for every
t > 1 we have A; < |Cy—1(I)\C(I)|, implying that the RHS of (5) is at most

4k/e—1
€ en
§n2+@ 2 |Ce—1(D\Ce(I)] < " +* |Co(I)\Carse—1(I)] < ” "‘@ kn < en®
thus completing the proof. <

We now extract the following useful corollary. We remind the reader of the notation S
in Fact 3.7. If Sy is such a subset of V then we will use Fi; in order to name subsets of S
(we mention this since we could call such subsets F' without the subscript ¢).

» Corollary 3.11. Given a graph G = (V, E) and an integer k let Hgj, = (V, E) be the graph
from Definition 3.6. Suppose that for some € > 0 the graph G is e-far from being k-colorable.
Suppose S = {v1,...,vs} is such that G[S] is k-colorable with coloring ¢ : S — [k]. Then
there is 1 <t < 4k/e and an Fy C Sy of size |Fy| =t so that

(i) Ci(Fy) = Ce(Ss).

(i) Jvert(Cy(Fy))| < (1 — %) n.
Here, C; refers to the containers produced by Algorithm-1.

Proof. By Fact 3.7 we know that Sy is an independent set in Hg ;. By Lemma 3.10 we
know that there is a 1 < ¢ < 4k/e so that |[vert(Cy(Sg))| < (1 — ££) n. Let F; C Sy be
the fingerprint of C;(Sy). Then by Claim 3.2 we have Cy(F;) = C;(Sy) so we also have
[vert(Cy(Fy))| < (1 — £5) n. Finally note that |Fy| = ¢ (by Algorithm-1) and thus we can

take I} as the set Fy in the statement. |

3.4 Proof of Theorem 1.2

Suppose G = (V, E) is a graph on n vertices and G is e-far from being k-colorable. Let
S C V be a random set of vertices of size s = C’% In(k/e), drawn uniformly at random and
without replacements, where C' is a large enough constant to be determined below. We need
to show that the probability that G[S] is k-colorable is at most 1/3. Denote the vertices of
S by {ui,...,us} so that [s] is the set of indices of these vertices. Let Hg x = (V, E) be the
graph from Definition 3.6. If I is an independent set in Hg  then we say that a container
Cy(I) C V is small if |vert(Cy(I))| < (1 — ££) n.

For every subset of indices R C [s] let R* = {u; : i € R} (so R* C S). If R is as above
and ¢ : R+ [k] then we let R} = {u; 40y 1 i € R} (so R} C V as in Fact 3.7). For every
subset of indices R C [s] of size t = |R| < %&£ and every coloring function ¢ : R + [k], let
XR,4 be the event that Ry is an independent set in Hg,y, that C’t(R;) is a small container,
and that ¢ can be extended to coloring of S so that Ct(R}) = C¢(Sy), where we refer to
containers of Algorithm-1 running on Hg ;. Let X = UR7¢ XR,o-
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We claim that if G[S] is k-colorable, then event X must hold. Indeed, if ¢ is a k-coloring
of G[S] and Fy C Sy is the set satisfying Corollary 3.11 then Fj determines the set R and
¢ of one of the events Xp 4 that must hold. This means that if we let C' denote the event
that G[S] is k-colorable then P[C] < 3y, P[C|Xg,g]. We will now complete the proof by
showing that this last expression is at most 1/3.

Consider one of the events Xp » with ¢ = |R| and assume we first sampled the vertices R*
and then the remaining s — ¢ vertices. If event Xp 4 holds then [vert(Cy(R}))| < (1-)n
and the remaining s — t vertices of S should be such that ¢ can be extended to all of S
so that C¢(Rj) = Ci(Sy). But this means in particular that these s — ¢ vertices should all
belong to vert(Cy(R})). Indeed, if s; € S does not belong to vert(Cy(R})), then for every
color ¢, the vertex v; , ¢ Ct(R;;) implying that we cannot extend ¢ from R* to S so that
Se C Ci(R). But by the basic properties of containers S, C Cy(Sy) so we cannot have
Ct(Ry) = Ct(Sg). We thus conclude that

P[C|Xr.4] < (W)H < (1 - L’i)m .

Applying the union bound over all 1 < ¢ < 4k/e, all possible choices of subsets R C [s] of
size |R| = t, and all the possible colorings!® ¢, we have

4k /e s—t 4k /e
S et ets
P[C] < P[C|X < K1 = < 1 - —
s Srernas 3 () K (1 f) s L (-5
R,¢p - -

where in the last inequality we use the fact that s > 2t. It is easy to see that if s = C f log f =
O( f log %), for'! a constant C large enough, then the above expression is bounded from
above by 1/3. We conclude that the probability that G[S] is colorable, given that G itself is
e-far from being k-colorable, is at most 1/3, thus completing the proof.
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