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—— Abstract
We revisit the problem of Gaussian mean testing in a distributed, communication constrained setting,
where each of n users independently observes samples from an unknown d-dimensional spherical
Gaussian distribution G(u,14), and can communicate up to £ bits to a central referee. The referee’s
goal is then to distinguish between cases (i) ||p]l2 = 0 versus (ii) ||p]]2 > e. This problem has been
considered in the private- and public-coin settings, when each user holds exactly one sample, or
more generally when each holds exactly m samples. In this work, we significantly generalize the
question in three directions: when the users only share a small number s of random bits, when each
user holds a different number of samples my, and when each user can send a different number of
bits ¢, to the referee.
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1 Introduction

You have been put in charge of a new program, to monitor underwater volcanic activity in a
large sector of the ocean. To maximize coverage, you have identified a set of n locations where
to deploy buoys equipped with high-tech measuring devices, strategically chosen to maximize
coverage. Each of these sensors will measure the volcanic activity at regular intervals, and
send hourly the result to the central station for processing and analysis, to detect any risk.
But choosing the location of these buoys was only the first step: the ocean is a harsh and
big place, and as a result these sensors are not only quite distant from the station, they
also have strong limitations on how many good-quality measurements they can make and
how much data they can accurately transmit before running out of energy for the day. The
measurements they make are subject to significant background noise; and even broadcasting
data to the network of buoys to synchronize them is complex, given how remote they all are.
So you are left with a daunting, highly constrained task:

How to design a good detection protocol under heterogeneous constraints, where each
sensor can make a different number of measurements, send a different amount of data
back to the center, and they all only share a limited amount of coordination?
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Figure 1 A depiction of the setting considered in this work: several distributed machines (“users”)
are measuring the same signal (vector p € Rd) subject to white noise (spherical Gaussian). They
all share a short random seed, and have different capabilities (amount of data collected, amount
of communication they can send): by sending a message to a central server (“referee”), they must
enable it to test whether the underlying signal measure exists (||p||2 > €) or is pure noise (u = 0).

Problem Statement

We formulate the problem as a composite hypothesis testing task. Let G(u,1;) denote a
d-dimensional Gaussian distribution with mean vector p € R? and covariance I;. Define the
following hypothesis classes for a pre-specified threshold ¢ € (0, 1]:

Ho :={G(0,1a)} Hi:={G(pLa): [|psll2 = &}

In a distributed setting, n users observe i.i.d. samples from an unknown distribution G €
Ho U H; and transmit £-bit messages to a central referee. Specifically, user k € [n] observes
my, > 1 independent samples from G:

k) — (Xu@,l),X(kyz)’... ,Xw,mk)) XD L@

and applies a (possibly randomized) encoding function WE): REme 5 Yy = {0,1}% to
it, before sending the resulting message Y ¥) = W *) (X (k)) to the referee. The referee
then applies a test T: Yy X -+ X YV, = {0,1} to the vector of received messages Y™ =
(Y(l), Y® ... 7Y(")), and accepts Ho if, and only if, T(Y™) = 0.

We allow the users to share s > 0 bits of public randomness, which are used to jointly
sample the tuple encoding functions W" = (W(l)7 w® ... W(”)).1 We define the two-sided
error for protocol IT := (W™, T) as

§(TI) = max ( sup Pr[T(Y")=1], sup Pr[T(Y") = O})
GeHo GeHy

The goal is to find required amount of resources (amount of shared randomness s, numbers

of samples (my)g, individual communication budgets (¢);) such that there exists a protocol

IT with two-sided error bounded by a target error probability § (unless specified otherwise,

fixed as a small constant 1/10). For simplicity, we decompose the problem into following

three subproblems:

! That is, the encoding functions (or “channels”) are randomized using both s > 0 bits of public
randomness, and an arbitrary number of bits of private randomness (independent across users).
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1. Limited public coin: Each user observes only one sample, and sends ¢ bits (my = 1,
£, = ¢ for all k); the users are allowed to share s bits of public randomness. What is the
sample complexity, that is, the minimum n = n(d, s, ¢, ) such that infy §(I1) < 1/107?

2. Heterogeneous samples: The users share s = (log(d/f¢)) bits of public randomness,
and each sends ¢ bits (¢ = ¢ for all k). What are sufficient conditions on m =
(mq,...,my) such that there exists a protocol II with ¢(IT) < 1/107

3. Heterogeneous communication: The users share s = Q(log(d/¢)) bits of public
randomness, and each observes one sample (my = 1 for all k). What are sufficient
conditions on £ = ({1, ...,¢,) such that there exists a protocol II with §(II) < 1/10?

Our results

We now summarize our results for these three subproblems.

» Theorem 1 (Limited public-coin). For £ € [d] and s > 0, there exists an s-public coin
protocol for distributed Gaussian mean testing under £-bit communication constraint with

d d
O(fg? max (m,€)>

users, each holding one sample.

Note that for s = 0 and s = O(log(d/¢)), this matches the private- and public-coin bounds
of O(d?/?/(¢?)) and O(d/(v/€€?)) from [3], known to be tight [12].

» Theorem 2 (Heterogeneous samples). For ¢ € [r,rd], s = Q(log(d/l)), and m =
(m1,...,my) € Z7 satisfying my € [r,re™?] for all k € [n], there exists a protocol for
distributed Gaussian mean testing under €-bit communication constraint with n users provided
that

Zlgkl;ﬁkQSn Mgy Mgy S C. d
n B N

where C,;r > 0 are absolute constants.

To interpret this result, observe that, at one extreme, with my = ©(1) for all k, the expression
matches the public-coin bound. Moreover, we note that for a fixed “budget” of samples
m =Y ,_, my, a “balanced” allocation of samples across users maximizes the left-hand side,
and hence is better (at least for our testing protocol).

» Theorem 3 (Heterogeneous communication). For £ = ({y,...,4,) € Z% and s =
Q(log(d/||€]lec)), there exists a protocol for distributed Gaussian mean testing under £-
bit communication constraint with n users, where user k has one sample and can send ¢y,
bits to the referee, provided that

111 ZC-E

V[€lloo e’

where C > 0 is an absolute constant.
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Letting £ = % > r—_y {r be the average communication budget, one can rephrase the sufficient
condition as

2
Vv Maxi<p<n fk 3

which, for a fixed value of 7, is easiest to satisfy when all communication constraints are the
same (“balanced”).

We emphasize that this separation in three subproblems is for clarity and simplicity
of exposition: we also provide a protocol involving a “mix-and-match” of all parameters,
where public randomness s, sample counts m = (my,...,m,), and individual communication
budgets £ = (¢1,...,£,) are all kept as free parameters. The guarantees of this protocol are
summarized in the following theorem:

» Theorem 4 (Everything, everywhere, all at once). For s >0, m = (m1,...,my) € Z}, and
£=(l1,...,0,) €LY, there exists a protocol for distributed Gaussian mean testing with n
users sharing s bits of public randomness, where user k has my samples and can send £y, bits
to the referee, provided that there exists a partition P = {Pi,..., Pk} of the n users such
that

21 #ielK) \/ ming, e p;, (M, ) - ming, e py, (mi,) - d

K B 52\/max (386 [1€lloo)

and, for every P € P, Y .cpli > 1 max (5ab7, [[€]lo) and mingep(m;) € [r,re~2]; where
C,r > 0 are absolute constants.

Related work

In the centralized setting where all samples are fully available to the referee, the tight sample
complexity of for Gaussian mean testing is known, and, while considered “folklore”, can for
instance be found in [7, 10] (as a special case of more general problem). Subsequent work
has expanded on this foundation, exploring Gaussian mean testing under communication
constraints [3] and truncation models [9]. [3] studied the problem in two variants of homo-
geneous regime (one sample and same communication budget ¢ for all users), namely the
private-coin (s = 0) and public-coin (s = 00), and showed sample complexities of

d3/? d
O —~ private coin), O [ —— public coin
te? Vie?

While the authors only established upper bounds and (limited) lower bounds, follow-up
work [11, 12] showed these two sample complexities to be tight. (Moreover, exploiting
standard properties of the Gaussian distribution, the above easily generalizes to the case
where each of the n users holds the same number of samples m > 1.2)

The above works reveal a \/W gap between the private- and public-coin sample complex-
ities, highlighting the value of shared randomness. However, the public-coin protocol of [3]
(as well as the similar protocol of [12]) rely on jointly sampling a uniformly random rotation

2 Namely, if X®D x&2) .. xEm) o G 1,), then X*) .= L Z:’; XD G(vmp, 1), so
one can use the one-sample protocol with new distance parameter & = ﬁs and “single sample per
user” X #)
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of the space, which technically requires infinitely many shared random bits — even with
adequate discretization, the amount of shared randomness necessary is still impractical. One
can thus wonder what can be achieved with a smaller “shared randomness budget:” similarly,
what happens if each user holds a different number of samples my, or can communicate a
different number of bits £;. To the best of our knowledge, all of these remain essentially
understudied and open in the context of Gaussian mean testing, and even distribution testing
at large, with the two exceptions outlined below.

On the “limited randomness” side, our techniques and results for the s-public coin setting
are reminiscent of the work of [1], which study the problem of identity testing for discrete
distributions under communication constraints. They provide an optimal protocol for identity
testing of distributions over a finite domain [k] under ¢-bit communication constraint with

vk [d k

users, giving clear interpolation between private- and public-coin. Our Blockwise Randomized
Hadamard Transform (BRHT) primitive (see Section 3) for compression is similar to their
technique “Domain Compression”,; showing an exponential saving (in the number of shared

random bits) in the sample complexity of the problem. Interestingly, however, both the
actual techniques used, and the resulting tradeofls, are quite incomparable: the upshot of [1]
was that “one bit of communication is equivalent to two bits of shared randomness” (in terms
of sample complexity), which does no longer hold in the Gaussian mean testing setting.

On the “heterogeneous communication” side, while we are not aware of previous work
for the case of Gaussian mean testing, we note that in the case of private-coin protocols
for testing of discrete distributions, a baseline upper bound is hinted at in [6, Exercise 4.4],
while lower bounds for estimation (not testing) are derived in [2].

We conclude by mentioning that, in the (as discussed above, analogous, yet orthogonal)
setting of identity testing of discrete distributions, under local privacy constraints, the recent
work [8] states that “it is not at all obvious how this [heterogeneous sample sizes| could be
handled neatly, and general results for this model could greatly help practical implementations.”
While our results do not directly address their question (as we deal with mean testing and
not discrete distributions, and communication instead of local privacy constraints), we hope
that some of our ideas can help in this regard, especially given the observed similarities
between communication and local privacy constraints [2].

2 Preliminaries

Notation

Throughout, we write [n] := {1,2,...,n}, and denote by ug := (1/2,1/2,...,1/2) € R the
mean vector of a d-dimensional binary product uniform distribution over {0,1}%, and by I4
the d-dimensional identity matrix. We use the standard asymptotic notations O(-), Q(:) and

o).

Simplification

For clarity of exposition, we assume throughout that d = 251 and ¢ = 2*> for some integers
k1, ke > 0. This assumption is without loss of generality up to constant factors. Indeed, for
arbitrary d, one can embed into dimension d’ with

d<d <2d, d =2M
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via zero-padding. Similarly, for arbitrary ¢, one can use ¢ bits with
(2 <t <t =2k

We will heavily rely on the following tools and techniques from the literature, which we recall
below.

» Definition 5 (Normalized Sylvester Hadamard Matrix). The normalized Sylvester Hadamard
matrix Hy € R¥? is recursively defined by

H1 = [1],
and for every integer d > 1

» Lemma 6 (Paley-Zygmund inequality). For a non-negative random variable Z and 0 < 6 <1

H; Hy
Hy; —Hy

Pr[Z > 0E[Z]] > (1 — 0)?

Binary product mean testing

Let P be an unknown d-dimensional binary product distribution over {0,1}% with mean
vector p € (0,1)?. Given i.i.d. samples from P and a threshold ¢ > 0, the binary product
mean testing problem is to distinguish between cases p = uq versus ||p — uqll2 > € with
probability at least 99/100. It is known that the optimal sample complexity for this problem
is ©(v/d/e?), and can be achieved by Algorithm 1 below. For completeness, we provide the
analysis of Algorithm 1 in Appendix, Theorem 21.

Algorithm 1 Binary product mean testing.

Require: Samples X ... X™ ¢ {0,1}¢; threshold ¢ > 0.
1: 7%62/2
2: for i € [d] do
B T Yo (X = 1/2)(X " —1/2)
4T by L T
5: if T'> 7 then
6: return reject
7
8

: else
return accept

Private-coin

As discussed above, the private-coin setting, which corresponds to s = 0 bits of shared
randomness, was studied for Gaussian mean testing in [3]. We briefly describe their protocol,
as we will use it later on, which uses two main ingredients: a reduction to the binary product
case, and a simple private-coin algorithm to solve the latter.

» Lemma 7 (Reduction to binary product mean testing). Let e € (0,1). If there exists an
algorithm for a binary product mean testing with n(d,e) samples, there exists an algorithm
for Gaussian mean testing with n(d,c//8).
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Proof. Let X, ... X be i.i.d. samples from G(u,I;). Define
YR =1 X® > 0) e {0,1}%
Then the Y *) are i.i.d. samples from a binary product distribution P over {0,1}? with mean
vector p € (0,1)%. We distinguish the two cases,
Case 1: ||u]|2 = 0. Then, for all 4, p; = Pr[Yi(k) =1] =1/2. Thus, p = ug.

Case 2: if ||u||]2 > e. Then, for all 4, p; = Pr[Yi(k) = 1] = § Erfc(—u;/V2). Using
standard properties of Erfc, we have

d

> pi—1/2)° >

i=1

| =

d
: 1. e?
min (E M?vd/2> = g min (leell3 d/2) > )
=1

Thus, ||p — wugll2 > &/V/8.
Hence, to distinguish between the two cases, it is sufficient to test if p = uy4 versus
lp — wqll2 > €/+/8, which is exactly the binary product mean testing problem. <

» Theorem 8 ([3] Theorem 1). For all ¢ € [d], there exists a private-coin protocol for
distributed Gaussian mean testing under (-bit communication constraint with O(d>/?/le?)
users.

Proof. Let XM, ... X be i.i.d. samples from G(u,14) where user k observes X ¥). Define
Y® = 1(X® > 0) € {0,1}¢. Then Y* are i.i.d. samples from a binary product
distribution P over {0,1}¢ with mean vector p € (0,1)?. First, note that if £ = d, each user

can transmit the entire vector Y'(¥)| yielding a protocol with @(\/ﬁ/ £2) users using Lemma 7.

When ¢ < d, we use the “simulate and infer” technique of [4]: d/¢ users can simulate
one sample of the d-dimensional product distribution, by having send (a different set of) ¢
coordinates. Combining this with the ©(v/d/e?) centralized sample complexity of binary
product mean testing, this gives a protocol with sample complexity

79 <g> =0 <£)
as claimed. <

3 Blockwise Randomized Hadamard Transform

In this section, we define and analyze the properties of a key primitive used throughout
the paper, the Blockwise Randomized Hadamard Transform (BRHT). At a high level, the
idea is to replace a uniformly random rotation of R? by a discrete analogue, which can be
sampled using a finite number of random bits. An obvious candidate would be to use either
a matrix of uniformly random =41; however, our aim is to preserve the /5 geometry, and this
fails to do so. Indeed, we want an isometry, something which would play the same role as a
uniformly random rotation, and in particular a transformation R which, when applied to

a spherical Gaussian, would still result in a spherical Gaussian: which requires R" R = 1.

This makes using a Hadamard matrix a very natural idea: however, with such a deterministic
construction, we lack the randomness which enables more efficient testing protocols. To
remedy this while still using a minimum amount of randomness, we consider a structured
random orthogonal transform derived from the Hadamard matrix, which we define Blockwise
Randomized Hadamard Transform (BRHT), and provides strong sketching guarantees with
control over randomness requirement.

36:7
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We note that structural randomized Hadamard transforms have previously been studied
in areas such as fast dimensionality reduction and randomized linear algebra (e.g., the
Fast Johnoson—Lindenstrauss Transform [5]). Our own primitive, BRHT, is tailored to the
Gaussian mean testing setting, where the objective is not Johnson—Lindenstrauss embeddings
but rather finite-randomness compression satisfying the block-wise energy preservation
property established in Lemma 11. We formally define the BRHT below.

» Definition 9 (Blockwise Randomized Hadamard Transform (BRHT)). Let d,L € N satisfy
L|d, and define b:=d/L. A (d, L)-Blockwise Randomized Hadamard Transform (BRHT)
is the random matriz

R = HdD

where Hy € R™? s a normalized Sylvester Hadamard matriz and D € R¥? js a blockwise
diagonal matriz:

diag(D) = (5(1)7 52 ... 75<b))
where for every i € [b], 8% = (8;,8;,---,6;) € {—1,1} and 64, ...,08, are 4-wise independent
Rademacher random variables.
» Lemma 10 (Orthogonality). Let R be a (d,L)-BRHT. Then RR" =1,.

Proof. Since Hy is orthogonal and D is diagonal with entries in {+1}, RRT =
(I‘[(Jll))(f‘ldl))T va{le)T]{dT ZI‘Id[{dT =I. <

With this in hand, we are ready to state and prove the key property of BRHT our algorithms
will hinge upon.

» Lemma 11 ((d, L)-compression). Let R be a (d,L)-BRHT. Then, for every p € R? and
everyt > 1,

2 1 tL

8
Pr H(Rl"’)[lth]HQ > 100 d ul3] > 25

where the probability is over the choice of R.
Proof. Let b:=d/L and p := ||p||2. By Definition 9,
R = HyD.
Define
Z = || (Bu) ]|,
Partition
= (p1,. s ), pi € RY.
Using the Kronecker decomposition
H;=H,®Hp,

the r-th block of R satisfies

b

(Ru)((r—1)L41:7L] = Z(Hb)r,i(siHLHi~
i=1
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Define
Z, = H(RN)[(rfl)Iri’l:"'L]‘ 57
so that
t
7 = Z .

We first compute E[Z]. Expanding Z, gives

b 2

Z(Hb)r,i(siHLﬂi

i=1

Zy =

2

> (Hy)riy (Ho)riy0i, 66, (Hrpiy, Hoptis) -
il,ize[b]

Since Hp, is orthogonal,
(Hppiy, Hopiy) = (fiy, Hiy)-
Therefore,
b
Z Hb i |Nl||2 + Z Hy)r iy (Hp)r, iz 0iy Oig (Hiy s His)-
=1 i1#£42
Since (Hy)2,; = 1/0,

(V]

Z, =

@‘b

+ Z (Hb)’l‘,il (Hb)’l‘,ig 6i1 6i2 <IJ‘7,1 9 IJ’i2>'
i1#£42

By pairwise independence and symmetry of the Rademacher variables,
E[6;,05,] =0 (i1 # i2),

and hence

We now bound E[Z?2]. For ry,rs € [t],

4
ElZ,,Z,,] = bg + Z Hy) T1,01 (Hb)h iz (Hp)ry 21 (Hb)r, W2 [6i16i25j1 5j2]<ui17“i2><uj17/1'j2>'

1742
J1#72

By 4-wise independence and symmetry of the Rademacher variables, only terms in which
every 0; appears with even multiplicity contribute to the expectation. Thus,

]E[Zﬁzrz} b2 +2 Z Hb r1,81 (Hb)ﬁalz(Hb)Tzazl (Hb)rzazz <HZ1’M22> :
i1 #£02

36:9
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Using

1
(Hp)ri = +—

Vb

and Cauchy—Schwarz,

E(Z,, 2] < 55 + Z lpa, 13 1gsz, 13
11712
3p*
S bT,

where we used

b
D w3 = 0"
i=1

Summing over 1,79 € [t] yields

3t2p4
b2 -

E[Z%] <

Applying the Paley—Zygmund (Lemma 6),

E[Z]* _ (1-0)
> (1—0)? > :
Pr[Z > 0E[Z]] > (1 - 6) 77 = 3
Choosing # = 1/100 gives
tp? 8
Pr|Z > —.
r{ ~ 100b] =25
Since
d
b= I
the claim follows. <

The compression guarantees established in Lemma 11 are the key property of BRHT used
throughout the remainder of the paper. Roughly speaking, this guarantees that, with constant
probability, the retained block preserves (L/d) fraction of the signal energy, allowing the
original Gaussian mean testing problem to be compressed while retaining sufficient signal for
testing. To conclude, we analyze the amount of randomness required to sample a BRHT.

» Remark 12. A (d, L)-BRHT requires at most 4 log(d/L) bits of randomness as (d/L) 4-wise
Rademacher random variables can be generated using a standard construction involving a
degree-3 polynomial over an appropriate field (see, e.g., [13, Corollary 3.34]).

» Remark 13 (Computational complexity). For v € R, Hyv can be computed in O(d log d)
time via the Fast Walsh-Hadamard transform. This computation dominates the running
time of our protocols.
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4 Limited randomness

In this section, we prove Theorem 1, by providing and analyzing an explicit protocol for
the problem. This protocol is quite simple: it first uses the shared randomness to jointly
sample a BRHT R with suitable parameters; each user then applies R to their samples to
obtain an instance of Gaussian mean testing in a lower-dimensional space. Having used all
the shared randomness available, they then run the private-coin protocol of Theorem 8 on
this lower-dimensional problem.

» Theorem 14 (Theorem 1, restated). For ¢ € [d] and s > 0, there exists an s-public coin
protocol for distributed Gaussian mean testing under £-bit communication constraint with

d d
O<€€2 max (W’£)>

users, each holding one sample.

Proof. The users use s/7 bits of shared randomness to sample a (d,d;)-BRHT R, where
dy = d/2L5/?8]

This is possible by Remark 12, as sampling R requires at most 4log(d/d;) random bits. (We
will explain the reason for the factor 7 in s/7 momentarily.)

Let ¢t € R? be an unknown mean vector and for all k € [n], X®) ~ G(u,14) be the sample
observed by user k. Define L :=d, V¢ and fi = (Rp)p1.1). Each user applies R to its sample
to get X = (RX(}“))[LL], so that X*) ~ G (f1,1z). By Lemma 11, with probability at
least 8/25,

1 L

~ 112 2
> —

Thus, if 4 = 0, ft = 0 and otherwise ||u||2 > € and with probability at least 8/25, || @3 > 1LT%2d'

The users and referee then use the private-coin protocol of Theorem 8 with X *) to distinguish
between the two cases with

L2\ (I
© <£(552)> _O< le? )

users, (almost) proving the theorem. It remains to amplify the success probability.
Thus, with O (deg) users, if g = 0, the referee accepts with probability at least 99/100

(which is the failure probability from Theorem 8). But when ||u||2 > ¢, all we can say is that,
by a union bound, the referee rejects with probability at least 1 — (é—g + 2% . ﬁ) > 3/10,

as now the failure probability comes both from the choice of R and that of Theorem 8.

Repeating the protocol 7 independent times, each time with new R, and accepting only if all
repetitions output accept reduces the error probability below 1/10. This increases the number
of users only by a constant factor. Since L = max(d/2l*/?3) ), the theorem follows. <

With s = O(log(d/f)), Theorem 1 yields sample complexity O(d/v/¢e?), which matches the

public-coin sample complexity in [3] when users must share an infinite amount of randomness.

» Corollary 15 (Randomness-efficient optimal public-coin protocol). There exists a protocol for
distributed Gaussian mean testing under 0-bit communication constraints with O(d/(v/1€?))
users, each holding one sample, and sharing O(log(d/{)) bits of randomness.

36:11
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5 Heterogeneous samples

In this section, we prove Theorem 2. The core idea, which we refer to as Signal Aggregation,
is to generalize the “naive strategy” previously discussed (see Footnote 2) where all users
have the same number m of samples and aggregate them into a single “aggregated sample”:

1« ;
ﬁ Z Xk g(\/TTL/L, Lq)

i=1

X(k71)7X(k72)7“' 7X(k’mk) ~ g(u’aﬂd) ~ X(k) =

Doing so effectively amplifies the signal, which means that one can then use a protocol
designed for one sample per user, but with better distance parameter ¢’ := \/me.

In the heterogeneous sample case, one can attempt to do the same thing, but now (since
user k has my samples, while user k' has a possible different number of samples my) the
resulting aggregated samples no longer have the same distribution in the no-case (when
u # 0). Dealing with the fact that samples are no longer i.i.d. is the key technical difficulty
in proving Theorem 2.

» Theorem 16 (Theorem 2, restated). For ¢ € [r,rd], s = Qlog(d/f)), and m =
(m1,...,my) € L7 satisfying my € [r,re™?] for all k € [n], there exists a protocol ( Al-
gorithm 2) for distributed Gaussian mean testing under ¢-bit communication constraint with
n users provided that

D1 <k #hy<n VTR TRy o d
n - \/252

where C,r > 0 are absolute constants.

Proof. We first describe the protocol in Algorithm 2 and then analyze its correctness.

Algorithm 2 /-bit, m-sample distributed Gaussian mean testing.

User k, for every k € [n]:
Require: Vj € [my], X9 ~ G(u,14); communication budget ¢ € [7,7d]; Vt € [7], Ry:
(d,7d/¢)-BRHT
1. for t € [7] do

2: Samples X (*%:t) tlme /7] x (k.5)

1
v/ lmi /7] Zj:(t—l)Lmk/ﬂH

3 XK® R XK1
. (k,t) o (k1) )
£ y®0 1 (XD >0

5: Send Y(®) = (yk:1) gk

Referee:
Require: Messages V& € [n], Y*) € {0,1}¢, threshold ¢
LN <35 2k, VIme, /7] [mi, /7]
2: for t € [7] do
Run Algorithm 1 on samples y(**) ...y with

threshold &' = &\ /7 o T e ()22

3
4
5: if output is reject then
6
7

return reject

return accept
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The protocol performs 7 independent repetitions for probability amplification. We analyze
a single repetition and omit the superscript (¢) throughout. For simplicity, we also ignore
flooring operations, as they affect the bounds only up to constant factors. Fix one repetition,
and let R denote the corresponding (d, 7d/¢)-BRHT. Define

A= (Rp).e/7)-

For every user k,

1 mk/7 )
x (k) — x (k3) T, ly) .
TV ; Q(\/mk/ u d)

Since R is orthogonal,

X8 = (RX M) (1.7 ~ 9(\/ H,Heﬁ)
Define
y® =1(X*® > 0) € {0,1}*/7.

The vectors y™), ...,y are independent, though generally not identically distributed. For
every coordinate i € [¢/7], define

(k) .

1
p; - Pr[yz ] N(k) (k) o5

= pl 2 .
The referee computes

To= > (" - 1/2) " - 1/2).

k1#k2

Since for all ky # ko, D (kl) (kz) > 0, applying Lemma 20 coordinate-wise yields

Z ~(7€1) /fz)

k1#k2
and
—1
Var(T}) < ”(”8 ) 4 (n—2E[T
Define
) /7
T:= T;.
n(n—1) ;
Then
€7
_ k
i=1 kl#kg
/7
Var(T) = 2 1) ZVar
(n — 2)E[T]

= 56 n(n —1) n(n —1)

We now analyze the two cases:

36:13
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(k

Case 1: p = 0. In this case, p; ) = 1/2 for all 4, k, and hence ﬁgk) = 0. Therefore,

E[T] = 0.
Applying Chebyshev’s inequality,

Var(T) 4
< < .
- 12 T 56n(n—1)r2

Pr[T > 7]

Using the threshold

1 1 N le?
’r = —_— — —,—f —
2 6400 n(n-—1) 7d’
we obtain
d*n(n —1) 1
> f— —_— [E—
Pr[T > 7] O( N2ged ) < {00’
whenever
N d
20—
n = 1 \/Z52

for a sufficiently large absolute constant C7 > 0.

Case 2: ||p||]2 > €. Using standard properties of Erfc,

(k) 5 1 M
|p’L |—8 7 ‘Iull’

Therefore,
. o7
(k1) ~(k
E[T] = wn=1) S R
i=1 ki £ko

1 Al m m
k1 ky ~2
> e V[

64n(n —1) ;k§62 7 7

L” i ||2
64n(n—1) Hllz-
By Lemma 11, with probability at least 8/25,

1 /
a2 -2

Hence, with probability at least 8/25,

1 N le?
ET >— — .
11> 6400 n(n—1) 7d

Conditioned on this event, applying Chebyshev’s inequality,
E[T
Pr[T <7]=Pr (E[T] -T> [2]>

4Var(T)
S TE[p

B d?n? 4 nd
o N2¢et ~ Nile2 )~
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Thus,
Pr[T <7]< !
r T < —
- 100’
provided
N d
20, —
n = 2 \/252

for a sufficiently large absolute constant Cy > 0.

Therefore, a single repetition accepts with probability at least 99/100, if ||p|l2 = 0
and rejects with probability at least 1 — (3I + & - 1) > 2 if ||u|ls > . Repeating
independently 7 times and accepting only if all repetitions output accept reduces the error
probability below 1/10. Finally, by Remark 12, the 7 independent BRHTS require only

O(log(d/?)) shared random bits. <

»> Remark 17. Note that for a fixed sampling budget m =3y ¢ .1 Mk, 35, s ) V1 v/TTk
is maximized when my, = mg, =m/n for all ki, ks € [n]. Then, we need m = O(d//{e?).

6 Heterogeneous communication

Having addressed limited (public) randomness and heterogeneous sample sizes in the previous
two sections, we now turn to the last generalization considered in this work, heterogeneous
communication budgets. Specifically, we will establish Theorem 3, restated below:

» Theorem 18 (Theorem 3, restated). For £ = ({1,...,4,) € Z and s = Q(log(d/|€|~)).
there exists a protocol for distributed Gaussian mean testing under £-bit communication
constraint with n users, where user k has one sample and can send {y, bits to the referee,
provided that

it d

VI1€lloo €

where C > 0 is an absolute constant.

Proof. In view of the previous protocols, the idea is relatively straightforward: the users use
s/7 bits of shared randomness to sample a (d, d;)-BRHT R, for

ds = d/2L5/?8)

Let L := ds Vmaxi<p<n {r = O(maxi<p<n fx) (the last equality by our assumption on s)
and ft = (Rp)1:1)- As in the proof of Theorem 1, each user applies R to its sample to get
X% = (RX(k))[l:L], so that X*) ~ G (f1,11). Using Lemma 11, with probability at least
8/25,

1 L

~112 2
> ..

so that in one case fi = 0 and in the other ||f]|3 = Q(LTEz) with constant probability. This
is where we depart from Theorem 1. The users and referee will now use the same idea
of distributed simulation, but in a slightly different fashion: recall that all parameters are
known to all parties, and that by choice of L we have ¢, < L for all k. Then, user 1 sends
the first /1 bits of their resulting L-dimensional sample; user 2 sends the following /5 bits,

36:15
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wrapping around (i.e., the bits ¢, + 1,61 +2,...,¢; + £ mod L), and so on. Overall, the
ly+ -+ ¢, = ||€]|1 bits sent allow the referee to reconstruct exactly n’ := [||€||1/L] binary
samples Y7,...,Y, as in the proof of Theorem 8, which leads to a successful protocol
whenever

Vs

N I S
"2 C 2

i.e.,
€l o~ d

[€le = e2y/[]l

from our settings of L and d; (after, as before, including the probability amplification over 7
independent repetitions). <

7 Putting it all together: Theorem 4

With protocols for the three settings, we conclude by providing a protocol for the general
setting where shared randomness, sample counts and communication budgets are all free
parameters. The protocol is relatively straightforward as it combines the protocols for the
three settings.

» Theorem 19 (Theorem 4, restated). For s > 0, m = (mi,...,m,) € Z7, and £ =
(l1,...,4n) € L7, there exists a protocol for distributed Gaussian mean testing with n users
sharing s bits of public randomness, where user k has my samples and can send £y, bits to
the referee, provided that there exists a partition P = {Pi,..., P} of the n users such that

X piaci T (i) i, (ms) d

K B 52\/max (575 [1€l1o0)

and, for every P € P, Y ,cpli > 7 - max (ﬁ%, [€lloc) and min;ep(m;) € [r,re~2]; where
C,r > 0 are absolute constants.

Proof. Let P = {Pi,..., Px} be a partition of users (for all j1,j> P;, NP;, =0, .

; Py = [n])
such that for all j, >7;cp £; > 7 max (w%, €]l ). Define

d
L := max (2'_5/28J’ |£||oo)

Using the distributed simulation idea in Theorem 18, users in each P; € P can simulate one
L-dimensional binary sample. But, users in P; hold (m;);cp, samples. Thus, the setting can

be reduced to K = |P| users holding (min;ep, (m;), ..., mincp, (m;)) samples under L-bit
communication constraints, for which we invoke the protocol of Algorithm 2. |
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A Deferred Proofs

» Lemma 20. Let Z1,...,Z, be independent random variables such that Zy, € {—1/2,1/2}
and E[Zy] = pi. Assume furthermore pi,pr, > 0 for all ki # ko and define

= Z Zkl Zk2.

k17#k2

Then the following holds:
1. E[T] = Em;ﬁkz Pk, Dk
2. Var(T) < ™21 4 (n — 2)E[T]

Proof. Define

= Z Z.

ken]
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Since Z? = 1/4, we have

2

T=3 ZuZu=\Y % —22,3252—%
]

k1#ka k€e(n] ke[n

1. E[T]. Using independence,

E[S]= > ps
ken]

and
1 2
Var(5) = Z 1 Pk
ke[n]
Hence,

E[S?] = Var(S) + E[S]?

S (1) (T

ken] ken]

n
= Z + Z Pk, Pk -
k1#k2

2

Therefore,

n
BIT] =E[s% - = 3 pupe
k17#k2

2. Var[T]. Since T = S? —n/4,
Var(T) = Var(S?) = E[S*] — E[S?]2.

Expanding S$* and using independence together with

1 Pk 1
]EZ = 22:7 ]EZszi Z4—7
[ k] Pk k 1 [ k] 4 k 16’
we obtain
n  3n(n—1)
E[SY = — 4+ "—~_~
57 16 + 16
3(n—2)
+ Z PkaPls + =5 Z Dk1 Pk
k17#£ko k1#k2
+ ) PhiPhaPhyPha-
k1#koF#ks#ka

On the other hand,

n2 n
E[52]2 = Tﬁ + 5 Z Pk Pk + Z Pk1Pko
kl;ﬁkz k1¢k2
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Subtracting,

Var(T) = B[] -E[s = 21 4 () > Pk —4 Y DR DRDR—2 Y DiDiy-
S 1Pka k1P k2Fks3 k1 ko

k1#£k2 k1#ko#ks k1#ko
Since pi, pr, > 0 for all k; # ko and
E[T] = > Dk Pros
k1 ks
the result follows. <

» Theorem 21. Algorithm 1 achieves sample complexity ©(\/d/e?) for testing whether
P = ug versus |p — uqll2 > & for a d-dimensional binary product distribution with mean
vector p.

Proof. Let p := p — u,4. For each coordinate i € [d], define

1 1
Ti = Z (X,L(kl) — 2) (X,L(k2) - 2) ;

1
7= n(n—1) ZTZ

i=1
Fix i € [d], and define

1

Then Zi,...,Z, are independent random variables taking values in {—1/2,1/2}, with
E[Z)] = pi. Applying Lemma 20,

E[T;] = n(n—1)p;

and

nin—1)

Var(T}) <
ar(T;) < 5

+n(n—1)(n—2)p7.
Summing over coordinates,

ET] = B3 = llp — wall3.
and

d
Var(T) = m ZVar(Ti)

d
<
~ 8n(n—

b2 )2
1) n(n-1) Plz-

We now analyze the two cases:
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Case 1: p = ugy. In this case, E[T] = 0 and therefore

d

Var(T) < S =1)

By Chebyshev’s inequality,
g2 4 Var(T) d
PI‘(T>2) S 54 §O<n2€4>.

Case 2: ||p — ugl|2 > . In this case,

E[T] = |lp — udll3 > €.

Again by Chebyshev’s inequality,
2
Pr(T < 2) - Pr(E[T] 7> E[QT]>
4 Var(T)
~ E[T?

d 1
< —_+— .
- O<n264 + n52)

n>C-(Vd/e?)

Thus, choosing

for some absolute constant C' > 0, makes both error probabilities smaller than 1/100 . <



	1 Introduction
	2 Preliminaries
	3 Blockwise Randomized Hadamard Transform
	4 Limited randomness
	5 Heterogeneous samples
	6 Heterogeneous communication
	7 Putting it all together: Theorem 4
	A Deferred Proofs

