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Abstract
We provide a unified method for constructing explicit distributions which are difficult for restricted
models of computation to generate. Our constructions are based on a new notion of robust extractors,
which are extractors that remain sound even when a small number of points violate the min-entropy
constraint. Using such objects, we show that for a broad range of sampling models (e.g., low-depth
circuits, small-space sources, etc.), every output of the model has distance 1 − o(1) from our target
distribution, qualitatively recovering essentially all previously known hardness results. Our work
extends that of Viola (SICOMP ’14), who developed an earlier unified framework based on traditional
extractors to rule out sampling with very small error.

As a further application of our technique, we leverage a recent extractor construction of Chat-
topadhyay, Goodman, and Gurumukhani (ITCS ’24) to present the first explicit distribution with
distance 1 − o(1) from the output of any low-degree F2-polynomial source. We note that a similar
bound was obtained concurrently and independently by Khodabandeh and Shinkar (ECCC ’26).
We also describe a potential avenue toward proving a similar hardness result for AC0[⊕] circuits.
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1 Introduction

The quest to prove unconditional hardness results for restricted models of computation (e.g.,
low-depth circuits) is one of the major programs of complexity theory. This program saw a
number of major successes in the 1980s when researchers exposed the limitations of AC0 and
AC0[p] circuits with simple and explicit hard-to-compute functions [19, 1, 50, 24, 25, 41, 37].
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37:2 Hard-To-Sample Distributions from Robust Extractors

Unfortunately, the current state of affairs on this front remains rather humble: even four
decades later we still cannot rule out the preposterous claim that all of PSPACE can be
computed by polynomially-sized AC0 circuits with mod 6 gates.

It would be disingenuous, however, to suggest that no modern progress has occurred. Even
just the past few years have seen impressive developments in understanding the limitations
of these models through the lens of pseudorandom generators [16, 17, 27, 32, 33] (see also
the survey [26]), extractors [13, 20, 3], and quantum analogs [36, 5, 28, 18, 23].1

One particularly exciting line of inquiry is understanding the capabilities of these weak
models to generate specific distributions (when taking random bits as input). The landscape
here is dramatically different from the traditional task of computing specific functions. For
example, if a circuit can compute a function f : {0, 1}n → {0, 1}, then it can output the
uniform distribution over (x, f(x)) by simply computing f on each random input. The
converse, however, is not true. While PARITY has long been known to be difficult for AC0

circuits to compute [19, 1, 50, 24, 25, 41, 37], one can produce the uniform distribution
over input-output pairs by simply mapping the uniformly random bits (x1, x2, . . . , xn+1) to
(x1 ⊕ x2, x2 ⊕ x3, . . . , xn ⊕ xn+1, xn+1 ⊕ x1) [6, 11].

Even still, for many common models including small AC0 circuits [35, 8], small-space
sources [14], and communication protocols [4, 21, 14, 52], researchers have discovered explicit
distributions which have total variation distance 1 − o(1) from any distribution produced by
the model. In comparison to our knowledge of computation, the glaring shortcoming in our
understanding of sampling is that we do not know of any explicit distribution which cannot
be (approximately) produced by polynomially-sized AC0 circuits with mod p gates for any
prime p.

Beyond its inherent intrigue, the complexity of distributions has intimate connections with
data structure lower bounds [44, 35, 8, 48, 14, 49, 52, 29, 2], quantum supremacy [10, 29, 22],
explicit codes [40], and learning theory [30]. Moreover, the field has had a fruitful relationship
with the study of extractors [42, 45, 15, 46, 7, 39], which are objects that convert particular
sources of randomness into approximately uniform ones.

This work further develops the latter connection by introducing a general paradigm
based on robust extractors to prove sampling lower bounds. Intuitively, one can view robust
extractors as extractors which remain sound even when a small number of points violate
the min-entropy condition. There are several ways to formalize this notion, and we defer
our exact definition and discussion of alternatives to Subsection 3.2. For now, we will say a
robust extractor rExt : {0, 1}n → {0, 1}m for a class of distributions X satisfies the following
two conditions:
1. (Extractor Property) For every source X ∈ X with sufficient min-entropy, the output

of rExt on X is close in total variation (TV) distance to the uniform distribution over
{0, 1}m, and

2. (Robustness Property) For every source X ∈ X , the probability that x ∼ X lands in the
set of X’s low probability points and rExt(x) = 0m is not much more than 2−m.

With these objects in hand, we can generically prove strong sampling lower bounds. This
result further advances a similar approach based on traditional extractors [46], which we
discuss in greater detail in Section 2. Below, Un denotes the uniform distribution over
{0, 1}n, and for a function f : {0, 1}n → {0, 1}m, f(Un) denotes the output distribution of f

with n uniformly random bits as input.

1 This is only a minute fraction of contemporary work, and we encourage the interested reader to consult
references within those cited.
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▶ Theorem 1 (Informal version of Theorem 8). Let X be a class of distributions over
{0, 1}t(n+1), and let Y be the class of distributions over {0, 1}n obtained from “low complexity”
functions of X . Suppose rExt : {0, 1}n → {0, 1}m is a sufficiently good robust extractor for Y,
and define the function f : {0, 1}n → {0, 1} by f(x) = 1(rExt(x) = 0m). If we consider the
distribution

D = (U1, U2, . . . , Ut, f(U1), f(U2), . . . , f(Ut)),

where U1, . . . , Ut are independent copies of Un, then every source X ∈ X has TV distance

∥X − D∥TV ≥ 1 − ot,n(1),

where ot,n(1) → 0 as t, n → ∞.
Moreover, if r̃Ext : {0, 1}n → {0, 1} is a sufficiently good robust extractor (in a different

parameter regime) for Y, then
∥∥∥X − (Un, r̃Ext(Un))

∥∥∥
TV

≥ 1
4 − on(1).

▶ Remark 2. Robust extractors are the motivating object behind our approach, but actually
a weaker one-sided notion in place of the typical extractor guarantee (1) suffices for our
purposes. In particular, Theorem 1 holds as long as rExt on the uniform distribution assigns
decent probability to 0m. The details can be found in Section 2.

We highlight that the “moreover” part of Theorem 1 can be viewed as a stronger type
of lower bound than those for approximate computation. If, for example, the functions
f, g : {0, 1}n → {0, 1} agree on a (1 − δ)-fraction of their inputs, then it is easy to generate
the uniform distribution over (Un, g(Un)) to TV distance at most δ by simply computing f

on each random input.
Using Theorem 1, we can recover unconditional hardness results for sampling in essentially

every model where they are currently known (albeit with weaker decay rates). We are also
able to provide the first explicit2 distribution which has distance 1 − o(1) from the output of
any low-degree F2-polynomial source, making progress toward a similar result for AC0[⊕]
circuits.3 Previous arguments [46, 13] only forbade distance 2−Ω(n).

▶ Theorem 3 (Informal instantiations of Theorem 1). Let X be one of the following classes of
sources over {0, 1}N :

low-degree F2-polynomial,
local (NC0),
circuit (AC0) ,
communication,
small-space,
Turing machine.

Then every source X ∈ X satisfies

∥X − D∥TV ≥ 1 − o(1),

where D is defined by taking many independent copies of (Un, 1(rExt(Un) = 0m)) for an
explicit robust extractor rExt : {0, 1}n → {0, 1}m (depending on the choice of X ).

2 One can essentially use a standard counting argument to show such a distribution exists; see the
appendix in the full version.

3 Recall these are AC0 circuits with mod 2 gates.

APPROX/RANDOM 2026
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Moreover, there exists an explicit robust extractor r̃Ext : {0, 1}N−1 → {0, 1} (in a different
parameter regime) such that every source X ∈ X satisfies∥∥∥X − (UN−1, r̃Ext(UN−1))

∥∥∥
TV

≥ 1
4 − o(1).

We emphasize that bounds of this form were already known (with better quantitative
behavior) for local and circuit [35, 8], communication [4, 21, 14, 52], small-space [14], and
Turing-machine sources [45, 14]. Our novel contribution is obtaining these bounds in a unified
way, as well as providing strong bounds for low-degree F2-polynomial sources.

Concurrent Work

In independent and concurrent work, Khodabandeh and Shinkar also investigate the com-
plexity of sampling with low-degree F2-polynomials [31]. Using very different techniques
from our own, they prove that the output of any such polynomial sampler has TV distance
1 − o(1) from the (1/3)-biased product distribution. As in the present work, the o(1) term
has suboptimal decay, but in the case of degrees 1, 2, and 3, they prove it can be taken to be
exp(−Ω(N)), exp(−Ω(log(N)/ log log(N))), and exp(−Ω(

√
log log(N)), respectively, which

is stronger than we are able to obtain via our robust extractor framework. (Note, however,
that an extractor-based approach can match their bound for degree-1 polynomials – see
Section 5.)

Paper Organization

We state and prove Theorem 8, the precise version of Theorem 1, in Section 2, along
with additional background and context. We then review some preliminary material in
Section 3 before instantiating Theorem 8 in Section 4 to obtain Theorem 3 for polynomial
sources. We address the other classes (local, circuit, communication, small-space, and Turing-
machine sources) in the full version. We conclude with some open problems in Section 5.
Supplementary material on non-explicit constructions can be found in the appendix of the
full version.

2 Background and Main Result

In this section, we state and prove our main result, Theorem 8. Before doing so, it will
be instructive to review existing arguments and their limitations to develop intuition for
our approach. For concreteness, we will focus our discussion on distributions generated by
low-degree F2-polynomials, but essentially all of the analysis holds more generally. The
meaning of any unfamiliar terminology or notation in this section can be found in Section 3.

Let P : Fr
2 → Fn

2 be a polynomial map defined by n arbitrary degree-d polynomials
{pi : Fr

2 → F2}n
i=1 acting on the same r input bits, where we view r as some arbitrarily large

integer. Our goal is to construct an explicit distribution D over {0, 1}n such that regardless
of how the pi’s are defined, the output distribution of P on r uniformly random bits, denoted
P (Ur), has total variation distance at least 1 − o(1) from D. (Here, we identify Fn

2 with
{0, 1}n.)

2.1 A Nonzero Lower Bound
We begin with the more modest goal of showing that P cannot exactly generate some explicit
distribution D. Here, we may invoke an argument of Viola [46, 47] based on extractors,
whose formal definition we now recall.
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▶ Definition 4 (Extractor). A function Ext : {0, 1}n → {0, 1} is an (ε, k)-extractor for a class
X of distributions over {0, 1}n if for every source X ∈ X with min-entropy at least k, we
have

Pr[Ext(X) = 1] = 1
2 ± ε.

We will take the hard distribution to be uniform over input-output pairs of an explicit
(ε, k)-extractor Ext : {0, 1}n−1 → {0, 1} for polynomial sources of degree 2d, where ε is some
small constant and k = n − O(1). That is, D = (Un−1, Ext(Un−1)). Such extractors which
are computable in time poly(n) are known [13]. For clarity, we express P (Ur) similarly
as (Q(Ur), q(Ur)), where Q : {0, 1}r → {0, 1}n−1 and q : {0, 1}r → {0, 1} are degree-d
polynomials acting on the same set of input bits, corresponding to the first n − 1 output bits
and last output bit of P , respectively.

Suppose for contradiction that P (Ur) exactly generates D. Viola’s argument considers
the random variable M over {0, 1}n−1 defined by sampling u ∼ Ur and outputting Q(u) if
q(u) = 1, and otherwise n − 1 uniformly random bits independent of Ur, which we denote
by Ũn−1. Written suggestively similar to a polynomial, we have

M = q(Ur)Q(Ur) + (1 − q(Ur))Ũn−1, (1)

or equivalently by our assumption,

M = Ext(Un−1)Un−1 + (1 − Ext(Un−1))Ũn−1. (2)

Now consider the effect of applying Ext to M. By (1), M can be generated by a degree-(2d)
F2-polynomial source with n − O(1) bits of min-entropy (recall Q(Ur) is assumed to be
uniform), so Pr[Ext(M) = 1] ≤ 1

2 + ε. By contrast, whenever the sample u ∼ Un−1 satisfies
Ext(u) = 1, we must have Ext(M) = 1 by (2), so

Pr[Ext(M) = 1] = Pr
[
Ext(M) = 1

∣∣Ext(Un−1) = 1
]

· Pr[Ext(Un−1) = 1]
+ Pr

[
Ext(M) = 1

∣∣Ext(Un−1) = 0
]

· Pr[Ext(Un−1) = 0]

= 1 · Pr[Ext(Un−1) = 1] + Pr[Ext(Ũn−1) = 1] · Pr[Ext(Un−1) = 0]

≈ 1
2 + 1

4 ≫ 1
2 + ε,

a contradiction. That is, no low-degree polynomial can exactly sample D. In fact, a more
careful analysis forbids P from sampling D to distance better than 2−Ω(k) (which is 2−Ω(n)

for known explicit constructions of such extractors [13]).

2.2 A Constant Lower Bound
It is initially unclear how to strengthen the previous argument to obtain even some constant
distance lower bound. The primary issue is that even if D has large min-entropy, it might be
reasonably close to some distribution P (Un) with small min-entropy, so we do not have any
guarantees on the output of the extractor on M.

2.2.1 Min-Entropy Polarization
One approach that was successful in the analysis of distributions generated by low-depth
circuits is min-entropy polarization [48]. Using random restrictions and hypercontractivity,
Viola proved that any distribution C(Ur) produced by a small circuit C : {0, 1}r → {0, 1}n

APPROX/RANDOM 2026



37:6 Hard-To-Sample Distributions from Robust Extractors

could be approximated by a not-too-large collection of restrictions of C whose output was
either constant or had large min-entropy, in which case an extractor Ext could be meaningfully
applied (see Section 4.2 in the full version for additional details). The event witnessing
the total variation distance can then be defined as the union of a small set of outputs,
corresponding to restrictions under which the circuit is constant, and pairs (x, b) where
Ext(x) ̸= b.

Unfortunately, one cannot always polarize the output distribution of an arbitrary sampler
in this fashion; consider the following example from [48].

▶ Example 5. Let G be the distribution over {0, 1}n obtained by sampling a random string
u ∼ Un, and outputting u if |u| mod 2 = 1 and otherwise outputting 0n. This sampler
cannot have its min-entropy polarized via restrictions for the following reason. For any
restriction which leaves some variable free, the min-entropy remains 1. This means that
every restriction in a polarizing collection must fix every variable, but then Ω(2n) many such
restrictions are needed to approximate the distribution.

Note, however, that this sampling procedure can be implemented by the degree-2 F2-
polynomial map

P (y) =
(

n∑
i=1

yi

)
· (y1, . . . , yn) +

(
1 −

n∑
i=1

yi

)
· 0n

to express G as P (Un). Hence, we are not able to apply this framework for our purposes.

2.2.2 Discarding Heavy Points
An alternative approach, still somewhat in the spirit of [48], was taken by Chattopadhyay,
Goodman, and Zuckerman [14] when considering communication sources (see Section 4.3.1
in the full version for a formal definition). They also defined their witness event to be the
union of a small “bad” set and input-output pairs which contradict a particular extractor’s
definition. Unlike Viola, however, they define their bad set to be strings which are assigned
substantial probability by the sampler (excluding the last bit). Since there cannot be many
“heavy” strings, this set is indeed small.

The downside to this approach is that the extractor one requires does not necessarily
correspond to an extractor for the class of sources being considered. In particular, the
argument requires an extractor that works on the source after conditioning on membership
in some set. For communication sources, one can reduce to the case of being able to apply
a two-source extractor, but it is unclear how to generically perform a similar reduction
to known extractors in the case of other sources, such as those generated by low-degree
polynomials.

2.2.3 Robust Extractors
To overcome the previous two obstacles, we ask for more from the extractor rather than from
the source. Recall that the issue with trying to strengthen the argument from Subsection 2.1
is that the generated distribution P (Ur) = (Q(Ur), q(Ur)) might assign too much mass
to a small set of “bad” points, so the auxiliary distribution of M does not have enough
min-entropy to apply an extractor. Our solution is to simply ask for an extractor whose
soundness holds on the light (i.e., low probability) points, rather than the entire domain. In
other words, we seek an extractor which is robust to a small number of points violating the
min-entropy constraint.
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To be a bit more precise, suppose that the (ε, k)-extractor Ext : {0, 1}n−1 → {0, 1} we
have been considering had the property that every degree-(2d) F2-polynomial source X
satisfies

Pr[X ∈ L and Ext(X) = 1] ≤ 1
2 + ε, (3)

where L = {x ∈ {0, 1}n−1 : Pr[X = x] ≤ 2−k} is the set of light points.4 (Recall that a
“traditional” extractor is only guaranteed to satisfy (3) when L = {0, 1}n−1.) A priori, it is
not obvious that these objects even exist, but it turns out that a straightforward modification
to the extractor construction of [13] yields such an object.

In general, we believe that essentially any natural class of distributions should have
extractors with a similar guarantee, and much of the present work is devoted to showing
that existing extractor constructions (or simple modifications of them) are robust. In fact,
one can interpret the aforementioned min-entropy polarization results in [48] as saying that
any extractor for circuit sources enjoys the robustness property (see Section 4.2.1 in the full
version).

Now that we have a robust extractor, we can run a version of our earlier argument.
Once again, let M be the random variable over {0, 1}n−1 defined by sampling u ∼ Ur and
outputting Q(u) if q(u) = 1, and otherwise n − 1 random bits using fresh randomness. We
also define M̃ similarly, but with D = (Un−1, Ext(Un−1)) in place of P (Ur). By (3), we
morally have that Ext(M) is near balanced on its light points, whereas by construction,
Ext(M̃) is likely to output 1 on such points. Working out the details (see Subsection 2.4),
one finds that P (Ur) must be Ω(1)-far from D, as desired.

2.3 A 1 − o(1) Lower Bound
It remains to amplify the total variation distance lower bound from constant to 1 − o(1).
Toward this end, we will take many independent copies of the distribution above, and prove
that generating this product of distributions is much harder than generating any individual
distribution. We note that such direct product theorems have been examined previously in
the sampling context [14, 22].

Proceeding more formally, we redefine the distribution D to be

D = (U1, U2, . . . , Ut, Ext(U1), Ext(U2), . . . , Ext(Ut)),

where the Ui’s are independent copies of Un−1 and t ≥ 1 is an integer to be chosen later.
Observe that now D is over {0, 1}N for N := tn, so we must redefine our polynomial map P

to also be on N output bits. We emulate much of our previous analysis with the auxiliary
random variable M̃ generalized to output ui if Ext(ui) = 1 for any i ∈ {1, . . . , t} (and M
similarly generalized with respect to P (Ur)). This greatly increases the probability that
Ext(M̃) = 1, which further improves our distance bound.

Unfortunately, the approach as written does not provide distance approaching 1. The
problem can essentially be traced back to a loss of Pr[X ∈ L and Ext(X) = 1] coming from
our test event. Since the set of low probability points L might be the entire domain, we
cannot upper bound this quantity by anything appreciably better than 1/2 without violating
the extractor guarantee. In order to make further progress, we extend our extractor to have
multiple output bits.

4 There are other ways to capture a similar notion of robustness, but this definition seems to be particularly
advantageous; see the discussion in Subsection 3.2.

APPROX/RANDOM 2026
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This multi-output extractor Ext : {0, 1}n−1 → {0, 1}m is defined similarly to the single-
output version (Definition 4), only now with the pseudorandomness condition being a bound
on the total variation distance ∥Ext(X) − Um∥TV ≤ ε. One can again obtain a robust version
(with m = Ω(log log n)) by modifying the construction of [13]; we defer the formal definition
to Subsection 3.2.

The upshot is that now we can replace the bottleneck of the previous argument with
an analysis of Pr[X ∈ L and Ext(X) = 0m]. This, in turn, can be more tightly bounded by
2−m + ε. In our construction, ε will tend to 0 as m grows,5 so working out the calculations,
we obtain a bound roughly of the form

1 − exp(−2−m · t) − 2−Ω(n) · poly(t)

for sufficiently large n. Setting t to be slightly larger than 2m, we can finally obtain our
desired 1 − o(1) bound. The full details can be found in the subsequent subsection.

2.3.1 Isolators

Before formalizing our discussion into a theorem, it is worth reflecting on exactly what
properties of the robust extractor we used. (These properties may be further illuminated by
consulting the proof of Theorem 8.) In analyzing our target distribution D, all that we truly
needed is for some output y ∈ {0, 1}m to be assigned substantial mass by Ext(Un−1). By
contrast, our analysis of the generated distribution P (Ur) only required that the extractor
did not map too many of the light points to the same output y. In other words, our argument
does not require the full power of robust extractors. We distill the properties we need into
the following weaker object, which we call an isolator, since it in some sense controls the
isolated light points.

▶ Definition 6 (Isolator). A function Iso : {0, 1}n → {0, 1} is an (α, β, k)-isolator for a class
X of distributions over {0, 1}n if
1. Pr[Iso(Un) = 1] ≥ α, and
2. Every source X ∈ X satisfies Prx∼X[x ∈ L and Iso(x) = 1] ≤ β, where L = {x ∈ {0, 1}n :

Pr[X = x] ≤ 2−k}.

It is perhaps worth highlighting that although all our constructions of isolators essentially
work by “robustifying” existing extractor constructions, this is not strictly necessary to satisfy
Definition 6. It is plausible one could explicitly construct an isolator for AC0[⊕] sources, for
example, without first explicitly constructing seemingly elusive extractors for that class.

2.4 Main Result

We conclude Section 2 by stating our main result, Theorem 8, and its proof. Below, the
following notation will be convenient for generalizing the random variable M considered
above.

5 We had previously defined ε to be a small constant, but our construction of robust extractors allows for
this smaller setting.



F. Byramji, D. M. Kane, J. Morris, and A. Ostuni 37:9

▶ Definition 7 (Randomized Addressing). For positive integers t and n, we define the
randomized function addr : ({0, 1}n)t × {0, 1}t → {0, 1}n as

addr(A1, A2, . . . , At, b1, b2, . . . , bt) =



A1 if b1 = 1,

A2 if b1 = 0, b2 = 1,

A3 if b1 = b2 = 0, b3 = 1,
...

At if b1 = b2 = · · · = bt−1 = 0, bt = 1,

Un if b1 = b2 = · · · = bt = 0.

Though the parameters n and t will mostly be clear from context, we will sometimes write
addrn,t for clarity.

We can now finally present our main result.

▶ Theorem 8. Let α, β ∈ [0, 1] and t, k, n be positive integers where k ≤ n − 1. Let X be a
class of distributions over {0, 1}t(n+1), and let Y be the class of distributions over {0, 1}n of
the form addrn,t(X) for some X ∈ X . Suppose Iso : {0, 1}n → {0, 1} is an (α, β, k)-isolator
for Y, and define the distribution

D = (U1, U2, . . . , Ut, Iso(U1), Iso(U2), . . . , Iso(Ut)),

where U1, . . . , Ut are independent copies of Un. Then every source X ∈ X satisfies

∥X − D∥TV ≥ 1 − (1 − α)t+1 − 2−(n−k) (2t3 + 1
)

− β.

In particular, ∥X − (Un, Iso(Un))∥TV ≥ 2α − α2 − 2−(n−k−2) − β.

▶ Remark 9. Depending on the sampling model and particular goal, the precise ordering of
the coordinates in a target distribution may affect whether or not that distribution can be
sampled (e.g., [45]). In the case of Theorem 8, the proof goes through for any permutation
of the coordinates of addr and D, although the order may affect whether addr(X) lies in a
particular class.

Proof of Theorem 8. Let X be any source in X . Viewing X as (X1,X2,. . . ,Xt,x1,x2,. . . ,xt)
with the Xi’s and xj ’s over {0, 1}n and {0, 1}, respectively, we may apply addrn,t to X
to obtain the source Y = addr(X) ∈ Y. Next, define the sets of light points in Xi for
i = 1, 2, . . . , t and Y by

LXi = {x ∈ {0, 1}n : Pr[Xi = x] ≤ 2−(log(t)+k+1)} and LY = {y ∈ {0, 1}n : Pr[Y = y] ≤ 2−k}.

Observe that
⋂

i LXi ⊆ LY, since any string z ∈
⋂

i LXi satisfies

Pr [Y = z] = Pr
X

[addr(X) = z] ≤ Pr [Un = z] +
t∑

i=1
Pr [Xi = z] (by union bound)

≤ 2−n + t · 2−(log(t)+k+1) ≤ 2−k.

Thus, the isolator property of Iso guarantees that

E(X) := Pr
X

⋂
i

Xi ∈
⋂
j

LXj

 and Iso(addr(X)) = 1


≤ Pr

X
[addr(X) ∈ LY and Iso(addr(X)) = 1] + Pr

X

addr(X) ̸∈ LY

∣∣∣∣∣∣
⋂

i

Xi ∈
⋂
j

LXj


≤ β + Pr [Un ̸∈ LY] ≤ β + 2−(n−k), (4)
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where the final inequality follows from the fact that Y can assign 2−k probability mass to at
most 2k points.

We will choose E to be the test witnessing the claimed TVD between X and D, although
it will be slightly more convenient in this part of the analysis to consider the complement
event. In a similar fashion to X, we view D as (D1, D2, . . . , Dt, d1, d2, . . . , dt), where recall
each Di is an independent copy of the uniform distribution Un. By the union bound, we
have

Pr
D

⋃
i

Di ̸∈
⋂
j

LXj

 or Iso(addr(D)) = 0


≤
∑

i

Pr
D

Di ̸∈
⋂
j

LXj

+ Pr
D

[Iso(addr(D)) = 0]

≤
∑
i,j

Pr
D

[
Di ̸∈ LXj

]
+ Pr

D
[Iso(addr(D)) = 0]. (5)

Note that the first term is at most t2 ·2−(n−(log(t)+k+1)), since no Xj can assign 2−(log(t)+k+1)

probability mass to more than 2log(t)+k+1 points. To address the second term, let us
consider the effect of applying addr to D. Whenever any Di satisfies Iso(Di) = 1, we have
Iso(addr(D)) = Iso(Di) = 1. Otherwise, Iso(Di) = 0 for all i, and we have Iso(addr(D)) =
Iso(Un). Thus,

Pr[Iso(addr(D)) = 0] = Pr
D

[
Iso(Un) = 0 and

⋂
i

(Iso(Di) = 0)
]

= Pr[Iso(Un) = 0]t+1 ≤ (1 − α)t+1.

Plugging these two bounds back into (5) yields

Pr
D

⋂
i

Di ∈
⋂
j

LXj

 and Iso(addr(D)) = 1

 ≥ 1 − (1 − α)t+1 − t2 · 2−(n−(log(t)+k+1)).

Recalling the upper bound from (4), we conclude

∥X − D∥TV ≥ 1 − (1 − α)t+1 − 2−(n−k) (2t3 + 1
)

− β. ◀

3 Preliminaries

We now briefly review some notation and formal definitions used throughout the work.

3.1 The Basics
For a positive integer n, we use [n] to denote the set {1, 2, . . . , n}. For a binary string x, we
use |x| to denote the Hamming weight of x. All logarithms given in the paper are base 2.
For two real numbers a and b, we write a ± b to denote a value in the range [a − b, a + b].
The indicator function is denoted by 1(·). The notation

(
n

≤k

)
is shorthand for

∑k
i=0
(

n
i

)
.

We use F2 to denote the finite field of two elements; we often identify it with {0, 1}. The
concatenation of two strings x and y is denoted x ◦ y.
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3.1.1 Asymptotics

We use the standard Ω(·), O(·), Θ(·) asymptotic notation to hide universal positive constants,
although we will sometimes use ≫ and ≪ in more informal contexts. Occasionally, we will
use subscripts to indicate an unspecified dependence on a particular parameter (e.g., Ωd(n)).
Additionally, we write ot(1) to denote a positive quantity tending to 0 as t tends to infinity;
we often omit the subscript when t is clear from context. The shorthand poly(n) corresponds
to a polynomial in n of some fixed, but unspecified, degree.

3.1.2 Probability

We endeavor to use bold capital letters to denote probability distributions, and use bold
lowercase letters to denote randomly drawn samples. That is, x ∼ X denotes a sample x
drawn from the distribution X. Oftentimes, we will refer to a distribution as a source if it
is being fed into an extractor-like object. We reserve U for the uniform distribution over
{0, 1}. We use calligraphic letters, such as X , for classes of distributions. For an event E ,
we define X(E) to be the probability mass assigned to E by X. For a function f , we use
f(X) to denote the output distribution of f(x) on randomly drawn x ∼ X. The min-entropy
of a distribution X, denoted H∞(X), is given by − log maxx∈supp(X) Pr[X = x], where the
support supp (X) = {x : Pr[X = x] > 0}.

Given a distribution X and positive integer t, we use Xt to denote the t-fold product
distribution X × · · · × X. If s is a finite set, we write Xs to emphasize that the coordinates
of X|s| are indexed by s. We refer to X as a mixture if it can be written as a convex
combination of other distributions. That is, there exists c1, . . . , ck ∈ [0, 1] and distributions
X1, . . . , Xk such that X(E) =

∑k
i=1 ci · Xi(E) for every event E . Occasionally, we write this

more concisely as X =
∑k

i=1 ciXi.
We measure the similarity of two (discrete) distributions P and Q by the total variation

(TV) distance

∥P − Q∥TV = max
event E

P(E) − Q(E) = 1
2
∑

x

|P(x) − Q(x)| .

We say P is ε-close to Q if ∥P − Q∥TV ≤ ε, and ε-far otherwise.

3.1.3 Explicit Constructions

The focus of this work is on explicitly constructing distributions with certain properties,
by which we mean D can be sampled in poly(n) time. Note that as in the computational
world, it is straightforward to non-constructively prove strong hardness results via a counting
argument. More precisely, for any class X of distributions over {0, 1}n of size 22cn for a
constant c < 1, there exists a uniform distribution D with distance 1 − 2−Ω(n) from every
distribution in X (see the full version for details).

There is a small subtlety, however, in that the sampling models we consider have
unbounded input length, so one cannot naively apply the above claim. Fortunately, the
classes of interest can typically be approximated by a subset of the class where the input
length is bounded (e.g., [14]), which allows the argument to go through. We are unaware
of any work formally describing these counting arguments giving hard distributions for
low-degree polynomial sources and AC0[⊕] sources, so we record the details in the appendix
of the full version.
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3.2 Extractors, Robust Extractors, and Isolators
There are three pseudorandom objects at the core of our work: extractors, robust extractors,
and isolators. We state the formal definitions of the first two below.

▶ Definition 10 ((Robust) Extractor). A function Ext : {0, 1}n → {0, 1}m is an (ε, k)-extractor
for a class X of distributions over {0, 1}n if for every source X ∈ X with min-entropy at
least k, we have

∥Ext(X) − Um∥TV ≤ ε.

If additionally, there exists some z ∈ {0, 1}m such that every source X ∈ X satisfies

Pr[X ∈ L and Ext(X) = z] ≤ 1
2m

+ δ,

where L = {x ∈ {0, 1}n : Pr[X = x] ≤ 2−k}, then we call Ext an (ε, δ, k)-robust extractor.

It is worth mentioning that there are other ways to formalize this notion of robustness.
For example, one could ask for an extractor which works for a source X, as long as X has TV
distance no more than some parameter γ to a high min-entropy source X′ (i.e., an extractor
for sources of high smooth min-entropy [38]). Assuming such extractors existed for the classes
of distributions we consider, it would be possible to obtain a constant distance lower bound
as in the second part of Theorem 8.

Unfortunately, it does not seem feasible to get distance approaching 1. Fix some choice
of γ and a sampler f(Ur) for the hard distribution D considered in Theorem 8. If f(Ur) is
γ-far from D, we trivially have a lower bound of γ, so assume this is not the case. Note that
we cannot expect a “smooth extractor” to have a better upper bound probability guarantee
than 2−m + γ, since it has to apply to distributions which are a point mass with probability
γ and uniform otherwise. Tracing through the remainder of the argument, one finds that
f(Ur) has distance roughly 1 − ε − γ from D for some small ε. In other words, we can only
guarantee a bound around min(γ, 1 − ε − γ) ≪ 1.

One of the benefits of Definition 10 is that we can obtain tighter distance guarantees,
because we do not need to consider the behavior of the extractor on heavy points. Hence,
we can avoid the above issue. Returning back to our selected formalizations, we restate the
definition of an isolator for the reader’s convenience.

▶ Definition 6 (Isolator). A function Iso : {0, 1}n → {0, 1} is an (α, β, k)-isolator for a class
X of distributions over {0, 1}n if
1. Pr[Iso(Un) = 1] ≥ α, and
2. Every source X ∈ X satisfies Prx∼X[x ∈ L and Iso(x) = 1] ≤ β, where L = {x ∈ {0, 1}n :

Pr[X = x] ≤ 2−k}.

The role of robust extractors in the present work is primarily as a convenient device for
constructing isolators.

▶ Fact 11. Let X be a class of distributions over {0, 1}n which includes the uniform
distribution Un. If rExt : {0, 1}n → {0, 1}m is an (ε, δ, k)-robust extractor for X , then the
function Iso(x) := 1(rExt(x) = z) is a (2−m − ε, 2−m + δ, k)-isolator for X (where z is the
same string as in Definition 10).

Of course, one still has to construct a robust extractor to apply Fact 11. Typically, this
is not much more difficult than constructing a traditional extractor, and in the following
section, we illustrate such a modification with a number of natural examples. We note that
in certain cases, the robustness can even be obtained for free.
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▷ Claim 12. Let X be a class of distributions over {0, 1}n such that each X ∈ X is
the uniform distribution on some set SX ⊆ {0, 1}n (i.e., X is a family of flat sources).
If Ext : {0, 1}n → {0, 1}m is an (ε, k)-extractor for X , then Ext is also an (ε, ε, k)-robust
extractor for X .

Proof. Consider any source X ∈ X , which is uniform over a set SX. If |SX| ≥ 2k, then X
has min-entropy at least k and the set

L := {x ∈ {0, 1}n : Pr[X = x] ≤ 2−k} = {0, 1}n.

Thus, the extractor guarantee implies

Pr
x∼X

[x ∈ L and Ext(x) = 0m] = Pr
x∼X

[Ext(x) = 0m] ≤ 2−m + ε.

Otherwise |SX| < 2k, and Pr[X = x] = 0 for every x ∈ L. Hence,

Pr
x∼X

[x ∈ L and Ext(x) = 0m] ≤ Pr
x∼X

[x ∈ L] = 0. ◁

4 Hard-to-Sample Distributions for Polynomial Sources

In this section, we instantiate Theorem 8 for polynomial sources.

▶ Definition 13 (Polynomial Source). A degree-d polynomial source X is defined by a
polynomial map P : Fm

2 → Fn
2 , where P = (p1, p2, . . . , pn) and each pi is an F2-polynomial of

degree at most d, such that X = P (Um).

Prior to our work, the best explicit distribution was only known to have distance 2−Ω(n)

from any low-degree polynomial map; this is achieved by combining an argument of [46]
(described in Subsection 2.1) with an extractor construction of [13]. We improve this distance
bound to 1 − o(1).

▶ Theorem 14. There exists a constant δ > 0 such that the following holds. Let N and
∆ be positive integers satisfying ∆ ≤ δ log log N . There exist positive integers n, t, d with
(n + 1)t ≤ N and an isolator Iso : {0, 1}n → {0, 1} with suitable parameters for the class of
polynomial sources on {0, 1}n of degree d such that the following holds.

Define the distribution

D = (U1, U2, . . . , Ut, Iso(U1), Iso(U2), . . . , Iso(Ut)),

where U1, U2, . . . , Ut are independent copies of Un. Let X be the class of all polynomial
sources X on {0, 1}(n+1)t of degree ∆. Then for any X ∈ X ,

∥D − X∥TV ≥ 1 − O

(
∆

log log N
log
(

log log N

∆

))
.

Moreover, the distribution D can be sampled in poly(N) time.
Additionally, there exists an isolator Ĩso : {0, 1}n → {0, 1} (with possibly different para-

meters) such that the distribution D̃ = (Un, Ĩso(Un)) satisfies
∥∥∥D̃ − Y

∥∥∥
TV

≥ 1/4 − n−Ω(1)

for all degree-∆ polynomial sources Y on {0, 1}n+1. D̃, too, can be sampled in poly(N) time.

We prove Theorem 14 by modifying the construction of an explicit extractor from [13] to
create an isolator Iso for low-degree polynomial sources, and invoke Theorem 8 using Iso.

APPROX/RANDOM 2026



37:14 Hard-To-Sample Distributions from Robust Extractors

The extractor from [13] is constructed by brute-forcing over many possible extractors
on a small number of input bits. The existence of such an extractor is guaranteed by the
probabilistic method (as is standard), but what makes their argument not straightforward is
that the number of polynomial sources is not bounded, since a polynomial source can have
any number of input bits. Their key ingredient is an input reduction technique [13, Theorem
4.1], which shows that it is enough to consider only sources where the number of input bits
is at most a constant factor times the min-entropy.

We observe below that a variant of their input reduction argument also works for isolators.
We first prove a variant of their simple entropy smoothing claim [13, Claim 4.3].

▷ Claim 15. For any random variable X over {0, 1}n and positive integer k, there exists a
function S : {0, 1}n → {0, 1}k+1 with the following property. For every x ∈ {0, 1}n such that
Pr[X = x] ≤ 2−k, we have Pr[S(X) = S(x)] ≤ 2−k.

Proof. We perform the following merging operation. Start with each string in {0, 1}n in its
own bucket. If there are two buckets whose combined probability mass under X is at most
2−k, then merge the two buckets. This operation is repeated for as long as possible. (This
process necessarily terminates since the number of buckets decreases in each step.)

At the end, there can be at most one bucket whose corresponding probability is at most
2−(k+1), since otherwise we could merge two such buckets. This implies that there are at
most 2k+1 buckets in total, and we can define S to simply map each string x ∈ {0, 1}n to
the bucket containing it (where we associate each bucket with a distinct string in {0, 1}k+1).

To verify the desired property of S, first observe that since any bucket containing two or
more elements is the result of some merge operation, it must have total probability at most
2−k. This handles all x such that |S(x)| ≥ 2. On the other hand, if Pr[X = x] ≤ 2−k and
|S(x)| = 1, then clearly Pr[S(X) = S(x)] = Pr[X = x] ≤ 2−k. ◁

We also need the following general lemma, which is implicit [13]. We sketch the proof for
completeness.

▶ Lemma 16. Let f : Fr
2 → Fn

2 be a function and 0 < ε < 1/4. Let ℓ = ⌈n + 3 log(1/ε)⌉. If
r > ℓ, there exist A ∈ Fr×ℓ

2 and b ∈ Fr
2 such that if we define h : Fℓ

2 → Fn
2 by h(x) = f(Ax+b),

we have
∥∥f(Ur) − h(Uℓ)

∥∥
TV ≤ 2ε.

Proof. Lemma 4.2 in [13] gives a full rank6 linear map M : Fr
2 → Fr−ℓ

2 such that∥∥f(Ur) ◦ M(Ur) − f(Ur) ◦ Ur−ℓ
∥∥

TV ≤ 2ε. (6)

We start by observing that∥∥f(Ur) ◦ M(Ur) − f(Ur) ◦ Ur−ℓ
∥∥

TV = E
v∼M(Ur)

[
∥(f(Ur) | M(Ur) = v) − f(Ur)∥TV

]
,

where we have used that M has full rank, so M(Ur) is Ur−ℓ. Combining with (6), there
must exist some v ∈ Fr−ℓ

2 such that

∥(f(Ur) | M(Ur) = v) − f(Ur)∥TV ≤ 2ε.

Now (f(Ur) | M(Ur) = v) can be expressed as h(Uℓ) for a function h on ℓ inputs of the
desired form h(x) = f(Ax + b), since conditioning on M(Ur) = v (where M has full rank) is
equivalent to replacing r − ℓ of the r input bits for f by affine functions of the other ℓ inputs.
Thus, we have

∥∥h(Uℓ) − f(Ur)
∥∥

TV ≤ 2ε as desired. ◀

6 The conference version of [13] does not explicit state that M is full rank, but this can be found in the
updated arXiv version: https://arxiv.org/abs/2309.11019.

https://arxiv.org/abs/2309.11019
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We now proceed to the input reduction lemma.

▶ Lemma 17. Suppose Iso : Fn
2 → F2 is an (α, β, k − 1)-isolator for the class of degree-d

polynomial sources with at most 4(k + 1) inputs. Then Iso is also an (α, β + 2−k, k)-isolator
for the class of all degree-d polynomial sources.

Proof. We clearly have Pr[Iso(Un) = 1] ≥ α since Iso is an (α, β, k−1)-isolator, so it remains
to verify that Iso satisfies the second condition in the definition of an (α, β + 2−k, k)-isolator
for the class of all degree-d polynomial sources.

Let f : Fr
2 → Fn

2 be a degree-d polynomial map with light points Lf := {x : Pr[f(Ur) =
x] ≤ 1/2k}. Let ℓ = 4(k + 1), and let S : {0, 1}n → {0, 1}k+1 be the map given by Claim 15
applied to f(Ur) and k. Apply Lemma 16 to the function S(f(·)) with ε = 2−(k+1) to get
A ∈ Fr×ℓ

2 , b ∈ Fr
2 such that∥∥S(f(A · Uℓ + b)) − S(f(Ur))

∥∥
TV ≤ 2−k. (7)

Let g : Fℓ
2 → Fn

2 be defined by g(x) = f(Ax + b). Observe that g is a degree-d polynomial
since we have only substituted linear polynomials for the inputs of f .

Define Lg = {x : Pr[g(Uℓ) = x] ≤ 2−(k−1)}. Observe that Lf ⊆ Lg, since (7) implies
every x ∈ Lf satisfies

Pr[g(Uℓ) = x] ≤ Pr[S(g(Uℓ)) = S(x)] ≤ Pr[S(f(Ur)) = S(x)] + 2−k ≤ 2−(k−1).

Therefore, we conclude

Pr
x∼f(Ur)

[x ∈ Lf and Iso(x) = 1] ≤ Pr
x∼g(Uℓ)

[x ∈ Lf and Iso(x) = 1] + 2−k (by (7))

≤ Pr
x∼g(Uℓ)

[x ∈ Lg and Iso(x) = 1] + 2−k (since Lf ⊆ Lg)

≤ β + 2−k.

The last inequality above uses the isolator guarantee for g(Uℓ). This finishes the proof. ◀

To apply Lemma 17, we need to construct an isolator for the class of polynomial sources
with bounded input length. The following lemma will allow us to find such an object more
efficiently than a naive brute force. Below, recall that a family {fi : {0, 1}n → {0, 1}m}i of
t-wise uniform hash functions is defined by the property that for any string (y1, y2, . . . , yt) ∈
({0, 1}m)t and all distinct strings x1, x2, . . . , xt ∈ {0, 1}n, a function f chosen uniformly at
random from the family satisfies (f(x1), f(x2), . . . , f(xt)) = (y1, y2, . . . , yt) with probability
2−mt.

▶ Lemma 18. Let 0 < α < β < 1. Let k, n, ℓ, and d be positive integers. Set K = 2k and
N = 2n. Let t ≥ 4 be an even integer. Suppose there exists an integer m such that p := 2−m

satisfies α < p < β and the following inequality holds:(
Npt + t2

N2(p − α)2

)t/2

+ 2( ℓ
≤d)n

(
Kpt + t2

K2(β − p)2

)t/2

< 1/8.

Additionally, let H be a family of t-wise uniform hash functions from {0, 1}n to {0, 1}m.
Then there exists a function h ∈ H such that the function g defined by g(x) = 1(h(x) = 0m) is
an (α, β, k)-isolator for the class of degree-d polynomial sources with ℓ inputs and n outputs.

APPROX/RANDOM 2026



37:16 Hard-To-Sample Distributions from Robust Extractors

Proof. Let h be a function drawn uniformly at random from H, and define g : {0, 1}n → {0, 1}
by g(x) = 1(h(x) = 0m). By the assumption on H, {g(x)}x∈{0,1}n is a collection of t-wise
independent random variables, and for each x, Pr[g(x) = 1] = 2−m. By using a tail inequality
for sums of t-wise independent random variables (see [9, Lemma 2.3]), we have

Pr
g

[Pr[g(Un) = 1] ≤ α] ≤ 8
(

Npt + t2

N2(p − α)2

)t/2

.

This is the probability that g fails to satisfy the first condition for being an (α, β, k)-isolator.
We will now estimate the probability that for some source, the second condition for being

an (α, β, k)-isolator is not satisfied. Fix any source X on {0, 1}n, and define L = {x : Pr[X =
x] ≤ 2−k}. We wish to show that with high probability over g, Pr[g(X) = 1 and X ∈ L] ≤ β.
Let Z = Pr[g(X) = 1 and X ∈ L] be the random variable of interest. For each x ∈ L, define
the indicator random variable Zx = 1(g(x) = 1), each of which is a Bernoulli random variable
with probability p of being 1. Then Z =

∑
x∈L Pr[X = x]Zx and E[Z] = Pr[X ∈ L] · p ≤ p.

By a tail inequality for t-wise independent random variables as above and using that
Pr[X = x] ≤ 2−k for all x ∈ L, we obtain

Pr[Z ≥ β] = Pr[Z ≥ E[Z] + β − Pr[X ∈ L] · p]
≤ Pr[Z ≥ E[Z] + β − p]

≤ 8
(

Kpt + t2

K2(β − p)2

)t/2

.

Now a union bound over the 2( ℓ
≤d)n many degree-d polynomial sources with ℓ inputs and n

outputs gives that the second condition for being an (α, β, k)-isolator for such sources does

not hold with probability at most 8 · 2( ℓ
≤d)n ·

(
Kpt+t2

K2(β−p)2

)t/2
. Combining this with the failure

probability for the first condition shows that g fails to be an (α, β, k)-isolator for such sources
with probability at most

8
((

Npt + t2

N2(α − p)2

)t/2

+ 2( ℓ
≤d)n

(
Kpt + t2

K2(β − p)2

)t/2)
< 1

by assumption. Hence there exists some g which is an (α, β, k)-isolator, as desired. ◀

By iterating through a t-wise uniform family of hash functions, we must find an isolator
in a reasonable amount of time.

▶ Corollary 19. Let k, n, d, and m be positive integers. Suppose k ≥ 10(d + log n), k ≤ n,
and m ≤ 0.01k. For p = 2−m, there exist α = p − 2−Ω(n) and β = p + 2−Ω(k) such that there
exists an (α, β, k)-isolator Iso for the class of degree-d polynomials with n outputs, which can
be computed in time 2O((Θ(k)

≤d )n2).

Proof. Set ℓ = 5k, K = 2k, and t = 2
((

ℓ
≤d

)
n + 4

)
; note that K0.99 ≥ 4t. By using

Lemma 18 under the conditions on k, d in the statement, there exists a function Iso which
is an (α′, β′, k − 1)-isolator for the class of degree-d polynomial sources with 4(k + 1) ≤ 5k

inputs and n outputs, where α′ = p−2−Ω(n) and β′ = p+2−Ω(k). Furthermore by Lemma 17,
Iso is an (α, β, k)-isolator for the class of degree-d polynomial sources with n outputs, where
α = α′ = p − 2−Ω(n) and β = β′ + 2−k = p + 2−Ω(k).

We compute such a function by going over any fixed t-wise uniform family of hash
functions from {0, 1}n to {0, 1}m until we find a function that lets us construct an isolator as
described in Lemma 18. It is well known that there is such a family H of size 2tn where each
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function in the family can be evaluated in poly(n, m, t) time (see, for instance, [43, Corollary
3.34]). For any such fixed function h ∈ H, we check whether g defined by g(x) = 1(h(x) = 0m)
is an (α, β, k)-isolator. This can be done in time 2O(( ℓ

≤d)n). ◀

By invoking Theorem 8 with the above isolator, we obtain an explicit hard distribution
for polynomial sources, proving Theorem 14. We restate the theorem below for the reader’s
convenience.

▶ Theorem 14. There exists a constant δ > 0 such that the following holds. Let N and
∆ be positive integers satisfying ∆ ≤ δ log log N . There exist positive integers n, t, d with
(n + 1)t ≤ N and an isolator Iso : {0, 1}n → {0, 1} with suitable parameters for the class of
polynomial sources on {0, 1}n of degree d such that the following holds.

Define the distribution

D = (U1, U2, . . . , Ut, Iso(U1), Iso(U2), . . . , Iso(Ut)),

where U1, U2, . . . , Ut are independent copies of Un. Let X be the class of all polynomial
sources X on {0, 1}(n+1)t of degree ∆. Then for any X ∈ X ,

∥D − X∥TV ≥ 1 − O

(
∆

log log N
log
(

log log N

∆

))
.

Moreover, the distribution D can be sampled in poly(N) time.
Additionally, there exists an isolator Ĩso : {0, 1}n → {0, 1} (with possibly different para-

meters) such that the distribution D̃ = (Un, Ĩso(Un)) satisfies
∥∥∥D̃ − Y

∥∥∥
TV

≥ 1/4 − n−Ω(1)

for all degree-∆ polynomial sources Y on {0, 1}n+1. D̃, too, can be sampled in poly(N) time.

Proof. We choose parameters to optimize the final distance with respect to the distri-
bution length (n + 1)t while ensuring the construction takes only poly(N) time. Set
n =

⌊
(log N)1/(2+λ)⌋ for a constant λ > 0 to be determined later. Let d = log n and

t = ⌊d/∆⌋ − 1 so that ∆(t + 1) ≤ d. By picking δ to be small enough, we have t ≥ 1. Let
k = ⌈20 log n⌉ so that the condition k ≥ 10(log n + d) in Corollary 19 is satisfied. Let m

be the largest integer such that for p = 2−m, we have t ≥ 1
p log 1

p . Since t ≤ d = log n and
m ≤ log t, we have m ≤ 0.01k. Now let Iso be the (α, β, k)-isolator given by Corollary 19
with the chosen parameters and α = p − 2−Ω(n), β = p + 2−Ω(k).

Let X ∈ X . Note that addrn,t(X) can be computed by a degree ∆(t + 1) ≤ d polynomial
source since addrn,t can be computed by a degree-(t + 1) polynomial. By Theorem 8, we have

1 − ∥D − X∥TV ≤ (1 − α)t + β + (2t3 + 1)2−(n−k)

≤ (1 − p + 2−Ω(n))t + p + 2−Ω(k) + (2t3 + 1) · 2−Ω(n)

≤ (1 − p)t + t · 2−Ω(n) + p + 2−Ω(k) + 2−Ω(n)

≤ exp(−pt) + p + n−Ω(1)

≤ O(p) ≤ O

(
log t

t

)
≤ O

(
∆

log log N
log
(

log log N

∆

))
.

Finally, we show that D can be sampled in time poly(N). The isolator Iso can be computed
in time 2O((Θ(k)

≤d )n2). We have(
Θ(k)
≤ d

)
≤
(

e · Θ(k)
d

)d

≤ C log n
0 = nlog C0
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for some constant C0 > 1. Set λ = log C0, so Iso can be computed in time 2O(n2+λ) = poly(N).
Given that Iso is computable in poly(N) time, it is straightforward to see that D can be
sampled in poly(N) time.

We now specialize to the case of t = 1 and D̃ = (Un, Ĩso(Un)), where Ĩso is an (1/2 −
2−Ω(n), 1/2 + n−Ω(1), 20 log n)-isolator. Invoking Theorem 8, we obtain∥∥∥D̃ − Y

∥∥∥
TV

≥ 1 − (1/2 + 2−Ω(n))2 − (1/2 + n−Ω(1)) − 2−Ω(n) ≥ 1/4 − n−Ω(1). ◀

Note that our hard distribution above has at most N bits instead of exactly N bits. To
obtain a distribution with exactly N bits, one can pad with some bits that are fixed to, say,
0. It is clear that the padded distribution does not become easier for polynomial sources of
degree ∆ since TV distance cannot increase by applying a projection. It is also easy to see
that the padded distribution is computable in poly(N) time if the original distribution is
computable in poly(N) time.

5 Open Problems

We conclude by highlighting several directions for future research. One notable goal is to
bring our understanding of sampling by small circuits with parity gates (i.e., AC0[⊕]) up to
the frontier of what is known in the computational setting.

1. Provide an explicit distribution over {0, 1}n which has distance 1 − o(1) from the output
of any AC0[⊕] circuit with n outputs, poly(n) many gates, and arbitrarily many random
input bits.

Even obtaining a much weaker bound would be novel; to the best of our knowledge, no
hardness results for explicit7 distributions exist beyond the trivial arguments of finding a
hard distribution for extremely small circuits via brute force, or appealing to the limitations
posed by binary precision. For example, the (1/3)-biased distribution over {0, 1} cannot be
exactly generated by a circuit with r random bits as input, since each output occurs with
probability that is an integer multiple of 2−r. Of course, one could also ask for a similarly
hard distribution in the case of circuits with mod p gates for any other prime p. Without
these more powerful gates, it is known that such circuits cannot accurately generate the
uniform distribution over the codewords of a good code [35, 8]. Unfortunately, the arguments
do not seem to generalize.

In light of Theorem 14, a reasonable approach to Question 1 is to construct an isolator
for F2-polynomial sources of polylogarithmic degree, and then appeal to classical results
on polynomial approximations of circuits [37, 41]. This is a more general degree constraint
than the best-known explicit extractors can handle [13], but we are optimistic further
improvements in these extractors will be flexible enough for our techniques to apply. It is
also worth emphasizing that extractors and isolators are incomparable objects, and it is
plausible that the latter may be easier to construct in certain settings.

An alternative strengthening of Theorem 14 is to improve the quantitative behavior;
while we can prove a 1 − o(1) bound, the specific decay rate of the o(1) term is suboptimal.

2. Provide an explicit distribution over {0, 1}n which has distance 1 − exp(−nΩd(1)) from
the output of any degree-d F2-polynomial source.

7 Existential results can be found in the appendix of the full version.
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We note that one can prove such a bound in the case of d = 1, where the source P (Ur)
is uniform over an affine subspace. Letting Ext : {0, 1}n → {0, 1}m be an (ε, k)-extractor
for affine sources, we can set the hard distribution D to be uniform over the preimage
Ext−1(0m). If P (Ur) has min-entropy at least k, then it has distance at least 1 − 2−m − ε

from D. Otherwise, P (Ur) is uniform over a set of size less than 2k, so it has distance at least
1 − 2−(n−k)/(2−m − ε) from D. By known explicit constructions of such objects [12, 51, 34],
we can take k = Ω(n), ε = 2−Ω(n), and m = Ω(n) with a sufficiently small implicit constant
to conclude ∥P (Ur) − D∥TV ≥ 1 − exp(−Ω(n)).

Sadly, this argument already breaks down for d = 2, since we no longer get meaningful
information about supp (P (Ur)) in the low min-entropy case. Moreover, our current frame-
work does not appear strong enough to address Question 2, and it would be interesting to
determine whether the framework itself can be strengthened.

3. Prove a quantitatively stronger version of Theorem 8.

More specifically, it would be desirable to have the β term in Theorem 8 decrease as t

increases. It also seems worthwhile to try to improve the t = 1 setting to be able to obtain
the optimal form 1

2 − o(1), rather than our current 1
4 − o(1). In both cases, one may wish to

consider a variant of extractors even beyond robust extractors or isolators.
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