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—— Abstract

We devise an error-reduction procedure that transforms a PRG for length-n, width-w read-once
branching programs with error 1/poly(n) and seed length s, over any alphabet, into a weighted
PRG with seed length

1 1
S0 + O(log - + loglog(ﬁii) -logw>.

Using this reduction, we improve upon the state-of-the-art weighted PRG constructions of Hoza
(RANDOM 2021) and Cheng and Wu (SODA 2026), achieving optimal dependence on the program’s
arity while matching the best known bounds in all other parameters.

Our motivation for obtaining optimal dependence on the arity stems from a result of Cheng and
Hoza (CCC 2020, ToC 2022), who showed that a PRG with optimal arity and error dependence yields
a PRG with seed length O(logS/2 n) (for, say, constant width), thereby breaking the long-standing
log-squared barrier.
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1 Introduction

The question of whether BPL = L is one of the central open problems in computational
complexity theory [1, 3, 26]. It asks whether randomness provides additional computational
power to space-bounded algorithms, or equivalently, whether every probabilistic logspace
algorithm can be fully derandomized with only a constant-factor increase in space. Despite
decades of intensive study, the problem remains open. Nonetheless, the prevailing belief
is that BPL = L, a conjecture supported by plausible circuit lower bounds [28, 20, 19].
Importantly, unlike in the time-bounded setting, there are currently no known barriers that
rule out unconditional derandomization of BPL.

Progress toward this goal has been strikingly limited. Beyond a small number of landmark
results, there has been essentially no improvement for several decades. Already in the work
of Savitch [40] and Borodin, Cook, and Pippenger [3], it was shown that BPL C L2. The
only substantial strengthening of this bound was obtained by Saks and Zhou [39], who
proved that BPL C L3/2. This result, established nearly 30 years ago, has remained
essentially unimproved to this day, with only a quite recent sub-polynomial improvement
due to Hoza [22].

The primary approach to resolving BPL vs. L is via the construction of pseudorandom
generators (PRGs) for read-once branching programs (BPs), which constitute the standard
nonuniform model associated with space-bounded Turing machines. We refer the reader to
Definition 5 for a formal definition. For present purposes, it suffices to note that the length
of a BP, denoted by n, corresponds to the number of random bits read by the algorithm (and
is therefore bounded by its running time), while the width w captures the space usage and
is, in fact, exponential in the space bound. For naive derandomization of BPL via PRGs,
one should consider w = poly(n).

In a seminal paper, Nisan [33] constructed an explicit e-error PRG for BPs of length
n and width w with seed length O(logn . log(%)). This construction — together with its
expander-based variant due to Impagliazzo, Nisan, and Wigderson [25] — remains the state
of the art in the general setting. An improvement in the regime w > n was obtained by
Armoni [2] and was recently simplified in [8], shaving a factor of log(lolgo(g#ao from the seed
length.!

By contrast, an optimal PRG has seed length O(log(%)); if such a generator were also
space-efficient, it would immediately imply BPL = L. Remarkably, despite more than three
decades of subsequent work, Nisan’s construction has not been improved. In fact, except
for the case of w = 3 [31], or when additional structural restrictions are imposed on the
BPs (see, e.g., [29, 16, 5, 17, 36, 18, 9]), no PRG is known to break the so-called log-squared
barrier; that is, to achieve seed length o(log® n) for constant error e, when w = poly(n), or
even when the width is as small as w = 4.

Weighted pseudorandom generators

To bypass this long-standing stalemate, Braverman, Cohen, and Garg [4] introduced a new
type of pseudorandom object called a weighted pseudorandom generator (WPRG). A WPRG
relaxes the classical definition of a PRG while still enabling the derandomization of two-sided

L Armoni’s generator uses the classical Nisan—Zuckerman generator [34], that gives optimal seed length in
the extreme regime of n = polylog(w).
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error probabilistic algorithms. Specifically, in a WPRG each seed is assigned a weight — which
may be positive, negative, and potentially unbounded — and the desired e-approximation is
achieved via a weighted sum rather than a simple average.

In [4], the authors constructed a WPRG with an almost optimal dependence on the error
parameter ¢, achieving seed length 6(10g n - log(nw) + log(1/¢)). While the error parameter
is taken to be constant in the most naive PRG-based approach to derandomizing BPL, it
plays a crucial role in more refined derandomization procedures, most notably the Saks—Zhou
algorithm. The latter involves multiple composition steps, necessitating small error and
making the dependence on ¢ crucial. Indeed, Braverman et al. [4] and Chattopadhyay and
Liao [6] showed that one can prove BPL C L*/3 even without breaking the log-squared
barrier. Concretely, they showed that such a derandomization result would follow from the
existence of a space-efficient WPRG with seed length O(log® n + log(w/¢)).

As observed in [4], WPRGs readily yield hitting sets. Consequently, their result led to
the first improved construction of hitting sets for BPs since the work of Nisan [33], with a
much simplified follow-up construction due to Hoza and Zuckerman [24].

Since then, WPRGs have attracted significant attention. They have inspired simpler and
improved constructions [30, 6, 14, 36, 22], culminating in the WPRG of Hoza [22], which
removes all double-logarithmic factors, obtaining seed length O(logn - log(nw) + log(1/¢))
and in the very recent state-of-the-art construction of Cheng and Wu [12], which achieves
further improvements in the regime w > n.

These works incorporate ideas from fast Laplacian solvers and were also the basis for
significantly improved generators for restricted models [23, 36, 9]. The limitations of these
techniques have been investigated in [13]. Developments in WPRGs have led to progress
on several long-standing problems. Notably, they were leveraged by Hoza to improve
the Saks—Zhou derandomization mentioned above [22], and have also enabled substantial
advances on the closely related problem of iterated matrix multiplication [15, 35]. Moreover,
the error reduction techniques have recently been used to show that BPL is contained in
logspace-uniform AC" [11].

Braverman, Cohen, and Garg [4] emphasized the role of the error parameter ¢, showing
that simultaneously improving the seed-length dependence on both ¢ and w would yield a
significant improvement to the Saks—Zhou algorithm, even without breaking the log-squared
barrier. Moreover, such an improvement need only be achieved for WPRGs, rather than for
standard PRGs. While [4] and follow-up works significantly improved the dependence on &,
progress on the width parameter w has remained much more elusive. To date, the only work
in this direction that we are aware of is due to Raz and Reingold [37], which presents an
intriguing, albeit seemingly stalled, approach.

Cheng and Hoza [10] proposed an intriguing approach toward breaking the log-squared
barrier, showing that seed length O(log3/ 2 n) can be obtained even without directly improving
the dependence on either n or w. Instead, such an improvement follows from simultaneously
improving the dependence of PRGs on two secondary parameters: the error € and the
program’s arity |X|. We discuss this result below. This underscores the somewhat surprising
importance of arity dependence.

1.1 Our Result

The main result of this paper is a construction of WPRGs that achieves optimal dependence
on both ¢ and ¥, while matching the state-of-the-art bounds in n and w. As in prior work,
our WPRG is obtained via an error-reduction procedure.

39:3
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» Theorem 1 (see also Theorem 21). There exists an explicit reduction that transforms a
PRG for length-n, width-w branching programs with seed length so and error eg = 1/poly(n),
over any alphabet, into a WPRG with error ¢ and seed length

1 1
so + O(log - + log 10g<1(;i:> - log w)

Instantiating Theorem 1 with Armoni’s PRG [2], we obtain the following corollary.

» Corollary 2. There exists an explicit WPRG for length-n, width-w branching programs
over alphabet 3, achieving error € with seed length

1 log>n +logn -1 1
log, |X| +O| log — + og nt+logn ogw + log log 08w -logw |.
e max(1,loglogw — loglogn) logn

Corollary 2 improves upon all known WPRGs for general branching programs, including
in the regime w = n®W | where the seed length simplifies to

log, || + O(log(1/¢) + log?n).

In particular, it matches the recent construction of Cheng and Wu [12] in the parameters
n,w, and €, while improving the dependence on ¥. Although this dependence is not made
explicit in [12] (nor in most prior work), it is straightforward to verify that their construction
— as well as several other recent WPRGs (particularly [22], which is also state-of-the-art in the
regime w = no(l)) — exhibits suboptimal dependence on ¥, typically incurring an additional
multiplicative factor of % 2

By contrast, some earlier WPRG constructions (e.g., [4, 14]), while slightly inferior in
overall seed length, achieve optimal dependence on Y. Thus, the contribution of Corollary 2
is to attain optimal dependence on ¥ while matching the best known bounds in all other
parameters. Moreover, our construction and its analysis appear to be simpler than those
of [12], which rely on “weighted pseudorandom reductions” — a sequence of alphabet-reduction
and length-reduction steps combined with different PRGs and WPRGs. Furthermore, in the
regime w = nP®) | our construction is significantly simpler, and is comparable in simplicity
to [22].

As discussed above, our motivation for achieving optimal dependence on the alphabet
size stems from its implications for breaking the log-squared barrier [10]. We provide an
alternative proof of this implication that requires truly optimal dependence on the alphabet,
namely log, |X|, as achieved in Corollary 2 for WPRGs. We prove

» Theorem 3. Assume there exists an explicit PRG with seed length
log, |X| + O(log n - log(nw) + log(1/¢)).

Then there exists an explicit PRG with seed length?

log, |Z| + O(log?’/2 n+logn - logw + \/logn - log(l/e)).

log(n/e)
log(nw) *

See [12, Theorem 3.2] in the latest arXiv revision. We also note that in the n = polylog(w) regime,

Specifically, the recent work of Cheng and Wu incurs an additional multiplicative factor of

there exists an 27 108" % « ¢ « 1/ poly(w) for which the [12] construction achieves a quadruple-log
savings over our construction.

Using error reduction, one can obtain linear dependence on log(1/¢) at the cost of producing a WPRG
rather than a PRG (see the full version for details [7]).
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For the complete details, see [7, Section 5]. The Cheng—Hoza reduction (Lemma 4.9 in [10])
is a recursive construction that uses randomness samplers at each step. Our construction
is also recursive, but uses only the hypothesized PRG. We also note that compared to
Theorem 3, the applies even when the hypothesized PRG has only O(log|X|) dependence on
the alphabet size.

2 Proof Overview

In this section, we provide an informal overview of Theorem 1, and outline our alternative
proof of the Cheng—Hoza result as given in Theorem 3. The reader may skip this part and
proceed directly to the formal sections of the paper. Recall that this theorem takes a PRG
for length-n, width-w BPs with error g = 1/n and seed length sg, and produces a WPRG
with error € and seed length

1 1
so + O(log z + loglog<12i:> -log w)

in the regime
[

> w > n. When w < n (and more generally, for w = n®1)), the more
involved step of our construction can be skipped, yielding a seed length sy + O(log é), and
resulting in a significantly simpler construction.

The first component we need for proving Theorem 1 is a variant of the Richardson

iteration, which we now turn to discuss.

2.1 Incremental and asymmetric Richardson iteration

The transformation underlying Theorem 1 uses the Richardson iteration, which is by now the
standard tool for reducing the error of a PRG. However, our use of the Richardson iteration
is more refined, and we begin by briefly describing it here (see Section 4.1 for the formal and
complete treatment). For our purposes, the Richardson iteration — or rather, the variant of it
used here — is an algorithm Rich that takes as input two WPRGs W, and Wg for the same
length n and width w, with corresponding errors €7, and €g, and produces a new WPRG,
denoted

Rich(WL, WR),

with error guarantee erer and seed length

1
s+ O(log ELfR)'

In fact, both the error guarantee and the seed length are slightly more intricate (see Lemma 15),
but for the purpose of this overview, it is best to suppress the exact dependence.

How our use of Richardson iteration differs. There are several differences between our
implementation of the Richardson iteration and those in the literature. While these distinc-
tions provide useful context, the following discussion is primarily intended for experts; the
reader may proceed with the proof overview without focusing on these differences.

In a nutshell, prior works apply the Richardson iteration to a single PRG using several
correlated samples, taken with both positive and negative weights, to achieve error cancellation
and thus obtain a lower error. The correlated seeds in these works are generated using
an auxiliary PRG for BPs. In contrast, our approach reduces the error of two PRGs (and

39:5
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even WPRGs) which may be imbalanced in their error guarantees and seed lengths. The
correlated seeds are obtained via extractors rather than PRGs, allowing for finer control over
the seed length of the reduction, which is crucial in the presence of asymmetric WPRGs.

A second difference is our incremental application of the Richardson iteration: rather
than applying it in a “one-shot” manner to achieve the desired error, we observe that it
is preferable to invoke Richardson on just two instances and then compose the resulting
procedure sufficiently many times. This approach is more economical, as the correlated seeds
need not meet the final error guarantee from the start. Instead, the early iterations can
operate with more coarsely correlated seeds.

Getting back to the proof overview of Theorem 1, the transformation proceeds in two
phases:

Phase 1: Reduce the error from 1/n to 1/w.*

Phase 2. Reduce the error from 1/w to the desired error .

2.2 Phase 1 — amplifying from inverse-length to inverse-width error

For the first phase — which is the more involved part, and can be skipped in the regime
w =n?D yielding a simpler construction. The key technical transformation is summarized
in the following proposition (see Proposition 19 for the formal statement).

» Proposition 4 (informal). For any integer t > 1, a WPRG with error guarantee eg < 1/n
and seed length so can be transformed into a WPRG with error e = €f and seed length
9 1
S0+ O[ t*-log — +logw |.
€0
To be more precise, we assume a bound on the weights of the given WPRG as a function
of the other parameters, in particular the error guarantee. This invariant, which we call
error-dominated (see Definition 16), is preserved throughout our transformations, including

the one given in Proposition 4. This ensures that the weights remain under control without
the need to track them explicitly. In this informal overview, we will ignore them altogether.

The comb reduction. The proof of Proposition 4 proceeds by applying the Richardson
iteration recursively in a “comb-like” manner, as depicted in Figure 1 (which may explain
the name).?> More formally, given a WPRG W, with error gy and seed length sg, we define a
sequence of WPRGs Wy, ..., W;_1 by setting, for each j > 1,

Wj = Rich (Wj_l, Wo) .

4 Strictly speaking, we start with a slightly smaller error, e.g., 1/n° for some constant ¢ > 1. We ignore
this technicality here.

5 Using a comb-like construction rather than a balanced binary tree allows us to exploit the asymmetry
of the Richardson iteration described above. The “left loss” is the extractor’s seed length, whereas
the “right loss” combines the extractor’s entropy loss with the entropy lost by revealing the program’s
intermediate state. When w > n, these losses differ substantially, and the comb lets the growing seed
on the left absorb the larger loss on the right. A similar balancing appears already in [8].
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Wi
/
Wo
/N
Wi
/N
Wo Wo

Figure 1 Recursive “comb” structure.

It is easy to see that for each j > 1, the WPRG W, has error guarantee ¢; = ).

Consequently, the seed length s; satisfies the recurrence

1
Sj = Sj-1 + 0 <10g J+1> s
€0

which readily yields the seed length bound stated in Proposition 4. The additive logw term
arises from a technical consideration that we suppress in this informal discussion.

Comb of combs. Applying Proposition 4 with ¢ = 10;‘2%/“;0) yields a WPRG with the desired

error €, albeit with a seed length that has a quadratic dependence on logw. To understand

how this can be avoided, we first ask what error we can “buy” with an additive O(logw)
term in the seed — a cost we are willing to incur. Since the seed length in Proposition 4 is
so + O(t? - log(1/ep)), we can set

PR log w
T\ log(1/20)

thereby increasing the seed length by an additive O(logw) term over sg. The resulting error
guaranteed by Proposition 4 is then 1 = 561. Let us (re)denote the resulting WPRG by W71,
which has seed length s; = so + O(logw).

Generally, the error ;1 is not sufficiently small, and so we repeat the process and construct
a new WPRG Wy = Comby, (W7) (hence the name “comb-of-combs”; see Figure 2 for an

illustration.). Again, we wish to incur only an additive O(logw) increase in the seed length.

Thus, we choose t5 so that 3 - log(1/1) = logw, which yields

. . 1+% C .
The resulting error is then e = ¢}y *. Continuing in a recursive manner, we define W; =

Comby, (W;_1), with t; = \/;_1. This results in error

t1+%+i+~-~+2j%l

using seed length sg + O(j - logw). Assuming now that eg = 1/n, a calculation shows that
for £ = log log (logw), the WPRG W, achieves error 1/w and seed length so + O (¢ - logw),

logn
which is nearly linear in logw, since £ is an extremely slowly growing function.

39:7
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/215

Figure 2 One level illustration of the comb of combs reduction.

2.3 Phase 2 — amplifying from inverse-width error

O there is no further

Ounce the error is below 1/w, or if we are already in the regime w = n
benefit to using asymmetric Richardson iteration, although the incremental approach remains
advantageous. To obtain the final WPRG, we therefore compose the Richardson iterations
in a binary-tree-like fashion, with the initial WPRG placed at the leaves. More precisely, let

Wy denote the WPRG obtained in the previous sections, with error guarantee 1/w and seed
length sg. We then define, for j =1,...,h = log<%),

W, = Rich(W;_1, W,_1).
It is easy to verify that W}, achieves the desired error guarantee € and has seed length

50+ 2" logw = s + O(log(1/¢)).

To wrap up, starting with a PRG with error 1/n and seed length sg, the overall seed
length, accounting for both phases, is

1 1
so + O(log - + log log<12i:> - log w),

as claimed in Theorem 1. Moreover, note that in the regime w = n°™) only the second
phase is invoked, yielding a seed length of sy + O(log %)

2.4 Improving Nisan’s PRG via optimal alphabet and error dependence

In this section, we give an overview of our alternative proof of the Cheng—Hoza reduction, as
given in Theorem 3, showing that optimal dependence on the alphabet and error suffices
to break the log-squared barrier. More precisely, recall that the goal here is to break the
log-squared dependence on the length n in Nisan’s PRG, assuming the existence of a PRG
with optimal alphabet and error dependence. Concretely, suppose we are given a PRG with
seed length

1
log |X| + O<log2n + logn - logw + log >
€
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Our goal in proving Theorem 3 is to show that there exists an efficient transformation which
then yields a PRG with seed length

1
log |¥] —|—O<10g3/2n—|—logn~logw—|— \/logn~log€).

As we bear no news regarding the dependence on the width w, indeed, our construction
exhibits the same logn - log w dependence as all previous constructions, we ignore the width
parameter for simplicity.® Under this simplification, we assume the existence of a PRG
with seed length log |Z| + O(log® n + log %), and aim to construct a PRG with seed length
log |X] 4+ O(log3/2 n + +/logn - log %) The idea is to exploit the optimal dependence on 3, as
follows.

The PRG is constructed recursively with respect to the length n. Fix a parameter r (for
the impatient reader, we note that we will take r = \/logn), and let R = 2" and t = lc’%.
We construct a sequence of PRGs Gg, Gy, ..., Gy, all for the same width w and alphabet X3,
where

G;: {0,1}40) 5 2R

Note that the final PRG G, is for length-n BPs, and is the PRG produced by the transform-
ation.

The first PRG, Gy, is simply the identity function, so d(0) = log, |X|. For j > 1 we define
G; by composing R concatenated copies of G;_1. The naive approach would be to define

Gj(2) =Gja1(z1) 0 Gja(z2) 0+ 0 Gj1(2R),
where the seed z is partitioned into R disjoint blocks. But this results in an unacceptable
blow-up in the seed length, d(j) = R - d(j — 1), which ultimately yields a trivial PRG.
Instead, we use the hypothesized PRG to recycle the seeds of the R calls to G;_;. In
particular, let H; denote the hypothesized PRG used to construct G;. It has the form
H;: {0,1}40) — nf,
where ¥; = {0,1}40~1. With H; in place, we define G; via “sparsified folding”:"
Gj(z) = Gj—1 (Hj(2)1) 0 Gj—1 (Hj(2)2) 0+ - 0 Gj_1 (H;(2)R) -

Note that H; is a PRG with very large alphabet size, exponential in the seed length of
Gj_1, yet its output length is only R, which we will take to be much smaller. It is at this
point that we capitalize on the excellent dependence on the alphabet size. Indeed, by our
hypothesis, the seed length of H; satisfies

1
d(j) =log|%,|+0O (7’2 + log >,
—— EHg
d(j—1)

where e is the error parameter of H; (taken uniformly across the j-s). Solving the recurrence
yields

d(t) = O<t- (r2 + log 1)) + log |2|.
€x

6 Alternatively, the reader may think of the width w as a constant; recall that breaking the log-squared
barrier remains open even for width w = 4.
7 A similar length reduction step is also used in [12].

39:9
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In the full version [7], we prove that correlating the R seeds using a BP does indeed work,
yielding a final error € bounded by neg. This, together with our choice t = 10% yields that
the seed length is

logn

1
d(t):O( : <r2+logn+10g€>) + log ||

r

Optimizing by setting r = v/logn, we get the desired seed length.

3 Preliminaries

All logarithms in this paper are taken to base 2, unless otherwise stated. Whenever we
write x ~ A for A being a set, we mean that x is sampled uniformly at random from the
flat distribution over A. We denote by U,, the random variable distributed uniformly over
{0,1}".

We say f: A1 — A} is explicit if it’s computable in time poly(log|A;|). We mostly do
not keep precise track of the space complexity of our error-reduction procedure. A suitable
bound follows from standard results on the space complexity of compositions, together with
the space complexity of the underlying PRG whose error is being reduced.

3.1 Matrices, Branching Programs, and Space Complexity

A matrix is Boolean if all its entries are in {0,1}, and stochastic if all its entries are

nonnegative and the sum of each column is 1. Denote by BSto(w) the set of w x w boolean

stochastic matrices. We will denote by ||-|| the induced ¢; norm, i.e., ||A| = max; >, |4; ;]|
We start by defining standard-order, read-once, branching programs.

» Definition 5 (branching program). Let ¥ be some alphabet and let n,w € N. An (n,w,X)
branching program (BP) is a sequence B = (By, ..., By), where each B;: ¥ — BSto(w).

For i < j we let B;_,; be the (j —i+1,X,w) BP (B,,..., B;j).
» Definition 6. The value of an (n,w,%) BP B = (By,...,By) onz = (21,...,2,) € 2",
denoted B(x), is the realized w x w matriz of B when fed by z, i.e.,
B(x) = Bn(xy) - Bp—1(xn-1) - Bi(21).
If B is the empty sequence, we set B(z) = I,,.

» Definition 7 (weighted PRG). We say (G, p) is an (n,w,X,T',€)-WPRG against BPs with
seed length s if:

G:{0,1}° = X" and p: {0,1}° = R,

For every (n,w,%) BP B=(By,...,B,), it holds that

[Eonio,13 (@) - B(G(2))] = Exnsn[B(2)]|| <,

For every x € {0,1}", |u(z)| <T.
When u = 1, the notion coincides with that of a PRG, in which case we omit the T’ from the
tuple.

For 1 <i<j<nwelet Gj;: {0,1}° — S9! be the corresponding truncation of G’s
output. Note that if (G, p) is an (n,w, X, T, ) WPRG, then (G;—;, 1) isan (j—i+1,w, X, T, ¢)
WPRG. We will often omit the subscript ¢ — j when the length of the corresponding BP is
clear from context.
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3.2 Known PRG Constructions

» Theorem 8 ([25]). For any positive integers n, w, any error parameter € > 0 and any
alphabet X, there exists an explicit (n, X, w,e) PRG with seed length

s =log|X| + O(logn . log(%)).

When w > n, Armoni’s PRG [2] improves upon the INW generator. When instantiated
with modern extractors, it works for all ranges of parameters [27], and has the optimal
dependence on ¥ [8].

» Theorem 9 ([2, 27, 8]). For any positive integers n, w, any error parameter € > 0 and
any alphabet 3, there exists an explicit (n, X, w,e) PRG with seed length

log(nw/e) logn
max(1,loglogw — loglog(n/e)) )

s—log|2|+0<

3.3 Seeded Extractors

The support of a random variable X distributed over some domain 2 is the set x € Q
for which Pr[X = z] # 0, which we denote by Supp(X). The total variation distance (or,
statistical distance) between two random variables X and Y over the same domain § is
defined as | X — Y| = maxacq(Pr[X € A] — Pr[Y € A]). Whenever | X — Y| < ¢ we say that
X is e-close to Y and denote it by X ~. Y.

For a function f: 1 — 2 and a random variable X distributed over 1, f(X) is the
random variable distributed over {25 obtained by choosing x according to X and computing
f(z). Foraset A C Qy, f(A) = {f(z):x € A}. For every f: Q; — Q9 and two random
variables X and Y distributed over 5 it holds that |f(X) — f(Y)] < |X — Y|, and this is
often referred to as the data-processing inequality.

» Definition 10 (min-entropy). Let X be a discrete random variable over a set X. The
min-entropy of X, denoted by Hoo(X), is defined as

H (X)= gélg (—logPr[X =z]) = —log (rg‘cnea%( Pr[X = x]) . (1)

» Definition 11 ((n, k) source). An (n,k) source is a random variable X distributed over
{0,1}™ such that its min-entropy is at least k, i.e., Hoo(X) > k. Equivalently, it is a
distribution where for all x € {0,1}",

Pr[X =z] < 27k, (2)

» Definition 12 (extractor). A function Ext: {0,1}" x {0,1}* — {0,1}™ is a (k,) (seeded)
extractor if the following holds. For every (n,k) source X it holds that Ext(X,Y) =, U,
where Y is uniformly distributed over {0, 1}d and is independent of X .

We will use two extractors, one in the balanced regime, and one in the unbalanced regime.

» Theorem 13 ([21]). There exists a constant cseed > 1 such that the following holds. For
every positive integer n, and any A < n and & > 0, there exists an explicit (k =n — A, ¢)
extractor Ext: {0,1}" x {0,1}% — {0,1}", where d = cseeq - (A + log(n/e)).

» Theorem 14 ([38, 6]). There exist constants Cseed, Closs => 1 such that the following holds.
For every positive integer n, and any A < n and € > 0, there exists an explicit (k =n— A, ¢)
extractor Ext: {0,1}" x {0, 1}d — {0, 1}, where d = Cseed - l0g(A/e) and m = n — Closs - (A +
log1).

39:11
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4  Our Error Reduction Procedure

In this section we prove Theorem 1 and deduce Corollary 2. We begin with an informal
overview of the Richardson iteration technique. This procedure depends on a parameter k
that governs the quality of error reduction: roughly, an error-¢ PRG is transformed into an
error-e* WPRG. As discussed in the proof overview, in this work we observe that it is more
economical to work with £ = 2 and then compose the resulting WPRGs.

Our use of the Richardson iteration is asymmetric. In particular, in our error reduction
we apply the iteration to WPRGs with varying error parameters. To set the stage, we first
review, at an informal level, the Richardson iteration with parameter £ = 2 in the symmetric
setting. With this intuition in place, we then proceed in Section 4.1 to formally construct
the Richardson iteration with parameter k = 2 for the asymmetric case.

Suppose we are given

w X w sub-stochastic matrices My, ..., M,, and,

Crude approximations ]\A/[/” to M;M;_q---M; forall 1 < j <i<n (forj=1iwe
naturally take ]\,\4,” = M,).

In the context of space bounded derandomization, [32] describe a method to use
My, .. First,
they “plant” the matrix product problem within a matrix inversion problem. Specifically,
they form the (n 4 1) x (n + 1) block matrix

., M, to refine the crude approximations to much better approximations.

0 0 0 0 0
M; O 0 0 0
ol 0 M o0 -
: 0 0
0 0 M, _1 0 0
0 o --- 0 M, O

and define L = I — M. Then they observe that the inverse of L is:

M;_q---M; ifi>j,
(L™ Yij =41 if i = j,
0 otherwise.

Thus, the product we wish to approximate is a block within L~=!. We can use the crude
approximations M;_; ; to form the matrix

- Miflyj, if ¢ >j,
Lill'_’j = I, ifi = j,
0, ifi < j.

and L1 is a crude approximation to L~'. Prior works apply Richardson iteration to get a
better approximation to L~!. Specifically they take

—

L1=2L'— L 'LL, (4)
and it is immediate to check that

e — 2
HI—LL—l :HI—LL—lH .
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Thus, L1 yields a quadratically improved approximation of L~! and therefore also of

My -...- M,. An explicit formula for the approximation of Mj - ...- M, can be derived: For
every n > 3,
—~ n—2 _ N n—3 N .
MnJrl,l == Z Mn,r+2Mr+1Mr,1 - Z Mn,r+2Mr+1,1~ (5)
r=1 r=1

For example, for n = 4, the approximation of MyMszMyM; is
Ms; = M4,3M2M1 + M4M3]\72,1 — ]\74,3]\72,1-

Observe that Equation (5) is expressed as the difference of two sums. In the first (positive)
sum, each summand is a product of three terms — two given approximations with an input
matrix M, sandwiched in the middle. In the second (negative) sum, the product omits this
middle input matrix.

[36] and [14] independently / notice that if the approximations M are obtained with a

PRG, then the approximation M can be realized with a WPRG 8. A naive (and expensive)

implementation of this would construct the WPRG for M using two independent calls to the
WPRGs for M. A better idea is to recycle the seeds needed for the two calls to the WPRG
of M. In this work we explore what happens when we employ two different WPRGs, each
with a different accuracy level, and we show that this leads to better WPRGs.

4.1 Asymmetric Richardson lteration

In this section we make the above idea precise.

Construction. We are given two WPRGs, which we think of as a “left” WPRG and a “right”
one, possibly with different parameters, and an extractor.

An (n,w,%,Tp,er) WPRG (G¥, ) with seed length sy

An (n,w,%,Tg,er) WPRG (GE, ug) with seed length sg.

A (k,egq) extractor Ext: {0,1}°" x {0,1}% — {0,1}°", where k = s, — log =%

€Ext ©

The construction of our new WPRG

RiChExt((GL7 :U/L)v (GR7 MR)) = (G7 IU’)

goes as follows. We interpret the set of seeds S as [2n — 5] x {0,1}** x {0, 1}dEXt x {0, 1}dEX‘.
Given (t,zr,y1,y2) € S, we set ¢’ =t —n + 2, and define

GlLi(zr) o Ext(zr, y2) i tog 5] © Glyamsn (Bxt(zr,y1)) ift <n—2,

G(taajLayhyQ) — .
Gl yi(@n) oGy, (Ext(zr, 1)) otherwise.

pr(zr) - pr(Ext(zr,y1))  ft<n-—2

t,xL, Y1, =(2n-5)-
p(t,er, y1,y2) = ( ) {_ML(IL).MR(Ext(:)jL,yl)) otherwise.

Note that the construction exactly corresponds to Equation (5), where we use two different
WPRGs for approximating the matrices. Notice that the first n — 2 terms come with a
positive sign, and the last n — 3 terms with a negative sign.

8 The use of weights here is essential, as some of terms in Equation (5) come with a negative weight.

39:13
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» Lemma 15. Given (GL pur), (G, ug), and Ext as above, it holds that (G,u) is an
(n,w,3,T'ye) WPRG, where:

The seed length s = log|S| satisfies s =log(2n — 5) + sr + 2dgxt,

The weight of G is at most I' = c¢-nl' T'g for some constant ¢ > 1, and,

The error € is bounded by € < 4(n+1)%creg + T - cgxe.

Proof. The weighted generator (G, ) treats each seed as a quadruple (¢, zr,y1,y2). Here
t € [2n — 5] specifies which of the (n — 2) “positive” or (n — 3) “negative” summands
in the Richardson expansion is selected; z; € {0,1}*% is drawn according to ur; and
y1,92 € {0,1}9< are independent extractor seeds. Encoding ¢ requires log(2n — 5) bits, z,
requires sy, bits, and the two extractor seeds contribute 2 dgy bits in total, giving a seed
length of

s =log(2n —5) + sr. + 2 dgx-
Each output of (G, u) has weight

it wn,yi,y2) = £(2n = 5) pr(er) pr (Ext(zr, y1)),
and therefore satisfies

[t zL,y1,y2)| < (20— 5) L Tg.

We move to analyzing the error of the weighted PRG.

Constructing approximate inverses. Let B be an (n,w,Y) BP with transition matrices
M, ..., M,. Let L be the corresponding (n+1)w X (n+1)w block matrix defined in Equa-
tion (3) whose inverse L™! encodes all partial products M; - M; 1. We form two approx-
imate inverses L~1%) and L~'(") by replacing each block M; ; with

v ONE n. (AL TR _ . (AR
WP = B | Bos(@@)] o M= B Jun(e)- B (GF@)],

respectively. Recalling that (G¥, ur) and (G, ug) have errors €7, and e, we have

Mg =237\ < ey | Miy =MD < er.
Summing these errors over the n+1 block rows gives

L7 = L7'®)|| < (n+l)eg, ||L7'=L7'B|| < (n+1)ep.
As [|L]| <2,

|7 - LWL < 2(n+1)ep,  |[I-L7'PL| < 2(n+1)er.

Asymmetric Richardson. “Vanilla” Richardson refines a single crude inverse A ~ L~! via
A— 2A — ALA,

which satisfies ||I — (24— ALA)L|| = ||I — AL||?. In principle, introducing two approximations
looks unnecessary—one could just reuse the more accurate one. In our setting, however,
the two appearances of L~1 are generated from different seeds: the left term is driven by
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x,, while the right term is obtained from x; through an extractor and therefore may have
different accuracy. This asymmetry naturally leads us to use a Richardson-type update that
mixes two approximations,

R=["10) 4 ~1®) _ -1 1~1(R)
A short calculation shows that

I—RL=(I—-L DLy 1 - LB,
Consequently,

I = RL|| < |1 = L7*PILI I = L7HPL| < 4(n +1)%eer,
and in particular the bottom-left block satisfies

||R[n+1,1] — M, --- My|| < 4(n+ 1)%cLep.

Uncorrelated seeds. Assume that the seed i for Gg and the symbol ¢ € 3 are sampled
independently from zj, and uniformly. Given t € [2n — 5], we consider the above two cases.
When t € [n — 2], letting r = ¢, the generator outputs G1_,,(z) oo 0 GF_,_,, (zr). Then,

EzL,xR,a[ML(xL) ur(zr) B(G,,(zp) 000 G§+2—>n(xR))} = Mﬁ-&rz Mii1 Mrﬁ)'

When t > n — 2, we denote r to be such that t =n — 2 + r, and now

R L
Evpon| (@) in(en) B(GE, 41 (20) 0 Gy (en)) | = = MU, MU

Averaging over t € [2n — 5] and multiplying by 2n — 5 yields exactly

n—2
(L R
Z Mv(w)-i-? r+1 M Z M1(z,r+2 M'r(+)1 15

r=1

which is the (n + 1, 1)-block of the Richardson matrix R. Thus, when zg and o are drawn
independently, the weighted generator’s output matches R[n + 1, 1].

Correlating zr and o with zp via two extractor calls. We now replace the independent
choices (zg, o) by

r=Ext(zr,y1) € {0,1}°7, o =Ext(rr,y2)[1,108 5] € 2,

where y1, y2 are independent uniform seeds (and independent of z:1,). We bound the difference
in the ¢; norm of the (n+1,1)-block contribution.

We use the standard seed-recycling argument for width-w ROBPs. Conditioning on
reaching the state ¢ € [w] after reading x, reveals at most, roughly, log w bits of information;
Formally, except with probability at most g, this conditioning reduces the min-entropy
of the left seed by at most log(w/egx). Setting A := log(w/egx), and using our extractor
Ext : {0,1}%F x {0,1}%< — {0,1}*7 with entropy loss A and error eg, the condition

s, —A > s —log Yok

EExt

APPROX/RANDOM 2026
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guarantees that Ext(zy,, U) is egq-close to uniform even after conditioning on g. Consequently,
for any functions fr, frg,

Taking the weights into account, recalling that |uy| < T'f and |ug| < Tgr, we have

|

EIL,y[B(fL (xL) © fR(EXt(‘rLa y)))} - EIL@R[B(JCL(Z'L) © fR(xR))] H < 2egx.

E.p o[ (20 = 5)pr(xr)pr(Ext(zr,y)) - B(fr(zr) o fr(Ext(zr,y)))]
—Eup2n[(2n —5)pr(zL)pr(zr) - B(fL(zL) o fr(zr))] H <c-(2n— 5Ll reex

for some constant ¢ > 1. The ultimate error bound is obtained by the triangle inequality. <«

To conclude this section, we define a useful invariant which will be helpful towards
establishing our WPRG.

» Definition 16. We say that an (n,w,X,I',e) WPRG is error-dominated if

1
P
~ce(n+1)3’

where c is the same constant from Lemma 15.

Note that error-dominated WPRGs necessarily have low error. We record the following
observation.

> Claim 17. Keeping the notation above, particularly the constant ¢ from Lemma 15,
assume that both (GT, ur) and (GE, ur) are error-dominated, and that

1’L2€LER

EExt S o .

Then, (G, p) is error-dominated.

Proof. By Lemma 15, the composed generator satisfies
I'=cenT TR and e <4(n+1)%crer + Tepx.

Using eg < "S558, we get

e < (4(n+1)? +n?)erer < 5(n+1)%eLep.

Since (G%, ur) and (G®, ug) are error-dominated,

1 1
'y < ——— d Tr<——FTrg—
L= Cn 1 1)3ey, an = t(n+1)eg
Therefore,
cn 1 cn 5(n+ 1) n 1 1
[ < enl T < . < , — < <
SRS 2 1) eren  E(n+ 1) € c(n+1)* = cn+1)%
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4.2 A Comb Reduction

In this section we define a comb-like construction, that composes our asymmetric Richardson
construction given in Section 4.1 as follows. For some base (error-dominated) WPRG W,
and a sequence of extractors Exty, ..., Ext;, we define W; recursively as

W; = Richgy, (W1, Wp).

We denote by Wy = (Go, po) our (n,w, X, To, &) error-dominated WPRG, and by sq its
seed length. We proceed to set the parameters of our extractors, each of the ¢ extractors

Ext;: {0,1}°®) x {0, 1} — {0,1}*

is given in Theorem 14 and set to have error e (i), where the eg,(i)’s are as follows.
Define, for each i € [t], (i) = (5(n + 1)%c0)’sp. Note that the sequence of &(i)-s satisfy
g(i) = 5(n+1)%e(i — 1) - e9. For each i € [t] set

n2€0

eext(l) = EYO) -e(i— 1),

where T'(i) = (enl'g)‘Tg. Note that the I'(i)-s satisfy the recurrence relation I'(i) = enI'(i —
1)T.

By Lemma 15, the input lengths satisfy s(1) = s¢ + Cseed log(w/cext(1)), and for each
9<i<t,

$(t+ 1) = 8(4) + 2¢seed log(log w/epx (i + 1)) + log(2n — 5).
We record that:

> Claim 18. For every i € [¢] it holds that
1 T
log ——— = O(ilogno) ,
€ext (1) €0

T
s(i) = so + O(logw +i%log ngo) ,
0

and
r
d(i) = O(log log w + ilog ngo) .
0
Proof. By definition of g (i) and error domination from Claim 17:
1

e(i — 1)gon? (n+ 1)n2e(i)?

gext(i) = cl'(i) 2 c ~e(i = 1eon® - e(n + 1)%(i) = 5
SO
1 r
log - ZO(i~logM>.
€Ext(1) €0

For the WPRG’s seed length, we have

log w

s(i) = so + s(1) + (i — 1) - 10g(2n — 5) + 2cceea ¥ log cee(k+ 1)
xt

k=2

r
=s0+0 <logw+iloglogw+z’21ognao> )
0

APPROX/RANDOM 2026
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By the construction given in Section 4.1, the entropy loss of each extractor is A(i) =
log(w/egxt(7)). Thus, we can indeed output sg bits as

5(i) > 50 + Closs (A(i) +log 6;(1)) .

We thus get that

1 r
d(i) = O(loglogwﬂog ) — O(loglogw+i10g no) y
8E><t(Z) 1)

We denote this section’s transformation, which on input Wy construct Wy, as Comby (Wp).
The parameters of the construction are summarized in the following theorem, whose proof
readily follows from Lemma 15, Claim 17, and Claim 18.

» Proposition 19. Keeping the above notation, assuming 9 < 1/n° and that sy > log |S| +
Qlog(w/ep)), Comby(Wy) is an error-dominated (n,w, 3, Ty, &) WPRG with seed length

1
30+O<t210g€ +logw>,
0

t/2
and error €¢ = 80/ .

We emphasize that error domination of the WPRG is preserved, and moreover, that if
Wy is explicit, Wy is explicit as well.

4.3 Amplifying from Inverse-Length to Inverse-Width Error

To reduce the error from n~ M to w= M we define a “comb-of-combs” construction
as follows. Letting Wy be an error dominated (n,w,X,To,e9) WPRG that satisfies the
assumptions of Proposition 19, for some t1,...,t;, we define the sequence of WPRGs defined

by
Wi = Combti (Wifl),

and set CoCy, .. 4, (W) = W,.
Concretely, we start with g = 1/n°, choose

1
¢ =loglog (;;i:) ,

and for each i € [{], we take

logw\”
oo (i)
logn

Under this choice of parameters, CoCy, ., (W) satisfies the following.

» Proposition 20. Keeping the above notation,
COCig1 """" te (W())

is an explicit error-dominated (n,w, %, T,e) WPRG with ¢ = 1/w, seed length so+ O(¢log w).
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Proof. First, note that the fact that W, is error dominated already follows from Proposi-
tion 19, and we proceed to analyzing the error. Letting ; be the error of W;, by Proposition 19

llgi =, we get that

we know that ¢; = Ef_/f By our choice of ¢;-s, denoting r =

-t , 2~ -
52 Lyt [Lewr p1-2
0 .

€0 = =¢q =g

Now, 2¢ =logr, so rl=27" = r/2. Recalling that £g = n=°, we get 58/2 =n~5/2 < 1/w.
For the seed length, denote by s; the seed length of W;. By Proposition 19, we know that
each s, = s;_1 + O(t?log(1/e;_1)). Fixing some i € [¢], note from the above that

1 —(i— 1 —i —i
t? . log =¢2.pl72 o log — = 4r° o

1
log — = 20logn -r = 20logw.
Ei—1 €0 €o

Thus, s; = s;—1+O(log w) and we’re done with the seed length caclculation. Finally, note that
in order to invoke Proposition 19, we need to make sure that s; > log |X|4+Q(log(w/¢;)), which

follows from the fact that t7log(1/e;,—1) = Q(log(1/¢;)) and that so > log |X] + Q(logw). <«

4.4 Amplifying to an Arbitrary Error

Once we achieved an error of 1/w, we reduce the error to an arbitrary desired error & by
recursively applying the Richardson iteration on the same WPRG, i.e., at the base of the
recursion we use CoC above on the given base-WPRG W. More formally, we start with
Vo = CoCyy ...+, (W) as above, set

=g (o)

and for each ¢ € [h], define
Vi = Richg, (Vi-1, Vie1),

where the extractors Exty, ..., Ext, are defined as follows. We denote the seed length of each
(n,w,3,Ty,e;) WPRG V; by s;, and the seed length of W by s(W). Each

Ext;: {0,1}°* x {0,1}% — {0,1}*

is taken to be the (k;, g« ) extractor of Theorem 13 as in Section 4.2, where k; = s;_1 —

2_2
log(w/eex; ), and egx, = nc?_’l. By Lemma 15, we have the recurrence relation relating the

seed lengths of the WPRGs

;i = Si—1 +2d; + O(logn) =8;—1+ O(lOg(l/é‘Exti)),

and the recursive relation of the errors is ; < 6n%c?_,. Solving for the recursion, recalling
go = 1/w, we get

6n? 2
w

Our choice of h guarantees a final error of ¢, < €.
By Theorem 13, the seed length

d; = O (log(w/egx,;)) = O(log(1/e;)) = O (2i logw) ,
and so the recurrence simplifies to s; = s;_1 + O(2% log w), yielding

sn = 80+ O(2" logw) = s¢ + O(log(1/¢)).

39:19
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By Proposition 20,

1
so=s(W)+0 (loglog (ng) ~logw> ,

logn

and so the final seed length is

1 1
sp=s(W)+0O <log z + log log (E)i:) ~logw> .

We summarize this in the following theorem, which is the formal version of Theorem 1
whose proof follows by the above calculations, also noting that the constructed WPRGs
remain error-dominated and explicit.

» Theorem 21. Keeping the above notation, let W be an explicit error-dominated
(n,w,¥,To,e0 = 1/n°) WPRG with seed length s(W). Then, V), is an error-dominated
(n,w,3,T'ye) WPRG with seed length

s(W)+0 <10g1 + log log (logw) . logw) .
€ logn

Finally, for our base-WPRG we’ll choose Armoni’s explicit PRG from Theorem 9.

» Corollary 22. For any positive integers n,w such that w > n, any € > 0, and any alphabet
Y, there exists an explicit (n,w,X,T',e) WPRG with seed length

log?n +logn -1 1 1
log|X|+ O og ntogn ng+loglog 08w -logw + log — |.
loglog w — loglogn logn €

and I' < max {1, %} In particular, when w = 2"" for some constant o € (0,1), the
poly(n)-e

seed length above becomes

1
log |Z| + O<(log loglog w) - log w + log E).

When w is only polynomial in n, we can perform the error reduction step of Section 4.4
directly, and for the base-PRG, we can use the simpler INW generator (see Theorem 8) and
get the following corollary.

» Corollary 23. For any positive integers n,w such that w = n°M, any e > 0, and any

alphabet X, there exists an explicit (n,w,X,T',e) WPRG with seed length
2 ].
log|X| + Of log n—i—logg

and I' < max {1, ;}
poly(n)-e
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