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—— Abstract

The Max-DICUT problem has emerged as a canonical problem for understanding the approximability
of constraint satisfaction problems in the streaming model. A seminal result of Kapralov and Krachun
[STOC 2019] shows that it is impossible to beat 1/2-approximation for Max-DICUT in sublinear
space in the single-pass streaming setting, even on bounded-degree graphs. In a recent work, Saxena,
Singer, Sudan, and Velusamy [SODA 2025] prove that the above lower bound is tight by giving a
single-pass algorithm for bounded-degree graphs that achieves (1/2 — €)-approximation in sublinear
space, for every constant € > 0. For arbitrary graphs of unbounded degree, they give an O(1/¢)-pass
O(logn) space algorithm. Their work left open the question of obtaining 1/2-approximation for
arbitrary graphs in the single-pass setting in sublinear space. We make progress towards this question
and give a two-pass algorithm that achieves (1/2 — €)-approximation in sublinear space, for every
constant € > 0.
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1 Introduction

The maximum directed cut problem (Max-DICUT) is the analogue of the maximum cut
(Max-CUT) problem for directed graphs. In particular, given a directed graph G(V, E), the
Max-DICUT problem asks to find an ordered bipartition (a “left” set L and a “right” set R)
of the vertex set V' that maximizes the number of edges that go from L to R. In contrast, in
Max-CUT, we measure all the edges that cross L and R. Both Max-CUT and Max-DICUT
are NP Hard and so, we study algorithms that approximately solve these problems. An
a-approximation algorithm is one that outputs a solution that has a value which is at least «
fraction of the optimum. Besides being fundamental problems in their own right, Max-CUT
and Max-DICUT also belong to a large class of combinatorial optimization problems called
the constraint satisfaction problems (CSPs) which capture several fundamental optimization
problems in computer science. CSPs are well studied in theoretical computer science, owing in
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part to their structure which allows for finite characterizations of the infinite set of problems
they contain, in several computational settings. Their study has led to the discovery of
several important algorithmic and complexity-theoretic tools including SDP approximations,
the PCP theorem, and Unique Games.

In many computational settings, Max-CUT has successfully served as a canonical prob-
lem in the study of CSPs. For example, in the polynomial time setting, Goemans and
Williamson [14] gave the first SDP-based approximation algorithm for Max-CUT. And on
the lower bound side, conditioned on the Unique Games conjecture, Khot, Kindler, Mossell,
and O’Donnell [20] constructed tight integrality gap instances showing that the Goemans-
Williamson SDP for Max-CUT is optimal. In a breakthrough follow-up work, Raghavendra [22]
generalized both these works to all CSPs and gives an optimal SDP-based characterization
for the approximability of every CSP in polynomial time. However, in the streaming setting,
Max-CUT does not capture all CSPs.

In the single-pass streaming model of computation, the constraints of a CSP instance (or
edges of a graph in the case of Max-CUT, Max-DICUT) arrive in a stream. The streaming
algorithm is allowed one pass over this stream and is required to compute an approximation
to the optimum value of the instance, using limited space. The amount of space available
to the algorithm is typically parameterized by n, the number of variables in the instance
(or vertices of the input graph in the case of Max-CUT, Max-DICUT). For every CSP, there
exists a trivial sampling-based algorithm [1, 28] that can achieve (1 — €)-approximation using
O(n) space. Therefore, the interesting regime is when the algorithm is allowed only o(n)
space. Surprisingly, Max-CUT has no non-trivial approximation in this regime! In particular,
1/2-approximation is trivial (just output 1/2 for every input graph) since any graph has a
bipartition with at least half the edges crossing the bipartition. A series of works [17, 18, 19],
culminating with the breakthrough result of Kapralov and Krachun [19] show that for any
constant € > 0, any single-pass streaming algorithm that achieves (1/2 4+ €)-approximation for
Max-CUT requires Q2(n) space. A follow-up work due to Chou, Golovnev, Sudan, Velingker,
and Velusamy [7] proves optimal inapproximability results for multiple CSPs in o(n) space,
generalizing techniques from the Max-CUT lower bound [19].

On the algorithmic side, the first non-trivial approximation algorithm was discovered by
Guruswami, Velingker, and Velusamy [16] for Max-DICUT. While Max-DICUT has a trivial
1/4-approximation, they gave a single-pass algorithm that achieves (2/5 — €)-approximation
using only O(logn) space, for every constant € > 0. Chou, Golovnev, and Velusamy [10] later
achieved (4/9 — €)-approximation in O(logn) space. They also prove that the 4/9 factor is
optimal in o(y/n) space, generalizing the techniques from the (y/n) space lower bound of
Max-CUT due to Kapralov, Khanna, and Sudan [17]. They further generalized their results
to prove a O(logn) vs Q(y/n) space dichotomy theorem for every Max-2CSP. This served
as the basis for their subsequent works with Sudan [8, 9] which prove a O(log® n) vs Q(y/n)
space dichotomy characterization for every CSP.! Saxena, Singer, Sudan, and Velusamy [24]
show that the Q(y/n) lower bound in [10] is tight and give a 0.485-approximation algorithm
for Max-DICUT in O(,/n) space. In a later work [25], the same authors also show that it
is possible to achieve (1/2 — e)-approximation for bounded-degree (i.e., maximum degree
bounded by a constant) graphs in O(n!~%1) space, for every ¢ > 0. A trivial reduction
from Max-CUT shows that the factor 1/2 is also optimal for Max-DICUT in o(n) space.

! Their dichotomy characterization is for dynamic streaming algorithms which allow deletions and can
process arbitrarily long streams.
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In the multi-pass setting, a streaming algorithm is allowed to do multiple passes over
the same stream of constraints. Assadi and Nagargoje [3] show that any p-pass algorithm
for Max-CUT achieving (1 — €)-approximation requires at least Q(n'~?(€P)) space. A recent
breakthrough result of Fei, Minzer, and Wang [11] shows that for any e > 0, any p-pass
algorithm for Max-CUT (also Max-DICUT) achieving (1/2 + €)-approximation requires at
least Q(nl/ 3 /p) space. In contrast, for dense instances of average degree at least nd, a two-
pass streaming algorithm due to Bhaskara, Daruki, and Venkatasubramanian [5], achieves
(1 — €)-approximation for Max-CUT (also Max-DICUT) using O(n'~%) space. An algorithm
due to Saxena, Singer, Sudan, and Velusamy achieves (1/2 — €)-approximation on arbitrary
graphs in O(1/e) passes using O(logn) space [25]. In a prior work [23], the same authors
give a two-pass algorithm that achieves 0.485-approximation using O(logn) space. A recent
result due to Fei, Minzer, and Wang [12] gives a dichotomy characterization in the multi-pass
setting based on the basic LP relaxation for every CSP. In particular, they show that the
techniques from [27, 25] can be combined with the distributed algorithms of Yoshida [29] to
obtain a streaming algorithm that solves the LP relaxation for every CSP in O(1/€?) passes
and O(logn) space. And to beat the approximation achieved by the basic LP, any p-pass
streaming algorithm requires at least Q(n'/3/p) space.

The connection between streaming algorithms and LP relaxations was also identified in a
concurrent work by Singer, Tulsiani, and Velusamy [26]. They conjecture that for every CSP,
there must be a single-pass o(n) space streaming algorithm that solves its LP relaxation,
and any algorithm beating this factor must require at least (n) space. For Max-DICUT, its
basic LP achieves 1/2-approximation and so their conjecture states that there is a single-pass
algorithm that achieves 1/2-approximation in o(n) space. In this work, we make progress
towards this conjecture and prove it in the two-pass setting.

» Theorem 1.1 (Main result). For every e > 0, there is a two-pass streaming algorithm

that achieves (1/2 — €)-approximation for Max-DICUT on any n-vertex graph using space
O(nl_Qe(l)).

2 Technical overview

In this section, we present a technical overview of the proof of our main result.

There are three main ingredients to our proof: 1) a single-pass (1/2 — €)-approximation
algorithm of Saxena, Singer, Sudan, and Velusamy [25] for bounded-degree graphs that uses
O(n'=2M) space, 2) Trevisan’s reduction [27] from unbounded-degree to bounded-degree
graphs that approximately preserves the Max-DICUT value, and 3) Bhaskara, Daruki, and
Venkatasubramanian’s [5] two-pass algorithm that achieves (1 — €)-approximation on graphs
of average degree at least n® using O~(n1_5) space. The following theorems formally state
their results.

» Theorem 2.1 ([25]). For every d € N and € > 0, there is a single-pass streaming algorithm
that achieves (1/2 — €)-approxzimation for Max-DICUT on any n-vertex graph of mazimum
degree at most d using space O(n'~1),

» Theorem 2.2 ([27]). For any directed graph G(V, E) on n vertices and m edges, and 0 <
€ < 1, there exists a (random) directed graph G(V, E) on 2m vertices and O(m/e?) edges such

that with probability at least 5/6, Max-DICUT(G)—€¢' < Max-DICUT(G) < Max-DICUT(G)+e,
and the mazimum degree of a vertex in G is at most O(1/€?).

4:3
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» Theorem 2.3 ([5]). For every e, d € (0,1], there is a two-pass streaming algorithm that
achieves (1 — €)-approzimation for Max-DICUT on any n-vertex graph of average degree at
least n®, using space O(n'~%).

At a high level, our idea is to reduce the input graph which could potentially have an
unbounded maximum degree to a bounded-degree graph using Trevisan’s reduction [27], and
then execute the [25] algorithm for bounded-degree graphs. However, there are challenges to
this naive approach. Firstly, Trevisan’s reduction is not a small-space reduction and requires
the knowledge of the degree of every vertex in the graph. This would be too expensive to
store in the streaming setting. Secondly, the reduction produces a graph with 2m vertices,
which could be ©(n?) in the worst case, hence the [25] algorithm could require €2(n) space.
We deal with the second challenge by running the [25] algorithm only when the input graph

149 edges, for some suitably chosen ¢ so that the

is sufficiently sparse, i.e., has at most n
space usage is still at most O(n'~%1)). And when the input instance is dense, we run the [5]
algorithm. Thus, the space usage is always at most O(n'~(1)). To deal with the first
challenge, we implement the [25] algorithm in a non black-box manner. We do not produce
the entire bounded-degree graph from the Trevisan reduction and instead only sample parts
of this graph that are required for the [25] algorithm. Below, we give a high-level overview of

both these algorithms and our implementation of them.

Trevisan reduction. The reduction is quite simple. Say G(V, E) is an unweighted directed
graph on n vertices and m edges, with possible multi-edges but no self-loops. Given G,
Trevisan first creates a weighted graph G'(V’, E’): for every vertex v € V, he adds deg(v)
many “copies” of it, labeled (v,0),...,(v,deg(v) — 1), to V'. For every edge u — v € E,
and i € [deg(u)],j € [deg(v)],2 he adds an edge (u,i) — (v, j) of weight m to E'.
It is not hard to see that the Max-DICUT values of G and G’ are equal.® He then samples
a random graph G based on G’ in the following way. The vertex set of G is V’ and he
samples the edge set as follows: he sets a parameter d = O(1/€%) and samples dm edges
independently (with repetition) from G’, where in each sample, an edge in E’ is sampled
with probability proportional to its weight. He finally deletes a minimal set of edges from G
so that the degree of every vertex is at most O(d). He argues that with high probability, at
most an € fraction of the edges are deleted, and that the Max-DICUT value is preserved up
to an additive e factor.

SSSV algorithm. Saxena, Singer, Sudan, and Velusamy make a key observation that on
bounded-degree graphs, in order to simulate a distributed algorithm for Max-DICUT, it
suffices to estimate certain neighborhood distributions of the input graph (see Section 3.1 for
more details). They show that such distributions can be estimated from the induced subgraph
of a randomly sampled subset of the vertex set. Finally, based on a previous distributed
algorithm of Censor-Hillel, Levy, and Shachnai [6], they give a distributed algorithm that
achieves (1/2 — €)-approximation for Max-DICUT, and efficiently simulate it in sublinear
space in the single-pass setting using the above techniques.

2 For a natural number n € N, we define [n] = {0,...,n — 1}. Note that this is slightly different from the
standard definition.

3 For every u € V and 4,4’ € [deg(u)], the copies (u,i) and (u,4’) have identical neighborhood structure.
Hence, for any fixed assignment of the remaining vertices, the DICUT value is locally maximized by
placing all copies of v on the same side of the cut.
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Putting them together (a three-pass algorithm). Since the [25] algorithm only requires the
induced subgraph of a randomly sampled subset of the vertex set, we do not need to do the
Trevisan reduction on the entire input graph. Instead, we directly sample a random subset
of vertices from the bounded-degree graph, i.e., from V' = {(v,7) : v € V;i € [deg(v)]}, and
perform a partial Trevisan reduction on their parent vertices. To sample from V', we first
map every edge e € E, based on its position in the stream, to two unique vertices in V', i.e.,
no two edges map to the same vertex. In particular, an edge © — v is mapped to (u,¢) and
(v, 7) iff it is the i-th edge (resp. j-th edge) incident on u (resp. v) in the stream. Thus, as the
edges arrive in the stream, we can sample from V’.# Once the vertices are sampled, we have
to sample the induced subgraph on these vertices. The original Trevisan reduction performs a
global sampling of the edges, where every edge is sampled with probability proportional to its
weight. In order to perform such a sampling, one would have to compute the weights on all
the edges, which is infeasible in the streaming setting. We therefore modify the reduction to
a local sampling procedure, where for every edge u — v € E, we create d = O(1/€2) “copies’
of it in E’ and for every copy of the edge, we independently sample a uniform random copy
of u and a uniform random copy of v in V' as its endpoints.’We also delete all the edges
incident on high-degree vertices and not just the minimal set of edges, as it is not clear how
to compute the minimal set without generating the entire graph. We argue in Section 4
that this procedure still preserves the Max-DICUT value up to an additive € factor with high
probability. Now that we have this local procedure, we generate the induced subgraph on
the sampled vertices as follows. After we sample the vertices in the first pass, we store the
degrees of their parent vertices in the second pass. In the third pass, we again scan through
the edges in the stream and if u — v is such that both u and v have at least one of their
copies sampled, then we sample d independent copies of the edge as outlined above (we can
do this since we know the degrees of u and v), and we store those edges that are in the
induced subgraph. If neither w nor v have any copies in the sampled set of vertices, then
we do nothing. If only one of them, say u, has sampled copies, then we sample only the
endpoints corresponding to u’s copies for the d copies of the edge. We do this to keep track
of the degrees of all the sampled vertices, and in the end, delete all the edges incident on the
high-degree vertices. The formal description of the procedure and the proof of correctness
are described in Section 5.

i

Modifications to obtain a two-pass algorithm. In Section 6, we modify the above algorithm
and get a two-pass algorithm by getting rid of the second pass which computes and stores
the degrees of the parent vertices exactly. In particular, we show that our modified Trevisan
reduction in Section 4 works even when we have only approzimate estimates for the degrees
of high-degree vertices. In the first pass, along with sampling vertices like in the above
algorithm, we estimate the degrees of high-degree vertices using standard sampling methods.
In particular, for every vertex, we sample each edge incident to it independently with
probability p = n~9 (1) and rescale the total number of sampled edges by 1 /D to estimate
its degree. This procedure would estimate the degrees accurately (up to a multiplicative
error) for vertices of sufficiently-large polynomial degree, say n°. We can ensure that the

There is a subtlety here. We do not have enough space to remember the ordering of the edges incident
on every vertex in the input graph, which is crucial in the above mapping. Instead, we label the sampled
copies of a vertex based on the order in which they are sampled by our algorithm, and argue that this
relabeling does not affect the correctness of the algorithm (see Section 5 for more details).

A slightly different reduction, also amenable to streaming, was recently proposed by Fei, Minzer, and
Wang in [12].
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space is still sublinear because we run the Trevisan procedure only on graphs with bounded
average degree. We then use these estimates to run edge sampling as in the third pass of the
above algorithm. However, the copies of the edges incident on low-degree vertices will not be
sampled correctly in this step. To fix this, for every vertex that is sampled in the first pass,
we store the first n¢ edges incident on its parent vertex in the second pass.® Thus, we can
identify parent vertices of degree less than n°, and also compute their degrees ezactly. In
post-processing, we delete the edges incident to the copies of such vertices, and resample
them according to their correct distributions (since we now have the exact degrees of the
low-degree parent vertices).

BDV algorithm for Max-CUT. Finally, we give a high-level description of the two-pass
algorithm for dense instances of Max-CUT in [5]. While their paper explicitly states the result
only for Max-CUT, their algorithm immediately extends to Max-DICUT as well. Their main
idea is to use certain non-uniform sampling methods to construct a “core-set” of sublinear size
for the input graph, which preserves the Max-CUT value up to an additive error e. A core-set
of linear size can be obtained for any graph by uniformly sampling O(n/e?) edges [1, 28].
And for very dense graphs of average degree at least Q(n), constant-size core-sets can be
constructed [15, 2, 21]. In the polynomial density regime (i.e., average degree n® for § < 1),
previous works [13, 4] show that if both the maximum and the minimum degrees are ©(n°),
then a core-set of size O(n'~?) exists. Bhaskara, Daruki, and Venkatasubramanian [5] extend
this result to general graphs in this regime, and give a two-pass streaming algorithm to
construct a core-set of size O(n!~?).

3 Preliminaries

In this paper, any reference to a directed graph G means unweighted graphs with multi-edges
but no self-loops. For a directed graph G(V, E), a dicut is an ordered bipartition of the
vertex set V. An edge u — v is said to belong to a dicut LU R if u € L and v € R. The value
of the dicut, denoted by DICUT(G, L U R) is the fraction of edges in G that belong to the
dicut L U R. We define Max-DICUT(G) to be maxy,zr DICUT(G, L U R). For any function
p:V —[0,1], we define the expected dicut value of G under the rounding p, denoted by
DICUT(G, p), to be E[DICUT(G, LU R)], where every vertex in V' belongs to L independently
with probability p(v).

For any function f : A — B that maps a domain A to a co-domain B, and C' C A, we
denote the restriction of the function to the domain C by f|c : C — B.

Distribution Notation
Let A(S) denote the set of all probability distributions over a finite set S. A distribution
p € A(S) assigns to each element x € S a probability p(x) > 0 such that ) ¢ u(x) = 1.

Total Variation Distance

The total variation distance between two distributions p, v € A(S) is defined as

drv(v) = 5 3 i) = v(a)l

zeS

5 We need to be a bit careful when defining the degree thresholds and the sampling probabilities, but
they can be set in a way to keep the space sublinear.
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Equivalently,
drv(p,v) = max |u(A4) —v(A4)],

where pu(A) = > .4 p(xz). The total variation distance satisfies drv(p,v) € [0,1], with
drv(p,v) =0 if and only if p = v, and dry (i, v) = 1 if and only if the supports of p and v
are disjoint.

We now list some standard concentration bounds that will be used in the rest of the
paper.

» Theorem 3.1 (Chebyshev's inequality). Let X be a random variable with variance 0. For
any a > 0, we have

[\~]

o
Pr[|X —E[X]| > a] < -

» Theorem 3.2 (Chernoff bound). Let Xi,..., X, be independent random variables taking

values in {0,1}. Consider the sum of these random variables, S, = X1 + -+ + X,,. Let

w=E[S,]. Then for R > 2ep,
Pr[S, > R] <27 %.

» Theorem 3.3 (Hoeffding's inequality). Let Xi,..., X, be independent bounded random
variables such that a; < X; < b;. Consider the sum of these random wvariables, S, =
X1+ -+ X,,. Then Hoeffding’s theorem states that for all t > 0,

Pr(|S, — E[Sy]| > t] < 2exp (‘M—a)?) '

3.1 Neighborhood distributions and the simulation of local algorithms

A key contribution of Saxena, Singer, Sudan, and Velusamy in [25] is the identification of
a connection between streaming and local algorithms, where they show that it is possible
to estimate local neighborhood distributions of graphs in the streaming setting and use
these distributions to simulate constant-round distributed algorithms. We recall some of
the notations introduced in their paper and reprove their main theorem that shows that
sampling vertices uniformly at random and estimating local neighborhood distributions from
the induced subgraph suffices to estimate the value of a local algorithm that is executed on
the original graph.

First, we formally define the LOCAL model for distributed algorithms for the Max-DICUT
problem and state the result of [6, 25].

» Definition 3.4 (The LOCAL model for distributed algorithms for Max-DICUT). Let G(V, E)
be a directed graph on n vertices and m edges. G describes the topology of a communication
network, where each node can communicate with both its incoming and outgoing neighbors.
Communication happens in synchronous rounds, where in every round, every node does some
internal computations and sends an arbitrarily long message to each of its neighbors. At
the end, each node v computes a fractional assignment p(v) € [0,1] and the approzimation
ratio achieved by the algorithm is defined to be DICUT(G, p)/Max-DICUT(G). In randomized
algorithms, the nodes also have access to an arbitrarily long private random bit string that is
sampled prior to any communication between the nodes.

4:7
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» Theorem 3.5 ([6, 25]). For every e > 0, there exists a distributed algorithm for Max-DICUT
in the LOCAL model that achieves (1/2 — €)-approzimation with probability at least 9/10, and
requires at most 1/e rounds of communication. It is a randomized algorithm where every node
uses only an O(log(1/€))-bit private random string, and the random strings can be sampled
from a pairwise independent hash family.

Saxena, Singer, Sudan, and Velusamy [25] observed that for each vertex v, p(v) depends
only on the structure of a ball of radius 1/e centered at that node, and the private random
strings of all the nodes in this ball. They called this the “neighborhood type” of a vertex.
They observed that in order to compute DICUT(G, p) = (3, ,cp p(u)(1 — p(v)))/m with
a small additive error and a constant success probability, it suffices to sample a random
constant-sized subset S C E and output ), . .o p(u)(1—p(v))/[S|. This motivated them to
define the notion of a neighborhood type of an edge that captures the neighborhood types of
both its endpoints. Thus, estimating the distribution of the edge-neighborhood types would
suffice to estimate (3, _,,cp p(u)(1—p(v)))/m, which in turn gives a (1/2 — ¢)-approximation
to Max-DICUT(G). For graphs whose maximum degree is bounded by a constant, the set
of all possible edge-neighborhood types is constant sized, and hence, they could estimate
their distribution efficiently in the streaming setting. In what follows, we will set up some
notations to define the neighborhood types and reprove a key theorem from [25].

Let G(V, E) be a directed graph and u,v € V. We say that v is of distance at most ¢ from
u if there exists a path from u to v which is a sequence of vertices u = wq, w1,...,Wp_1, Wy =
v € V such that for each i € [¢], w;—1 — w; € E or w; = w;—1 € E. Let Typﬁ’D denote the
set of all isomorphism classes of doubly rooted labeled graphs where every vertex is of degree
at most D, has a ¢-bit label, and is of distance at most ¢ from (at least) one of the roots.
Consider a directed graph G(V, E) whose maximum degree is at most D. Let H,, be the
pairwise independent hash family that is used to sample the private random strings for every
node in the distributed algorithm of [6, 25]. Let h : V' — {0,1}° be any hash function in #,,.
For an edge e € E, consider the following doubly rooted labeled graph G: G. is rooted at the
endpoints of e and consists of all the vertices in G which are of distance at most ¢ from (at
least) one of the roots, and their corresponding induced subgraph. In addition, each vertex v
in G, is labeled h(v). The radius-¢ neighborhood type of e with respect to G and the hash
function h, nbhdtype‘ém(e)7 is defined to be the representative of the isomorphism class in
Typf;’D that contains G.. The neighborhood edge-type distribution of G with respect to the
hash function h is defined as follows.

» Definition 3.6 (Edge-type distribution). Let h: V — {0,1}¢, {,D € N and G = (V, E) be
a directed graph of maximum degree D. The radius-¢ neighborhood type distribution of G
with respect to h, denoted EdgerthypeDisté;h, is the distribution over Typﬁ’D given by
sampling a random e ~ Unif(E) and outputting nbhdtypeé’h(e).

» Corollary 3.7 ([6, 25]). For every €’ > 0, there exist £,c,ng € N and a function Local :
Typﬁ’D — [0,1] such that for every n > ng, there exists a hash family H, such that the

following holds. Let G = (V, E) be a directed graph on n vertices and of mazimum degree D.
Let h ~ Unif(H,,). Then with probability at least 9/10,

Max-DICUT(G)
2
The following corollary implies that it suffices to compute a distribution that is close in
total variation distance to EdgeN bthypeDisté;h.

» Corollary 3.8. If D € A(Typ.?”) is such that tvd(D, EdgeNbhdTypeDistg,,;,) < ¢”, then

Max-DICUT(G)
2

— 6// S ETNEdgerthypeDisté;hy [LOCal(T)] S MaX-DICUT(G)

—2¢" <Er.plLocal(T)] < Max-DICUT(G) +€" .
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The following theorem (combined with Corollary 3.8) shows that for bounded-degree
graphs, in order to achieve a (1/2 — €)-approximation to Max-DICUT, it suffices to sample
a sublinear number of random vertices and compute a “rescaled” edge-type neighborhood
distribution of the induced subgraph.

» Theorem 3.9 (Simplified non-streaming version of Algorithm 2 in [25]). For every ¢’ >
0, € [0,1),D,c,t € N, there exist 5y € (0,1) and ng € N such that for all n > ny and
n=ho < p <1, the following hold: Let G(V, E) be a directed graph on n vertices and m edges
such that the maximum degree is at most D and at most « fraction of the vertices are isolated.
Let h € V — {0,1}¢. Let V' C V be a random subset where every verter in V is sampled
independently with probability p. Let G' C G be the induced subgraph of G on the vertices
inV'. For every T € Typﬁ’D, let ar denote the number of edges e in G' such that all the
vertices in G which are at a distance of at most £ from at least one of the endpoints of e,
are contained in V', and nbhdtypeé/yh‘vl (e) = T. Consider the distribution D € A(Typ-P),
defined to be

—|T

D(T) =
@) Ypreryptr arr - p T

)

where T € Typﬁ’D and |T| denotes the number of vertices in T'. Then, with probability at
least 9/10, tvd(D, EdgeNbhd TypeDistg,.;,) < €”.

A formal proof of this theorem appears in the full version.
4 Reduction from unbounded-degree graphs to bounded-degree graphs

In this section, we give a generalized version of the Trevisan reduction [27] that is tailored to
be implementable in the two-pass streaming setting in Section 6.

Algorithm 1 Algorithm for reducing unbounded-degree graphs to bounded-degree graphs.

Parameters: n,meN, ¢ >0,( >0

Input:

A directed graph G(V, E) on n vertices and m edges

An n-length array approx-deg (indexed by V) such that when deg(v) < n¢, we
have approx-deg(v) = deg(v) and when deg(v) > n¢, we have (1 — ¢/100) deg(v) <
approx-deg[v] < (14 €'/100) deg(v)

1: Initialize directed graphs G(V, E),G(V,E), where V =V = {(v,i) : v € Vi € [deg(v)]}

and E=0,E=10

Set a parameter d = 80/(¢’)?

for every edge u — v € E do

Initialize i =1

for i <d do
Sample i1 ~ Unif ([approx-deg(u)])
Sample i5 ~ Unif([approx-deg(v)])
if i1 < deg(u) and i < deg(v) then
Add (u,i1) = (v,i2) to E

B Increment i by 1

: Copy all the edges in E to E

. for every v € V such that deg(v) > 11d do

: L Delete all the edges incident on v in E

Output G(V, E)

—~~

e el o
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» Theorem 4.1. Let n > 2,m > 10 € N. For any directed graph G(V,E) on n vertices
and m edges, and 0 < € <1, ¢ > 0, with probability at least 5/6, Algorithm 1 outputs a
directed graph G(V, E) on 2m vertices and ©(m/(€')?) edges such that Max-DICUT(G) — €' <
Max-DICUT(G) < Max-DICUT(G) + €, and the mazimum degree of a vertex in G is at most

O(1/(€)?).

Proof. Recall the construction of G in Algorithm 1. We will first argue that the number
of edges in E is at least md(1 — € /8), with high probability. Observe that for any edge
u — v € E, when we sample its i-th copy in G, the probability that either i, or iy fail to
satisfy the condition in Algorithm 1 is at most ¢ /50. Therefore, applying Chernoff bound
(Theorem 3.2), we conclude that with probability at least 1 —exp(—10m), |[E| > md(1 —¢'/8).

Max-DICUT value of G. Fix any ordered bipartition L LI R of V. For an edge e € F, let
Xe,i be the indicator random variable for the event that in the ¢-th iteration corresponding
to edge e, the condition in Algorithm 1 is satisfied and the corresponding edge in E belongs
to the dicut L U R. Then, the DICUT value of G under L LI R is given by

~ i Xe i
DICUT(G, LU R) = LecpagisaXed
|E|
Let us define a function prug : V — [0,1] such that for v € V, prug(v) = (|ILN{(v,i) : i €
[deg(v)]}])/ deg(v), i.e., prur(v) is the fraction of copies of v in L. Then,

ZeEE,lgigd]E[Xexi}

DICUT(G, prur) — € /33 < o

< DICUT(G, pLur) + €/33.

This is because for every u — v € E,1 <i <d,
prur(u)(1 = prur(v)) — €/33 < Xy < pror(w)(l — prur(v)) +€'/33, (4.1)

and

2 P = p(v)

DICUT(G, p) = -

To see why Equation (4.1) is true, observe that for i1 ~ Unif([approx-deg[u]]), we have
prur(u) — € /99 < Prliy < deg(u) and (u,i1) € L] < prug(u) + € /99,

since for every u € V', approx-deg[u] satisfies
(1 —€/100) deg(u) < approx-degfu] < (1 + ¢ /100) deg(u) ,

Since all the edges were sampled independently and d = 80/(¢’)?, we can apply Hoeffding’s
bound (Theorem 3.3) to conclude that with probability at least 1 — exp(—4m),

ZeeE,lgigd Xeyi

= — DICUT(G, prur)| < €/4.

Conditioned on |E| > md(1 — €'/8), we have

IDICUT(G, LU R) — DICUT(G, prur)| < €/2.
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Since Max-DICUT(G) = max,.v (0,13 DICUT(G, p) = sup,,.;,_,0,1] DICUT(G, p), taking the
union bound over the 22” possible partitions of V,7 we conclude that with probability at
least 1 — exp(—2m),

[Max-DICUT(G) — Max-DICUT(G)| < €'/2.

The total number of edges incident on high-degree vertices in G. For a vertex o € V,
let Y3 = 1[deg(v) > 11d] deg(?). Then Y =} . Y5 denotes the total sum of the degrees of
vertices whose degree is larger than 11d. It suffices to show that for any ¢, E[Y;] < 1. This is
because applying Markov’s inequality, we would get that Y < 8m/7 < €| E|/8 with probability
at least 7/8, conditioned on |E| > md(1 — ¢'/8). Since Max-DICUT(G) > |E|/4, the graph G
obtained by deleting all the edges incident on vertices of degree larger than 11d in G would
satisfy [Max-DICUT(G) — Max-DICUT(G)| < €'/2. We also get that [E| > md(1 — ¢')/4.

It remains to show that E[Y;] < 1. We will argue that for d’ > 11d, Pr[deg(?) > d'] < 2~¢
(thus, E[Y5] < 3 0oq114 Q‘f—;, < 1). Consider any vertex ¢ = (v,i) € V. Consider any edge
e € E that is incident on v. For 1 < j <d, let Z. ; be the indicator random variable for the
event that in the j-th iteration corresponding to e, the condition in Algorithm 1 is satisfied
and the edge that is sampled is incident on ©. We have

deg(v) = Z Z Zej -

ecE:e is incident on v 1<5<d

Observe that E[Z, ;] < Thus, by linearity of expectation, E[deg(?)] <

1
deg(v)(1—€’/100)

#ﬂwo) < 2d and since the edges were sampled independently, we can apply Chernoff
bound (Theorem 3.2) to conclude that Pr[deg(?) > d] < 274, <

5 Three-pass streaming algorithm for graphs of bounded average
degree

In this section, for every constant ¢ > 0, we give a three-pass streaming algorithm that
achieves (1/2 — €)-approximation on any n-vertex graph with average degree at most n®,
using space O(n'~%), for some § € (0, 1).

Algorithm 2 Three-pass streaming algorithm for Max-DICUT on graphs of bounded average
degree.

Parameters: n € N, € € (0,1/2)

Input: A stream o of edges of directed graph G(V, E) on n vertices and at most n'*

edges, where § = 25/¢

4

First pass:

Maintain a counter for the number of edges m

Set a parameter § £ ¢20/¢

Initialize V', E' = ()

Initialize an n-length array count (indexed by V') to be 0™

for every edge u — v in the stream do

" In particular, consider the Max-DICUT partition p* : V — {0,1} of G and the partition L LI R of V
where (v,1) € L iff p*(v) = 1. By definition, prur = p*.

4:11
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Sample 21, zz ~ Bern(n™?) independently®

% We denote by Bern(p) the Bernoulli distribution where we draw 1 with probability p and 0 with
probability 1 — p.

if z; =1 then
 Add (u, count[u]) to V' and increment count[u] by 1
if zo =1 then

10:  Add (v, count[v]) to V' and increment count[v] by 1
11: if [V'| > n'~38/4 then
12: . Terminate the execution

Second pass:
13: if m < n'=¢"’* then
14: ‘ Store all the edges and compute the Max-DICUT value.
15: else
16: for every v € V such that count[v] > 0 do
17: L Compute deg(v) in the stream
18: Vi € [count[v]], initialize d(v,7) =0

Third pass:
19: Set a parameter d = 320/¢2
20: for every edge u — v in the stream do

21: Initialize i =1

22: for i <d do

23: if count[u] > 0 then

24: Sample i1 ~ Unif([deg(u)])
25: if i1 < count[u] then

26: | Increment d(u,i;) by 1
27: if count[v] > 0 then

28: Sample iz ~ Unif([deg(v)])
29: if i3 < count[v] then

30: | Increment d(v,is) by 1
31: if countfu] > 0,count[v] > 0 and i1 < count[u],i2 < count[v] then
32: Add (u,41) = (v,42) to E’
33: if |E'| > n'=<"’* then

34: | Terminate the execution
35: | | Increment i by 1

Post processing steps of Algorithm 2

1. For every (u,i) € V' such that d(u,i) > 11d = 3520/¢2, delete every edge incident on
(u,4) in E' and decrement d(-) each of its endpoints by 1. Finally, set d(u,i) = 0. Let
G(V', E’) be the directed graph on vertex set V' and edge set E’.

2. Let £,c € N be set according to Corollary 3.7 for parameter ¢’ = ¢/8. Let D = 11d. Let
Hap be the hash family in Corollary 3.7 corresponding to directed graphs on 2m vertices.
Sample h ~ Unif(Hapm ).

3. For T € Typﬁ’D , let ar denote the number of edges e € E’ such that every vertex
(v,1) € V' which is at a distance of at most ¢ — 1 from at least one of the endpoints of e
satisfies the property that degg(v,i) = d(v,i), and nbhdtypeé,h‘v, (e)=T.
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4. Consider the distribution D € A(Typ%?), defined to be

T

D(T) =
) ZT'eTyp[”D arr -nPIT’1’

where T € Typ%? and |T| denotes the number of vertices in 7.
5. Let Local : Typ.” — [0,1] be the function in Corollary 3.7. Output Ezp[Local(T)].

» Theorem 5.1. For every e € (0,1/2), there exists ng € N such that for all n > ng and
every directed graph G on n vertices and m < pl+e/ edges, Algorithm 2 outputs a value v
satisfying

Max-DICUT(G)

5 — ¢ < v < Max-DICUT(G) + ¢,

00/

with probability at least 2/3, using space n'~
Proof. We first analyze the space usage of Algorithm 2 and then argue its correctness.

Space usage of Algorithm 2. It follows from Algorithm 2 that |V'|, |E'| < nt=<?"? I
Algorithm 2, we can maintain count as an associative array with keys in V', thus storing only

the non-zero entries in count, which is at most |V’|. We initialized count as an n-length array
to keep the presentation simple.

Correctness of Algorithm 2. Consider the bounded-degree graph G that we constructed in
Theorem 4.1 such that

Max-DICUT(G) — ¢/2 < Max-DICUT(G) < Max-DICUT(G) + ¢/2.
We will show that with probability at least 2/3,
tvd(D, EdgeNbhd TypeDisty; ;) < €/8.

Therefore, combining Theorem 4.1 and Corollaries 3.7 and 3.8, the correctness of Algorithm 2
immediately follows. Let us first recall the construction of G in Algorithm 1 for the parameter
¢ = €/2, and when est-deg[v] = deg(v) for every v € V. For every vertex v € V, we add
deg(v) many copies of it to V, i.e., V = {(v,i) : v € V,i € [deg(v)]}. We fix a parameter
d =10/(¢')? = 40/€%. For every edge u — v € E, we sample a copy (u,4) of u and a copy
(v,7) of v uniformly at random from V', and add the edge (u,i) — (v, j) to E. We repeat this
process d times independently for every edge, and finally, for every vertex of degree larger
than 11d in V, we delete all the edges incident to it. We prove that with probability at least

5/6,
Max-DICUT(G) — €/2 < Max-DICUT(G) < Max-DICUT(G) + ¢/2.

For now, let us ignore the termination conditions in Algorithm 2. We will later argue that
these events occur with very low probability and hence, do not affect the success probability
of the algorithm by much. We claim the following.

> Claim 5.2. At the end of the third pass (before post processing), the following hold:
1. V' has the same distribution as sampling every vertex from V independently with
probability n~?, and applying a relabeling on the vertices, and

APPROX/RANDOM 2026
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2. for u — v € E, if both u and v have copies in V', then the copies of u — v in G are
sampled identically in Algorithms 1 and 2. If only one of u or v has a copy in V', then
the endpoints corresponding to the copies of that vertex in the copies of u — v in G are
sampled identically in Algorithms 1 and 2.

Proof. Consider the map f : V — E defined as follows: for (v,i) € V, f(v,i) = e, where e
is the (¢ 4+ 1)-th edge incident on v in the stream o. Observe that for every edge u — v,
there are exactly two vertices in V that map to it, namely (u,i) and (v, j) where i,j are
such that e is the (i + 1)-th edge (resp. (j + 1)-th edge) incident on u (resp. v) in the
stream o. Therefore, sampling every vertex in V independently with probability n=? is the
same as sampling each vertex in f~1(e), for every edge e, independently with probability
n~#. This is exactly what we do in Algorithm 2 in Algorithm 2. However, since we cannot
maintain information about the streaming order of all the edges incident on every vertex
in V, we relabel the copies of v in V based on the order in which they are sampled by our
algorithm. In particular, for a vertex v € V, the first copy that is sampled is labeled (v, 0),
the second copy that is sampled is labeled (v, 1), and so on. This proves Item 1 of Claim 5.2.
To see Item 2 of Claim 5.2, recall how the edges were sampled for G in Algorithm 1. For
our purposes, it suffices to consider the sampling of the copies of only those edges in E that
are incident on a vertex v € V which has a copy in V', i.e., V' N {(v,7) : ¢ € [deg(v)]} # 0.
Algorithm 2 check for this condition and if they are satisfied, the sampling is identical to
Algorithm 1 of Algorithm 1. For an edge u — v, its copy is added to E’ in Algorithm 2 iff
the sampled copies of both its endpoints are in V’. Observe that for (v,4) € V', all the edges
incident on v in FE satisfy either the condition in Algorithm 2 or Algorithm 2. <

Given the above claim, we consider G where for u — v € F, if both u and v have copies in V",
then the copies of u — v are sampled according to Algorithm 2 (prior to the post-processing
steps). If only one of u or v has a copy in V', then the endpoints corresponding to the copies
of that vertex in the copies of u — v are sampled according to Algorithm 2 and the other
endpoints are sampled independently, according to Algorithm 1. The remaining edges are
also sampled according to Algorithm 1. Finally, like in Algorithm 1, we define G as G with
edges incident on vertices of degree larger than 11d deleted.® Observe that for G as defined
above, G(V', E') is the induced subgraph of G on V'’ and furthermore, at the end of the
post-processing steps of Algorithm 2, for (v,4) € V', d(v,4) is degree of (v,4) in G. This is
true because for any vertex (v,4) € V', its degree in G depends only on the randomness in
Algorithm 2.
We are now ready to show that with probability at least 3/4,

Max-DICUT(G) — €/2 < Max-DICUT(G) < Max-DICUT(G) +¢/2,
and
tvd (D, EdgerthypeDist%;h) <€/8.

We apply Theorems 3.9 and 4.1. In particular, for Theorem 4.1, we set the parameter € = €/2.
We get that with probability at least 5/6,

Max-DICUT(G) — ¢/2 < Max-DICUT(G) < Max-DICUT(G) + ¢/2,

the maximum degree of any vertex in G is at most 110/(¢’)? = 3520/¢2, and

G has at least 240m/e? edges.

8 A key observation here is that sampling G first and then sampling V' is equivalent to sampling V' and
then sampling G.
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Since G has exactly 2m vertices, it follows that at most 0.94 fraction of them are isolated. Now
conditioned on this G, we set the parameters of Theorem 3.9. We set €/ = ¢/8, D = 3520/¢2,
and ¢, £, h according to Algorithm 2, and o = 0.94. Now set By and ng according to the proof
of Theorem 3.9. It follows from Claim 5.2 that V' is obtained by sampling every vertex in V
independently with probability n=?, and G(V’, E’) is the induced subgraph of G on V’. Say
2m > ng. To apply Theorem 3.9, observe that sampling G first and then sampling V' is the
same as sampling V' first and then sampling G, and relabeling of the copies of the vertices
does not the change the distribution. Thus, it remains to show the following.

1. The sampling probability n=? is at least (2m)~#°, and

2. ar defined in the third post-processing step of Algorithm 2 is the same as the ar defined

in Theorem 3.9.

If m < nlffl/e, then Algorithm 2 would simply store all the edges and compute the
Max-DICUT value. So without loss of generality, we can assume that m > nl’fl/e, and in
this case, n=% > (2m)~%0. In Claim 5.2, we also show that for every (v,i) € V', d(v,1) is
the degree of (v,7) in G. Hence, for any edge e € E’, its radius-¢ neighborhood in G is
contained entirely within G iff for every vertex (v,¢) € V'’ which is at a distance of at most

¢ — 1 from at least one of the endpoints of e satisfies degg (v, ) = d(v, ). It follows that the

ar defined in the post-processing steps of Algorithm 2 is the same as the one in Theorem 3.9.

Thus, conditioned on G satisfying the properties that we stated above and 2m > ng, with
probability at least 9/10,

tvd (D, EdgerthypeDist%;h) <¢/8.
1/ey—1 25
Set ng = max {nélfE ) ,(6%)% ¢ } Thus, whenever n > ng, we have m > ny.
We finally argue that the termination conditions in Algorithm 2 happen with very low
probability. Since m < n1*<”* and [V| = 2m, we have E[V’] < n'~7%/8. By applying
Chernoff bound, we conclude that with very high probability, [V’| < n'=38/%. For an edge

e € E, let Z, be the indicator random variable for the event that e € E’. Let Z = Y oecE Le-

We have E[Z.] =n~2% = n=2¢""" and Var[Z] < (3520/€?)E[Z], since the maximum degree
of any vertex in G is at most 3520/¢2. Since |E| < 320m/e%, E[Z] < n'=<"**. By applying
Chebyshev’s inequality, we conclude that with high probability, |E'| < n'=<"*’*. This
concludes the proof of correctness of Algorithm 2. |

6 Two-pass streaming algorithm for Max-DICUT

In this section, we modify? Algorithm 2 to give a two-pass streaming algorithm that achieves
(1/2 — €)-approximation on any n-vertex graph with average degree at most n’, using space
O(n'~?), for some § € (0,1). Combining our algorithm with the two-pass algorithm of
Bhaskara, Daruki, and Venkatasubramanian [5] (see Theorem 2.3) that achieves for every
6,6 € (0,1), (1 — ¢)-approximation for graphs of average degree at least n’ using space
O(n'~%), we obtain our algorithm that works on arbitrary graphs (see Algorithm 4).

Algorithm 3 Two-pass streaming algorithm for Max-DICUT on graphs of bounded average degree.

Parameters: n € N, € € (0,1/2)
Input: A stream o of edges of directed graph G(V, E) on n vertices and at most n'*
edges, where § = ¢25/¢

)

9 The specific modifications are highlighted in the code.
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[ N T el e

21:
22:
23:
24:

25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:

39:
40:
41:
42:

First pass:
Maintain a counter for the number of edges m
Set a parameter 3 £ ¢20/¢
Initialize V', B/ = ()
Initialize an n-length array count (indexed by V) to be 0™
Initialize an n-length array est-deg (indexed by V') to be 0"
for every edge u — v in the stream do
Sample 21, zo ~ Bern(n™#) independently
if 21 =1 then
 Add (u, count[u]) to V' and increment count[u] by 1
if 20 =1 then
 Add (v, count[v]) to V' and increment count[v] by 1
if |V'| > n'~=3%/4 then
Terminate the execution
Sample y1,y2 ~ Bern(n=?/%) independently
if y; =1 then
~ Increment est-deg[u] by nf/*
if yo = 1 then
~ Increment est-deg[v] by nf/4
if # non-zero entries in est-deg > n'~#/8 then
 Terminate the execution

for every v € V such that count[v] > 0 do

Vi € [count[v]], initialize d(v,7) = 0

Initialize an n-length array store-deg (indexed by v) to be 0™
Initialize £ = 0

Second pass:
if m< nl_el/g then
‘ Store all the edges and compute the Max-DICUT value.
else
Set a parameter d = 320/¢>
for every edge u — v in the stream do

if count[u] > 0 and store-deg[u] < n?%/3 then

L Add u — v to E

Increment store-deg[u]
if count[v] > 0 and store-deg[v] < n?4/3 then

L Add edge u — v to E if it was not previously added in Algorithm 3

Increment store-deg[v]
Initialize i =1
for i <d do
if count[u] > 0 and est-deg(u) > 0 then
Sample i ~ Unif([est-deg(u)])
if 41 < countfu] then
 Increment d(u,i1) by 1
if count[v] > 0 and est-deg(v) > 0 then
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43:
44:
45:
46:

47:
48:
49:
50:

51
52
53

54:
55:
56:
57:

58:
59:
60:
61:
62:
63:
64:
65:
66:
67:
68:
69:
70:
T1:
72:
73:
74:
75:
76:
77
78:
79:
80:
81:
82:
83:
84:

85
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Sample i5 ~ Unif ([est-deg(v)])

if i3 < count[v] then

 Increment d(v, i) by 1
if (count[u] > 0, est-deg(w) > 0, i; < count[u])or (count[v] > 0,
|
est-deg(v) > 0, i» < count[v]) then

Add (u,i1) = (v,i2) to E’

if |E'| > n'=<"’* then

. Terminate the execution

L L Increment i by 1
: Post-processing I: Resampling edges incident to low-degree vertices:
: Initialize B = E'
. for every u € V such that count[u] > 0 and store-deg[u] < n?*/? do
Initialize 1 = 0
for i € [est-deg[u]] do
for every edge (u,i) — (v,j5) € E” or (v,j) — (u,i) € E” do
L Delete the edge; decrement d(u, %) (resp. d(v, 7)) if (u,i) € V' (resp. (v,5) € V')
for every u — v € E do
Initialize j = 1
for j < d do
if count[u] > 0 and store-deg(u) < n?*/3 then
Sample j; ~ Unif([store-deg(u)])
if j1 < count[u] then
" Increment d(u,j;) by 1
if count[v] > 0 then
if store-deg(v) < n??/3 then
‘ Sample jo ~ Unif([store-deg(v)])
else
 Sample j, ~ Unif([est-deg(v)])
if jo < count[v] then
Increment d(v, j2) by 1
if j1 < count[u] then
B Add (u, 1) = (v, j2) to E”
else if count[v] > 0 and store-deg(v) < n?%/3 then
Sample jo ~ Unif([store-deg(v)])
if jo < count[v] then
 Increment d(v, js) by 1
if count[u] > 0 then
Sample j; ~ Unif([est-deg(u)])
if j1 < count[u] then
Increment d(u,j1) by 1
if jo < count[v] then
Add (u, 1) — (v,72) to E”
L Increment j by 1
: Delete every edge in E” that is incident on a vertex not in V'

4:17
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Post-processing |l (analogous to the post processing steps in Algorithm 2)

1. For every (u,i) € V' such that d(u,i) > 11d = 3520/€2, delete every edge incident on
(u,%) in E” and decrement d(-) each of its endpoints by 1. Finally, set d(u,i) = 0. Let
G(V', E"”) be the directed graph on vertex set V' and edge set E”.

2. Let £,c € N be set according to Corollary 3.7 for parameter €’ = ¢/8. Let D = 11d. Let
Hapm be the hash family in Corollary 3.7 corresponding to directed graphs on 2m vertices.
Sample h ~ Unif(Hap,).

3. For T € Typﬁ’D , let ar denote the number of edges e € E” such that every vertex
(v,1) € V' which is at a distance of at most £ — 1 from at least one of the endpoints of e
satisfies the property that degg(v,i) = d(v, i), and nbhdtypeé,h‘v, (e)=T.

4. Consider the distribution D € A(Typ%?), defined as

-y

ZT'eTypij arr

D(T) K an/I )

where T € Typ%?, and |T| denotes the number of vertices in T.
5. Let Local : Typ"? — [0,1] be the function in Corollary 3.7. Output Eqp[Local(T)].

» Theorem 6.1. For every e € (0,1/2), there exists ng € N such that for all n > ng and
every directed graph G on n vertices and m < pl+e’ edges, Algorithm 8 outputs a value v
satisfying

Max-DICUT(G)

5 — ¢ < v < Max-DICUT(G) + ¢,

with probability at least 2/3, using space pl=e?te

Proof. At a high level, the main change from Algorithm 2 is that for vertices randomly
sampled from V in the first-pass, we don’t use an additional pass like in Algorithm 2 to exactly
compute the degrees of all their parent vertices. Instead, in the first pass, we approximately
estimate the degrees of all high-degree vertices (of degree at least n28/ 3) with high probability.
As shown in Theorem 4.1, for high-degree vertices, an approximate estimate of their degrees
suffices for the reduction to work. In the second pass, we handle the low degree vertices and
store all the edges incident to parent vertices of degree less than n?#/3 and resample their
copies in G in the post-processing steps from Algorithm 3 to Algorithm 3. In addition, for
technical reasons, E’ now stores all edges incident on vertices in V', not just the induced
edges (see Algorithm 3). This helps us maintain accurate degrees of the sampled vertices
when we delete the edges sampled in the second pass that were incident to copies of low
degree vertices and resample them later in post-processing I. We now formally analyze the
space usage and argue the correctness of Algorithm 3.

Space usage of Algorithm 3. Compared to Algorithm 2, Algorithm 3 also stores est-deg,
store-deg, and E. It follows from the termination condition in Algorithm 3 that est-deg
has at most n' /8 non-zero entries, and the value stored in each entry is at most poly(n).

_01/e) . . .. .
I—e . The termination condition in

Thus, the space required to store est-deg is at most n
Algorithm 3 ensures that [V'| < n!=3%/4. The number of non-zero entries in store-deg is at
most |V’|. Finally, whenever an edge is added to E, both its endpoints have copies in V’
and at least one of them currently has fewer than n2°/3 edges incident on it in E. Therefore,

the number of edges stored in E is at most |V/[n28/3 < pl=8/12,
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Correctness of Algorithm 3. For now, let us ignore the termination conditions in Al-
gorithm 3. We will later argue that these events occur with very low probability, and hence,
do not alter the success probability of Algorithm 3 by much. We first prove the following
claim.

> Claim 6.2. Let n be sufficiently large. With probability at least 1 — exp(n=2"")), for
every v € V such that deg(v) > n?*/3, we have

(1 —¢/100) deg(v) < est-deg[v] < (1 4 €/100) deg(v) .

Proof. Fix any vertex v € V whose degree is at least n??/3. For i € [deg(v)], let Y; ~
Bern(n—?/%) independently. Then, est-deg[v] = > ic[deg(v)] Y;-nP/4. Therefore, Elest-deg[v]] =
deg(v). By applying Hoeffding’s inequality (Theorem 3.3), we conclude that with probability
at least 1 — exp(n’g(fo(l/e))),

(1 —€/100) deg(v) < est-deg[v] < (1 + ¢/100) deg(v) .
The claim follows from taking a union bound over at most n vertices. <

Now let us condition on est-deg that satisfies the above property. We define an n-length array
approx-deg as follows. For every vertex v € V, if deg(v) < n?#/3, then approx-deg[v] := deg(v),
else approx-deg[v] := est-deg[v]. Consider the bounded-degree graph G(V, E)'° that is output
by Algorithm 1, corresponding to the input graph G(V, E), parameters € = €/2 and ¢ = 23/3,
and approx-deg. It follows from Theorem 4.1 that with probability at least 5/6,

Max-DICUT(G) — €/2 < Max-DICUT(G) < Max-DICUT(G) + €/2,

the maximum degree of any vertex in G is at most 110/(¢')? = 3520/¢2, and

G has exactly 2m vertices and at least 240m/e? edges.

We will prove the following claim (analogous to Claim 5.2 in Theorem 5.1).

> Claim 6.3. At the end of post-processing I, the following hold:

1. V' has the same distribution as sampling every vertex from V independently with
probability n=#, and applying a relabeling on the vertices, and

2. for u — v € E, if both u and v have copies in V', then the copies of u — v in G are
sampled identically in Algorithms 1 and 3. If only one of w or v has a copy in V', then
the endpoints corresponding to the copies of that vertex in the copies of u — v in G are
sampled identically in Algorithms 1 and 3.

Proof. The proof of Item 1 of Claim 6.3 is analogous to the proof of Item 1 of Claim 5.2.
To prove Item 2, we first consider the edges incident to high-degree vertices which have
copies in V. Since approx-deg and est-deg are the same for vertices of degree at least n2#/3,
the sampling in Algorithm 3 of Algorithm 3 is the same as the sampling in Algorithm 1 of
Algorithm 1 for edges whose both endpoints are of degree at least n?#/% in G. Similar, if
only one of the endpoints of © — v has a copy in V'’ and if the parent vertex of that copy is
of degree at least n?/3, then the the endpoints corresponding to the copies of that vertex in
the copies of u — v in G are sampled identically in Algorithms 1 and 3. Now consider the
edges incident to low-degree vertices which have copies in V/. While these edges are not
sampled with the correct probabilities in Algorithm 3, this is fixed in the post processing steps

10We implicitly assume that Algorithm 1 uses the same randomness as in Algorithm 3 to sample copies
of the edges incident on the parent vertices of vertices in V’. To sample the remaining edges, it uses
independent random bits.
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from Algorithm 3 to Algorithm 3. For every (u,i) € V', observe that store-deg[u] < n?5/3
if and only if deg(u) < n?5/3. In addition, when deg(u) < n?%/3, store-deg[u] = deg[u]. In
post-processing I, for every low-degree vertex that has a copy in V', we delete all edges in E"
that are incident on any of its copies, including those not contained in V’. All edges incident
to low-degree vertices (which have a copy in V') are stored in E. Since store-deg[u] = deg[u]
for these vertices, we resample the copies of the edges incident on them identical to the
sampling in Algorithm 1. <

Given the above claim, we consider G where for u — v € E, if both u and v have copies in
V', then the copies of u — v are sampled according to Algorithm 3 (prior to post-processing
IT). If only one of w or v has a copy in V', then the endpoints corresponding to the copies
of that vertex in the copies of u — v are sampled according to Algorithm 3 and the other
endpoints are sampled independently, according to Algorithm 1. The remaining edges are
also sampled according to Algorithm 1. Finally, like in Algorithm 1, we define G as G
with edges incident on vertices of degree larger than 11d deleted. Observe that for G as
defined above, G(V’, E"") is the induced subgraph of G on V’. Furthermore, at the end of
post-processing 11 of Algorithm 3, for (v,i) € V’, d(v,i) is degree of (v,i) in G. Now, the
rest of the proof of correctness follows similarly as in the proof of Theorem 5.1.

Finally, we argue that the termination conditions in Algorithm 3 happen with very low
probability. Observe that V' is sampled exactly in the same way as in Algorithm 2. Therefore,
the same proof goes through. To analyze the number of non-zero entries in est-deg, for
i € [logn], consider any vertex v € V whose degree is larger than 2¢ and at most 2¢71. Let Z
be the indicator variable for the event that est-deg[v] # 0 and let Z' = 37 o _jeg(uy<ai+s Z-
Observe that E[Z?] < 2i*1n~8/% and by the linearity of expectation,

E[Z'] < Z—m L9 TAIA — g P/t < 1BY6
S % <

Since the events are independent, applying Chernoff bound (Theorem 3.2), we conclude that
with probability at least 1 — exp(n*Q(eou/‘))), Z' < (logn)n'~#/6. Taking a union bound
over all ¢ € [logn], we get that with high probability, Zie[logn] Z' < (logn)?n!=P/6 < pl=8/8,
We now analyze the termination condition on E’ in Algorithm 3. Let Ej denote the set
of edges in E’ which are incident to vertices in V/ whose parent vertices have degree less
than n?%/3. Let Ej denote the set of edges in E’ which are incident to vertices in V'’ whose
parent vertices have degree at least n2%/3. Observe that E’ = Ej,UE;. We previously argued
(in Section 5) that with high probability, |V’| < n'=38/4, Therefore, with high probability,
|E)| < n'=8/12_ Tt follows from Claim 6.2 that with high probability, for every v € V such
that deg(v) > n?%/3, we have

(1 —€/100) deg(v) < est-deg[v] < (1 + €/100) deg(v) .

Therefore, conditioned on this event, E[|E[] < dn'*?(2n"?(1 — €/100)') < n!=38/4 for
sufficiently large n. Applying Markov’s inequality, we conclude that with high probability,
|E;| < n'=26/3 Thus, the termination condition on E’ in Algorithm 3 occurs with very low
probability, and this concludes the proof of correctness of Algorithm 3. |

Below, we describe our algorithm for Max-DICUT on arbitrary graphs.
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Algorithm 4 Two-pass streaming algorithm for Max-DICUT.

Parameters: n € N, e > 0
Input: A stream o of edges of a directed graph G(V, E) on n vertices

First pass:

Maintain a counter for the number of edges m and execute the first passes of Algorithm 3

and the algorithm in [5], in parallel

Second pass:
if m < n'*t<"" then

Continue executing the second pass of Algorithm 3 and abandon the execution of [5]

else

. Abandon the execution of Algorithm 3 and execute the second pass of [5]

Finally, we conclude with a proof of our main theorem.

Proof of Theorem 1.1. The proof of correctness and the space usage of Algorithm 4 imme-

diately follows from Theorem 6.1 and Theorem 2.3. <
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