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—— Abstract

We give two algorithms for output-sparse matriz multiplication (OSMM), the problem of multiplying
two n X m matrices A, B when their product AB is promised to have at most O(n‘;) many non-zero
entries for a given value § € [0,2]. We then show how to speed up these algorithms in the fully
sparse matriz multiplication (FSMM) setting, where the input matrices A, B are themselves sparse.
All of our algorithms work over arbitrary rings.

Our first, deterministic algorithm for OSMM works via a two-pass reduction to compressed

«(/2,L1) time, where w(+,,-) is the rectangular matrix multiplication

sensing. It runs in roughly n
exponent. This substantially improves on prior deterministic algorithms for output-sparse matrix
multiplication.

Our second, randomized algorithm for OSMM works via a reduction to compressed sensing and
a variant of matrix multiplication verification, and runs in roughly n@@=LLY time. This algorithm
and its extension to the fully sparse setting have running times that match those of the (randomized)
algorithms for OSMM and FSMM, respectively, in recent work of Abboud, Bringmann, Fischer,
and Kiinnemann (SODA, 2024). Our algorithm is quite simple when taking a suitable compressed

sensing scheme as a black box.
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Output-Sparse Matrix Multiplication Using Compressed Sensing

1 Introduction

The Matrix Multiplication Problem (MM) is to compute the product AB of two n x n
matrices A, B given as input. It is one of the most fundamental problems in computer
science. The running time O(n*) of the fastest algorithm for MM is governed by the matriz
multiplication exponent w < 2.372 (see [2] for the current best bound), and it is a major open
question whether w = 2.

While one line of work has sought to improve w, another has tried to find faster algorithms
for important special cases of MM. In this work, we give new algorithms for the Qutput-Sparse
Matriz Multiplication Problem (OSMM), where the product AB of the input matrices A
and B is promised to be sparse. Specifically, we consider MM when AB is promised to have
O(n’) many non-zero entries for a parameter 6 € [0,2]. We denote this problem for matrices
over a ring R by §-OSMMp. We also discuss how to extend our algorithms to the fully sparse
setting, in which the input matrices A and B are themselves sparse. This setting was recently
studied in depth in seminal work of Abboud, Bringmann, Fischer, and Kiinnemann [1].

1.1 Our Work

Our main results are a deterministic algorithm and a randomized algorithm for OSMM over
arbitrary rings R including, in particular, finite fields, the integers, and the real numbers.
The algorithms perform a similar number of ring operations regardless of R.

Define the rectangular matriz multiplication exponent w(a, 8,7) to be the infimum over
values w’ > 0 such that there is an algorithm for multiplying an n® x n” matrix and an
n? x nY matrix in O(n“’/) time. Define the dual matriz multiplication exponent w™ to be the
supremum over values w’ > 0 such that w(1,1,w’) = 2.1

The theorems corresponding to our main two OSMM algorithms are as follows. Our first
algorithm dramatically improves on the state of the art for deterministic algorithms; see the
comparison with prior work in Figure 1 and Section 1.2.

» Theorem 1 (Deterministic OSMM). Let § € [0,2], let R be a ring, and let € > 0 be a
constant. There is a deterministic algorithm for solving 6-OSMMpg on n X n matrices that
performs O(n®©/21.0+2) operations over R.

Our second, randomized algorithm, presented in Theorem 2, has running time that
matches an algorithm from [1] using a reduction to a variant of the Matrix Multiplication
Verification Problem (MMYV). See Section 1.2 for a comparison of our Theorem 2 and
the algorithm in [1]. We show that the running times of these algorithms are optimal in
Section 4.3.

» Theorem 2 (Randomized OSMM). Let § € [0,2], let R be a ring, and let € > 0 be a
constant. There is a randomized algorithm for solving §-OSMMpg on n X n matrices that
performs O(nP1) operations over R, where

5.2 if o <1+wh,
© w6 —1,1,1)  otherwise .

! The dual matrix multiplication exponent is often denoted by « in the literature.
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Since w® > 0.321 [35], the algorithms in Theorems 1 and 2 run in essentially optimal
n? time for all § < 0.642 and § < 1.321, respectively. Furthermore, both algorithms run in
O(n“~¢) time for some ¢ = &(§) > 0 for every § < 2.2 That is, both algorithms are faster
than the fastest known algorithms for matrix multiplication as long as AB is promised to
be even, say, n'"?°-sparse. We also extend our algorithms to the fully sparse setting where
the input matrices A, B are themselves sparse (in addition to having the promise that their
product AB is sparse), and get faster algorithms in this case; see Section 4 and Theorems 18
and 19. Although we choose to highlight our somewhat simpler OSMM algorithms, they
actually follow as corollaries from our algorithms for the fully sparse case.

We note that our extension of Theorem 2 to the fully sparse setting (given in Theorem 19)
is equivalent to [1, Lemma 3.1], the main technical lemma in [1] for fully sparse matrix mul-
tiplication on general rings. However, our corresponding algorithm uses different techniques
and is arguably simpler. In Proposition 20 we also show that our randomized algorithms in
Theorems 2 and 19 (and therefore also [1, Lemma 3.1]) are optimal via a reduction from
rectangular matrix multiplication.

We also provide an exposition of a nearly optimal, deterministic compressed sensing
that works over any ring in an appendix of the full version of this paper [6]. The scheme
instantiates the compressed sensing scheme from [7] with the expander construction from [17].
Although likely known as folklore, this scheme does not seem to have been analyzed in detail
before.

1.2 Applications and Comparison with Prior Work

Input- and output-sparse matrix multiplication have a number of applications including
answering certain database queries [4, 34, 10], computing transitive closures in sparse
graphs [34, 8], multi-source breadth-first search [37, 16, 13], Markov clustering [33], and error
correction of matrix products [14, 23, 32].

A long line of work has studied both input- and output-sparse matrix multiplication [18,
36, 20, 28, 4, 30, 24, 21, 34, 23, 32, 10, 1]. Our deterministic algorithm in Theorem 1
substantially improves on prior deterministic ~-OSMM algorithms for most values of 4, and
is never slower than them. See Figure 1. As noted above, our algorithm runs in essentially
optimal quadratic time for § < 0.642, and for every constant ¢ < 2 it runs in O(n*~¢) time
for some € = () > 0.

The main prior works on deterministic OSMM are Kutzkov [24], which gives a O(n? +
n2%*1)_time algorithm for OSMM over the reals, and Kiinnemann [23], which gives a
O(n?*+%/2 4 n?)-time algorithm for OSMM over the integers. Their algorithms only run in
O(n¥—¢) time for § < (w—1)/2 ~ 0.686 and § < 2(w — 2) = 0.744, respectively. (One can
also show analytically that Theorem 1 is at least as fast as [24, 23] for all §.%) Moreover,
if one is interested in only using “combinatorial algorithms” for matrix multiplication (i.e.,
assuming that m x n X p rectangular MM takes O(mnp) time), our deterministic algorithm
runs in 6(n2+‘5/2) time. So, our algorithm is strictly faster than the algorithms in [24, 23]
for 6 > 4/3.

Note that § —1 < §/2 for § € [0,2] so the randomized algorithm in Theorem 2 is always at least as fast
as the deterministic algorithm in Theorem 1.

We note that error correction of matrix products is equivalent to OSMM.

4 By Theorem 7 we have that w(1,1,8/2) < 1.825+0.5485/2 from which it follows that w(1,1,8/2) < 26+1
for all § > 0.5. So, our algorithm is always at least as fast as the algorithm in [24]. Furthermore, by
Proposition 6, Item 1, w(6/2,1,1) < 2+ §/2 and so our algorithm is always at least as fast as the
algorithm in [23].

40:3
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Our randomized OSMM algorithm in Theorem 2 and the breakthrough randomized
algorithm in [1] both run in roughly n@@=1L1) time. They work in a similar way at a
very high level, however there are notable differences. Perhaps more starkly, unlike [1], our
randomized algorithm works by reducing OSMM to a variant of the Matrix Multiplication
Verification (MMYV) problem. Moreover, solving this variant of MMV is the algorithm’s only
use of randomness.

The algorithms in Theorem 2 and [1] both work by (implicitly) partitioning the output
matrix AB into blocks of rows or columns with similar sparsity, “densifying” corresponding
blocks in the input matrices, multiplying these dense blocks, and then recovering the (sparse)
output matrix. To do this, [1] uses hash functions for the densification and a method for
computing a small overapproximation of the support of the output matrix. On the other hand,
our randomized OSMM algorithm, given in Algorithm 2, works directly with the primitives
of a compressed sensing scheme, and it is simple to describe and analyze when these are
taken as a black box. In particular, our algorithm performs densification by multiplying
by a measurement matrix, and recovers (parts of) the output matrix via sparse recovery.
(One can also interpret the hashing-based densification method in [1] as multiplying by a
certain (random) measurement matrix. Our algorithm and analysis abstract this out.) See
Section 1.3 for a detailed technical overview of our algorithms.

We also note a connection between our algorithm for OSMM and an algorithm from [5]
for the All Zeroes Problem, the problem of checking whether AB = 0 for two n X n input
matrices A, B. (We note that [23] showed that the All Zeroes Problem and the better-known
MMV problem are essentially equivalent under a nearly sparsity-preserving reduction.)
Specifically, Theorem 1 achieves the same running time of roughly n*(®/211) for G-OSMM
that a deterministic algorithm in [5] achieved for the All Zeroes Problem with the same
promise that the input matrices A, B satisfy |AB|lo < O(n°). The All Zeroes Problem
with the guarantee ||AB|lo < O(n%) reduces to -OSMM (this is a trivial decision-to-search
reduction), and so one can view Theorem 1 as an upgrade of the deterministic algorithm
in [5]. We also emphasize again that Theorems 1 and 2 work over any ring R whereas the
algorithms from each of [24, 23, 5] only work on specific domains.

The sole deterministic OSMM algorithm that is faster than ours is an algorithm that (only)
works for multiplication over nonnegative integers in [1, Lemma 3.11].5 Their algorithm’s
running time is stated for the fully sparse setting, but it runs in roughly O(n“(‘;*l’l’l)) time
in the output sparse setting. This matches the running time of randomized algorithms in
their work and ours for OSMM over general rings.

1.3 Technical Overview

We next give an overview of our algorithms, which use simple primitives: fast rectangular
matrix multiplication, a compressed sensing scheme with good parameters, and an algorithm
for a variant of matrix multiplication verification. Define ||v]|o (respectively, |[M]|o) to be the
number of non-zero entries in (i.e., Hamming weight of) a vector v (respectively, matrix M).
We call a vector v (respectively, matrix M) t-sparse if ||v|lo < ¢ (respectively, if ||M]|o < t).

5 We note that algorithms for matrix multiplication over nonnegative integers imply algorithms for
Boolean matrix multiplication as a special case. Recall that the (¢, 7)th entry of the Boolean product
of matrices A, B € {0,1}"*" is defined as V}_, (A;x A By,;). To compute this product it suffices to
compute the standard matrix product AB over the integers and replace all positive entries of the output
with ones.
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Figure 1 A plot of the running time exponents of several algorithms for -OSMM, with arbitrarily
small polynomial factors suppressed. The blue curve gives the running time of our deterministic
w(3/2.L1) time. The red curve gives the running time
of the randomized algorithm from [1] and our randomized algorithm from Theorem 2. These

algorithm from Theorem 1, which runs in n

algorithms both run in roughly n?@=LLY time. The points on the curves come from upper bounds
on rectangular MM exponents in [35], and the line segments connecting them are justified by
the convexity of w(-,1,1). We also plot the running time exponents of the O(n™>{2:20+1}) _time
algorithm of Kutzkov [24] and the O(n™®*{2+%/2:23})_time algorithm of Kiinnemann [23] — which are
the main prior works giving deterministic algorithms for OSMM — as well as the MM exponent w.

1.3.1 OQOutput-column-sparse MM using compressed sensing

In the compressed sensing problem with parameters n,m,t € Z* with 1 <t < n, the goal is
to compute an m x n matrix H = H(m,n,t) called a measurement matriz, and to design an
efficient sparse recovery algorithm R (depending on H) such that for every t-sparse vector @
of length n, R(Hx) = x. That is, the goal is for R to be able to recover any t-sparse vector
x from Hax.

Several previous works including [20] use compressed sensing to solve MM in the case
where every column ¢; of the output matrix C' = (¢1,...,¢,) := AB is promised to be
t-sparse. The technique works by computing HAB parenthesized as (HA)B using fast
rectangular matrix multiplication, and then recovering the columns ¢; of C' = AB from HC
using R as ¢; = R(He;) for i = 1,...,n. If computing H takes Th(n) time, R takes T (n)
time, and m = O(n”) for some 3 € [0,1], then for any constant ¢ > 0 the overall running
time of this algorithm is

O(Tim(n) + neBLN*e L Tr(n)) . (1)

We note that [20] uses the compressed sensing scheme of [19]. The compressed sensing
scheme there has good parameters and has a fast sparse recovery algorithm R. However,
while [19] uses a polynomial-time construction of expanders, it is unclear that its construction
runs in better-than-n® time. (We achieve Th(n) = O(n) time in Theorem 13.)

1.3.2 Reducing OSMM to compressed sensing

As our first contribution, we show how to replace the assumption in the above compressed-
sensing-based algorithm for MM that every column of C' = AB is t-sparse with the “global”
assumption that C is t?-sparse. If 2 = O(n?), this is exactly the assumption in §-OSMM.

40:5

APPROX/RANDOM 2026



40:6

Output-Sparse Matrix Multiplication Using Compressed Sensing

To do this, we use a two-pass reduction, which roughly speaking first computes a matrix C’
that agrees with C' on sparse columns and then computes all rows of C' — C’. This reduction
appears formally as Algorithm 1.

Assume without loss of generality that R always outputs some vector of length n even
when its input is not t-sparse. More specifically, assume that ¢, :== R(Hg;) is always a vector
of length n with the guarantee that ¢} = ¢; if ¢; is ¢-sparse. Let C' := (¢},...,c},). The
key observation is that if C = AB is t?>-sparse, then every row of C' — C’ must be t-sparse.%
(Similar observations were previously used, e.g., in the proof of [14, Theorem 4.3] and in [5].)
To see this, note that if C' is t>-sparse, then it has fewer than ¢ columns that are not t-sparse,
and that these are the only (potentially) non-zero columns in C' — C’. We can then recover
the entries of (C'— C")T (and therefore also C, since we know C”) by computing H(C — C")T
as (HBT)AT — H(C")T and then running R on each column of the result.

1.3.3 Reducing OSMM to compressed sensing and a variant of MMV

Our second reduction is from OSMM to compressed sensing and a variant of the matrix
multiplication verification problem (MMV) that we call Column-Wise-MMV. The goal of
Column-Wise-MMYV is, given three matrices A, B, and C’ as input, to identify all of the
indices ¢ € [n] such that ¢; # ¢}, where C = (¢, ...,¢,) := AB and C' = (¢},...,cl,). This
reduction appears formally as Algorithm 2.

The main idea of our second reduction is to sequentially “guess and check” all columns of
C of sparsity at most 2¢ for i = 0,..., [logn]. Namely, in iteration i we use a compressed
sensing scheme as above to compute a matrix C’ that agrees with all columns of C of sparsity
at most ¢t = 2. (As before, we assume that R always outputs some vector of length n
regardless of its input.) We then use our Column-Wise-MMYV oracle to identify which of
the columns of C' were computed correctly in C’. We use this information to update the
corresponding columns of our output matrix and to remove the corresponding columns from
B. We emphasize that this reduction itself is deterministic, and the only use of randomness
in the algorithm summarized in Theorem 2 comes from solving Column-Wise-MMV.

Correctness follows simply by analyzing the last iteration (in which i = [logn]) since
each column of C has sparsity at most n < 2M1°871_ In fact, the reduction does not require
an upper bound on the sparsity of C' as input and works regardless of this sparsity — it is a
reduction from MM, not just OSMM. However, the sparser C' is the faster the reduction is.
Let Ji+1 C [n] be the set of indices of columns of C' with more than 2! non-zero entries.”

Assume that it is possible to multiply the m x n measurement matrix H by an arbitrary
n X n matrix A in O(n?*¢) time for any constant € > 0. When we instantiate the reduction
with the concrete compressed sensing scheme described in Theorem 13 this will be the case
since our measurement matrices H will be sparse. Then the bottleneck in each iteration
i is computing the product of HA (an m X n matrix) and B (an n x |J;| matrix). Let
a:=1i/logn. We know that |J; 11| < O(n®/2%) = O(n®~%), and if m ~ t = 2' = n® then it is
possible to compute the product of HA and B in roughly n®(®1.9=) time. By Corollary 8,

Note that it is mot the case that every non-zero entry of C' must be contained in a t-sparse row or
column. For example, if C' = (eq - 1T) + (1-e1) € Z™™ then C1,1 = 2 and both the first column and
first row of C' have n non-zero entries. (Here e; and 1 denote the first standard normal basis vector
and the all-ones vector, respectively.) Yet, C' is O(n)-sparse.

In Algorithm 2, J;y1 can technically be a subset of these columns if the sparse recovery algorithm
happens to succeed (i.e., when R(Hx) = x) at an earlier iteration j < ¢ even when @« is not 27-sparse.
But, |Ji+1| being smaller only makes the algorithm run faster.
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w(a, 1,8 —a) < w(d —1,1,1) for any a, and so the claimed running time of O(nw(®=11:1)+e)

follows since we only need to compute O(logn) such matrix products and the multiplicative
logn factor gets absorbed by the ¢ in the exponent.

1.3.4 From QOutput-Sensitive MM to Fully Sparse MM

In Section 4, we extend our algorithms to the fully sparse case where we consider the sparsity
of the n x n input matrices A, B in addition to the sparsity of AB. l.e., we are promised not
only that |AB|o < O(n’nut) for some dou € [0,2], but also that [|Al|o, | Bllo < O(n’n) for
Sin € [0,2].8 For o, B, € [0,1], define ws,, (v, 3,7) to be the infimum over w’ > 0 such that
it is possible to compute the product of an n® x n® matrix A and an n® x n” matrix B in
O(n*") time when ||A|jo, | Blo < O(n%"). We note that there are algorithms showing that

ws,, (o, B,7y) is smaller than w(c, 8,7) for sufficiently small values of 8, [36, 22].

Theorem 18 (respectively, Theorem 19) extends our deterministic (respectively, ran-
domized) algorithm in Theorem 1 (respectively, Theorem 2) to the fully sparse setting.
Theorem 18 achieves a running time of roughly O(n®sim (out/211) 4 pdoue/241) "which is equal
to the O(n®0u/2LD)Y running time of Theorem 1 when 6, = 2, i.e., when there is no
promise on the sparsity of A, B as in §,,;-OSMM.

Theorem 19 achieves a running time of roughly O(n%» + n?), for

= eio iy 0 U 1y B =71

Although this expression looks intricate, it appears in [1, Lemma 3.1] (to which it is equivalent)
and arises naturally in our FSMM proof of optimality; see Proposition 20. (For do,¢ > 1 and
din = 2, we also get that ws, (0,1, 0out — 1) < W(dous — 1,1,1) by Corollary 8, and moreover
wW(dous — 1,1,1) > 2 > &ip. So, we achieve the running time of Theorem 2.)

Extending our algorithms to the fully sparse setting essentially only uses basic facts
about input-sparse matrix multiplication and properties of our compressed sensing scheme.
Specifically, it uses the fact that our measurement matrix H has very sparse columns, and
that on input Ha for a t-sparse vector  of length n, R runs in time roughly ¢ rather than
time roughly n. In particular, we use that such a matrix H admits fast multiplication by
any matrix A, and if A is sparse then H A is still nearly as sparse. (To achieve all of this, we
use sparse representations of matrices and vectors.)

1.3.5 Instantiating our reductions

To instantiate our reductions and turn them into the algorithms summarized by Theor-
ems 1 and 2, we need to give an explicit compressed sensing scheme and an algorithm for
Column-Wise-MMV.

We use a compressed sensing scheme due to Berinde, Gilbert, Indyk, Karloff and Strauss [7],
which requires certain expander graphs. To make the scheme of [7] deterministic and obtain
good parameters, we instantiate it with the expander graphs later studied in Guruswami,
Umans, and Vadhan [17]. In particular, our measurement matrices H correspond to the
adjacency matrices of the bipartite expanders constructed in [17] from Parvaresh-Vardy codes.
They are sparse and binary. The main theorem summarizing this scheme is Theorem 13.

8 Without loss of generality we can take dout < 28in.

40:7
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For completeness, we present and analyze the expander construction in [17] and the
sparse recovery algorithm in [7] in an appendix of the full version of this paper [6]. We show
that they are both very efficient. Additionally, we observe that the sparse recovery algorithm
in [7] works not just over the real numbers (as it was originally presented), but over arbitrary
rings.

We emphasize the subtlety of identifying an appropriate compressed sensing scheme for
our purposes. We need algorithms that compute the measurement matrix and perform sparse
recovery not just in (arbitrary) polynomial time, but in nearly quadratic and nearly linear
time, respectively. Moreover, we need these algorithms to be deterministic — many works on
compressed sensing sample a random measurement matrix H (see, e.g., [9, 15]). Finally, for
Theorem 2 we need multiplication by H to be very efficient.

The algorithm for Column-Wise-MMYV that we use (stated formally in Lemma 16) is
a modified version of Freivalds’s algorithm for “plain” MMV [12]. This algorithm is the
only use of randomness in our our randomized OSMM algorithm, and so if it could be
derandomized efficiently then we would get a deterministic algorithm for ~-OSMM running
in roughly n*(®—1L1L1 time. (Similarly, this algorithm is the only use of randomness in our
randomized FSMM algorithm.)

1.3.6 An alternative randomized algorithm

We note that it is possible to implement a variant of our randomized algorithm that achieves
a similar running time to Theorem 2 if it is possible to approximate the number of non-zero
entries in each column of C' = (¢y,...,¢,) = AB to within a constant factor efficiently.

In fact, we can compute estimates ¢; of the sparsity of each column ¢; satisfying 1/2 -
lleillo < & < 2 - |leillo with high probability using a randomized algorithm from [31]. We
can then use these estimates to multiply A and B efficiently. We first partition the columns
of B (and therefore AB) into blocks B;, where B; consists of all columns b; such that
2771 < ¢ <2 for j =1,...,r, where r ~ log, n. We then compute AB; for each j using
the algorithm for output-column-sparse matrix multiplication sketched earlier using the
assumption (which holds with high probability) that each column of AB; is 27+ _gparse.

We note that the column-sparsity-estimation-based algorithm sketched here uses random-
ness in a different way from Theorem 2; it uses randomness to estimate column sparsities and
does not need to solve Column-Wise-MMV. However, we believe that the reduction from
OSMM to Column-Wise-MMYV that we use to prove Theorem 2 — which can be viewed as a
search-to-decision reduction of sorts — is elegant and more amenable to derandomization. In
particular, a strong resolution to the famous question of derandomizing Freivalds’s algorithm
would derandomize Theorem 2 as well.

2 Preliminaries

By Z* we denote the set of positive integers. For n € ZT, [n] denotes the set {1,...,n}. Let
R be a ring, v € R™ be a vector, and M € R™*™ be a matrix. Then by ||v|jo and || Mo
we denote the number of non-zero entries in v and M, respectively. We say v (respectively,
matrix M) is t-sparse if ||v|lo < ¢ (respectively, if || M||o < t). We say that M is t-column-
sparse if each of its columns is t-sparse. For an n € Z™*, 0,, and 1,, denote n-dimensional
vectors with all zeros and all ones, respectively.

We use log(+) to denote the logarithm base 2, i.c., log(2") = n. We use the notation O(-)
to suppress polylogarithmic factors in the argument.
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We state the running time bounds of our algorithms in terms of operations over a ring R,
but these bounds immediately imply algorithms with similar running times (in the usual
sense) over many standard domains. Over the integers with entries in [—M, M| each operation
requires at most poly(log M,logn) time, and over finite fields F, each operations requires at
most poly(log g,logn) time. Assigning unit cost to operations on real numbers is standard
in the Real RAM model.

2.1 Matrix Multiplication

We first define the main two variants of matrix multiplication that we study.

» Definition 3 (Output and Fully Sparse Matrix Multiplication). Let R be a ring, and let
Oins Oout € [0,2]. We define the (§;n, dout)-Fully Sparse Matrix Multiplication Problem over R
((8in, ous)-FSMMER ) as follows. The input consists of A, B € R"™™ for some n € ZT with
| Allo, | Bllo < O(n’") satisfying the promise that ||AB|lo < O(n®). The goal is to compute
AB.

We additionally define the 0,,,-Output-Sparse Matrix Multiplication Problem over R
(00ut-OSMMER ) as (2, dput)-FSMMpg.

When both §;, = 2 and douy = 2 this corresponds to the problem of matrix multiplication
in its general form. Furthermore, note that since the product of two t-sparse matrices is
t2-sparse, we may without loss of generality assume that dou < 25;,.

We next define rectangular matrix multiplication exponents, input-sparse rectangular
matrix multiplication exponents, and the dual matrix multiplication exponent.

» Definition 4 (Rectangular and Input-Sparse Rectangular Multiplication Exponents). For
constants «, 8,y > 0, the rectangular matrix multiplication exponent w(c,S,7) is the
infimum over all W' > 0 such that the product of A € 77" and B € Z"*"" can be
computed using O(n®") arithmetic operations.

We extend this notation and use ws,, (o, B,7) to denote the case when both A and B are
promised to be O(nn)-sparse for 0 < §;, < max{a+ 3,8 +~}.

We note that the square matriz multiplication exponent w is simply w := w(1,1,1), and
that W6in (Oé, /Ba ’7) < wmax{a-{-ﬁ,ﬂ-{-'y}(aa ﬂ7 ’Y) = w(a, 57 ’Y) for all «, [37 vz 0.

» Definition 5 (Dual Matrix Multiplication Exponent). The dual matrix multiplication expo-
nent w is defined as

wh = sup{w’ > 0:w(l,1,0) =2} .

A beautiful line of work [27, 3, 11, 26, 35, 2] has established strong bounds on multiplication
exponents, in particular showing that

w < 2.371339 (2],
wh >0.321334 [35].

2.2 Properties of Matrix Multiplication Exponents
Next we list several properties of rectangular matrix multiplication exponents w(-, -, -).

» Proposition 6 ([29]). Let oy, a9, as, 81, 82,83, A > 0. The following hold:
1. max(ag + ag,01 + ag, 0 + a3) < w(ag,as,a3) < oy + as + as.
2. w(hag, dag, Aaz) = A - w(ag, ag, az).

APPROX/RANDOM 2026
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3. w(ag + B, a0 + B, a3 + B3) < wlar, ag, a3) +w(Bi, B, B3)-
For any permutation m : [3] = [3], w(a1, a2, a3) = w(ar), Ar(2), Ar(3))-
5. w(a, B,7) is continuous and non-decreasing in its arguments for a, 8,y > 0.

P

We will make use of the following upper bound on w(«,1,1).
» Theorem 7 ([29, 25]). Let o € [0,1]. Then

2 if0<a<wt,

w(a,1,1) < -2
( ) 2 1w T (a—wh) <1.825+0.548a ifwt<a<1.
—w

We next give an upper bound on rectangular matrix multiplication exponents w(1, a, 3)
with three potentially distinct arguments.

» Corollary 8. Let o, 3, € [0,1] be such that 5+~ > 1. Then w(w, 5,7v) <w(a, 1, 8+v—1).

Proof. If § =~ =1, the statement holds trivially. Otherwise we can assume that 8 + v < 2.
Let A=(1—+)/(2— 8 —7) > 0. Then we have that

w(a, B,7) =wra+ (1 =N, A+ (1 =NB+v=1),AB+v-1)+(1-X))
SwQAAAB+y = 1)+ =Na, (1 =A) (B +7—=1),(1 =)
=X wle,l,b+y-1)+ 1= wl@b+y-1,1)
=w(,1,8+7-1),

where the inequality uses Proposition 6, Item 3, the following equality uses Proposi-
tion 6, Item 2, and the last one uses Proposition 6, Item 4. |

2.3 Input-Sparse Matrix Multiplication

In this paper, we assume sparse representations of vectors and matrices. Specifically, we
represent a vector & € R™ by a list of index-value pairs of its non-zero entries. We represent
a matrix A = (a1,...,a,) € R™*" using lists of the non-zero entries of each column a;,
sorted by 1.

We next give a basic algorithm for matrix multiplication when one of the matrices
is column-sparse. This algorithm is folklore, and appears in work at least as early as
Gustavson [18].

» Proposition 9 (Naive Input-Sparse Matrix Multiplication). Let A € R™*™, B € R™*P for a
ring R and m,n,p € Z*. Let A be t-column-sparse for t € Z+. Then ||[AB|lo <t-|Blo, and
there is a deterministic algorithm that computes AB using t - || Bl|o - poly (logn) arithmetic
operations over R.

Proof. For i € [n], let b; be the number of non-zero elements in the ith row of B. If we
consider the multiplication of A and B as a sum of outer products, then for every k € [n], the
outer product of the kth column of A and the kth row of B can be computed using at most
t-b, multiplications, and has sparsity at most ¢-bi. Therefore, [|AB|lo < 3¢, t-br = t-[|Bllo.
The running time of this algorithm is bounded by ¢ - || B||o - poly(logn), where the poly(logn)
factor accounts for the sparse representation. |

Next, we present known bounds on the complexity of matrix multiplication when the
input matrices are sparse. The following bound was proven for square matrices in [36], and
was generalized to rectangular matrices in [22] (see also [1, Lemma 4.2]).
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» Theorem 10 ([36, 22]). Let o, 8,7 > 0 and 0 < 0, < max{a+ 5,8 +~}. Then

Ws,y, (avﬂaf)’) < min max{w(a,n,y)’ 28im — 7]} )
B n€[0,4]

Next, we list two additional bounds on sparse rectangular matrix multiplication exponents
w5in('7 ) )

» Proposition 11. Let a, 5,y > 0. The following hold:
1. If 0 <6 < max{a+ 3,8+ v}, then ws, (o, B,7) < 0in + min{a, v}.
2. If 64 > max{a, v}, then ws, (o, B,7) > o+ 7.

Proof. The first bound follows from Proposition 9 by noting that every n® x n® matrix is
n“-column-sparse (and that the transpose of an n® x nY matrix is n”-column-sparse).

For the second bound, consider A = (1,0,...,0) € R and B = (1,0,...,0)" ¢
R"">*"” Note that |l Allo, | Bllo < O(nd=), and ||AB|lo = n®T7. Therefore, any algorithm
computing AB must have running time at least Q(n**7). <

3  Output-Sparse Matrix Multiplication

We now present our main technical results on OSMM. In Section 3.1, we formally define
compressed sensing schemes and state our main theorem about a concrete such scheme. In
Section 3.2, we give a reduction from J-OSMM to compressed sensing and instantiate the

w(9/2,1.D)_time deterministic algorithm for §-OSMM, proving

reduction to give our roughly n
Theorem 1. In Section 3.3, we introduce a variant of matrix multiplication verification
(MMYV) and give a reduction from OSMM to compressed sensing and this MMV variant. We

w(d—1,

then instantiate the reduction to give our roughly n L1 _time randomized algorithm for

0-OSMM, proving Theorem 2.

3.1 Compressed Sensing

We will use the following formalization of a compressed sensing scheme.

» Definition 12. Let R be a ring and let m = m(n,t) be a non-decreasing, integer-valued
function. An m-compressed sensing scheme over R is a pair of algorithms (M, R) that work
as follows. On inputs n and t in unary with 1 <t <n, M outputs a matricr H € R™*"™. On
input Hzx for a vector x € R" satisfying ||x|o < t, R outputs x.°

Here the matrix H output by M is called a measurement matriz, and R is called a sparse
recovery algorithm. We will crucially use the following theorem about an explicit compressed
sensing scheme from [7] (which we instantiate with a construction of expanders from [17]) in
both of our main algorithms. The claim in Theorem 13 follows implicitly by combining [7, 17],
but we include a full proof for completeness. However, the proof is somewhat involved and
so we defer it to an appendix of the full version of this paper [6].

9 1In fact, the sparse recovery algorithm R needs to know the value of n, and often it also needs t and H
as well. This is usually handled by having the algorithm M also compute a string o as preprocessing
that is passed as auxiliary input to R. Without loss of generality, we assume that o encodes H, n, and
t, but it could also encode more. So, formally we should write R(Hx, o) for running R on Hz, but for
conciseness we often abuse notation and simply write R(Hz).

40:11

APPROX/RANDOM 2026



40:12

Output-Sparse Matrix Multiplication Using Compressed Sensing

» Theorem 13 ([7]). Let R be a ring and let o > 0 be a constant. There is a deterministic
m-compressed sensing scheme (M, R) over R with m = m(n,t) = t1** . poly(logn). The
algorithm M runs in time 6(71), and the algorithm R performs t1T< . poly(logn) arithmetic
operations over R.

Furthermore, the measurement matriz H :== M(1",1%) is binary and d-column-sparse
for d = poly(logn), and therefore can be multiplied by an arbitrary vector * € R™ using
|lz|lo - poly(logn) addition operations over R.'0

3.2 Deterministic OSMM via a Reduction to Compressed Sensing

In this section, we start by giving our two-pass reduction from OSMM to compressed sensing
in Algorithm 1. One may also view this reduction as a meta-algorithm. Making it into an
explicit algorithm requires using an explicit compressed sensing scheme (we note this in the
“Subroutine” heading in the specification of Algorithm 1).

Algorithm 1 Deterministic output-sparse matrix multiplication over a ring R.

Input: Matrices A, B € R™ " over a ring R, and t € Z* such that || AB||o < 2.
Subroutine : An m-compressed sensing scheme (M, R) over R.
Output: The product C' = AB.

Compute a measurement matrix H € R™*" := M(1", 1%).

Compute D = (dy,...,d,) := HAB using fast rectangular MM.

Compute D' := (R(dl), e 77?,(dn)). // t-sparse columns of C = AB agree with D’.
Compute F = (f,,..., f,) := (H(AB — D')T) using fast rectangular MM.
Compute F' := (R(f1),...,R(f,))- // F'=(AB-D)T.
return D' + (F")T.

D R W N =

We next analyze Algorithm 1.

» Theorem 14. Let R be a ring, and let A, B € R™ ™ be matrices satisfying | AB|lo < t? for
t € ZF with t> < O(n®) for some § € [0,2]. Let (M, R) be an m-compressed sensing scheme
over R with m = m(n,t) < O(t - n®) for some a > 0. Then on input A, B, Algorithm 1
outputs the matriz product C := AB. Furthermore, if M runs in time Taq(n,t) and R runs
in time Tr(n,t) then for any constant € > 0, Algorithm 1 performs

O(Tm(n,t) +n-Tr(n,t)+ nw(5/2+a’1’1)+5)
arithmetic operations over R.

Proof. We start by proving correctness. Let C = (cy,...,¢,), D' = (d},...,d,), and
F' = (f,...,f)). We assume without loss of generality that R outputs some vector in R"
on every input y € R™ (including when y # Hx for any t-sparse x € R™).

We note that C' has at most ¢ columns ¢; that are not t-sparse, since otherwise we would
have ||C||o > t2. Furthermore, by the specification of R, d; = R(He;) = ¢; for each i € [n]
such that ¢; is t-sparse. It follows that every row of C — D’ is t-sparse, and therefore that
every column of (AB — D')7 is t-sparse. From this and again using the specification of R, we
get that I/ = (AB — D’)T. Correctness then follows by noting that C = AB = D' + (F")T.

10 Assuming that H and @ are given in sparse representation by lists of non-zero entries (as in the output
of the algorithm M).
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We next analyze the time complexity of Algorithm 1. It makes one call to M on input
(17, 1%), which takes time at most Th((n,t), and 2n calls to R, which takes time at most
2n - Tr(n,t). Furthermore, because H € R™*™ for t = O(n®/?) and m < O(t - n®) =
O(n®/?**), HAB and H(AB — D")T can be computed in time O(n® /2t 1L1+e) for any
constant € > 0 using fast rectangular matrix multiplication. All other operations run in
O(n?) < O(nw(®/2+>1L.1) time. The result follows by summing the running time bounds for
each of these components. <

Our main theorem about solving OSMM deterministically follows as a corollary.

» Theorem 1 (Deterministic OSMM). Let § € [0,2], let R be a ring, and let € > 0 be a
constant. There is a deterministic algorithm for solving 6-OSMMpg on n X n matrices that

performs O(n®®/210+€) operations over R.

Proof. We instantiate the compressed sensing scheme subroutine needed in Algorithm 1 with
the scheme described in Theorem 13. Let o > 0 be a constant, which we will set later, and
let o be a constant satisfying 0 < o’ < a. From Theorem 13, we have that there exists
a deterministic m-compressed sensing scheme where m = m(n,t) = t'+* . poly(logn) <
O(tn®), with Th¢(n,t) < Tag(n,n) < O(n) < O(n'+*) and Tr(n,t) < Tr(n,n) < O(n'+e).
Furthermore, we have that w(6/2 + «,1,1) <w(§/2,1,1) + w(,0,0) = w(§/2,1,1) + a by
Proposition 6, Items 1 and 3. Using the fact that w(§/2,1,1) > 2 for all § € [0, 2], we then
have that for any constant ¢’ > 0 the algorithm performs at most

O(Tpaq(n,t) +n - Tr(n,t) 4 n@@/2Halte’y < O(plte 4 p2te 4 pe/2 1) ke’
< O(nw(§/2,1,1)+a+s')

operations over R. To prove the claim, we need to show that the algorithm performs at most
O(n®©/21.1)+¢) gperations. This follows by choosing ¢/, > 0 such that ¢/ +a < ¢. <

3.3 Randomized OSMM via a Reduction to a Variant of MMV and
Compressed Sensing

w(6—1,1,1)

In this section, we get a roughly n -time algorithm for -OSMM by reducing to a

variant of MMV and to compressed sensing.

3.3.1 Column-Wise Matrix Multiplication Verification

In this section, we introduce and give an algorithm for the variant of MMV in which the
goal is to check whether each column of AB is equal to its corresponding column in C”.

» Definition 15. For a ring R, the Column-Wise MMV problem over R (Column-Wise-
MMVy) is defined as follows. The input consists of matrices A € R™*", B € R"*P, and
C'=(cy,...,¢,) € R™*P. Let C = (e, ..., ¢p) = AB. The goal is to output the set J C [p]
of indices of columns on which C and C' differ, i.e.,

J={jelle £}

We note that “normal” MMV corresponds to deciding whether J = () in Definition 15,
and so MMV easily reduces to Column-Wise-MMV. We next argue that a slight variant of
Freivalds’s algorithm [12] also solves Column-Wise-MMYV in nearly quadratic time.

40:13
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» Lemma 16 (Freivalds's algorithm for Column-Wise-MMV). Let R be a ring and let
¢ € ZT be a constant. For any m,n,p € Z%, there is a randomized algorithm that
solves Column-Wise-MMV g on matrices A € R™*" B € R"™P C' € R™ P performing
O(max{mn,np} - log(mnp)) arithmetic operations over R and has a success probability of
at least 1 — 1/(mnp)¢. In particular, when m,p = O(n), the algorithm performs O(n?logn)
arithmetic operations over R and has a success probability of at least 1 — 1/n°.

Proof. The algorithm works as follows. First, it samples a uniformly random matrix X ~
{0, 1}V>™ for N := [(c+ 1) log(mnp)]. It then computes D = (di,...,d,) == X(AB — ("),
and outputs J' := {i € [p] : d; # 0}.

We start by showing correctness of the algorithm, i.e., that J' = J for J as defined in
Definition 15. For a fixed non-zero vector y € R™ and a uniformly random « ~ {0,1}™,
Pr[(x,y) # 0] > 1/2. Indeed, this follows by noting that each term x;y; in (z,y) = > i, z;y;
for non-zero y; is equal to 0 with probability 1/2 and an induction argument. So, for any
non-zero column y, of AB — C’, we get that Pr[Xy, = 0] < 1/2V. (If y, = 0, then Xy, =0
with probability 1.) Taking a union bound over the at most p non-zero columns of AB — C’,
we then get that the probability that there exists a non-zero column y,; of AB — C’ such
that d; = 0 is at most p/2V < p/(mnp)°t! < 1/(mnp)°, as needed.

Furthermore, the algorithm runs in O(N - max{mn,np}) = O(max{mn,np} - log(mnp))
time, which finishes the analysis. |

3.3.2 The Reduction and its Analysis

We next give our reduction from OSMM (and in fact, simply MM) to Column-Wise-MMV
and compressed sensing in Algorithm 2. We sometimes use sets to index the rows and
columns of a matrix. Le., for finite sets I and J we use notation like A € RT*7 to denote a
matrix over a ring R with |I| rows indexed by I and |J| columns indexed by J. Similarly, we
use notation like Ay ;- to denote the submatrix of A € R™Y with rows indexed by I’ C I
and columns indexed by J’ C J.

In Theorem 17, we analyze Algorithm 2. We again emphasize that its correctness does not
depend on the sparsity of AB; only its running time does. Furthermore, the same algorithm
works regardless of the sparsity of AB.

» Theorem 17. Let A, B € R™*" over a ring R, let (M, R) be an m-compressed sensing
scheme with m = m(n,t) < O(tn®) for some a € (0,w™), and let COLMMYV be an algorithm
for Column-Wise-MMV over R. Then on input A,B € R"™ "™, Algorithm 2 outputs the
matriz product C = AB.

Furthermore, let Taq(n,t) and Tr(n,t) denote the running times of M and R, respectively,
let Ty (n,t) denote the time needed to multiply H :== M(1™,1%) by an n x n matriz, and
let Ty (m,n,p) denote the running time of COLMMYV on input matrices A € R™*™ B €
R™P C € R™*P. If |AB|lo < O(n®) for 0 < 6 < 2 then the algorithm performs

O(nP*e + Th(n,n) +n - Tr(n,n) + Tr(n,n) + Ty (n,n,n))
arithmetic operations over R for any constant € > 0, where

8im 2 fo+a<ltwt,
o w@+a—1,1,1) otherwise .

Proof. Assume without loss of generality that § > 1. If not, set § = 1, and using that
a < w' conclude that 8 = 2. Let C = (ey,...,¢,).
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Algorithm 2 Matrix multiplication using column-wise matrix multiplication verification.

Input: Matrices A, B € R"*" over a ring R.

Subroutine : An m-compressed sensing scheme (M, R) over R.
Subroutine : An algorithm CoLMMYV for Column-Wise-MMYV.
Output: The product AB.

1 Set Jy := [n].

2 Initialize a matrix C' = (¢f, ..., c},) € R™*™ arbitrarily.

3 fori=0,1,...,[logn] do

4 | Sett:=2"

5 Compute H := M(1",1%) € R™*". // m=m(n,t).

6 Compute B’ := B[n]Ji € Rx*J:, // Restrict B to columns indexed by J;.

7 Compute D = (d;);ecs, :== HAB' € RIM*7i,

8 Compute F = (f;)jes, := (R(d;))jeu; € RIM* i

9 Compute J; 1 := COLMMV(A, B', F). // Indices of columns that differ in
AB’, F.

10 for j € J;\ Ji+1 do

11 Set ¢} == f;.

12 return C’

We argue that after the ith iteration of the for loop, ¢; = ¢; for all j € [n] such that
[jllo < 2°. Indeed, this follows from the fact that for such an index j, f; = R(He;) = ¢;
by the definition of a compressed sensing scheme with ¢ = 2°, and therefore we have that
j & Jit1. (As in the proof of Theorem 14 we assume that R always outputs some vector in
R", regardless of its input.) In particular, because [|c;[o < n < 2M°2"] for all columns ¢;,
cj = c; for all j € [n] after the last iteration of the for loop, which implies that C" = C as
needed.

We next turn to analyzing the algorithm’s running time. We upper bound the worst-case
running time of a single iteration (iteration i) of the for loop, and note that the loop performs
O(logn) iterations. The M(1",1") call takes time Th(n,t) < Taq(n,n), the |J;| < n calls to
R take time at most |J;| - Tr(n,t) < n-Tr(n,n), and the call to COLMMYV takes time at
most Ty (n,n, |J;]) < Tv(n,n,n).

It remains to upper bound the complexity of computing HAB’ in the ith iteration, which
we compute parenthesized as (HA)B’. Computing A’ := HA takes Ty (n,t) < Tg(n,n)
time by assumption,!! and it remains to compute A’B’, which we do using rectangular
matrix multiplication. For ¢ = 0, we have t = 1 and m = m(n,t) = O(n®). Therefore,
computing A’B’ takes O(n<(®LD+e) = O(pwd+a=1L11)+2) time. For i > 1, we have t = 2°
and (¢/2) - |.J;| < ||AB]|o, which holds because J; consists of indices of columns of AB with
more than t/2 non-zero entries.

Let 1,7 > 0 be such that t = O(n") and |J;| = O(n"). Then because A’ € R™*"™ for m =
m(n,t) = O(tn®) = O(n"**) and B’ € R**1%il| A’B’ can be computed in O(n<(1te17)+e)
time for any constant ¢ > 0. Furthermore, since (t/2) - |J;| < ||AB|lo < O(n?), we have that

n+vy <é. If n+a+vy <1, then by Proposition 6, Item 1, w(n+ o, 1,7) <n4+a+1+7y < 2.

Otherwise, if n + a + 7 > 1, then by Proposition 6, Item 4 and Corollary 8, w(n + a,1,7) <
win+a+y—-1,1,1) <w(d+a—1,1,1), as needed. <

1'When instantiating this reduction each matrix H will be sparse. Such matrices admit fast multiplication.
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Our main theorem about solving OSMM via a randomized algorithm follows as a corollary.

» Theorem 2 (Randomized OSMM). Let § € [0,2], let R be a ring, and let € > 0 be a
constant. There is a randomized algorithm for solving 5-OSMMp on n X n matrices that
performs O(nP1) operations over R, where

e 2 ifo<1l4wt,
© w6 —1,1,1)  otherwise .

Proof. Assume without loss of generality that § > 1. If not, set § = 1. We instantiate the
compressed sensing scheme subroutine needed in Algorithm 2 with the scheme described in
Theorem 13. The running time analysis follows from a similar argument as in the proof of
Theorem 1, combined with the guarantee that Ty (n,n) < 6(712) from Theorem 13 and the
guarantee that Ty (n,n,n) < 6(n2) from Lemma 16. In particular, the fact that H can be
multiplied by an arbitrary vector @ in O(|||¢) time implies that H can be multiplied by an
arbitrary matrix A € R™" in O(n?) time. This implies that T (n,n) < O(n?).
Furthermore, the algorithm in Lemma 16 is randomized and succeeds with probability
1 —1/n for any constant ¢ > 0. Fix any such ¢ > 0. Algorithm 2 makes O(logn) calls
to COLMMYV, and so by taking a union bound we get that all of these calls succeed with
probability at least 1 — O(logn/n°) =1 — o(1). It follows that Algorithm 2 succeeds with
probability 1 — o(1), as needed. <

4  Fully Sparse Matrix Multiplication

In this section, we describe how to extend our main algorithms for OSMM to the fully sparse
setting when the input matrices A, B are promised not only to satisfy ||AB|lg < O(n%u¢) but
also || Allo, | Bllo < O(n’=) for some 4y, € [0,2].

4.1 Deterministic FSMM

We first give our deterministic algorithm for FSMM, which follows by instantiating Algorithm 1
with the compressed sensing scheme in Theorem 13 as in the proof of Theorem 1.

» Theorem 18 (Deterministic FSMM). Let 0., dout € [0,2], let R be a ring, and let € > 0
be a constant. There is a deterministic algorithm for solving (8in,dout)-FSMMpg onn x n
matrices that performs O(n”*¢) operations over R, where

B = max{0out/2 + 1,ws,, (Jout/2,1,1)} .

Proof sketch. We refer to Algorithm 1, instantiated with the compressed sensing scheme
in Theorem 13, and show how to implement its operations under the assumption that
| Allo, | Bllo < O(n’=). Let a > 0 be a small constant to be set in the analysis. We first note
that Th(n,t) < O(n) as before.

We now analyze the time needed to compute D = HAB. By Theorem 13, H is poly(log n)-
column-sparse, and so it is possible to compute A’ := HA in 6(n5i“) time by Proposition 9.
Since ||A'[lo = O(n%") and H, A’ € R™*™ for m = O(n’=/2+*) it is possible to compute
the product A’B in O(nsnGout/211)+€) time for any constant € > 0 (assuming that o > 0 is
chosen to be sufficiently small; see the proof of Theorem 1). We note that ws,, (dout/2,1,1) >
Sin (since simply reading in an n x n matrix B with ©(n%") non-zero entries takes Q(n%»)
time), and so computing HAB takes O(n®n out/21.1)+€) time overall.
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Furthermore, by Theorem 13, Tr(t,n) < t'+ . poly(logn) < O(now/2+e) since ¢ =
O(n/2), and so computing D’ and F’ takes O(nou/2te+1) time. Finally, we analyze
the time needed to compute F. Computing H(AB)T can be done in O(n®sn Geut/2:1,1)+¢)
time for any constant € > 0 as with computing D. Furthermore, D’ has at most O(n5°“°/ 2)
non-zero columns, and so, again using the fact that H is poly(log n)-column-sparse, it takes
O(nfou/2+1) time to compute H(D')T. The claim follows. <

We recover Theorem 1 from Theorem 18 by noting that wa(dout/2,1,1) = w(dout/2,1,1)
and that w(dout/2,1,1) > dous/2 + 1 (by Proposition 6, Item 1).

Using the bounds on ws,, (dout/2,1,1) from Proposition 11, Item 1 and Theorem 10,
we conclude that for every € > 0, (in, dout)-FSMMp can be solved using O(TL‘S‘M/QHJrg +
pdout/2+0inte) op O(pdow/2+1+e 4 no+e) gperations over R, where

o < min max{w(dout/2,7,1), 20i, — N} . (2)
n€lo,1]

4.2 Randomized FSMM

We now give our randomized algorithm for FSMM as Theorem 19. It follows by instantiating
Algorithm 2 with the compressed scheme in Theorem 13 as in the proof of Theorem 2. We
recall that Theorem 19 is equivalent to [1, Lemma 3.1], although the algorithm that it is
based on uses different techniques.

» Theorem 19 (Randomized FSMM). Let 6, € [1,2],00ut € [0,20:,), let R be a ring, and
let € > 0 be a constant. There is a randomized algorithm for solving (§in, dout)-FSMMEg on
n x n matrices that performs O(n%n+¢ 4 nPTe) operations over R, where

B:= max ws, (n,1,12) .
m,m2€[0,1],
M +n2=060ut
Proof sketch. We refer to Algorithm 2, instantiated with the compressed sensing scheme
in Theorem 13, and show how to implement its operations under the assumption that
1A, [ Bllo < O(nm).

As in the proof of Theorem 2, we upper bound the worst-case running time of a single
iteration (iteration ¢) of the for loop for ¢ > 1 (as the running time for ¢ = 0 does not affect the
final bound). Furthermore, as noted there, we have that ¢ - |.J;| = O(n%ut) at each iteration
of the loop. Le., choosing 17; > 0 so that ¢t = 2¢ = O(n™), we have that |J;| < O(n") where
N2 < min{1, dout — 71 }. We then have that m = O(tn®) = O(n™ ) for an arbitrarily small
constant a > 0 to be set in the analysis. We note that Ty (n,t) < O(n). Moreover, we have
that computing F' takes |J;| - Tr(n,t) < nfew=m . g1+ poly(logn) = O(nfen ) time.

We next sketch how to modify the algorithm in the proof of Lemma 16 to run in 6(n5i“)
time. We note that the matrix X sampled there has O(logn) rows, and that we need to
compute X AB’ and X F. Computing X A and (X A)B’ takes 5(n5‘“) time by Proposition 9.
On the other hand, we have that R runs in 1+ poly(logn) = O(n™ ) time, and therefore
each of the |J;| = O(n%~m) columns of F must be O(n™+%) sparse. Therefore, we can
compute X F' in time O(nf»+) time.

It remains to analyze the time complexity of computing D = HAB’, since all other
operations are efficient. We have that A’ := HA can be computed in O(n%") time by
Theorem 13. Furthermore, since H is poly(logn) column sparse, A’ is itself O(n’=) sparse. It
follows that HAB' = A'B’ can also be computed in O(n®sm (1:1712)+€) time for any constant
e > 0.
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To finish the proof, we note that the for loop uses at most O(logn) iterations, and then
bound the running time of each iteration. The running time of the ith iteration is bounded
from above by 5(n5°“°+a + ndin 4 n@oin (1,112)+2) for arbitrarily small constants a and e.
In particular, to prove the claim, it suffices to show that both dout and ws,, (71, 1,72) are
bounded from above by §. First, by the definition of 8, we have that ws,, (m1,1,72) < .

Second, by Proposition 11, Item 2, we have that

ﬁ Z wéi,,(n*7 1a (Sout - 77*) Z 6out 5

where 1™ := min{1, doys }. Indeed, Proposition 11, Item 2 applies because of the following
bounds. First, n* = min{1, dous} < 1 < din. Second, if dout < 1, then dout —1* = dout — dout =
0 < d0ip. Third, if oyt > 1, then oy — N* = dous — 1 < 2—1 =1 < §;,. Here we have
repeatedly used the assumption that dy, > 1. <

We recover Theorem 2 from Theorem 19 by setting d;, = 2 and noting that for dout > 1,

max Wém(nlvla%) = max w(nlvlaUQ) S w(éout - 17171)
n1,m2€[0,1], n1,m2€[0,1],
M1 +n2=0out N1+1m2=06out

by Corollary 8.

While we state Theorem 19 for §;, > 1 for simplicity, we remark that the proof can be
extended to the case of di, € [0,2]. The main challenge in this case is that we cannot afford
to run the algorithm M it time 5(71) anymore (as this bound might be larger than the
claimed upper bound on the running time of the algorithm). To overcome this, we note that
the construction of the matrix H in our compressed sensing scheme (presented in full in an
appendix of the full version of this paper [6]) is in fact strongly explicit. That is, one can
compute all non-zero entries of a given column of H, and therefore multiply by H efficiently

without even running the algorithm M first.

4.3 Optimal FSMM (and OSMM)

We now prove that our randomized algorithm for FSMM in Theorem 19 (which is equivalent
to [1, Lemma 3.1]) is optimal in the sense that any improvement on it would imply a
corresponding improvement on input-sparse rectangular matrix multiplication exponents. In
fact, we show an equivalence between these exponents and the running time exponent for
(Oin, dout )-FSMMg. We also show an analogous result for the optimality of the algorithm in
Theorem 2 for OSMM.

» Proposition 20. Let d;y, € [1,2], dout € [0,20:], let R be a ring, and let 5 > 0. Then there is
a randomized algorithm for (8in, Sous)-FSMMp that runs in time O(n®+e) for every constant
e > 0 if and only if B > max{0,ws,, (M, 1,m2)} for all n1,m2 € [0,1] with n1 4+ N2 = Jout-

Furthermore, if dous € [1,2] then there is a randomized algorithm for 6,,-OSMM that
runs in time O(n”*¢) for every constant € > 0 if and only if B > w(Jpur — 1,1,1).

Proof. Let ny,n2 € [0, 1] with 71412 = Jous. We reduce the problem of computing the product
of A € R™*™ and B € R™*P for m = O(n") and p = O(n") when A and B are both O(n%)-
sparse to (&in, dout)-FSMMp. The reduction simply outputs A’ := (AT,0,...,0)T € R"*"
and B’ := (B,0,...,0) € R"*". T.e., A’ and B’ are simply A and B padded with enough
rows and columns of Os, respectively, to make them square. It is easy to recover the product
AB from the product A’ B’. Furthermore, ||A’||o = ||A]lo = O(n%"), |B|lo = || Blo = O(n%»),
and, because AB € R™*P, |A'B|lo < mp < O(nm*12) = O(n’t), as needed. Because the
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reduction worked for arbitrary n;,72 € [0,1] with 71 + 12 = dout, We get that if there is
an algorithm using O(n®*¢) operations over R for (0in, dout)-FSMMp for some 3 > 0 and
any € > 0, then ws, (m1,1,12) < 8. Furthermore, we trivially have that such 8 must satisfy
B > diy since it takes Q(n°") time to read an (&, dout)-FSMMp instance.

On the other hand, Theorem 19 implies that if 5 > di, and 8 > ws,, (1, 1, dour — 1) for all

7 € [0, 6out) then (din, Sout)-FSMMp, is solvable using O(n”*¢) many operations over R.

The result for OSMM follows by combining the padding argument above, instantiated

with i, = 2 and n = 1, and Theorem 2. <
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