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—— Abstract
We study the problem of recovering a planted k-coloring in sublinear time. Given an expander G
with a planted coloring, the goal is to efficiently construct a small-space data structure that allows
consistent color queries: given a vertex v, the algorithm quickly returns the color of v according to
the planted solution.

We work in the adversarial planted coloring model of David and Feige [STOC 2016], where an
adversary chooses a d-regular spectral A\-expander G on n vertices and plants a balanced k-coloring
by partitioning the vertices into k equal parts and deleting all edges within each part. This model
generalizes the earlier random graph models studied by Blum and Spencer [J. Algorithms 1995] and
Alon and Kahale [STOC 1994].

We give the first sublinear-time algorithm for recovering planted colorings in this model. In the

1/2+O(1/log(<fl//\)))7 and

adjacency list model, our algorithm has preprocessing time and space 19) (n
produces a data structure that answers color queries in time 0 (n1/2+0<1/1°g(d“))). With a high
constant probability, the resulting labeling agrees with the planted coloring on all but an O(\/W)
fraction of vertices, up to a permutation of the k colors.

Our algorithm gives sublinear time inner product access to the bottom eigenspace of the
normalized adjacency matrix by using random walks, which allows us to adapt the classical spectral
approach of Alon and Kahale in sublinear time.
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1 Introduction

Graph coloring is a fundamental problem in theoretical computer science. In the k-coloring
problem, the goal is to assign each vertex a color from [k] so that adjacent vertices receive
different colors. Finding k-colorings in graphs for £ > 3 is among the first computational
problems shown to be NP-hard [24, 18]. This has motivated extensive work on approxim-
ation algorithms and on identifying assumptions under which the problem can be solved
efficiently [33, 5, 7, 6, 8, 1, 23, 27, 28, 2, 13, 3, 12, 25, 29, 26, 9, 20].

One influential line of work studies planted coloring models, where a hidden coloring
is embedded into a graph, and the task is to recover (approximately) the planted solution.
Blum and Spencer [6] and Alon and Kahale [1] considered random graph models with a
planted k-coloring, and showed that polynomial-time spectral algorithms can recover the
planted k-coloring with high probability. David and Feige [12] extended this to a more
challenging adversarial setting, in which an adversary chooses an expander and plants a
balanced k-coloring by deleting all edges within each color class. They showed that, even
in this adversarial setting, the spectral approach of Alon and Kahale recovers the planted
coloring on a 0.99 fraction of the vertices, while exact recovery is NP-hard.

While planted coloring models have been extensively studied in the polynomial-time
regime, the question of sublinear-time recovery remains largely unexplored. This motivates
the central question of this work:

? ‘Weronika Wrzos-K.aminska; .
37 icensed under Creative Commons License CC-BY 4.0
Approximation, Randomization, and Combinatorial Optimization. Algorithms and Techniques

(APPROX/RANDOM 2026).
Editors: Mohit Singh and Tom Gur; Article No. 45; pp. 45:1-45:23

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:weronika.wrzos-kaminska@epfl.ch
https://orcid.org/0009-0003-5281-8277
https://doi.org/10.4230/LIPIcs.APPROX/RANDOM.2026.45
https://arxiv.org/abs/2608.02338
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

45:2

Recovering Planted Colorings in Sublinear Time

Is it possible to recover a planted k-coloring in sublinear time?

Of course, any algorithm that explicitly outputs a coloring requires 2(n) time simply to
write down the labels. We therefore focus on constructing a coloring oracle: a small-space
randomized data structure that quickly answers queries of the form “what color does vertex
v have?”. The oracle must be consistent, meaning that its answers agree with a single
underlying assignment of colors (not necessarily a proper k-coloring), and approzimately
correct, meaning that the oracle disagrees with the planted coloring on only a small fraction
of vertices, up to a permutation of colors (see Definition 8 for a formal definition of coloring
oracle).

We consider a variant of the adversarial planted model of [12]. In this model, an adversary
chooses a d-regular spectral A-expander (i.e., eigenvalues of its adjacency matrix, other than
the top eigenvalue d, have absolute value at most \). The adversary also chooses a balanced
partitioning of the vertices into k color classes, for a constant k. The planted instance is
obtained by deleting all the monochromatic edges, i.e., all edges that have both endpoints
in the same color class. Additionally, we require that the partitioning is chosen so that the
degrees in the planted instance are balanced, in the sense that all vertices have degree (d)
after deleting the monochromatic edges (see Definition 6 for a formal definition of the input
model).

A d-regular graph has A\; = d and that the second largest eigenvalue in absolute value
satisfies A = Q(\/E) [30]. Random d-regular graphs are essentially best possible spectral
expanders, satisfying A\ = O(\/&) with high probability [14, 17, 16]. The adversarial planted
coloring model therefore generalizes random planted models, in which the host graph is
drawn at random and/or the planted partitioning is chosen uniformly at random.

Our contribution

We give the first sublinear-time algorithm for this planted coloring problem. Our result works
in the adversarial planted model, and therefore also applies to the corresponding random
planted models. Specifically, in the adversarial planted k-coloring model, we construct
a coloring oracle with 6(n1/2+0(1/log(d//\)) preprocessing time and space, where n is the
number of vertices. The oracle answers each color query in 6(711/ 2+0(1/10g(d/2)) time and,
with a high constant probability, agrees with the planted coloring on at least a 0.99 fraction
of the vertices.

» Theorem 1. Let k > 3 be a constant, let ¢, be a sufficiently small constant (depending on k),
and let Cy, be a sufficiently large constant (depending on k). For every Cy, < d < n and every
A < cxd, there exists a randomized algorithm for the adversarial planted k-coloring model
(Definition 6) that constructs a coloring oracle using 5(n1/2+o(1/log(d/>‘))) preprocessing time
and space, where n denotes the number of vertices in the graph. For every query vertex v, the
oracle outputs a color in [k] in time 6(n1/2+0(1/10g(d/>‘))), and its answers are consistent
across queries. With probability at least 0.9, the oracle agrees with the planted coloring (up

to a permutation of the colors) on all but at most O(\/gn) vertices.

In particular, the running time is ~ n/2t°() when \/d = o(1). For dense graphs with
d = n® and A = O(\/d) for a constant §, the running time becomes O(n'/?). As in prior
works on planted coloring, we treat the number of colors k as a constant.
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Our algorithm may be viewed as a sublinear-time implementation of the classical spectral
algorithm of [1]. The key technical ingredient is providing sublinear-time dot-product access
to the bottom eigenspace of the adjacency matrix, which we achieve by adapting recent
techniques from spectral clustering [22].

Related work on planted coloring

Blum and Spencer [6] and Alon and Kahale [1] studied the problem of planted k-coloring in
random graphs, and showed that exact recovery is possible in polynomial time. [12] studied
the role of randomness in the planted model, and showed that exact recovery is possible if
the coloring is planted at random in an adversarial spectral expander, and that approximate
recovery is possible even when the coloring is adversarial. [29] proved that approximate
recovery is possible in low threshold rank graphs for pseudorandom colorings. Recently,
[4, 9, 20] further considered the setting in which the coloring is planted in a one-sided
expander or a low threshold rank graph.

Related work on sublinear spectral algorithms

Our techniques are closely related to work on sublinear spectral clustering [11, 10, 19, 32, 15,
22]. Most relevant to our work is [22], which uses a low-degree polynomial of the random walk
matrix to provide access to the top eigenspace of the adjacency matrix under a clusterability
assumption. Although this setting differs from ours (our graphs are not clusterable, and
the signal lies in a different part of the spectrum), we adopt their general approach. [31]
and [21] applied spectral techniques to approximate max-cut (and more generally max-2Lin)
in sublinear time on expanders and clusterable graphs. The work of [31] also showed that
testing whether an expander is 3-colorable versus far from 3-colorable requires 2(n) time. We
note that the hard instances in [31] are constant degree expanders with expansion ¢ = Q(1/d),
whereas our results require stronger spectral expansion.

2 Technical Overview

Our algorithm can be viewed as a sublinear implementation of the spectral approaches of
Alon and Kahale [1] and David and Feige [12]. These works show that planted colorings can
be approximately recovered from the bottom eigenspace of the adjacency matrix. The main
difficulty is that computing this exactly requires reading the whole graph and computing the
eigenvectors.

Recent progress on sublinear spectral algorithms has focused on approximating inner
products of spectral embeddings associated with the top eigenspace of a graph, typically
under strong clusterability assumptions [19, 22]. Our main technical contribution is to extend
this line of work to the setting of graph coloring by providing sublinear-time access to the
bottom eigenspace of the adjacency matrix. While bottom eigenvectors have long played a
central role in polynomial-time spectral algorithms, sublinear-time methods for accessing
this part of the spectrum have remained largely undeveloped.

The spectral approach of [1] and [12]

We start by reviewing the classical approach of [1] and [12]. These works showed that an
approximate coloring can be recovered from the bottom eigenspace of the adjacency matrix
of the planted input graph. Specifically, the bottom k — 1 eigenvalues of the normalized
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adjacency matrix have value —ﬁ +0(4/\/d), while all remaining eigenvalues (except for
the trivial top eigenvalue 1) are bounded in absolute value by O(y/A/d) !. The coloring can
be approximately recovered from the spectral embedding in this bottom eigenspace.

» Definition 2 (Spectral embedding). Let A = D~'/2AD~'/? denote the normalized adjacency
matriz of the input graph G', and let U_y) € R =1) denote the matriz whose columns
are the bottom k — 1 eigenvectors of A. For every vertex v € V', the spectral embedding of v,
denoted f, € RF=1, is the v-th row of Uy, t.e.,

fo = U[Ll]ﬂv.

» Remark 3. The spectral embeddings f, are not uniquely defined. However, the dot
products (fu, f,), and hence also the Euclidean distances || f., — fu||2, are uniquely defined
(see Remark 17).

As shown in [12], spectral embeddings of vertices belonging to the same color class are
close to each other, while spectral embeddings of vertices belonging to different color classes
are far from each other. Specifically, for all but an O(\/d) fraction of vertices, the following
holds?:

k
< = if X(U) :X(U)a
2 — 70n
Hfu*fv”Q: k (1)
> —, ifx(u V).
e x(u) # x(v)
By Equation (1), approximate recovery of the planted coloring can be achieved using the
following two steps:
1. Identify a set of color representatives ¢ € C1,...,c, € Ck, i.e., one vertex from each
color class.
2. Given a query vertex u, output the color of the closest color representative

COLOR(u) = argznel%’% I fu — fe.ll5-

The main challenge is to perform this in sublinear time, without explicitly computing the
full spectral embedding.

Spectral embeddings via polynomials

In order to approximate inner products (f,, f,) between spectral embeddings (and hence also
the Euclidean distances), we will approximate the relevant projection matrix by a low-degree
polynomial in the random walk matrix. The inner products can then be approximated by
collision counting. This idea was used in [22] in the context of sublinear-time spectral clus-
tering, and we adapt their general approach. Let A = USU " denote the eigendecomposition
of the normalized adjacency matrix A. We are interested in approximating

<fuv fv> = JIIU[kfl]U[—/g_l] 1.,

. [12] analyze the unnormalized adjacency matrix. Since our algorithm is based on random walks, it is

more convenient for us to work with the normalized adjacency matrix. An analogous statement for the
normalized adjacency matrix A follows by a similar argument (see Lemma 16).

Equation (1) can be extracted from the analysis of [12] for embeddings of the unnormalized adjacency
matrix, although it is not stated there explicitly in this form. We prove an analogous guarantee for the
normalized adjacency matrix (see Lemma 20).
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where Up,_11U [—',;71] is the projection onto the eigenspace corresponding to eigenvalues with
value ~ —1/(k — 1). To this end, we seek a polynomial p(x) = >7,5qcia’ of the form

p(x) = 2'q(x), where t = Q(lolg‘)(d;L)\)) such that the coefficients ¢; are small and the following
properties hold:

p(z) &~ 1 when ‘m—i— ﬁ) < O(\/§>, and
p(z) = 0 when |z| < O<\/§> orz=1.

With such a polynomial, the matrix p(A) = Up(X)U " acts as an approximate projector onto
the bottom k — 1 eigenvectors. As a result,

<fu7fv> = k 1 U[Z_l]]lu
~ 1, Up(£)?UT 1, = (p(A)1,,p(A) <thA 1. thA 1 >

= Z CtCyr <At]].u, At/ ]].»U>

t,t!

Each inner product (A1, A 1,) can be estimated efficiently using random walks. Indeed,

let M = AD™! denote the random walk transition matrix. For ¢ = Q(lolgczﬁ), inner

products of the form (M'1,, Mt/ILU> can be approximated using & \/n random walks via
standard collision-counting arguments. Using the relation A = D~Y/2M D'/2_ inner products
involving powers of A can be approximated similarly.

It is crucial that the coefficients ¢; of the polynomial p are small: each term (At]lu, At 1,)
must be estimated to precision inverse polynomial in |c;cy|, and hence the overall running
time depends polynomially on the size of coefficients.

[22] used a similar idea to cluster graphs. In their setting, the input graph is assumed
to be clusterable, meaning that the top k eigenvalues lie in the interval [1 — €, 1] for some
error parameter €, while all remaining eigenvalues are bounded away from 1. The goal
is to approximate embeddings in this top eigenspace of the graph, which they achieve by
constructing a polynomial that approximates the indicator on [1 — €, 1].

A key challenge with adapting their construction to our setting is that the coefficients of
their polynomial grows superpolynomially in their error parameter €, and can be as large as
~ (1/€)C0oe(1/€) 0 Since the running time depends polynomially on the coefficient size,
the algorithm is sublinear only for relatively large values of e.

In our setting, the relevant analogue of the error parameter is \/W, and a superpolyno-
mial dependence on m would lead to too large running times. For example, for random
d-regular graphs with d = n®*(!)| this would lead to running times that are superpolynomial
in n.

To overcome this issue, we modify the polynomial construction of [22] and give a more
careful analysis of the resulting polynomial. This gives a polynomial that approximates an
indicator function around —1/(k — 1), while having coefficients with absolute at value most
nO1/1og(d/N) " In particular, the coefficient size, and hence the running time, decreases as
A/d decreases.

» Theorem 4. Let 6,C > 0 be constants. For every %gczil‘}g)\? <t<O (10;%), there exists
a polynomial p of the form p(z) = x'q(x), where q is a polynomial of degree O(1/\/dlogn),

1
such that the coefficients of p are bounded in absolute value by no(“’g(d/”), and

L |p(z)—1| <6 forz € {kilc 3,,;1+c\/§]
2. |p(z)] < n=2 for |z| < C\/g.
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In fact, our proof establishes a more general result: for any constant o € [—1,1] with a # 0
and any 0 < € < |a|, we construct a polynomial approximating an indicator on [o — €, a + €]
with similar coefficient bounds (see Theorem 28). The proof of Theorem 4 is presented in
Section 5.4.

While this polynomial successfully maps the eigenvalues near —1/(k — 1) to values close
to 1 and eigenvalues of size at most \/W to values close to 0, it does not control the value
of p(1), which corresponds to the top eigenvalue. We handle this issue by explicitly removing
the contribution of the top eigenvector. Since the top eigenvector of A is e; = Dl/gl/\/%,
its contribution can be computed exactly, and we can therefore apply the polynomial to the
matrix A — eje] , in which the top eigenvalue has been shifted to zero.

The algorithms for approximating (f,, f,) (Algorithm 2) and ||f, — f,||3 (Algorithm 3)
are presented in Section 4. Their guarantees (Lemma 10 and Lemma 11) are proved in
Section 5.2.

Finding color representatives

Given access to pairwise distances between spectral embeddings, it remains to pick one
representative vertex from each planted color class. The polynomial-time approach of [12]
finds such representatives by repeatedly sampling k& random vertices until exactly one comes
from each class. However, their method for verifying whether a given sample is valid requires
Q(n) time, which is too costly in our setting. We instead sample ©(klogk) vertices and
build a small “similarity graph” on the sample, connecting two sampled vertices when their
embeddings are similar. This is similar to approaches used for clustering [11, 32].

The similarity graph decomposes into exactly k connected components (one per color
class) with a high constant probability, so choosing one vertex from each component yields
the required representatives. We present the algorithm for obtaining color representatives in
Section 4.1.

3 Preliminaries and Notation

We start by formally defining the graph access model and the input model.

Graph access model. We work in the adjacency-list query model. In this model, an
algorithm can perform neighbor queries, i.e., for the i-th neighbor of any vertex, and degree
queries, i.e., for the degree of any vertex. We additionally assume that the number of edges
m is given as part of the input to the algorithm.

» Definition 5 (A-expander). Let A\1(Ag) > A2(Ag) > -+ > M(Ag) denote the eigenvalues
of the unnormalized adjacency matriz Ag of a graph G. Say that G is a \-expander if
max{|A2(Ac)l, [An(Ac)[} < A

» Definition 6 (Adversarial planted k-coloring). Let k > 3 be a constant. An adversary
chooses an n-vertex d-regular A\-spectral expander G = (V| E) together with a balanced
partition C = (C1,...,Cx) of V, such that |C;| = n/k for alli € [k] and such that every
verter has at least Q2(d) neighbors outside its color class. The partition C defines a planted
k-coloring x : V' — [k] by setting x(v) =i if v € C;.

The planted instance is obtained by deleting all monochromatic edges from G. That is, let

E' = {(u,v) € E: x(u) # x(v)},

and let G' = (V, E') denote the resulting k-colorable graph. We write G' = Pc(G) when G’ is
obtained this way from the graph G and the partition C.
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» Remark 7 (Model assumptions). The model above is almost identical to the planted
adversarial model of [12], except that we impose the additional condition that every vertex
has at least a small constant fraction of its neighbors outside of its own color class. This
ensures that after deleting monochromatic edges, every vertex in G’ has degree Q(d). Since
the typical degree in G’ is (1 — %)d7 this is a mild restriction that only rules out vertices that
are almost isolated by the adversary. In particular, if the color classes are selected at random
and d = Q(logn), then this holds with high probability. The purpose of this assumption is to
ensure that the normalized adjacency matrix of G’ has the required spectral properties. Our
sublinear-time algorithm is based on random walks and therefore relies on spectral properties
of the normalized adjacency matrix. In contrast, prior polynomial-time spectral algorithms
for planted k-coloring work directly with the unnormalized adjacency matrix, and therefore
do not need this additional balanced degree condition.

For simplicity of presentation, Definition 6 assumes that the planted coloring is exactly
balanced, i.e., |C;] = n/k for all i € [k]. Our results extend to approximately balanced
planted colorings satisfying |C;|/|C;| = O(1) for all ¢, j € [k]. The exact balance assumption
is consistent with the standard formulation in prior work (e.g., [6, 1, 12]).

Similar to prior work, we assume that k = O(1), and suppress the dependency on k in
the O-notation.

The goal is to construct a coloring oracle, as defined below.

» Definition 8 (Coloring oracle). A coloring oracle is a randomized data structure O that,
given query access to a graph G’ from the adversarial planted k-coloring model, provides
consistent query access to a function COLOR : V — [k].

We say that O defines an e-approximate coloring if, with probability at least 0.9 over the
random bits of O, there exists a permutation 7 : [k] — [k] such that

[{v € V: CoLOR(v) # w(x(v))}| < en,

where x is the planted coloring.

Notation

Given the input graph G’ = (V, E’), we let m denote the number of edges |E’|. We write A
for the unnormalized adjacency matrix of G’ and D for the diagonal degree matrix. Write
A = DY2AD~'/2 for its normalized adjacency matrix, and write M = AD~! for the
random walk matrix. Observe that M = DV/2AD~1/2,

Let Aj(A) > Ao(A) > --- > X\, (A) denote the eigenvalues of A , and let e;(A),..., e, (A)
denote a corresponding orthonormal basis of eigenvectors. When it is clear that we are
talking about the matrix A, we omit the dependence on A from the notation.

For a vertex v € V, we write 1, € R™ for the indicator of v, i.e., the vector with entry
1 at index v and 0 everywhere else. Similarly, for a set S C V, we write 1g € R" for the
indicator vector of S. We use the notation 1 € R™ for the vector with all entries equal to 1.

» Observation 9. AD'/21 = DY21. In particular,

- DY/21 DY/21 -
A) = = d A (A) =1.
61( ) ||D1/2]]_||2 Tm an l( )

For a polynomial ¢, write deg(q) to denote the degree of ¢ and max |coeff(¢q)| to denote the
absolute value of the largest (in absolute value) coefficient of q.
We use O notation to suppress polylogn factors.
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4 The Algorithm

In this section, we present the algorithm. The algorithm SpECTRALDOTPRODUCT (Al-
gorithm 2) approximates inner products (f,, f,) of spectral embeddings. It runs =~ /n
random walks of various lengths starting from v and v, and then combines the resulting
collision counts with the coefficients of the polynomial-p from Theorem 4.

To change from the random walk matrix M = AD~! to the normalized adjacency matrix

A = D~Y2M D2, we appropriately reweigh collisions according to the matrix D~1/2,

Finally, we subtract the term ﬁ in order to cancel out the contribution of the top eigenvalue.

Algorithm 1 RANDOMWALKS(7, ¢, u).

Run r random walks of length ¢ starting from u
Let py(v) be the fraction of random walks that end at v > vector p, has support at most r
return p,

Algorithm 2 SPECTRALDOTPRODUCT(u, v).

1: tmin < O (&%) > shortest random walk length

2: ta < O(y/A/dlogn) > number of different walk lengths
~ 1

31« O n1/2+o(‘°g<d/*>) > number of random walks

4: for t = tmin, - - - tmin + ta do

5: pt, < RANDOMWALKS(r, ¢, u) > vector pf, has support at most r

6: Pt < RANDOMWALKS(r, t,v) > vector p! has support at most r

7: end for

8: return \/deg(u)\/deg(v) 3=, s crcr (<D‘1/2ﬁZ,D_1/2]5f}> — ﬁ)

9: > ¢ is the coefficient of z! in the polynomial p(z) from Theorem 4

SPECTRALDOTPRODUCT has the following guarantee: outside a small deterministic set
B of “bad” vertices, SPECTRALDOTPRODUCT (u, v) approximates (f,, f,) up to an additive
error of O(1/n). The set B is defined formally in Definition 19 and consists of vertices whose
degree or spectral embedding is atypical relative to their planted color class. We bound the
size of B in Lemma 20.

» Lemma 10 (Correctness of SPECTRALDOTPRODUCT). The procedure SPECTRALDOT-

PropUCT (Algorithm 2) runs in time O (nuﬂo(log(i/*))). For every u,v € V' \ B,

1k
Pr ||SPECTRALDOTPRODUCT(u,v) — (fu, fo)| < 80”} > 0.9,

where the probability is over the internal randomness of SPECTRALDOTPRODUCT.

We prove the correctness guarantee of SPECTRALDOTPRODUCT (Lemma 10) in Section 5.2.

To compute distances || f,, — f,||3, we use the algorithm SPECTRALDISTANCE (Algorithm 3).
The algorithm boosts the success probability of SPECTRALDOTPRODUCT and approximates
1fu = foll3 = [I£ull3 + [foll3 — 2{fu, fu) by approximating each of the terms.
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Algorithm 3 SPECTRALDISTANCE(u, v).

1: for i =1,...0(logn) do

2 | fulZpxi ¢ SPECTRALDOTPRODUCT (u, u) > Approximate || f,, |3
3: | foll2px.s < SPECTRALDOTPRODUCT(v, v) > Approximate || f,]3
4: (fu, fo)apx,i < SPECTRALDOTPRODUCT(u, v) > Approximate (fy, fu)
5: ||fu - fU”ipx,i A ||fu||§pxz + HfUngx,i - 2<fuafv>apx7i

6: end for

7: return median, (|| fu — foll2px.)

» Lemma 11 (Correctness of SPECTRALDISTANCE). The procedure SPECTRALDISTANCE

(Algorithm 3) runs in time 9] (nl/%O(log(}i/A))). With probability at least 1 — n =190,

k

| SPECTRALDISTANCE(u, v) — || fu — foll3] < S0
n

for all u,v € V\ B,

where the probability is over the internal randomness of SPECTRALDISTANCE.

As a corollary, SPECTRALDISTANCE(u, v) can be used to determine if u and v belong to the
same color class, for all u,v € V'\ B.

» Corollary 12. With probability at least 1 —n =190 the following holds for all u,v € V '\ B:

If x(u) = x(v), then SPECTRALDISTANCE(u,v) < 2.

If x(u) # x(v), then SPECTRALDISTANCE(u,v) > 2.
We prove Lemma 11 and Corollary 12 in Section 5.3. In particular, Algorithm 3 can be used
as a coloring oracle: given a set of color representatives cq, ..., cr, where each ¢; belongs to a
different color class and none of them lies in the set of bad vertices B, one can answer each
query u by assigning the color of its nearest neighbor among the ¢;. Algorithm 4 does this.

Algorithm 4 COLOR (u, {ci}ic())-
Input: vertex u and set of color representatives {c:}icx) (see Definition 13)
Output: Index ¢ € [k] such that x(u) = x(¢;)

1: return argmin, e, SPECTRALDISTANCE(u, ¢;)

4.1 Obtaining color representatives

It remains to find a valid set of color representatives. The procedure FINDREPRESENTATIVES
(Algorithm 5) below achieves this. The algorithm samples O(klog k) vertices uniformly at
random, which ensures that, with high probability, we sample at least one vertex from each
color class. The algorithm then constructs a “similarity graph” on the sampled vertices,
connecting two sampled vertices if their distance is sufficiently small. By the clustering
properties of the spectral embeddings (see Lemma 20), with a good probability, vertices
from the same color class form a clique in this similarity graph, while vertices from different
color classes are disconnected. Finally, the algorithm selects one arbitrary vertex from each
connected component of the similarity graph and discards the rest. We show that, with
probability at least 0.99, this procedure returns exactly one representative from each color
class, yielding a valid set of representatives for use in the coloring oracle. Algorithm 5 is very
similar to the preprocessing routines of [32] and [15].
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Algorithm 5 FINDREPRESENTATIVES.

S < Multiset of 10k log k vertices sampled uniformly at random from V
H + (S,0) > H will be the same-color graph on S (see definition in full version)
for all u,v € S do
if SPECTRALDISTANCE(u,v) < 4= then
Add edge {u,v} to H
end if
end for
11
while V(H) # () do
Select arbitrary vertex u from V(H) > Select a representative of a color class
Ci < U
T; < {u} U Ng(u) > The sampled vertices from the same color class as u
H <+ H[V(H)\Tj] > Remove all vertices from the color class of u
1 1+1
: end while

e e e e e
SR A S e

: return cy,cg,. ..

» Definition 13 (Color Representatives). A set of vertices {c;};cqp) is called a set of color
representatives if the following conditions hold:

1. Every c; is a good vertex (see Definition 19).

2. The vertices have distinct colors, i.e., x(¢;) # x(c;) for alli # j.

» Lemma 14 (Correctness of FINDREPRESENTATIVES). The procedure FINDREPRESENT-
ATIVES (Algorithm 5) runs in time O(n/2+O1/108(d/ )y With probability at least 0.99, it
returns a set of k color representatives (as per Definition 13).

The proof of Lemma 14 follows the analysis of the preprocessing procedure in [15], and is
presented in the full version.

5 Analysis

In this section, we analyze the algorithms presented in Section 4 and prove the main result,
Theorem 1. The section is organized as follows. In Section 5.1, we define the set B of bad
vertices and bound its size. In Section 5.2, we prove Lemma 10, establishing the correctness of
SPECTRALDOTPRODUCT. In Section 5.3, we prove Lemma 11 and Corollary 12, establishing
the correctness of SPECTRALDISTANCE. In Section 5.4 we construct the polynomial and
prove Theorem 4. Finally, in Section 5.5 we combine everything to prove Theorem 1.

5.1 Properties of the input instance

We start by stating some of the key properties of the input instance G’. The proofs of these
properties are included in the full version.

» Observation 15. By the model assumption (Definition 6), deg(v) = O(d) for all v € G’
and Q(nd) < m < nd.



W. Wrzos-Kaminska

» Lemma 16 (Normalized version of Lemma C.4 in [12]) Let G be a d-regular \-expander,

where X < cxd (for some constant ¢ ), and let G' = Pe(G) (as per Definition 6). Then

1. The eigenvalues of the normalized adjacency matriz A of G' have the following spectrum:
a. )\1(/_1) =1

b. i([l)—f—k—il‘ §O<\/§) forn—k+2<i<n.
c. |Mi(A)] SO(\/§> for2<i<n—k+1

2. For every x € span({1c, }icr)) with (x, 1) = 0, there exists x* € span({e;(G") }ic(n—k+2,n])
such that |DY?z — 2*||3 = O <\/§> |D'2x||3. Here Cy,...Cy denotes the planted

partition into color classes.

[12] proves analogous guarantees to Lemma 16 for the eigenvalues and eigenvectors of the
unnormalized adjacency matrix (see Lemma C.4 in [12]). Our proof of Lemma 16 is similar
and is included in the full version.

» Remark 17. It follows from guarantee 1 in Lemma 16 that the space spanned by the
bottom k — 1 eigenvectors of A is uniquely defined, i.e., the choice of Ulk—1) is unique up to
multiplication by an orthogonal matrix R € RF=1x(k=1) on the right.

While the choice of f, for v € V is not unique, the dot product between the spectral
embedding of u € V and v € V is well defined, since for every orthogonal R € R(*+:—1)x(k=1)
one has

<RTfuvRva> = (RTfu)T(Rva> = fJRRTfU = <fuafv>

A useful property of the spectral embeddings is that they concentrate around their color
class center.

» Definition 18 (Color class center). For each color class C; € C, let p; denote the color
class center

Hi = f’U: ]]-07
|C| Z |C|

We define a set of good vertices consisting of those vertices that are close to their own color
class center, far from other color class centers, and whose degree is close to the “typical”

d(k—1)
value =

» Definition 19 (Good vertex). Say that a vertex v € C; is good if

1. ’“”( \[><deg d(k— )<1+\f) ond

2. |1 fo = pall3 < 992, and

3. forallj #i, || fo— pll3 > 5.
Say that the vertex is bad otherwise. Let B C'V denote the set of bad vertices.

We will show that the oracle is correct on all good vertices. Observe that the set B of bad
vertices is deterministic once the input graph and planted coloring are fixed. It consists of
vertices whose degree or spectral embedding is atypical relative to their planted color class.

» Lemma 20. Let B be the set of bad vertices (as per Definition 19). Then

|B|§O<\/§~n>.

45:11
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A similar bound for vertices with bad spectral properties was proved in [12]. While their
bound is similar, the definition of “bad” vertices in [12] differs slightly from ours. The proof
of Lemma 20 is included in the full version.

Additionally, we will use the fact that the £5 norm of good vertices is not too large.

» Lemma 21. Ifv is good (as per Definition 19), then

Ing=o(1).

The proof of Lemma 21 is presented in the full version.

5.2 Analysis of SpectralDotProduct (Proof of Lemma 10)

In this section, we prove the correctness guarantee of SPECTRALDOTPRODUCT, namely
Lemma 10. Recall that we wish to apply the polynomial from Theorem 4 to the normalized
adjacency matrix A in order to approximate the projection Upk—1] U[—lgfl]. However, since
Theorem 4 does not provide any guarantees for p(1), we need to shift the top eigenvalue.

Therefore, it will be convenient for the analysis to consider the matrix A — e; e]—.

» Definition 22. Let

A T
A*:A—elel.

We start by showing that 1, p(/_l*)2lly approximates the inner product (f,, f,). Later, in
Claim 27, we will show the output of Algorithm 2 approximates 1, p(A,)?1,.

» Lemma 23. Let § > 0 be a sufficiently small constant, let p be the polynomial from
Theorem 4 (applied with the parameter §), and let B be the set of bad vertices from Defini-
tion 19. For every u,v € V \ B,

1 k

Tl A )2
|1, (A Ly = (fu, fo)| < 6o

Proof. The high-level idea is to decompose the matrix A, according to its spectrum. We
separate it into two parts: one corresponding to the bottom k£ — 1 eigenvalues, and one
corresponding to the remaining n — k 4+ 1 eigenvalues. By Lemma 16, the bottom k — 1
eigenvalues are all close to —1/(k — 1). Applying the polynomial p to this part therefore
“boosts” these eigenvalues up to (approximately) 1, so this part closely approximates the
spectral projection Up_1jU, [271]' On the other hand, the remaining n — k + 1 eigenvalues

have absolute value at most O(y/A/d) (again by Lemma 16). The polynomial p maps these
values close to zero, so the error introduced by this part is small.

We now do this more formally. Let A, = US*U " denote the eigendecomposition of A,,
where ¥* = diag(0, A2, A3, ..., \,) . Observe that A and A, share the same eigenbasis, so the
matrix Ujp_qj from Definition 2 is the matrix consisting of the last k — 1 columns of U.

We write ¥, _ ;) for the (k—1) x (k—1) diagonal matrix consisting of the bottom k — 1
diagonal entries of X%, and X, for the (n — &k + 1) x (n — k + 1) diagonal matrix consisting
of the remaining (top) entries. We let Uyop denote the matrix formed by the first n — k + 1
columns of U.

With this notation, we can decompose

p(A*)Q = Up(z*)QUT = U[kfl]p(sz—u)QU[;_u + UtOPp(E:op)QUtTop' (2)



W. Wrzos-Kaminska

Recalling from Definition 2 that (f,, f,) = IIU[k—l}U[-};,”]lv, we can bound the error by

decomposing p(A4)? into the two terms in Equation (2):

|]l1—;,rp(A*)2]1'u - <fuafv>‘
= |1, Up(Z)°U "1, — 1, Upp—yyUp_q Lo

= | Lo Up—11P(Sfi— 1)) Upp—yy To + 1y UropP(Ziop) Usop Lo = Ly U1y U1y Lo

3)

=17 Upy, (p(Z[*kfl])Q - I,H) Uy Lo + 1] Uiopp(Siop) Uiy Lo

qu (P(E[*k—u)z_—’kfl) fo

IN

+ ]]-IUtopp (E:op)2 Ut—gp]]'U

Here the second equality follows by Equation (2), and the last inequality follows by the
triangle inequality and the identity f, = U[—,gfl]lu.

We now bound the first summand in Equation (3). By Lemma 16 and the definition of
Efki 1] the  matrix 2[*;6, 1] is a diagonal matrix with entries in

[—kll -0 ( 2) ,— 5+ 0 (ﬁ)} Therefore, by Theorem 4, p(E[*kfl])2 is a diagonal

matrix with entries in [1 — 34,1 + 34]. Hence, p(ZE‘kfl])2 - Ik,lHQ < 30, so

1

1P = Ie1) fo L3 ullalfolls < s (4)

< Wfullo || (PEHc)? = Tt ) £

where the last inequality follows by Lemma 21 and the assumption that J is a sufficiently
small constant.

We now bound the second summand in Equation (3). The matrix Utopp(Et*Op)zUtEp is
positive semidefinite, and therefore

|]]'1TUt0Pp(E:Op)2Ut—gp ]lv| < ]]'IUtOPp(E:Op)QUt—gp]]'U + ]lIUtopp(E:op)QUtzp]lv
2 2 + \2 2
= Hp (EZOp) ’ 9 HUt—lc—)pluHQ +|p (Etop) 9 HUt—c:plsz
=2 Hp (ZIOP)Q‘ 2’

where the last inequality uses that ||Utzp]lw||§ <|UT1y]12 = |14]]2 =1 for all w € V.

By Lemma 16 and the definition of X, , the matrix 3§,
bounded in absolute value by O(1/A/d) Therefore, by Theorem 4, )

the second summand in Equation (3) can be bounded as

is a diagonal matrix with entries
P (Z* )2H <n~2 So
2

top

L Uionp(Zip) Uity 1| < 2]|p (k)| < 2072 < o5 (5)
Combining Equation (3), Equation (4) and Equation (5) gives the claim. <

The following lemma shows that the quantity computed by Algorithm 2 has expected
value 1] p(4,)%1, = 3, , creo (AL L, AVL,).

» Lemma 24. For every u,v € V,

/ 1 - —
VAeglu]Aeeo) (D720, D7 L) = ) = (AL, AL,

m
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Proof. We start by relating the left-hand side to (A*1,, A*1,). From the definition of
M =AD'and A= D~'Y/2AD~1/2  for every t, it holds that M* = D'/2A*D~1/2_ Therefore,

(D~12M'1,, DTV MY L,) = 1] (MY) T DM
_ , - ,
= ]lID*1/2(At)TDl/zDﬂDl/zAt D71/21U _ (D—l/z]lu) (At)TAt Dq/g]lv
(At1,, A¥'1,)
deg(u)/deg(v)

Next, we relate this to (A1,, A”1,). Recall from Observation 9 that e; = D221 Gince

N - * V2m
Aey = €1, we have Al = (A — ele]—)t = A* —eje] for every t > 1. Therefore,
<Ai]lu7 leil]lv> < > - <€17 ]lu><€1, ]1v>
1., D'/?1)(1,, DY/?1
2m
<A ]]_ At > VvV deg(u) V deg(v)
2m ’

Combining Equation (6) and Equation (7) gives the lemma. <

To prove Lemma 10, we need to argue that we can estimate the quantity
Vdeg(u)y/deg(v) X2, s crew <<D_1/2Mt]lu, D‘l/QMt,]lU> - ﬁ) to a sufficiently high pre-
cision. We will argue this on a term-by-term basis, using the collision counting result stated
in Lemma 25.

» Lemma 25 (Weighted Collision Counting). Let p,q be two distributions p,q € R™, let
€ € (0,1) be the desired precision and let ¢ € (0,1) be the desired failure probability. Let
Wi,y - Wy € (0, Wiax) and let W = diag(wy, . .. w,). One can estimate p" Wq up to precision
€ - wmax (|IPI13 + N|¢l13) with success probability 1 — ¢ using r = 5¢~2¢ (||pl13 + |lql13) /2
samples from each of p and q. That is, it is possible to compute Z € R such that

Pr[lp"Wq— 2] > & wmax ([lp]13 + llgl3)] < ¢

The proof of Lemma 25 is a standard collision counting argument, and is included in the full
version.

We will apply Lemma 25 to the distributions p = M*1, and ¢ = M* 1,, and the weight
matrix W = D!, Since both the error and the sample complexity in Lemma 25 depend on
llpll2 = || M?1,]|2, we need to bound the norm ||[M*1,]|> for u € V' \ B. This is achieved by
Lemma 26 below.

Clogn

» Lemma 26. Let C be a sufficiently large constant, and let t > Toa(d\ -

ueV\B,

_ 1 1
AL, 3=0(- M1,)5=0(-).
iAngg=e(5)  ea rng-o(;)

Proof. Recall that 1 = \; > --- > \,, denotes the eigenvalues of A, and ey, ...e, denotes
the corresponding eigenvectors. We have

Ilu,D d
HAt]]- H2 _ Z}\Qt u7€z>2 < Z)\% s z 2 _ eg +Z )\21& u;ez 8)

i=1

Then for every
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o 1/2 .-
where the second transition uses \y = 1 and e; = D\/Tn}’ and the last transition uses

(1,,D'Y?1)? = deg(u). By Observation 15, m = O(nd) and by the model assumption
(Definition 6), deg(u) = ©2(d). Since every term in Equation (8) is non-negative, this gives
||At]l H2 deg(u) =0 (%)

We now prove that ||A'1,]|3 = O(1/n). By Lemma 16, for every i € [2,n — k + 1],

[Ai| < C'\/A/d, for some constant C’. By the assumption that C is sufficiently large, we can

2t
C'logn logn . . _ . .
assume that t > log&%) > log(\/ofT/C’ This gives A2 < (C" /)\/d) < n~2. Substituting

this into Equation (8) gives

n—k+1 n

- d
HAt]luH% _ eg( + Z )\2t u’el Z )\?t<]1uaei>2
i=n—k+2
d
eg + 72 Z u;el + Z )\;2t<]1u7ei>2
n i=n—k+2
deg(u) 2 2
< o + ¥H1u||2 + 1 full2

| —

o(5)-

Here, the last transition uses that || f,||3 = O(1/n) by Lemma 21, since u € V' \ B, and that
deg(u) < d and m = Q(nd), by Observation 15.

The guarantee on ||M*'1,||? follows from M*'1, = DY2A*D~'/21,, together with the
assumption that deg(v) = ©(d) for all v € V' (see Observation 15). <

3

We are now ready to prove the correctness of SPECTRALDOTPRODUCT(Lemma 10).

Proof of Lemma 10. Let C be a sufficiently large constant, let 6 > 0 be a sufficiently small

constant. Let tmin = 1105(,1;;%\“ and let p(x) = x'ming(z) be the polynomial from Theorem 4

applied with parameters §,C and t = ty;,. Let tA = degg = O (w/)\/dlogn>. For a

sufficiently large constant k, let

r = ry/n - (max |coeff(p)|)*(ta + 1)°. (9)

By Theorem 4, max |coeff (p)| = no(“’g(‘li“)), sor=0 (\/ﬁ : no(l‘)gé/*))

We now show that with probability at least 0.9, the quantity computed by the algorithm
approximates ), ,, ¢, ¢y (A1, A1) = (p(A,) 1., p(A,)1,) to a high precision.

> Claim 27. With probability at least 0.9, it holds that

V/deg(u)y/deg(v) > erer (<D‘”%LD‘”%Z> - 21) — (p(A) L, p(A) L) < i%.

m
t,t

Proof. Fix t,t' € [tmin, tmin + ta]. Set p = M'1,, q = M¥1, and W = D~! in Lemma 25.

Then p"Wq = (D72M'1,, D7/2M"1,) and [p[3 + llal3 = |M'L.|3 + |M"1,]3 =
O (1/n), where the last equality follows by Lemma 26. Therefore, applying Lemma 25 with
Wmax = O(1/d) , ¢ = (tffﬁ)?v &= m for a sufﬁciently small constant ~y, and r as in

Equation (9), we get that with probability at least 1 — =<7, it holds that

(ta +1)

! ’ 1 k
D~ 1/2At D 1/2 4t > o D71/2Mt]].,‘ D71/2Mt 1 < L
‘< b)) = w o] = 160|ct|[ce|(ta +1)2  dn
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By taking a union bound over the (ta + 1)? possible pairs of ¢, € [tmin, tmin + ta], We get

, , k
3w (<D—1/2ﬁ;,D—1/2ﬁg> — (DY)t D7V M L,)) < — | >009. (10)
< 160dn

From Lemma 24, we have

thct’ (< I/QﬁfLaD_l/Q L

t,t

=> cer (< —2pl, DTV > ;) — Y cew ((Dl/QMt]lu,Dl/QMf']lv> — 1)

D—I/QJ\/[t]l D—l/QMt >)

tt tt! 2m

Z CtCyr <Ai]1u7 Ai/ ]lv>

1
— Crey D*l/?ﬁt 1/2 At ) _
%; o (< v/ deg(u)y/deg(v) £

/ 1 1
=" e ( D=2, DT ) — ) P(A) L, (A1)
%; < > 2m V/deg(u)+/deg(v)
Combining with Equation (10) gives the claim. <

Finally, by Lemma 23, since u,v € V' \ B, we have

(L) Ly ALY = (fas £)] < g5 (1)

Combining Claim 27 and Equation (11) gives

Pr ||[SPECTRALDOTPRODUCT (u, v) — {fu, fo)| < 30N

Running time. The running time of SPECTRALDOTPRODUCT is dominated by the 2(ta +
1) = O(1) calls to RANDOMWALKS (Algorithm 1) in lines 5-6, and the (ta 4+1)2 = O(1) inner
product computations in line 8. Each call to RANDOMWALKS(r, £, -) takes time O(t-r) = O(r)
and returns a vector Pt of support at most 7. Then, each of the inner product computations
(D=12pt  D='/2p'Y in line 8 can be performed in time

O (min {Jsupp(D~Y/23,)|, jsupp(D /251 } ) = O(r)

by computing Zwesupp(ﬁt)msupp(ﬁtr)ﬁi(w)ﬁf}/(w)/deg(w). So the overall running time is
5(7’) = 6 (n1/2+0(10g(11//\)>> . <«

5.3 Analysis of SpectralDistance (Proof of Lemma 11 and Corollary 12)

In this section, we prove Lemma 11 and Corollary 12. We start by proving Lemma 11.

Proof of Lemma 11. Let iy, = 5 - 10%logn denote the number of iterations in SPEC-
TRALDISTANCE (Algorithm 3). Let u,v € V '\ B. For every ¢ € [1,imax], each of the calls to
SPECTRALDOTPRODUCT in lines 2, 3, 4 succeeds with probability at least 0.9. Therefore,
by Lemma 10 and the union bound, with probability at least 0.7, it holds that
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1 fu = Follapesi = 1fu = ful3]
- |(||fu||apx7, + ”fUHszi - <fu7f'u>apx,i) - (HfUH% + HfUH% - 2<fu7fv>)’

L fallZps = Wfalla] + [ follapss = 1Foll3] + 21 Fus fodapxi = (fus fo)]

ok k2% ko
~80n  80n  80n  20n’

IN

Therefore, by a Chernoff bound, for each pair u,v € V' \ B,

il
where the last inequality follows from the setting ia.x = 5 - 106 logn. Taking a union bound

over all possible pairs of u,v € V' \ B (of which there are at most n?) gives the required
guarantee.

median (]| fu, — fv”ipx,i)_ufu foll

1€[1,imax]

k
> 2] < exp(—0.000250 05 ) < n 102,

Running time. By Lemma 10, each call to SPECTRALDOTPRODUCT takes time

1
O (n1/2+0(1°g<d/*>)>. Since the total number of calls to SPECTRALDOTPRODUCT is

O(logn) = O(1), we get the claimed running time. <
Next, we prove Corollary 12.

Proof of Corollary 12. Condition on the event that for all u,v € V'\ B,

k

|SPECTRALDISTANCE(u, v) — || fu — foll3] < S0
n

By Lemma 11, this happens with probability at least 1 —n =190, Suppose that x(u) = x(v) = i.
Then by the triangle inequality and Definition 19,

0.05k 0.2k
fu= Folle < = pilla + 110 = pil < 20525 = [225, (13)

By Equations (12) and (13), we get

SPECTRALDISTANCE(u, v) < |SPECTRALDISTANCE(u, v) — || fu — foll3| + |1fu — foll3
< 0.05k‘ O 2k k

- n n 4n’

Suppose instead that x(u) =i # x(v). Then by the triangle inequality and Definition 19,

0.05k 056k
6= £l > o= sl = 1= sl > % — [0 5 fO5 (14)

By Equation (12) and (14) we get

SPECTRALDISTANCE(u, v) > || fu — fu|3 — [SPECTRALDISTANCE(u,v) — || fu — full3]
0.56k  0.05k k
— > —.
n n 2
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5.4 Construction of the polynomial (Proof of Theorem 4)

In this section, we prove Theorem 4. More generally, we prove:

» Theorem 28. Let o € [—1,1] be a non-zero constant (independent of n), and let 6 > 0.
For every € > 0 smaller than a sufficiently small constant (depending on || and §), and

every 110(;1(?/:3 <t<O (1023(%76)), there exists a polynomial p of the form

p(x) = z'q(x)

where q is a polynomial of degree O(elogn) such that the coefficients of p are bounded in

absolute value by nOC‘*é(W) and

1. |p(z) —1] <6 forz € [a — €, + €]

2. |p(x)] <02 for |a] < e.

As a corollary of Theorem 28, we obtain Theorem 4.

Proof of Theorem 4. Immediate from Theorem 28 by setting o = (1;_11) and e = Cy/\/d.
<

For the rest of the section, we prove Theorem 28. Our polynomial builds on the polynomial
construction from [22], and we use the following two results.

» Theorem 29 (Theorem A.2 in [22]). Lett > 2, € € (0,0.1], d > 10et, and let

d

P(CC) = Z Tv (f)cv,e,t

v=0

be the polynomial obtained by taking the first d + 1 terms of the Chebyshev expansion of
(1 —ex)~" on [—1,1], where T, denotes the polynomial given by T,(cosf) = cos(vf). Then
max,<g |cpei| < 20060 and
SUP,e_1,1 [P(2) = (1 — ex) ™" = O(de™?).

> Claim 30 (Claim A.3 in [22]). There exists an absolute constant C' such that for every
€,t > 0 and every d > 10et, the maximum coefficient of the polynomial P (1*79”) is bounded

in absolute value by (1/€)°"¢, where P(y) denotes the degree d polynomial from Theorem 29.

Proof of Theorem 28. The main idea is to split the proof into the two cases € < ||/ logn,
in which case the polynomial p(z) = (z/a)! is already enough, and the case € > |a|/logn, in
which case we will use the polynomial from Theorem 29.

To keep the coefficients small enough in the first case, we choose ¢ ~ blgo(glr/l) rather than
t = logn, as in [22]. We then analyze the second case more carefully for this choice of ¢,
instead of relying directly on the analysis in [22].

First, we need to set up some parameters. Let Cog denote the hidden universal constant
in Theorem 29 such that sup,¢(_y 1) |P(z) — (1 —ex) ™| < Cogde™¢ for all €. Suppose that e
satisfies

log(1/c) > 12 C20/%) (15)

(this holds by the assumption that € is smaller than a sufficiently small constant). Let 7 > 10
be the constant such that

Tlogn

log(1/€)
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Additionally, define the constant

. log(Cao/9) _ log(Cho/9)
' ar T 40

(16)

k|l x|l

We now split the proof into the two cases € < Tog

r|al

Case 1.  Suppose € < Togn - Let p(x) = 2—1 Then clearly p is of the right form, and the only
non-zero coefficient of p is bounded in absolute value by

‘ 7 logn
1 1 log(1/¢€) 7 log(l/c) o) ( 1 )
= =n log(l/e) = n  <\log(l/e) R

| |

by the assumption that ¢t = lgglg’lg/z) for some constant 7.
We now verify Condition 1. By the assumption € < glgayll, we have
4et 4rel
S GTeosn by the definition of 7
la|  |allog(1/e)
< Arw by th tion ¢ < 2o
—_— e assumption €
~ log(1/e) Y P ~ logn
<94 by Equation (16) and Equation (15).
Therefore,
t 2t 41
max |p(z) —1|= max (—) —1| <exp =< < < <4
T€[a—€,a+€] z€[a—e,ate] |\ ‘Ck| ‘Ck|

Next, we verify Condition 2. We have

x\?t
(%)
10logn

where the third transition uses the assumption ¢ > Tog(1/6)” and the last transition holds for
n sufficiently large, using the assumption « is a constant independent of n.

_ (a') < exp (~tlog(lal/e) < n”,

max |p(z)| = max
z€[—€,€] z€[—e,€]

x|l

Case 2. Suppose € > Togn- Let P(x) be the polynomial from Theorem 29 applied with
10log(1l/e)et _ 10Telogn
o] - lor]
(%)t P (%) . We start by bounding the coefficients of p(z). By Claim 30 and the setting
of d, the coefficients of the polynomial q(x) := 2! P (1;‘) are bounded in absolute value by

(|oz|/e)03°'d = nOalelog(l/)) — Oa(1/108(1/6) wwhere C5q denotes the universal constant from

Claim 30. Since p(x) = g(z/a), the coefficients of p are bounded in absolute value by

error parameter ¢/|a| and d =

= O, (elogn), and let p(z) =

1 degp 1 t+d o N
max |coeff (p)| < | — - max |coeff(¢)] = [ — n o (w7
|al |al

1\ matrg + e O p—— N
< Tl nCe\we7a) = p%e et )|
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as required. We now prove that Condition 1 holds. We have

max |p(z) — 1]

w€la—c ot
07

= max
z€[a—e,a+e]

¢ — —t
< <1+6> max P(l x/a)_(m)
|OZ| T€[a—e,a+€] 6/‘0Z| [0}
t
< Cy9 - <1 + |€|> de™? by Theorem 29
a
t d
< Cyg - exp <6|> exp (—2) since x < /2 and 1+ x <e*
e
t
= Cy - exp <6| - 510g(1/e)6|t) by the setting d = 101log(1/¢)et/|c]
e e
< Cag - €xp (—4log(1/e)|6|t>
a
Tlogn Klal
<C -4 byt=———ande> —
< Cho oxp (—4n7) Y log(1/¢) anc.e = logn
=4 by setting & (16).

We now prove Condition 2. Since p has at most (d + 1) non-zero coefficients, we have

rr[lax | Ip(x)] < € - (d+ 1) - max |coeff(p)|
TreE|—€,€

< (L0logn/log(1/€) . ) (6 logn/\a|) . nOa(1/10g(1/€)) < n—10 . 5 . nOa(1/log(1/e)) < n—Q7

where the last inequality uses that e is smaller than a sufficiently small constant depending
on «a, so we can assume that the value of the exponent O, (1/1og(1/e€)) is at most 7. <

5.5 Putting everything together (Proof of Theorem 1)

We now combine Theorem 4, Lemma 11, Corollary 12 and Lemma 20 to obtain Theorem 1.

Proof of Theorem 1. The oracle runs the preprocessing algorithm FINDREPRESENTATIVES
(Algorithm 5) to obtain a set of & color representatives {c;};c[x). Then, for every query u,
the oracle returns COLOR(u, {¢; }ig[x))-

Let B be the set of bad vertices from Definition 19. We now show that with probability
at least 0.9, the oracle is correct on all vertices in V' \ B.

By Lemma 14, with probability at least 0.99, the output of FINDREPRESENTATIVES
is a valid set of color representatives (as per Definition 13). Claim 31 below shows that
conditioned on the success of FINDREPRESENTATIVES, the oracle COLOR(v, {¢; }ie[)) returns
the correct color (up to a permutation of colors) for every v € V' \ B:

> Claim 31. Suppose that {c;};c[x] is a set of color representatives (as per Definition 13).
Let 7 be the permutation such that 7(x(c;)) = ¢ for every ¢ € [k]. Then with probability at
least 1 —n~109 forallv e V\ B,

CoLor(v, {citie) = m(x(v)).
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Proof. Let v € V'\ B, and let ¢; be the color representative such that x(¢;) = x(v). Since
{¢;}jer) is a set of color representatives, by Definition 13, every c¢; belongs to a different
color class, and ¢; € V'\ B for all j € [k]. Therefore, by Corollary 12,

SPECTRALDISTANCE(v, ¢;) <

4n
and for all j # 1,
k
SPECTRALDISTANCE(v, ¢;) > o
n

In particular, arg min; SPECTRALDISTANCE(v, ¢;) = i. By definition of the permutation =,
we have i = w(x(¢;)) = 7(x(v)), so COLOR returns 7(x(v)) as claimed. <

Taking a union bound over the success of FINDREPRESENTATIVES and Claim 31, we get that
with probability at least 0.99 — n=100 > 0.9, every vertex in V' \ B is colored correctly (up to
a permutation of the colors). In that case, by Lemma 20,

[{v : CoLOR(v, {es biep) # (x(@)}] < |B < O <\/§ - n) .

Running time. The preprocessing stage runs FINDREPRESENTATIVES (Algorithm 5). By
Lemma 14, this has running time 6(n1/2+0(1/1°g(d//\))).

Each query is answered by COLOR (Algorithm 4), which calls SPECTRALDISTANCE
(Algorithm 3) k = O(1) times. By Lemma 11, this takes time O (n!/2+0(1/log(d/A)), <
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