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Abstract
It is well known that the spectral gap of the down-up walk over an n-partite simplicial complex (also
known as Glauber dynamics) cannot be better than O(1/n) due to natural obstructions such as
coboundaries. We study an alternative random walk over partite simplicial complexes known as
the sequential sweep or the systematic scan Glauber dynamics: Whereas the down-up walk at each
step selects a random coordinate and updates it based on the remaining coordinates, the sequential
sweep goes through each of the coordinates one by one in a deterministic order and applies the same
update operation. It is natural, thus, to compare n-steps of the down-up walk with a single step of
the sequential sweep. Interestingly, while the spectral gap of the n-th power of the down-up walk is
still bounded from above by a constant, under a strong enough local spectral assumption (in the
sense of Gur, Lifschitz, Liu, STOC 2022) we can show that the spectral gap of this walk can be
arbitrarily close to 1. We also study other isoperimetric inequalities for these walks, and show that
under the assumptions of local entropy contraction (related to the considerations of Gur, Lifschitz,
Liu), these walks satisfy an entropy contraction inequality. Concretely, we generalize a result of
Lubetzky, Lubotzky, and Parzanchevski (Journal of the EMS) about the rapid mixing of sequential
sweep in Ramanujan complexes to suitable high dimensional expanders.
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1 Introduction

Let Ω be a finite set of n-tuples, i.e. Ω ⊂ U1 × U2 × · · · × Un, where each Ui is a finite
set. Given a tuple ω ∈ Ω, for each i ∈ [n], the i-th update operation updatei(ω) returns a
uniformly random tuple from Ω that is conditioned to agree with ω everywhere except for
the i-th coordinate, i.e.

Pr
ω′∼Ω

[updatei(ω) = ω′] = Pr
ω′∼Ω

[
ω′ ∣∣ωj = ω′

j for all j ∈ [n] \ i
]
.

© Vedat Levi Alev and Ori Parzanchevski;
licensed under Creative Commons License CC-BY 4.0

Approximation, Randomization, and Combinatorial Optimization. Algorithms and Techniques
(APPROX/RANDOM 2026).
Editors: Mohit Singh and Tom Gur; Article No. 47; pp. 47:1–47:24

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:vedatalev@math.haifa.ac.il
https://orcid.org/0009-0008-0340-6029
mailto:parzan@math.huji.ac.il
https://orcid.org/0000-0003-1596-215X
https://doi.org/10.4230/LIPIcs.APPROX/RANDOM.2026.47
https://arxiv.org/abs/2312.02089
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


47:2 Sequential Sweeps and High Dimensional Expansion

The main object of study in this paper will be the random walk called sequential sweep Pseq

on the collection Ω, otherwise known as the systematic scan Glauber dynamics1 on Ω: A
single step of this dynamics moves between tuples by applying the n update operations in
sequential fashion, i.e. writing ω(t) for the tuple visited by this dynamics at step t, ω(t+1) is
the result of the following random update operations,

ω(t+1) = (updaten◦updaten−1◦· · ·◦update1)(ω(t)) = updaten(updaten−1(· · · (update1(ω(t))))).

It is easy to see that the stationary distribution for this random walk is the uniform
distribution on Ω.

It is instructive to compare Pseq with the the down-up walk Pgd on Ω also known as
the Glauber dynamics, which moves between tuples by first sampling a random coordinate
i ∈ [n] and then applying the operation updatei(•). In other words, Pseq can be thought as
simulating n successive steps of Pgd in which we condition the coordinate that is updated at
the i-th step to be i for all i ∈ [n].

1.1 HDX, Spectral Independence, and ε-products
We recall the notion of local-spectral expansion in (partite) simplicial complexes introduced
in [40, 23, 42, 51, 22, 4]. A (finite) simplicial complex of rank n is a collection of subsets
of size at most n of a finite set U , i.e. X ⊂

(
U

≤n

)
, which is closed under containment. X

is called partite, if we can partition U into n disjoint subsets U1, . . . , Un such that any set
from X of size n contains a unique element from each Ui – the sets Ui are called the sides of
the simplicial complex. In particular, each ω ∈ X with |ω| = n can be treated as a tuple
(ω1, . . . , ωn) where ωi ∈ Ui. We will write X(i) = {ω ∈ X : |ω| = i}. We will also write
ωS = (ωs)s∈S for all ω ∈ X(n).

The local structures in X, are described by its links. For a face α ∈ X, we describe the
weighted graph G(α) = (Vα, Eα, wα) as follows. We have,

Vα = {u ∈ U : α ∪ u ∈ X} and Eα =
{

uv ∈
(

U

2

)
: α ∪ {u, v} ∈ X

}
.

Every edge uv is assigned a weight based on the number of subsets in X of size n that contain
α ∪ {u, v}, i.e.

wα(uv) = |{ω ∈ X : |ω| = n, ω ⊃ α ∪ {u, v}}|.

Writing G(α) for the random walk matrix of G(α) also, we observe that λ2(G(α)) measures
an amortized notion of the correlation between the vertices in Vα. Formally, we say that the
simplicial complex X is a γ⃗ = (γ0, . . . , γn−2)-local spectral expander if for each α ∈ X with
|α| ≤ n − 2, we have λ2(G(α)) ≤ γ|α|. When n = 2, this notion is equivalent to the usual
notion of a spectral expander, [37, 44].

For our purposes an alternative but related notion of high-dimensional expansion in-
troduced in [34, 21] will be more useful to consider. Whereas, we have said that λ2(G(α))
measures an amortized notion of the correlation between vertices in Vα, we will be more
interested in measuring a worst case notion of the correlation between the vertices in Vα

which come from pre-specified parts Ui and Uj . Formally, we are interested in the second
eigenvalue of the following bipartite graph G

(α)
i,j = (V (α)

ij , E
(α)
ij , w

(α)
ij ) for each α ∈ X such

1 More precisely, n steps of the systematic scan dynamics is the walk we call sequential sweep here.
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that |α ∩ Ui| = |α ∩ Uj | = 0. In words, α can be thought as an assignment to a subset of
coordinates S ⊂ [n], such that {i, j} ̸∈ S. Here,

V
(α)

ij = {u ∈ Ui ∪ Uj : α ∪ u ∈ X} and E
(α)
ij = {uv : u ∈ Ui, v ∈ Uj , α ∪ {u, v} ∈ X}.

Similarly, we assign each edge uv a weight between the number of subsets in X of size n

containing α ∪ {u, v}, i.e.

w
(α)
ij (uv) =

∣∣∣{ω ∈ X(n) : |ω| = n, ωS = α, ωi = u, ωj = v
}∣∣∣,

where we have assumed that α to be a tuple with coordinates in S ⊂ [n], u ∈ Ui, and v ∈ Vj .
We will call the simplicial complex ε⃗ = (ε0, . . . , εn−2)-product if for all α and i, j we have
λ2(G(α)

i,j ) ≤ ε|α|. We observe, that the quantity λ2(G(α)
i,j ) ≤ ε|α| quantifies the correlation

between the i-th and j-th coordinate on an n-tuple drawn from X conditioned on agreeing
with α. We say X is completely ε-product if it is ε⃗ = (εi)n−2

i=0 -product where εi ≤ ε for all
i = 0, . . . , n − 2.

In [34] this definition was used in proving hypercontractive estimates for the noise operator
over simplicial complexes and in [21], it was used in the context of agreement testing. We
recall, that every strong enough local partite expander is also ε⃗-product [21, Corollary 7.6]:

▶ Theorem 1. Let X be an n-partite simplicial complex. If X is a γ⃗-local spectral expander
with γn−2 ≤ ε

(n−2)ε+1 , then X is also completely ε-product.

And also, recall the following rudimentary remark
▶ Remark 2. 2 Let X be an n-partite simplicial complex. If X is a γ⃗-local spectral expander
with γi ≤ εi

n−i−1 , then X is also (ε0, . . . , εn−2)-product.

More generally, we will consider the following bipartite graphs G
(α)
I,J = (V (α)

I,J , E
(α)
I,J , w

(α)
I,J )

given α ∈ X, and disjoint sets I and J such that |α ∩ Uk| = 0 for all k ∈ I ∪ J . Similarly, we
are thinking of α as a partial assignment to a subset of the coordinates of an n-tuple which
do not assign anything to the coordinates in I or J . Here,

VI,J =
{

ωI ∈
∏
i∈I

Ui : α ∪ ωI ∈ X

}
∪

ωJ ∈
∏
j∈J

Uj : α ∪ ωJ ∈ X

,

and

EI,J =

ωIωJ : ωI ∈
∏
i∈I

, ωJ ∈
∏
j∈I

, α ∪ ωI ∪ ωJ ∈ X

,

and assign a weight on each edge ωIωJ ∈ EI,J based on the number of subsets in X of size
n that contain α ∪ {u, v}, i.e.

w
(α)
I,J (ωIωJ) =

∣∣∣{ω̄ ∈ X(n) : ω̄S = α, ω̄I = ωI , ω̄S = ωS

}∣∣∣.
where we have assumed α to be a partial assignment to the coordinates in S. Similarly to
before, λ2(G(α)

I,J ) is a measure of correlation between the coordinates on I and the coordinates
in J .

In [21, 34], the following bound is shown,

▶ Theorem 3. If X is an n-partite simplicial complex with parts U1, . . . , Un which is ε⃗-
product (where εi ≤ ε for all i = 0, . . . , n − 2), then for all α satisfying |α ∩ Uk| = 0 for
k ∈ I ∪ J , we have λ2(G(α)

I,J)2 ≤ |I||J | · ε2.

2 We will prove this observation formally.

APPROX/RANDOM 2026



47:4 Sequential Sweeps and High Dimensional Expansion

1.2 Results and Techniques
Let X be an n-partite simplicial complex. We write,

εI→J := εI→J
X = max

{
λ2(G(α)

I,J) : α is an assignment to the coordinates in [n] \ (I ∪ J)
}

.

In particular, εI→J quantifies the maximum correlation between the coordinates in I and J

from an n-tuple drawn from X given any assignment α to the coordinates in (I ∪ J)c.
We have,

▶ Theorem 4 (Informal Version of Theorem 25). Let X be an n-partite simplicial complex.
We have,

σ2(Pseq)2 ≤ 1 −
n∏

j=2
(1 − (ε[j−1]→j)2),

where σ2(•) denotes the second largest singular value of •.
In particular, writing gap(•) = 1 − σ2(•), we have

gap(Pseq) ≥ 1 −

√√√√1 −
n∏

j=2
(1 − (ε[j−1]→j)2).

We also give an improved version of Theorem 3,

▶ Theorem 5 (Simplified Version of Theorem 30). Let (X, π) be an n-partite simplicial complex
where π is ε⃗-product. For any assignment α to S ⊂ [n] such that S ∩ [j] = ∅, we have,

σ2(G(α)
{j},[j−1])

2 ≤ 1 −
j−2∏
q=0

(1 − ε2
|α|+q)

In particular, we have

(εj→[j−1])2 ≤ 1 −
j−1∏
q=0

(1 − ε2
n−j+q)

In the full version of our paper, we study the expansion parameters εj→[j−1] in Ramanujan
complexes of thickness p. We summarize our results for these complexes below in the following
theorem.3

▶ Theorem 6. Let X be a Ramanujan complex of thickness p and dimension (d − 1). We
have,(

ε[0,j−1]→j
)2

= 1
p + 1

(
1 − Θ

(
p−j
))

and
(

ε[0,...,d−2]→d−1
)2

= 1
p + 1 ·

(
1 − Θ

(
p−j
))

(1)

for all j = 1, . . . , d − 2. Consequently,

σ2
(
Pseq

)2 ≤ d + 1
p

− O

(
d2

p2

)
where N is the number of vertices in X.

3 Recall that a Ramanujan complex of dimension d − 1 is a d-partite simplicial complex where the colors
are named from 0 to d − 1.
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We note that the expansion parameters in Equation (1) are computed exactly and they do
not suffer the co-dimension dependent blowups from Theorem 5, which would replace the
RHS of the expansion parameters in Equation (1) with roughly (j − 1)/p and (d − 1)/(p + 1),
compare with Theorem 3. While our techniques fall short of recovering the optimal mixing
results of [46], we hope our techniques will find further applications in the study of spectral
expansion of Ramanujan complexes. We note that our spectral bound does not follow from the
spectral techniques of [46] as this work concerns itself with spectral radii of non-backtracking
operators, which in our context do not neatly translate into a bound on the singular values.

We note that Theorem 4 is proven using geometric considerations. For each I ⊂ [n], we
define the subspace UI ⊂ RX(n) as

UI = span
{

f ∈ RX(n)
: f(ω) = f(ω̄) for all ω, ω̄ ∈ X(n) such that ω[n]\I = ω̄[n]\I

}
and we will write QI = Proj(UI) for the orthogonal projection to UI . It is well known
that Pseq = Q{1} · · · Q{n}, e.g. see [6]. We recall that the cosine between two subspaces
U , V ∈ RX(n) is defined as,

cos(U , V) = max
{

⟨u, v⟩π : u ∈ U ∩ (U ∩ V)⊥, v ∈ (U ∩ V)⊥, ∥u∥π = ∥v∥π = 1
}

,

Similarly, sin2(U , V) = 1 − cos2(U , V). Now, we can follow in the footsteps of [6], who has
proven estimates on the spectral gap of the sequential sweep in the Gaussian setting, by
appealing to the following theorem:

▶ Theorem 7 ([59]). Let Q1, . . . , Qp ∈ RΩ×Ω be projection operators to sub-spaces U1, . . . , Up.
Set Vj =

⋂j
i=1 Ui. Writing Q⋆ for the projection to Vp, we have

∥Q1 · · · Qpf − Q⋆f∥2 ≤

1 −
p∏

j=2
sin2(Uj , Vj−1)

 · ∥f − Q⋆f∥2
.

Now, Theorem 4 follows from the following geometric interpretation of εI→J :

▶ Theorem 8 (Informal Version of Theorem 29 and Proposition 27). Let X be an n-partite
simplicial complex I, J ⊂ [n] such that I ∩ J = ∅. Under suitable assumptions,

cos(UI , UJ) ≤ εI→J and
⋂
i∈I

Ui = UI .

We also show an analog of Theorem 4 for contraction in relative entropy: We recall that the
KL-divergence between the distributions µ and π is defined as D(µ ∥ π) = Ex∼π

[
µ(x)
π(x) log µ(x)

π(x)

]
.

The entropy contraction factor ec(P) of the random walk operator P ∈ RV ×V with stationary
measure π is defined as,

ec(P) = 1− κ(P) where κ(P) = sup
{

D(µP ∥ π)
D(µ ∥ π) : µ is a probability distribution on V

}
.

We define the following entropy contraction parameters,

ηI→J = 1−κI→J where κI→J = sup
{

D(µ · G
(α)
I,J ∥ π

(α)
J )

D(µ ∥ π
(α)
I )

: α ∈ X[(I ∪ J)c] and µ ∈ △Xα[I]

}

where we have overloaded the notation G
(α)
I,J to mean the random walk from the part of V

(α)
I,J

that describes the transition from assignments of I to assignments of J , and π
(α)
I and π

(α)
J

are uniform distributions the assignments of I and assignments of J respectively.

APPROX/RANDOM 2026



47:6 Sequential Sweeps and High Dimensional Expansion

In the full version of our paper, we prove

▶ Theorem 9. Let X be an n-partite simplicial complex. Then,

ec(Pseq) ≥
n−1∏
j=1

η[j+1,n]→j . (2)

In particular, writing π for the uniform distribution on X(n) we have

D(µPseq ∥ π) ≤ (1 − ec(Pseq)) · D(µ ∥ π).

The proof of Theorem 9 follows from an inductive argument. Our key observation is that
conditional on the 1-st coordinate equalling any given value x, the distribution of µPseq on
the remaining coordinates in [2, . . . , n] can be thought as the distribution resulting from a
sequential sweep in a smaller complex Xx with faces (ω2, . . . , ωn) such that (x, ω2, . . . , ωn) is
a facet of X. The proof is then completed using the well-known Garland method [30] and the
chain-rule for KL divergences. There is one interesting twist: usually the Garland method
considers the localizations of functions, which need not be normalized. Applying the Garland
method to distributions, requires understanding how the localized/pinned distributions
interplay with the graphs G

(α)
I,J . To the best of our knowledge, this is where our proofs differ

from existing local-to-global arguments of [4, 17, 33, 5]. We hope our proof techniques will
find more applications in the future.

We note that both ec(Pseq) and gap(Pseq) are useful tools for bounding the mixing time
T (Pseq) of the random walk Pseq, i.e. the number of steps one needs to take to come within
small, say 0.01, distance of the uniform distribution. We have,

T (Pseq) ≲

⌈
log
(
|X(n)|

)
log
(
1/σ2(Pseq)

)⌉ ≲

⌈
log(|X(n)|)
gap(Pseq)

⌉
,

T (Pseq) ≲

⌈
log log(|X(n)|)

log(1/(1 − ec(Pseq)))

⌉
≲

⌈
log log

(
|X(n)|

)
ec(Pseq)

⌉

When gap(Pseq) and ec(Pseq) tend to 1, the first bound in each inequality is significantly
sharper than the second. However, as they get closer and closer to 0, the latter inequalities
are essentially lossless. In particular, when gap(Pseq) and ec(Pseq) are of the same order,
the bounds one obtains through ec(Pseq) are typically much sharper, though typically this
constant is much more troublesome to bound.

▶ Remark 10. We note that our proof technique for Theorem 9 is general enough to
prove contraction estimates for Pseq with respect to general Φ-divergences, DΦ(µ ∥ π) =
Eω∼π

[
Φ
(

µ(ω)
π(ω)

)]
for convex Φ, assuming that G

(α)
[j+1,n],{j} contract Φ-divergences. In par-

ticular, we could give an alternative proof for Theorem 4 by setting Φ(t) = (t − 1)2 and
adapting the proof of Theorem 9.4 We will refrain from taking this route and carrying this
out explicitly, as we believe that proving Theorem 4 through Theorem 7 better highlights the
geometric nature of this result. We refer to [16, 14, 56] for more information on Φ-divergences
and the closely related Φ-entropies, and inequalities for Φ-divergence contraction called
generalized data-processing inequalities.

4 This would correspond to the so-called χ2-divergence. The bound by which a random walk contracts
the χ2 divergence is well understood to correspond to the (square of the) second singular value.
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1.3 Related Work
A similar proof strategy in proving a spectral gap bound for the sequential sweep in the
Gaussian setting was employed by [6] – there he shows that the cosine of the angle between
subspaces can be bounded in terms of the covariance matrix of the underlying Gaussian
distribution, which is where our analysis diverges from his. We rely on the Garland method [30]
to bound these values, which has been a staple in high-dimensional expansion literature,
e.g. [51, 52, 42, 22, 4, 53, 54]. In particular, there is a non-trivial overlap between our
techniques and the ones employed in [49, 50, 53, 54, 31]. Similar considerations about angles
between subspaces have also been investigated in the context of Kazhdan constants and the
property (T), e.g. [43, 27, 39].

Our work is close in spirit to [46] which study a non-stuttering version of the sequential
sweep Pseq in Ramanujan complexes, called the geodesic flow. The main result of [46] is
that for these geodesic flows on Ramanujan complexes, the total-variation mixing time is
as small as possible up to an additive logarithmic constant. Namely, a k-regular flow on n

states achieves ϵ-mixing after only logk(n) + O(log log(n)) steps. In fact, this result holds for
a larger class of walks on so-called Ramanujan digraphs [55]. While we cannot recover this
result, our results hold in much greater generality without assumption of Ramanujanness,
and also show that in suitable high-dimensional expanders the sequential sweep improves
upon down-up walks.

As already mentioned a significant amount of work has been done in investigating the
mixing properties of the down-up walk Pgd from considerations of high-dimensional expansion.
See for example, [40, 23, 42, 22, 4] for works investigating local-spectral expansion (and
variants) to get a bound on gap(Pgd). Most of the concrete applications of these results rely on
the spectral independence framework of [9, 28, 17] – we refer to the excellent lecture notes [60]
and the references therein for more on this subject. Similarly, the works of [19, 33, 18, 7, 8]
explore bounding ec(Pgd) based on considerations of local entropy contraction. Our bound
on ec(Pseq) is proven using similar ideas. There has also been some work in connecting these
concepts to classical Markov Chain techniques such as path coupling [1, 15], see e.g. [45, 12].

The random walks G
(α)
I,J that we have considered have also been studied in the works [21,

34], with applications in hypercontractivity and agreement testing. They are a natural
generalization of swap-walks which have been studied in [3, 21]. Their study have found
applications in approximation algorithms for constraint satisfaction problems [3], agreement
testing [21], coding theory [2, 38], and hypercontractivity [10, 11, 34].

Although the sequential sweep Pseq is a very natural random sampling algorithm con-
siderably less is known about it and the results apply only in restricted and specialized
settings, e.g. [20, 25, 35, 26]. These results show mixing by considering what is known as the
Dobrushin matrix [24] whose entries give pessimistic estimates on the worst case dependencies
between the coordinates. In [36, 57] the impact of the order of the vertices for Pseq was
studied and shown that the mixing time of the walk crucially depends on the order of the
vertices. The relation between the relaxation time of Pseq and Pgd (with a given order) was
also subject of investigation in [32]. We refer the readers to the papers mentioned here and
the references therein for more on the topic of scan order and mixing time.

The sequence of updated coordinates in Pseq can be thought as the set of vertices visited
by a (deterministic) walk on the directed cyle Cn = ([n], E) initiated from the vertex 1. It is
now a natural idea to replace the directed circle with an arbitrary graph G = ([n], E) and
picking the updated vertices by means of a random walk on [n]. [5] shows that if G is a
two-sided spectral expander, the mixing time of this new walk is comparable to the mixing
time of Pgd under mild assumptions. Their techniques fall short of establishing a mixing

APPROX/RANDOM 2026



47:8 Sequential Sweeps and High Dimensional Expansion

time for the sequential sweep in blackbox fashion since the directed cycle has no two-sided
expansion. However, we observe that their result essentially translates an O(n log n) mixing
time for Pgd into an O( n log n

1−λ(G) ) mixing time for this new-walk. Observing that this mixing
time is roughly the cover time5 of the graph G, suggesting that a tighter analysis could
perhaps establish an O(1)-mixing time6 for our sweep7.

Finally, we mention the work [29], which proves worst case comparison theorems between
the sequential sweep Pseq and the Glauber dynamics Pgd, which shows that gap(Pseq) =
Ω(n−1) · gap(Pgd). They further give examples of complexes in which this bound is tight.
We note that our focus in this work are complexes where gap(Pseq) is significantly better
than gap(Pgd), thus our result can be thought as complementary to their result.

2 Preliminaries

2.1 Linear Algebra
Vectors and Inner Products
Given f , g ∈ RV , and a measure π on V such that π(x) > 0 for all x ∈ V , we use the
notations ⟨f , g⟩π and ∥f∥π to denote the inner-product and the norm with respect to the
distribution π, i.e.

⟨f , g⟩π = E
x∼π

f(x)g(x) =
∑
x∈V

π(x) · f(x)g(x) and ∥f∥2
π = ⟨f , f⟩π. (3)

Matrices and Eigenvalues
In this section, we will recall some results concerning eigenvalues and eigenvectors of matrices.

We will call a matrix B ∈ RU×V row-stochastic if all entries of B are non-negative and
all rows of B sum up to 1, i.e.

for all u ∈ U, v ∈ V B(u, v) ≥ 0 and B1 = 1.

The adjoint of the operator B ∈ RU×V , with respect to the inner-products defined by the
measures πU and πV on U and V , is the operator B∗ ∈ RV ×U satisfying

⟨f , Bg⟩πU
= ⟨B∗f , g⟩πV

for all f ∈ RU , g ∈ RV .

If U = V and πU = πV , the operator B is called self-adjoint when B∗ = B. If B is a
row-stochastic matrix, we will call B∗ the time-reversal of B with respect to πU , πV and say
that B is reversible if B = B∗. It is well known that the operator B∗ ∈ RV ×U is uniquely
determined by the choice of B ∈ RU×V and the inner-products defined by πU and πV (see
e.g. [58, p. 318]),

▶ Proposition 11. Let B ∈ RU×V be arbitrary. We write B∗ for the adjoint operator to B
with respect to the inner-products defined by the distributions πU and πV . Then,

B∗(y, x) = B(x, y) · πU (x)
πV (y) for all x ∈ U, y ∈ V.

5 The number of steps following which the random is expected to have visited all the vertices after being
initialized from an arbitrary vertex.

6 i.e. O(n) update steps
7 where we observe that the cover time of the directed cycle is n, which would correspond to a single

sweep
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We also recall the following standard fact which is an immediate consequence of Proposi-
tion 11,

▶ Proposition 12. If B ∈ RU,V is a row-stochastic matrix satisfying πU B = πV , then the
adjoint matrix B∗ with respect to πU , πV is also row-stochastic and satisfies πV B∗ = πU .

Throughout this paper, we will often deal with operators which are not self-adjoint, and
therefore we will need to deal with singular values. Given an operator B ∈ RV ×U we will
write σi(B) for the i-th largest singular value of B, i.e. we have σi(B) =

√
λi(B∗B).8 This

expression is well-defined since B∗B is positive-semi definite and therefore λi(B∗B) ≥ 0. We
recall the following facts,

▶ Proposition 13. Let B ∈ RU×V be a row-stochastic matrix satisfying πU B = πV . Then,
1. σ1(B) = 1,
2. σ2(B) =

max
{

⟨f , Bg⟩πU
: f ∈ RU , g ∈ RV , ∥f∥πU

= ∥g∥πV
= 1, ⟨f , 1U ⟩πU

= ⟨g, 1V ⟩πV
= 0
}

.

3. σ2(B) = max
{∥(B−1U πV )f∥πU

∥f−1V πV f∥πV

: f ∈ RV , ∥f − 1V πV f∥πV
̸= 0
}

A matrix Q ∈ RV ×V is called an orthogonal projection with respect to π if it is self
adjoint with respect to π, i.e. Q = Q∗ and it satisfies the equation Q2 = Q. We will say that
Q is the orthogonal projection operator to a subspace U ⊂ RV if the image im(Q) = QRV

equals U .
Finally, we will recall some results concerning the angles between subspaces and products

of projection matrices. Let U , V ⊂ RΩ equipped with the inner-product π. The cosine of the
angle between U and V is defined to be,

cos(U , V) = max
{

⟨u, v⟩π : u ∈ U ∩ (U ∩ V)⊥, v ∈ (U ∩ V)⊥, ∥u∥π = ∥v∥π = 1
}

, (4)

▶ Theorem 14 ([59]). Let Q1, . . . , Qp ∈ RΩ×Ω be projection operators to sub-spaces U1, . . . , Up.
Set Vj =

⋂j
i=1 Ui. Writing Q⋆ for the projection to Vp, we have

∥Q1 · · · Qpf − Q⋆f∥2
π ≤

1 −
p∏

j=2
sin2(Uj , Vj−1)

 · ∥f − Q⋆f∥2
π

where sin2(U , V) = 1 − cos2(U , V).

2.2 Probability Distributions and Relative Entropy
Let Ω be a finite set. We will write △Ω for the probability simplex with vertices Ω, i.e.

△Ω :=
{

µ : Ω → R≥0 :
∑
ω∈Ω

µ(ω) = 1
}

.

We will adopt the convention of treating elements of µ ∈ △Ω as row-vectors. For µ ∈ △Ω,
we will write supp(µ) = {ω ∈ Ω : µ(ω) > 0} for the support of µ. Throughout the paper, Ω
(or X) will always be a set of n-tuples for some n ≥ 1, i.e. there exists a finite sequence of
sets Ω1, . . . , Ωn such that Ω ⊂ Ω1 × · · · × Ωn. Given a set S ⊂ [n], we will write Ω[S] for the
projection of Ω to the coordinates in S, i.e.

8 Crucially, the i-th singular value always depends on the choice of the measures which define the adjoint
matrix. We will mostly deal with row-stochastic matrices that satisfy πU B = πV for some choice of
distributions πU , πV . The adjoint matrix B∗ is then defined with respect to these distributions.
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47:10 Sequential Sweeps and High Dimensional Expansion

Ω[S] = {(ωs)s∈S : (ω1, . . . , ωn) ∈ Ω}.

The S-marginal distribution of µ ∈ Ω is defined by,

µS(ωS) =
∑

ω̄∈Ω[Sc]

µ(ωS ⊕ ω̄) for all ωS ∈ Ω[S], (5)

where Sc = [n] \ S.
Let ωS ∈ ΩS . We will write ΩωS

and µ(ωS) for the ωS-pinning of Ω and µS , where

ΩωS
= {ω̄ ∈ Ω[Sc] : ωS ⊕ ω̄ ∈ Ω} and µ(ωS)(ω̄) = µ(ωS ⊕ ω̄)∑

ω̃∈Ω[Sc] µ(ωS ⊕ ω̃) , (6)

for all ωS ∈ Ω[S]. The following relation between the S-marginal µS and ωS-pinning is
immediate from the definitions. Let, S, T ⊂ [n] such that S ∩ T = ∅,

µ(ωS ⊕ ωT ) = µS(ωS) · µ
(ωS)
T (ωT ) (7)

We note that the statement of Equation (7) is a simple consequence of the law of conditional
probability (Bayes’ rule).

The Kullback-Leibler divergence D(µ ∥ ν) between distributions µ, ν ∈ △Ω is defined as,

D(µ ∥ ν) = E
x∼ν

[
µ(x)
ν(x) log µ(x)

ν(x)

]
(KL divergence)

where we have adopted the convention 0/0 = 1 and assumed supp(µ) ⊂ supp(ν).
It is a well-known fact that D(• ∥ •) is monotone-decreasing under the application of a

row-stochastic matrix,

▶ Lemma 15 (Data Processing Inequality). Let M ∈ RΩ×Ω′ be any row-stochastic operator.
Then, for any pair of distributions µ, ν ∈ ∆Ω we have,

D(µM ∥ νM) ≤ D(µ ∥ ν).

We also recall the following consequence of the chain-rule for the KL divergence,

▶ Lemma 16. Let n ≥ 0 finite sets Ω1, . . . , Ωn be given. Suppose the set Ω ⊂ Ω1 × · · · × Ωn

and the distribution µ ∈ △Ω are arbitrary. Then, writing Sc = [n] \ S, we have

D(µ ∥ ν) = D(µS ∥ νS) + E
ωS∼µS

D(µ(ωS)
Sc ∥ ν

(ωS)
Sc ).

2.3 Random Walks and Mixing Times
The mixing time T (ε, P) of the random walk operator P ∈ RV ×V is defined to be the least
time step where the distribution of the random walk is ε-close to the stationary distribution
π of P in the ℓ1 distance, i.e. π(t) for the distribution of the random walk after t-steps, we
have

T (ε, P) = min
{

t ∈ N≥0 : ∥π(t) − π∥ℓ1 ≤ ε
}

.

We will write A(x, •) for the x-th row of the matrix A. Recalling that the distribution of the
random walk P starting from x after t steps is given by π(t) = Pt(x, •), we formally define

T (ε, P) = min
{

t ∈ N≥0 : ∥Pt(x, •) − π⊤∥ℓ1 ≤ ε for all x ∈ V
}

. (mixing time)
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We define the spectral gap gap(P) of the random walk P ∈ RΩ×Ω with stationary
distribution π as,

gap(P) = 1 − σ2(P) (spectral gap)

The following mixing time bound is well-known, see for example [48, Proposition 1.12].

▶ Theorem 17 (Spectral Mixing Time Bound). Let P ∈ RV ×V be a random walk matrix P
with stationary distribution π. One has,

T (ε, P) ≤


log
((

ε ·
√

minx∈V π(x)
)−1

)
log(1/σ2(P))

 ≤


log
((

ε ·
√

minx∈V π(x)
)−1

)
gap(P)


where gap(P) is the spectral gap of the operator P.

The entropy contraction factor ec(P) of the random walk operator P with stationary
measure π is defined as,

ec(P) = 1 − κ(P) where κ(P) = sup
{

D(µP ∥ π)
D(µ ∥ π) : µ ∈ △Ω

}
(entropy contraction factor)

Then, the following estimate can be used to bound the mixing time, see for example [13,
Lemma 2.4],

▶ Theorem 18. Let P ∈ RV ×V be a random walk operator P with stationary distribution π.
One has,

T (ε, P) ≤ C

ec(P) · log log 1
ε · minx∈V π(x) ,

where ec(P) is the entropy contraction factor of P and C is a universal constant independent
of (P, π).

2.4 (Partite) Simplicial Complexes
A simplicial complex is a downward closed collection of subsets of a finite set U . Formally,
X ⊂ 2U and whenever β ∈ X for all α ⊂ β we have α ∈ X. The rank of a face α is |α|.
Given some j, we will adopt the notation X(j) to refer to the collection faces of X of rank j

and the notation X(≤j) to refer to the collection of faces of X of rank at most j, i.e.

X(j) := X ∩
(

U

j

)
and X(≤j) :=

j⋃
i=0

X(i).

We say X is a simplicial complex of rank n if the largest rank of any face α ∈ X is n. We
note that by definition X(0) = {∅}.

We say that a simplicial complex X of rank n is pure, if any face α ∈ X(j) for any j < n

is contained in another face β ∈ X(n). Equivalently, in a pure simplicial complex the only
inclusion maximal faces are those of maximal rank. In this article, we will only deal with
pure simplicial complexes.

A rank-n pure simplicial complex X is called n-partite if we can partition X(1) into
disjoint sets X[1], . . . , X[n] such that

for all β ∈ X(n) and for all i = 1, . . . , n we have |β ∩ X[i]| = 1. (n-partiteness)
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47:12 Sequential Sweeps and High Dimensional Expansion

We will call the sets X[1], . . . , X[n] the sides of the complex X. Equivalently, every element
of a rank-n face β ∈ X[n] comes from a distinct side X[i]. We observe that a bipartite graph
is a 2-partite simplicial complex.

To keep our nomenclature simple, we will simply refer to a pure n-partite simplicial
complex of rank n as an n-partite simplicial complex, i.e. we will not consider n-partite
complexes which are not pure.

For a face α ∈ X we introduce the notation, type(α) = {i ∈ [n] : α ∩ X[i] ̸= ∅} for the
type of the face α, i.e. the collection of sides of X that α intersects.

For any i ∈ [n] and β ∈ X(n) we will write βi ∈ X(1) for the unique element of β

satisfying {βi} = β ∩ X[i]. We will refer to βi as the i-th coordinate of β. We will also write
βT = {βt : t ∈ T} for all T ⊂ [n]. We extend this notation to arbitrary faces α ∈ X and
T ⊂ type(α). In keeping with the view that a face α ∈ X with type(α) = {t1, . . . , tk} can be
represented as a tuple (at1 , · · · , atk

), we will favour the notation α ⊕ α′ to denote the union
of two faces α, α′ ∈ X with type(α) ∩ type(α′) = ∅ over the usual notation α ∪ α′.

We observe that for facets β ∈ X(n), i.e. faces of maximal rank, we have type(β) = [n].
Given, α ∈ X we recall that the link Xα is defined as,

Xα = {(β \ α) ∈ X : β ∈ X, β ⊃ α}.

The following observation is immediate,

▶ Lemma 19. Let X be an n-partite simplicial complex with sides X[1], . . . , X[n] and
α ∈ X(j) for some j ∈ [0, n]. Then, the simplicial complex Xα is an (n − j)-partite simplicial
complex with sides Xα[j] := X[j] ∩ X

(1)
α for j ∈ [n] \ type(α).

For T ⊂ [n], we will also introduce the notation X[T ] to refer to all faces of X of type T ,
i.e. X[T ] = {α ∈ X : type(α) = T}.

2.5 Weighted Simplicial Complexes
A weighted simplicial complex (X, π) of rank n is a pure simplicial complex of rank n

where π := πn is a probablity distribution on X(n) with full support, i.e. π ∈ △X(n) and
supp(π) = X(n). For j ∈ [0, n − 1], we inductively define the probability distributions
πj : X(j) → R as

πj(α) = 1
j + 1

∑
β∈X[j+1],

β⊂α

πj+1(β). (8)

Following repeated applications of Equation (8), we obtain the following well-known result
(see, e.g. [4, Proposition 2.3.1])

▶ Proposition 20. Let (X, π) be a simplicial complex of rank n. For all 0 ≤ j ≤ k ≤ n and
α ∈ X(j), one has

πj(α) = 1(
k
j

) ∑
β⊃α,

β∈X(k)

πk(β).

Similarly, given a face α ∈ X(j), we define the distribution π(α) on X
(n−j)
α by conditioning π

on the containment of α. Consequently, we have

▶ Proposition 21. Let (X, π) be a simplicial complex of rank n. Let α ∈ X(j) and τ ∈ X
(ℓ)
α

be faces for some 0 ≤ ℓ ≤ j ≤ n. Then,

π
(α)
l (τ) = πj+ℓ(α ∪ τ)(

j+ℓ
ℓ

)
· πj(α)

.
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When (X, π) is an n-partite weighted simplicial complex, for any T ⊂ [n], we will define
πT as the marginal distribution of π on the coordinates in T according to Equation (5), i.e.

πT (ωT ) =
∑

ω̄∈X[T c]

π(ωT ⊕ ω̄).

Similarly, given any ωT ∈ X[T ], we define the weighting π(ωT ) on (XωT
, π(ωT )) according to

Equation (6). Thus,

π(ωT )(ω̄) = Pr
ω′∼π

[ω′
T c = ω̄ | ω′

T = ω̄] = π(ωT ⊕ ω̄)
πT (ωT ) for all ω̄ ∈ X[T c].

2.6 Update Operators and the Sequential Sweep

Let (X, π) be a pure, n-partite simplicial complex of rank n. We define the update operators
Q1, . . . , Qn ∈ RX(n)×X(n) as follows,

Qi(ω, ω′) = Pr
ω̄∼π

[
ω̄ = ω′ | ω̄ ⊃ ω[n]\i

]
= π

(ω[n]\i)
{i} (ω′

i). (9)

Thus, Qi can be thought as describing the random walk which makes a transition from
ω ∈ X(n) to a random state ω′ ∈ X(n) by only re-sampling the i-th coordinate from the
distribution π without changing the remaining coordinates, ω[n]\i.

Given an ordering s⃗ = (s(1), . . . , s(n)) of [n], we define the sequential sweep P(s⃗)
seq as the

random walk operator P(s⃗)
seq := Qs(1) · · · Qs(n), which updates the coordinates s(1), . . . , s(n)

sequentially one after the other. When s⃗ = (1, . . . , n), i.e. s⃗ is the canonical order of [n], we
will simply write Pseq := P(s⃗)

seq. We note that the weighting π of the simplicial complex is
stationary for Pseq, since πQi = π for all i = 1, . . . , n. Thus, πPseq = π.

Notice that we have, P∗
seq = (Q1 · · · Qn)∗ = Q∗

n · · · Q∗
1 = Qn · · · Q1. In particular the

random-walk Pseq is not necessarily reversible!
It has already been observed in [6, 53], that the update operators Qi are orthogonal

projections.

▶ Proposition 22. For all i = 1, . . . , n the operator Qi is an orthogonal projection to the
subspace,

Ui = span{uα : α ∈ X[1, · · · , i − 1, i + 1, · · · , n]},

where uα(ω) = 1[ω ⊃ α].

2.7 Colored Random Walks on Partite Simplicial Complexes

It will also be important to recall the colored random walks, introduced in [21, 34]. Let α ∈ X

be any given face of an n-partite weighted simplicial complex. Let I, J ⊂ [n] \ type(α) be two
disjoint sets, i.e. I ∩ J = ∅. We define the (I, J) colored random walk CI→J

α ∈ RXα[I]×Xα[J]

from Xα[I] to Xα[J ] by setting

CI→J
α (τI , τJ) = π

(α⊕τI )
J (τJ) = Pr

ω∼π
[ωJ = τJ | ωI = τI , ωtype(α) = α] (10)

for all τI ∈ Xα[I] and τJ ∈ Xα[J ].
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47:14 Sequential Sweeps and High Dimensional Expansion

Let I, J ⊂ [n] be two subsets satisfying I ∩ J = ∅. Suppose for some α ∈ X[(I ∪ J)c] the
marginal distributions π

(α)
I and π

(α)
J are independent, i.e. we have

π
(α)
I∪J(τI ⊕ τJ) = π

(α)
I (τI) · π

(α)
J (τJ) for all τI ∈ Xα[I], τJ ∈ Xα[J ].

It is easy to see, that in this case CI→J
α = 1π

(α)
J . In particular, we have9

σ2(CI→J
α ) = σ2(1π

(α)
J ) = 0 and D(µCI→J

α ∥ νCI→J
α ) = D(π(α)

J ∥ π
(α)
J ) = 0,

for all µ, ν ∈ △Xα[I]. We will consider relaxations of both statements to consider the prox-
imity of π

(α)
I and π

(α)
J to being product distributions. Thus, the (I, J) variance contraction

parameter εI→J is defined as,

εI→J := εI→J
(X,π) = max

α∈X[(I∪J)c]
σ2
(
CI→J

α

)
(11)

We also define, the related (I, J) entropy contraction parameter

ηI→J = 1−κI→J ; κI→J = sup
{

D(µCI→J
α ∥ π

(α)
J )

D(µ ∥ π
(α)
I )

: α ∈ X[(I ∪ J)c] and µ ∈ △Xα[I]

}
(12)

ε⃗-product distributions and εI→J

When dealing with the colored random walks CI→J
α an alternative notion of high-dimensional

expansion introduced in [34] proves more convenient: Let (X, π) be an n-partite simplicial
complex with parts X[1], · · · , X[n]. The distribution π is called ε-product if,

σ2(Ci→j
∅ ) ≤ ε for all i, j ∈ [n] where i ̸= j.

We extend this definition in the following manner: Let ε⃗ = (ε0, . . . , εn−2) and (X, π) be
an arbitrary n-partite simplicial complex. We say the distribution π is ε⃗-product if for all
α ∈ X(≤n−2) we have,

σ2(Ci→j
α ) ≤ ε|α| for all i, j ∈ [n] \ α where i ̸= j.

Equivalently, π is ε⃗-product if and only if π(α) is ε|α|-product for all α ∈ X(≤n−2). We recall
the following result of [21, Claim 7.10],

▶ Proposition 23. Let (X, π) be an n-partite simplicial complex in which every link Gα is
connected – equivalently, (X, π) is a one-sided γ⃗-local spectral expander where γi < 1 for all i.
Then, the bipartite graph G{i},{j} described by Ci→j

α is connected. In particular, there exists
a vector ε⃗ = (εi)n−2

i=0 such that εi < 1 for all i, for which the distribution π is ε⃗-product.

They also prove the following down-trickling result, [21, Corollary 7.6]

▶ Theorem 24. Let (X, π) be an n-partite simplicial complex all of whose links are connected.
Suppose γn−2(X, π) ≤ ε

(n−2)ε+1 . Then, for every α ∈ X(k) and every i, j ∈ [n] \ type(α), we
have σ2(Ci→j

α ) ≤ ε
kε+1 .

9 the first equality is the consequence of CI→J
α being a rank one matrix
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3 A Spectral Gap Bound for Pseq

Our main theorem in this section will be,

▶ Theorem 25. Let (X, π) be an n-partite simplicial complex, s⃗ = (s(1), . . . , s(n)) be any
ordering of [n], and the parameters εI→J be defined as in Equation (11) for all I, J ⊂ [n]
with I ∩ J = ∅. Then,

σ(P(s⃗)
seq)2 ≤ 1 −

n∏
j=2

(
1 − (εs([j−1])→s(j))2

)
,

where we have written S(A) = {s(a) : a ∈ S}. Equivalently,

gap(P(s⃗)
seq) ≥ 1 −

√√√√1 −
n∏

j=2

(
1 − (εs([j−1])→s(j))2

)
.

In particular, if π is ε⃗-product, we have

σ(P(s⃗)
seq)2 ≤ 1 −

n∏
j=2

j−2∏
p=0

(1 − ε2
p).

Equivalently,

gap(P(s⃗)
seq) ≥ 1 −

√√√√1 −
n∏

j=2

j−2∏
p=0

(1 − εp)2

In conjunction with Theorem 24, Theorem 25 immediately implies the following

▶ Corollary 26. Let (X, π) be a link-connected n-partite simplicial complex that is a γ⃗-local
spectral expander with γi ≤ ε/(n − 1 − i) (i.e. π ε⃗-product, with εi ≤ ε), then

σ2(Pseq) ≤ n · ε√
2

and gap(Pseq) ≥ 1 − n · ε√
2

.

If we have γn−2 ≤ ε
2n and all links of (X, π) are connected, then

σ2(Pseq) ≤ ε√
2

and gap(Pseq) ≥ 1 − ε√
2

.

For the second statement we note that Theorem 24 implies that we are completely ε/n

product assuming γn−2 ≤ ε/2n. In particular, the ε in the statement of Theorem 24 and
the ε above differ by a factor of n. The above corollary shows that for constant n, having
constant local spectral expansion guarentees that gap(Pseq) is close to 1 – thus it allows us
to conclude that Pseq mixes rapidly in the complexes of [47, 41].

We will prove Theorem 25 using Theorem 14. To be able apply Theorem 14, we will need
some preparatory work:
1. For all T ⊂ [n], we will characterize the intersections

⋂
t∈T Ut, where Ut are as defined in

Proposition 22, i.e. Ut = im(Qt). This will be done in Proposition 27.
2. We will get a bound on sin2(Up,

⋂
t∈T Ut) for all p ∈ [n] and T ⊂ [n] \ p in terms of the

parameters εI→J , defined in Equation (11). This will be done in Theorem 29.
3. We will get a bound on the parameters εI→J under the assumption that π is ε⃗-product.

This will be done in Theorem 30.
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We state these results now.

▶ Proposition 27. For (X, π) a weighted and link-connected n-partite simplicial complex.
Let U1, . . . , Un be as defined in Proposition 22. For all T ⊂ [n], we define

UT := span{uα : α ∈ X[T c]}.

Then, UT =
⋂

t∈T Ut.

▶ Remark 28. We have,

UI = span
{

f ∈ RX(n)
: f(ω) = f(ω̄) for all ω, ω̄ ∈ X(n) such that ω[n]\I = ω̄[n]\I

}
.

In particular, UI is the space of vectors f ∈ RX(n) whose entries are completely determined
by the coordinates in [n] \ I.

We note that a special case of this result was already proven in [53, Proposition 3.6]. We
will present a proof for Proposition 27, in Section 3.2.

Then, we show the geometric interpretation for the quantities εI→J as follows,

▶ Theorem 29. Let (X, π) be an n-partite simplicial complex. Let I, J ⊂ [n] be any pair of
disjoint sets, i.e. I ∩ J = ∅.

Then, cos(UI , UJ) ≤ εI→J , where the subspaces UI , UJ are as defined in Proposition 27
and the parameters εI→J are as defined in Equation (11).

We will prove Theorem 29 in Section 3.3.
Finally, we state our bound on the parameters εI→J ,

▶ Theorem 30. Let (X, π) be an n-partite simplicial complex where π is ε⃗-product. We have,

σ2(CI→J
α )2 ≤ 1−

|I|−1∏
p=0

|J|−1∏
q=0

(1−ε2
|α|+p+q) and thus (εI→J )2 ≤ 1−

|I|−1∏
p=0

|J|−1∏
j=0

(1−ε2
n−|I|−|J|+p+q) (13)

▶ Remark 31. Notice that the RHS of Equation (13) is always strictly smaller than 1 provided
that π is ε⃗-product with εi < 1 for all i = 0, . . . , n − 2. By Proposition 23, this is always the
case assuming all the links in (X, π) are connected.

We will present the proof for Theorem 30 in Section 3.1.
The proof of Theorem 25 is now immediate from Theorem 14.

3.1 Proof of Theorem 30

Proof of Theorem 30. If |I| = |J | = 1, then the RHS of Equation (13) equals ε|α| and thus
the statement follows since π is ε⃗-product. Suppose without loss of generality, that α = ∅
and |I| ≥ 2 where we have some fixed element i ∈ I. Write,

σ := max
x∈X[i]

σ2

(
C(I\i)→J

x

)
. (14)

Let F ∈ X[J ] → R satisfy ∥F ∥πJ
= 1, ⟨F , 1⟩πJ

= 0, and ∥CI→J
∅ F ∥πI

= σ2(CI→J
∅ ).
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Then,

σ2
(
CI→J
∅

)2 = ∥CI→J
∅ F ∥2

πI
= E

αI ∼πI

(
E

αJ ∼π
(αI )
J

F (αJ)
)2

,

= E
x∼π{i}

E
α′∼π

(x)
I\i

(
E

αJ ∼π
(x⊕α′)
J

F (αJ)
)2

,

= E
x∼π{i}

∥∥∥C(I\i)→J
x F x

∥∥∥2

π
(x)
I\i

,

≤ E
x∼π{i}

[∥∥F 1
x

∥∥2
π

(x)
J

+ σ2(C(I\i)→J
x )2 ·

∥∥∥F ⊥1
x

∥∥∥2

π
(x)
J

]
,

= σ2 + (1 − σ2) · E
x∼π{i}

∥F 1
x∥2

π
(x)
J

where F 1
x = 1 · Eα F x(αJ\i). We note now for each i ∈ X[i],

∥∥F 1
x

∥∥2
πJ

=
(

E
αJ ∼π

(x)
J

F (αJ)
)2

= [Ci→J
∅ F ](x)2.

Thus, using that ⟨F , 1⟩πJ
= 0,

E
x∼π{1}

∥∥F 1
x

∥∥2
πJ

= ∥Ci→J
∅ F ∥2

π{i}
≤ σ2

(
Ci→J
∅

)2
.

Thus,

σ2
(
CI→J
∅

)2 ≤ 1 − (1 − σ2)(1 − σ2(Ci→J
∅ )2),

= 1 −
(

1 − σ2

(
CI\i→J

x⋆

)2
)(

1 − σ2
(
Ci→J
∅

)2)
. (15)

where x⋆ = arg maxx∈X[i] σ2(CI\i→J
x ).

Now, we first assume J = {j} and I = {i1, . . . , iℓ}, applying Equation (15) recursively,
we obtain

σ2(CI→{j}
∅ ) ≤ 1 − (1 − σ2(Ci1→j

∅ )2)
ℓ∏

p=k

(
1 − σ2

(
Cip→{j}

xi1 ⊕···⊕xip−1

)2
)

,

where

xi1 = x⋆, ω(p) = xi1 ⊕ · · · xip−1 , and xp = arg max
x∈Xω(p)[ip]

σ2

(
CI\{i1,...,ip}→{j}

xi1 ⊕···⊕xip−1 ⊕x

)
,

In particular using the ε⃗-product assumption,

σ2(CI→j
∅ )2 ≤ 1 −

|I|−1∏
p=0

(1 − ε2
p).

Now, by using CJ→i
∅ =

(
Ci→J
∅

)∗ and that σ2(B) = σ2(B∗) we have by the above

σ2(Ci→J
∅ )2 ≤ 1 −

|J|−1∏
p=0

(1 − ε2
p). (16)
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Similarly, inserting Equation (16) inside Equation (15), we obtain

σ2
(
CI→J
∅

)2 ≤ 1 −
|J|−1∏
p=0

(1 − ε2
p) ·
(

1 − σ2

(
CI\i→J

x⋆

)2
)

. (17)

Suppose I = {i1, . . . , iℓ} write xi1 = x⋆ and

ω(q) = xi1 ⊕ · · · xiq−1 , and xq = arg max
x∈Xω(q)[iq ]

σ2

(
CI\{i1,...,ip}→J

ω(q)⊕x

)
,

Applying Equation (17) repeatedly, we obtain

σ2(CI→J
∅ )2 ≤ 1 −

|J|−1∏
p=0

(1 − ε2
p)

 ·
|I|−1∏
q=1

(
1 − σ2

(
Ciq+1→J

xi1 ⊕···⊕xiq

)2
)

. (18)

By Equation (16), we have

σ2

(
Ciq+1→J

xi1 ⊕···⊕xiq

)2
≤ 1 −

|J|−1∏
p=0

(1 − ε2
q+p)

And inserting this in Equation (18), we obtain

σ2
(
CI→J
∅

)2 ≤ 1 −

|J|−1∏
p=0

(1 − ε2
p)

 ·

|J|−1∏
p=0

(1 − ε2
p+1)

 · · ·

|J|−1∏
p=0

(1 − ε2
p+|I|−1)

,

= 1 −
|I|−1∏
q=0

|I|−1∏
p=0

(1 − ε2
p+q). ◀

3.2 Proof of Proposition 27
Proof of Proposition 27. We proceed by induction on the number of elements in T . For
|T | = 1, the statement is clear. Thus, we assume that

UT =
⋂
t∈T

Ut for all T with |T | = ℓ.

Let t ∈ [n] \ T , and consider T ∪ {t}. First, fix any α ∈ X[[n] \ (T ∪ t)]. Then, note

uα =
∑

β∈X[[n]\T ],
β⊃α

uβ =
∑

β′∈X[1,...,t−1,t+1,...,n],
β′⊃α

uβ′ .

Thus, indeed: span{uα : α ∈ X[[n] \ (T ∪ t)]} = UT ∪t ⊂ UT ∩ Ut.

To show the reverse inclusion, we recall that a function f ∈ RX(n) is in UA if and only if
we have

f(ωA ⊕ ω[n]\A) = f(ω̃A ⊕ ω[n]\A)

for all ωA, ω̃A ∈ X[A] and ω[n]\A ∈ X[[n] \ A] such that ωA ⊕ ω[n]\A, ω̃A ⊕ ω[n]\A ∈ X(n).

i.e. the value of f is determined only by the coordinates in [n] \ A (qv. Remark 28).
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Suppose f ∈ UT ∩ Ut. We want to prove,

f(ωt ⊕ ωT ⊕ ω[n]\(T ∪t)) = f(ω̃t ⊕ ω̃T ⊕ ω[n]\(T ∪t)), (19)

for all ωt, ω̃t ∈ X[t], ωT , ω̃T ∈ X[T ] and ω[n]\(T ∪t) ∈ X[(T ∪ t)c] such that ωt ⊕ ωT ⊕
ω(T ∪t)c , ω̃t ⊕ ω̃T ⊕ ω(T ∪t)c ∈ X(n).

Since f ∈ Ut, we have,

f(ωt ⊕ ωT ⊕ ω[n]\(T ∪t)) = f(ω̃t ⊕ ωT ⊕ ω[n]\(T ∪t))

for all ωt, ω̃t ∈ X[t], ωT ∈ X[T ], and ω[n]\(T ∪t) ∈ X[[n] \ (T ∪ t)] such that ωt ⊕ ωT ⊕
ω[n]\(T ∪t), ω̃t ⊕ ωT ⊕ ω[n]\(T ∪t) ∈ X(n). Similarly, since f ∈ UT , we have,

f(ωt ⊕ ωT ⊕ ω[n]\(T ∪t)) = f(ωt ⊕ ω̃T ⊕ ω[n]\(T ∪t))

for all ωt ∈ X[t], ωT , ω̃T ∈ X[T ], and ω[n]\(T ∪t) ∈ X[[n] \ (T ∪ t)] such that ωt ⊕ ωT ⊕
ω[n]\(T ∪t), ωt ⊕ ω̃T ⊕ ω[n]\(T ∪t) ∈ X(n). Fixing ω[n]\(T ∪t), this means that Equation (19) is
satisfied by any pair (ωt ⊕ ωT , ω̃t ⊕ ω̃T ) which is connected by an edge in the line graph10

L(G(ω[n]\(T ∪t))
t,T ), where G

(ω[n]\(T ∪t))
t,T is the graph underyling Ct→T

ω[n]\(T ∪t)
. By Remark 31, since

the links of (X, π) are connected, so is the graph G
(ω[n]\(T ∪t))
t,T for any ω[n]\(T ∪t) ∈ X[[n]\(T ∪t)].

In particular, the graph L(G(ω[n]\(T ∪t))
t,T ) is connected, meaning any pair of ωt ⊕ ωT , ω̃t ⊕ ω̃T ∈

Xω[n]\(T ∪t) [T ∪ t] are connected by a path and therefore satisfy Equation (19). This allows us
to conclude f ∈ UT ∪t. ◀

3.3 Proof of Theorem 29
Proof. By Proposition 27 we have UI ∩ UJ = UI∪J and by Equation (4) we have,

cos(UI , UJ) = max
{

⟨h, g⟩π : ∥h∥π = ∥g∥π = 1 and g ∈ UI ∩ U⊥
I∪J , h ∈ UJ ∩ U⊥

I∪J

}
. (20)

Now, let h and g be the optimizers of the formula in Equation (20). For convenience we
introduce the functions G : X[[n] \ I] → R and H : X[[n] \ J ] → R where,

h :=
∑

α∈X[[n]\J]

H(α) · uα,

g :=
∑

ᾱ∈X[[n]\I]

G(ᾱ) · uᾱ.

where the vectors u• are as defined in Proposition 22, i.e. uτ (ω) = 1[ω ⊃ τ ] for all τ ∈ X.
We observe that both H and G have the same norm as h and g respectively.

▷ Claim 32. We have,

∥H∥π[n]\J
= ∥G∥π[n]\I

= 1.

Proof. Since the proofs are identical, we only prove the statement for H . By the orthogonality
of the collection u• we have,

∥h∥2
π =

∑
α∈X[[n]\J]

H2(α) · ∥uα∥2
π.

10 The line graph L(G) of a simple graph G is the graph L(G) = (E, E′) where ef ∈ E′ if |e ∩ f | = 1,
i.e. there is an edge ef ∈ E′ for any pair of distinct edges sharing an end point.
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Notice, for any α ∈ X[[n] \ J ],

∥uα∥2
π =

∑
β∈X(n),

β⊃α

π(β) = π[n]\J(α),

where we have used the definition of π[n]\J , i.e. Equation (5) for this equality.
In particular,

∥h∥2
π =

∑
α∈X[[n]\J]

H(α)2 · π[n]\J(α) = ∥H∥π[n]\J
.

Since h is picked as an optimizer to Equation (20), we have ∥H∥π[n]\J
= 1. ◁

Then, note

⟨h, g⟩π =
∑

α∈X[[n]\J]

∑
ᾱ∈X[[n]\I]

H(α)G(ᾱ) · ⟨uα, uᾱ⟩π,

=
∑

α∈X[[n]\J]

∑
ᾱ∈X[[n]\I]

H(α)G(ᾱ) · πn(α ∧ ᾱ).

where we define α ∧ ᾱ as ⊥11 if there exists some ℓ ∈ [n] \ (I ∪ J) such that αℓ ̸= (ᾱ)ℓ and
otherwise we have,

(α ∧ ᾱ)i =


αi if i ∈ I,

ᾱi if i ∈ J,

αi = (ᾱ)i if i ∈ [n] \ (I ∪ J)

In particular, since the (α, ᾱ)-term is only non-⊥ when α and ᾱ agree on the coordinates
[n]\(I∪J), we can localize this sum at the intersections α̃ ∈ X[[n]\(I∪J)]. In particular, writ-
ing H α̃(αI) = H(α̃⊕αI) and Gα̃(αJ ) = G(α̃⊕αJ ) for αI ∈ Xα̃[I] and αJ ∈ Xα̃[J ], we have

⟨h, g⟩π =
∑

α∈X[[n]\J]

∑
ᾱ∈X[ᾱ∈X[[n]\I]]

H(α)G(ᾱ) · πn(α ∧ ᾱ),

=
∑

α̃∈X[[n]\(I∪J)]

 ∑
αI ∈Xα̃[I]

∑
αJ ∈Xα̃[J]

H α̃(αI)Gα̃(αJ)π(αI ⊕ αJ ⊕ α̃)

,

=♦
∑

α̃∈X[[n]\(I∪J)]

π[n]\(I∪J)(α̃) ·

 ∑
αJ ∈Xα̃[J]

∑
αI ∈Xα̃[I]

H α̃(αI)Gα̃(αJ) · π
(α̃)
I∪J(αI ⊕ αJ).

,

= E
α̃∼π[n]\(I∪J)

〈
H α̃, CJ→I

α̃ Gα̃

〉
πα̃

I

(21)

where we have used Equation (7) to get the equality marked by (♦). To conclude, we observe
that both Gα̃ and H α̃ are perpendicular to the constant functions.

▷ Claim 33. For all α̃ ∈ X[[n] \ (I ∪ J)] we have,

⟨H α̃, 1⟩
π

(α̃)
I

= ⟨Gα̃, 1⟩
π

(α̃)
J

= 0.

▷ Claim 34. For any S, T ⊂ [n] with S ∩ T = ∅ and F : X[S ∪ T ] → R, we have

∥F ∥2
S∪T = E

α∼πT

∥F α∥2
π

(α)
S

.

11 in particular, π(α ∧ ᾱ) = 0
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Thus, we can continue upper-bounding Equation (21) as follows,

⟨h, g⟩π ≤ E
α̃∼π[n]\(I∪J)

[
σ2
(
CJ→I

α̃

)
· ∥H α̃∥

π
(α̃)
I

· ∥Gα̃∥
π

(α̃)
J

]
,

≤ E
α̃∼π[n]\(I∪J)

σ2
(
CJ→I

α̃

)
·

∥H α̃∥2
π

(α̃)
I

+ ∥Gα̃∥2
π

(α̃)
I

2

,

≤ εJ→I .

We now present the proofs of Claim 33 and Claim 34.

Proof of Claim 33. Let α̃ ∈ X[[n] \ (I ∪ J)] be fixed. Since the proofs will be identical we will
only prove the statement for H α̃. Since h is picked as an optimizer to Equation (20), we
have ⟨h, uα̃⟩π = 0. We also have,

⟨uα̃, h⟩π =
∑

α∈X[[n]\J]

H(α) · ⟨uα̃, uα⟩π =
∑

α∈X[[n]\J]

H(α) · ⟨1, uα⟩π · 1[α ⊃ α̃],

where we have used that supp(uα) ⊂ supp(uα̃) whenever α̃ ⊂ α. Thus, using ⟨1, uα⟩π =
π[n]\J(α) we can simplify the above into

0 =
∑

α∈X[[n]\J],
α⊃α̃

H(α) · π[n]\J(α).

Every α ∈ X[[n] \ J ] satisfying α ⊃ α̃ can be written as α = α̃ ⊕ αI for a unique choice of
αI ∈ Xα̃[I]. Thus, using H(α̃ ⊕ αI) = H α̃(αI), we obtain

0 =
∑

αI ∈Xα̃[I]

H α̃(αI) · π[n]\J(α̃ ⊕ αI) = π[n]\(I∪J)(α̃) ·
∑

αI ∈Xα̃[I]

H α̃(αI) · π
(α̃)
I (αI),

where the last inequality is through Equation (7). The theorem then follows by noting that
the term on the RHS is a multiple of ⟨H α̃, 1⟩

π
(α̃)
I

. ◁

Proof Claim 34. We have,

∥F ∥2
πS∪T

=
∑

α∈X[S∪T ]

F (α)2 · πS∪T (α),

=
∑

α∈X[S∪T ]

πS(αS)π(αS)
T (αT )F αS

(αT )2,

= E
αS∼πS

∥F αS
∥2

π
(αS )
T

where we have used Equation (7) to obtain the second equality. ◁

◀
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