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—— Abstract

In this paper we ask how much expansion one can retain with almost no edges beyond connectivity.
Concretely, for graphs of average degree 2 + &, what is the “Ramanujan bound” — how does spectral
expansion scale with €7 We compare five ultra—sparse graph models — including the configuration
model, subdivision of regular expanders, and the union of a cycle with a partial matching — and
analyze each under the normalized or unnormalized notions of expansion. In the normalized setting,
we prove bounds that are essentially optimal, determining the correct asymptotic dependence on e.
Our results extend to expansion in general irregular graphs.

For some models we prove rigorous bounds — primarily via finite free probability — while others
remain beyond our current techniques. To bridge this gap, we introduce the Free Method, which
produces quantitative predictions without proving existence — analogous to the probabilistic method,
which certifies existence without providing an explicit construction. These predictions align with
experiments. We expect the free method to be useful more broadly in graph-theoretic settings.
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1 Introduction

Expanders are sparse, highly connected graphs whose expansion allows them, up to some error,
to behave like complete graphs at far lower cost. They have been studied for decades, with
constructions ranging from combinatorial [31, 5, 4] and group-theoretic [20, 25] to analytic [22].
Their applications include coding theory [33, 2, 36], computational complexity [17, 13, 30],
and more. For background, see [16], Chapter 4 of [37], or [35].

We study the optimal expansion when the edge budget is barely above connectivity.
Specifically, for graphs of average degree 2 + ¢, what is the “Ramanujan bound” — how does
spectral expansion depend on £? Such wltra-sparse graphs are necessarily irregular, as are
many graphs arising in applications, including sparse codes [21, 32]. We therefore consider
both normalized and unnormalized (adjacency-based) expansion.

Let G be an undirected graph on n vertices with adjacency matrix A and eigenvalues
AL > Ao > - > A, We call Ay the one-sided spectral expansion, A1 — Ao the one-sided

spectral gap, and A 2 max{|Az|, |An|} the (two-sided) spectral expansion. In the normalized
setting, let D be the diagonal degree matrix and W 2 AD™! the random walk matrix, with
eigenvalues 1 = wy; > wg > - -+ > w,. Here wy is the one-sided normalized spectral expansion,
1 — wy the corresponding gap, and w 2 max{|wz|, |wy|} the (two-sided) normalized spectral
expansion.
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Ultra-Sparse Expanders and the Free Method

A connected 2-regular graph is a cycle, whose spectral gap vanishes with its size. By

contrast, 3-regular graphs can attain normalized spectral expansion @, bounded away from
1. More generally, the optimal asymptotic value for d-regular graphs is 27%1—1 [28], attained

by Ramanujan graphs. Thus, greater degree buys better expansion.

1.1 Ultra-sparse expanders

Since the main utility of expanders is normalized spectral expansion bounded away from 1, we

ask how sparse a graph can be while retaining this property, even beyond the regular-graph

V8
3

Any connected n-vertex graph has average degree at least 2 — %, so we focus on average
degree 2+ ¢, where € > 0 controls the sparsity. We seek the corresponding Ramanujan bound
as a function of €.

barrier ~ 0.94. Our goal is to characterize the sparsity—expansion tradeoff in this regime.

To keep degree variance small, we mainly study graphs with degrees in {2,3}. High-degree
vertices may impose disproportionate load, so we exclude hub-and-spoke examples such as
the wheel graph, even though they can be more amortization-efficient. Our methods extend
to broader degree distributions. In the normalized setting we obtain essentially optimal
bounds, while the unnormalized setting remains more open.

For irregular graphs, normalized and unnormalized expansion capture different phenomena.
The normalized spectrum governs random walks, while the unnormalized spectrum is better
suited to edge expansion and expander-mixing-type bounds, with different treatments of
degree heterogeneity; see [1]. Although less studied for irregular graphs, the unnormalized
spectrum remains informative when the degree variance is small, as in the {2, 3} regime.

There are two main frameworks for constructing Ramanujan graphs. The first uses highly
symmetric Cayley graphs of carefully chosen non-abelian groups, beginning with Lubotzky,
Phillips, and Sarnak [20] and Margulis [25]. The second, initiated by Marcus, Spielman,
and Srivastava, is analytic and draws on free probability [22, 23, 24]; Cohen later made this
approach explicit [11].

The group-theoretic framework appears poorly suited to ultra-sparse graphs because
Cayley graphs are regular. Irregular group-based constructions, for example via Schreier
graphs, remain an interesting direction.

The MSS framework studies unions of d suitably uncorrelated perfect matchings and
targets one-sided expansion. Although it does not directly match our setting, it is our main
point of departure.

1.2 Five models of ultra-sparse graphs

The MSS approach studies a graph distribution and proves that some graph in its support is
Ramanujan. For d-regular graphs, the distribution is the union of d perfect matchings. We
ask which analogous models are natural in the ultra-sparse regime, and consider five.

Two-and-a-fraction matchings

Our first model is the union of two perfect matchings and an e-matching, denoted M+ M+eM
or (2 + &)M. The partial matching covers an e-fraction of the vertices. At e =0 and € = 1,
this recovers the MSS models for 2- and 3-regular graphs.
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Three equally sized partial matchings

Alternatively, take three S-matchings with 5 = z‘gg, denoted 3 (Q%M) This model has
a basic connectivity drawback: for small ¢, the expected fraction of isolated vertices is
(155)3 =~ 2% We nevertheless study it to compare the models rather than select a single
“best” one.

Cycle plus partial matching

To guarantee connectivity, we also study the union of a spanning cycle and an e-partial
matching, denoted C + e M. Unlike (2 + €)M, this model is connected before the partial
matching is added.

A related explicit 3-regular construction [19] joins each field element x to x + 1, z — 1,
and z~!, forming a cycle plus a matching. A similar model was recently studied from a
property-testing perspective [14].

The configuration model

Here each vertex v contributes d, half-edges, and a uniformly chosen perfect matching on all
half-edges determines the graph. In our ultra-sparse setting, d, € {2, 3}.

The configuration model is standard in spectral random graph theory [6] and in the
analysis of graph operators such as the zig-zag product [31, 9]. Unlike a union of perfect
matchings, it naturally supports varying degrees. Our analysis also gives another proof of
the MSS result in the regular case.

Subdividing 3-regular graphs

Finally, start from a 3-regular Ramanujan graph, or more generally a d-regular one, and
replace every edge by a long path. This subdivision operation, classical since Kuratowski [18],
inserts degree-2 vertices and drives the average degree toward 2. Choosing the path length
appropriately yields average degree 2 4 ¢ while preserving the base graph’s global structure.

This model is explicit whenever the base graph is explicit, and strongly explicit whenever
the base graph is strongly explicit.

2  Our Results

In this section, we present our results on the five ultra-sparse graph models introduced
above. In the normalized setting, we essentially settle the question of the optimal ultra-sparse
expanders. In the unnormalized setting, we introduce a new framework for analyzing the
problem, while many basic questions remain open.

As an additional application, the full version proves that suitable unions of Ramanujan
graphs remain nearly Ramanujan, and that suitable unions of cycles attain the Ramanujan
bound.

2.1 Ultra-sparse expanders in the normalized setting

We begin by presenting our results in the normalized setting. Our first result uses the
configuration model (the fourth model) and applies to general irregular graphs — indeed, to
any prescribed degree sequence.
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» Theorem 1 (Irregular graphs via the configuration model). Let (dy,...,d,) be a sequence of
degrees such that Y_"'_, d; is even. Then there exists a graph with this degree sequence whose

24/d—1

d

one-sided normalized spectral expansion is bounded above by , where d is the average

degree.

Our proof is based on the configuration model (rather than the perfect matchings model
used in [23]) and is inspired by the notion of free projections from classical free probability
theory, which we discuss in Section 5. As a direct corollary we obtain the following result for
ultra-sparse graphs.

» Corollary 2 (Ultra-sparse expanders via the configuration model). For every e > 0 and
for infinitely many values of n, there exists a graph on n wvertices with degrees 2 or 3,

with average degree 2 + €, whose one-sided normalized spectral expansion is bounded by
2 =1 -2+ 0(e%)
2+4+¢ 8 :

At first glance, the bound in Theorem 1 resembles the Ramanujan bound for d-regular
graphs. Moreover, empirical evidence suggests that the typical behavior of random configura-
tion graphs is indeed captured by Theorem 1. However, optimality in the irregular setting is
more delicate, and the bound is not generally tight. For example, consider the wheel graph,
formed from a cycle plus one additional vertex connected to all cycle vertices (we elaborate
on this example in the full version of this paper). The normalized spectral expansion of the
wheel approaches %, since within two steps one reaches a uniformly random vertex with
probability % Yet its average degree approaches 4 as the number of vertices grows, so
Theorem 1 guarantees only a graph G with w (G) < @ ~ 0.866, which is significantly worse.

This gap suggests that even for graphs with degrees 2 and 3 — where degree variance is
kept to a minimum — Corollary 2 may not be tight. Indeed, our second result shows that the
subdivision model (our fifth model) does yield better expansion. For a d-regular graph G
and parameter € > 0, let G, denote the graph obtained by subdividing each edge of G into
paths of equal length, so that the resulting graph has average degree 2 + ¢.

» Theorem 3 (Ultra-sparse expanders via subdivision). Let G be a d-regular graph with
normalized spectral expansion w, and let € > 0. Then the normalized spectral expansion of

G. is cos (ﬁ arccos(w)s).
Specializing to d = 3 and taking G be a 3-regular Ramanujan graph, the guaranteed
spectral expansion for the resulting ultra-sparse graph is the following.

» Corollary 4. Let G to be a 3-regular Ramanujan graph. The normalized spectral expansion
of G, is cos (% arccos (@) 5) ~1—0.1299¢2.

This improves upon the bound obtained via the configuration model in Corollary 2. In
particular, the syntactically Ramanujan-like bound in Theorem 1 is not optimal.

It is, perhaps, surprising that the configuration model yields weaker expanders. In the
configuration model, the degree-2 vertices are incorporated while the expander is being
constructed, whereas in the subdivision approach they are added only after the 3-regular
Ramanujan base graph has been fixed — and in an indifferent, uniform manner: every edge is
replaced by a path of the same length. However, the Ramanujan property only guarantees
a large spectral gap; it conveys little about local edge densities, so some regions can still
be denser than others. Thus, it can be advantageous to distribute the degree-2 vertices
nonuniformly, taking into account these density variances.



G. Cohen and G. Maor

On the other hand, the expected time spent “stuck” on a path — which weakens the
spectral expansion — is quadratic in its length. Since the total length summed over all paths
is fixed as a function of ¢, it is therefore beneficial to make all paths the same length. Still,
one might hope to exploit a 3-regular Ramanujan base graph with substantial variation in
local edge density by distributing the subdivision lengths nonuniformly, potentially yielding
an even larger spectral gap.

The gap is, however, bounded, in a concrete way that shows both Corollaries 2 and 4
are asymptotically optimal in the dependence on €. The aforementioned quadratic time to
escape a path is levaraged to obtain the following lower bound (proved in the full version),
serving as an asymptotic “Alon-Boppana” bound for ultra-sparse graphs.

» Theorem 5. Let G be a graph with all vertices of degrees 2 or 3 and average degree 2 + €.
Then the normalized spectral expansion of G is at least 1 — O(g?).

This leads to the following open problem.

» Open Problem 6. What is the optimal normalized spectral gap for graphs with degrees 2
and 3 and average degree 2 4 €9

Corollary 4, together with Theorem 5, prove that the true answer to Open Problem 6 is
Ce?+o (52) for some constant C' > 0.1299.

2.2 Ultra-sparse expanders in the unnormalized setting

In this section we present our results in the unnormalized setting. We begin with the
subdivision model, presenting our result for ultra-sparse graphs in the unnormalized setting,
and then turn to the other four models in the same setting. Although we are not yet able
to prove the existence of ultra-sparse graphs for these other models in the unnormalized
setting, we introduce the Free Method, which yields quantitative predictions for the attainable
spectral expansion as a function of € in each case. While nonrigorous, these predictions align
with empirical observations. We view the Free Method, discussed in Section 6, as a main
contribution alongside our formal results: it lets us “peek” at the expected behavior before
an existence proof is in hand.

» Theorem 7 (Ultra-sparse expanders via subdivision). Let G be a d-regular graph with spectral
expansion \, and let € > 0. Then the spectral expansion of G is obtained as follows: find
the unique positive & solving

sinh((k 4+ 1)€) — (d — 1) sinh((k — 1)5).

A= sinh(&)

(1)

where k = [%}. Then the spectral expansion p is given by 2cosh§.

Although Theorem 7 gives the exact one-sided spectral expansion, it is not straightforward
to read off its dependence on € (a numerical derivation for p for the case where G is a 3-regular
Ramanujan graph is shown in Figure 1). However, by expanding about ¢ = 0", we show

that p = Vd—1 + \/111771 + (I+o0,(1)) % - %. Observe the exponential decay

of the error in k &~ 1 /e, in contrast to the normalized setting, where the decay in ¢ is only
quadratic — even for the same model.

We now switch gears to the other four models and the free method we use to analyze
them.
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2.3 The free method

We view the free method as an analogue of the probabilistic method, and so we begin by
discussing the latter. The probabilistic method is a powerful tool: it proves the existence of
an object without revealing what it looks like. The probabilistic method offers no insight
into the structure of the object or how to find it explicitly. The value associated with the
guaranteed object often serves as a benchmark (a quantitative prediction) for researchers
aiming to find explicit constructions — e.g., the dependence of k on n for Ramsey graphs, or
the distance-rate tradeoff in coding theory.

However, in many graph-theoretic settings even proving existence is technically formidable.
Consider, for example, the value 2v/d — 1. Proving the existence of graphs that attain this
spectral expansion is notoriously difficult. Nonetheless, the value itself — serving as a
benchmark — is both informative and insightful.

The free method, in a sense, takes things one step further. It is designed for situations
where even the mere existence of an object with the desired properties is too difficult to prove,
and thus the optimal value cannot be established via the same route as in the probabilistic
method (namely, by proving existence). We reiterate that the main takeaway from the
probabilistic method is often the value that serves as a benchmark for explicit constructions.
When it comes to devising such constructions, the existence proof is typically unused, as it
generally ignores precisely the structure required for explicit constructions. The free method
provides only this key information.

More concretely, the free method targets graph-theoretic problems by abstracting away
everything except the spectrum. Given a problem on finite graphs, we first model it by
an infinite-dimensional object that captures the essential spectral features of the original
problem. We then apply tools from free probability (powerful yet simple to use) to solve the
infinite-dimensional problem, and the resulting quantity serves as a prediction for the finite
case. We denote such predicted values by pred(-) throughout the paper.

This perspective generalizes the “universal cover” viewpoint, but without requiring
identification of a specific cover or combinatorial structure — only the spectral data.

To summarize, the philosophy of the probabilistic method is to prove existence without
providing an explicit construction, while also yielding a quantitative benchmark — often
the most valuable piece of information when constructing explicit objects. In contrast, the
free method aims to derive this benchmark while entirely sidestepping a proof of existence,
let alone an explicit construction. Because it makes weaker guarantees, the free method
applies in much more challenging settings — ubiquitous in spectral graph theory — where the
probabilistic method often falls short due to intricate eigenvalue behavior and the problem’s
inherent noncommutativity.

To set the stage for a more formal discussion, we fix notation and recall the Cauchy

transform of an undirected graph G on n vertices: Gg(z) = % P I_l/\i.

Consider the 3 (%M) model, the union of three p-partial matchings with p = 2% In
settings where one unions ¢ independent samples from the same distribution (here ¢ = 3),
the first procedure we present in the free method prescribes:
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1. Find the unique solution zg > Ay to
(t=1)Gg(x) +tGa(x)* = 0. (2)

2. The prediction is given by

Ga(xo) ®)

At this point we have not justified this procedure (let alone the existence and uniqueness

of g > A1). The point is that the resulting procedure is quite general and easy to apply.

In Section 6 we explain the rationale and derivation; here we focus solely on applying the
method.

Before applying the free method to ultra-sparse graphs, we warm up by rederiving the
Ramanujan bound 2v/d — 1 using the recipe above.

2.3.1 Predictions for the three partial matchings model via the free
method

We now apply the free method to ultra-sparse expanders, in particular to the 3 (%M)
2+e€

model. Concretely, we take t = 3 independent copies of a p-partial matching with p = ==.

3
Such a matching has a (1 — p)-fraction of its eigenvalues equal to 0, with the remaining

eigenvalues split evenly be;cween +1 and —1. The corresponding Cauchy transform, denoted
G, is therefore G,(z) = i(;;j{; Equation (2) now becomes 2G/(z) 4+ 3G,(x)* = 0, whose
unique solution for x > 1 is

zo(p) =1/ 1+ +/p(4—3p).

Plugging this to Equation (3) and expressing the result in terms of € yields the prediction

4 — g2 34_52 — 3¢
predg(%M)(f): 1+\/ 35 ,\/(2(1—2)

N =R VC - B

On the other extreme, when ¢ = 1, we recover the 21/2 bound for 3-regular Ramanujan
graphs. In fact, the Taylor expansion to the left of € = 1 is 2/2 — ;;% +0 ((1 — 5)2). This
e—dependence is hard to infer purely from experiments or by combinatorial means alone, and

it matches experimental results.

2.3.2 Predictions for the remaining models

In Section 6-where we also explain the rationale behind the method—we apply the free method
to the remaining models using techniques analogous to the procedure introduced above. For
the configuration model, we apply a procedure to bound the spectrum of the product of two
matrices, one of which is PSD, which has common ground with the proof of Theorem 1. Its
application gives

3 3 1z, V2

_ v 3/2
predconf(E) \/5 + 4 € + 39 €+ 0(5 ) (5)
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3.0 F —— Hoory's lower bound
= Configuration model
—_— C+eM
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Figure 1 Comparison of the predictions for the bound on A2 for the conf, C +eM and 3 (2%./\/{)

models. Hoory’s lower bound of 21/d — 1 is displayed in red, and the subdivision model of a 3-regular
Ramanujan graph (A = 2v/2) appears in black. Note that, as the number of subdivisions & is an
integer, the largest possible value for ¢ in this model is 0.4. For clarity, however, we also plot the
solution to Equation (1) for real k < 2 as a dotted line.

Interestingly, although (2 + &) M and C + e M are quite different as finite-graph models, their
behavior coincides under the free-method analysis (based on classical free probability). Using
an additive analog of the multiplicative procedure used for the configuration model yields
the prediction

predeconu(€) = reds () = VB [ V2 (6)

where ¢ = (1 ++/5)/2 is the golden ratio. The analysis uses a variant of the procedure used
for 3 (2:2M), applied to two distinct distributions.
For comparison, Hoory’s lower bound [15] states that if a graph G has average degree at

least d even after deleting any ball of radius , then
Ao (G) > 2\/J1<lc ) (7)

for a universal constant c¢. In our unbounded-size models the r-dependent error should be
negligible, so we compare to 2v/d — 1 = 2y/1 + e. Together with our predictions, this yields
the comparison shown in Figure 1. As the figure suggests, there is an ordering of the models,
and the curves coincide only at ¢ = 1.

logr
r

3 Ultra-Sparse Expanders via Subdivision

Let G be a d-regular graph and denote its adjacency matrix by A and random walk matrix
by W. Let Gy be the k-subdivision of GG, which is defined by replacing every edge of G with
a path of length k, effectively adding k — 1 new vertices of degree 2. While we will focus on
analyzing the spectrum of the corresponding matrices Ay and Wy, of the resulting graph,
we clarify already at this point that this process yields a graph of average degree 2 + ¢ by
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2(d—2)

choosing k ~ === tying it to our motivation. Nevertheless, the result is more general.

de
The analysis provided here is elementary (i.e., it does not rely on finite free probability), and

is inspired by the proofs in [38].
» Lemma 8 (Subdivision and the random walk spectrum). Let k > 2, and let Gy, be as defined
above. Then for every eigenvalue w of W and everyt = 0,1,...,k—1, r, = cos (W)
is an eigenvalue of Wy. The rest of the eigenvalues are of the form r; = cos (%) for
j=1,...k—1.

The proof uses elementary means, and appears in the full version of this paper.
» Corollary 9. Let G be a d-reqular graph with normalized one-sided spectral expansion w(G),
and let S be its subdivision with average degree 2+ €. Then

© I (@) ®)
wq(e) = cos | —— arccos (w .
¢ 2(d — 2)

In particular:

1. Ifd =3 and G is Ramanujan, then ws(e) = cos (% arccos

)5) ~ 1—0.12993¢2,

, we obtain wq(e) —

ol “‘%

2. As d — oo (with G Ramanujan), since arccos (L/F) —

cos(e) = 1— 73%62 + O(e%).

has average degree 2 —isz—:. By Lemma 8, the normalized expansion after k-subdivision is
cos (%(“’(G))) Using the relation between k and e established in Theorem 3 yields
Equation (8).

For (1), put w(G) = 27‘/5 (Ramanujan) and set ¢ 2 arccos(w(G)) ~ 0.33984, giving
ws(e) = cos(3pe) =1 - %52 +0(e®) ~ 1 —0.12993¢2. For (2), observe that for
Ramanujan d-regular graphs, w(G) = @
arccos(w(G)) — I as d — oo. Plugging into Equation (8) gives the stated limit and its

2
Taylor expansion. <

Proof. Let k = [W—‘ be the subdivision parameter so that the resulting graph

and hence

For the unnormalized case, we have the following:

» Lemma 10 (Subdivision and the adjacency matrix spectrum). Let k > 2, and let G}, be as
defined above. Then every eigenvalue u of Ay satisfies one of the conditions below.

1. pw=2cos(mj/k) forj=1,...,k—1.

2. = 2cos@ for real 0, satisfying

sin((k+1)8) — (d — 1) sin((k — 1))

sin 6

)\:

: 9)
where X\ is an eigenvalue of A.
3. pu=22cosh& for real & > 0, satisfying

_ sinh((k 4+ 1)€) — (d — 1) sinh((k — 1)¢£)
sinh (&) ’

A (10)

where X is an eigenvalue of A.

Explicit solutions are feasible for £ = 2, 3, but this is not the case for general k. Nonetheless,
We give a sharp estimate of the result for large k, which is the regime of interest in our paper
(as k =~ 1/e in our desired model).
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» Corollary 11. All eigenvalues p of Ay with p > 2 satisfy

1 A (d—2)?

Tt Ore)) 5

2 ( d_l)k+3

where A is an eigenvalue of A.

4 Interlacing Families and Free Convolutions

In this section we review definitions and known results in free probability and interlacing
families of polynomials. We use the following standard notation: for a symmetric matrix A,
Xz (A) is the characteristic polynomial of A with variable x. We denote by Ar(A) the k-th
largest eigenvalue of A (as A is symmetric, all eigenvalues are real and hence can be ordered
as above). For every symmetric matrix B for which the all-ones vector 1 is an eigenvector
and B1 = b1, we denote by pg(x) the polynomial satisfying (z — b)pg(z) = x. (B).

For a real-rooted polynomial p(z), we denote by ay(p) the k-th largest root of p(z). Given
a distribution P over polynomials, we denote by E,.p [p(z)] the expected polynomial over
this distribution, where the expectation is taken in coefficient space, namely, for every k, the
coefficient of % in E,.p [p(x)] is the expectation over coefficients corresponding to z* in
p(zx) drawn according to P.

The following lemma is a simplified version of a more general statement from [23], where
it appeared as the main tool enabling us to analyze the expected characteristic polynomial
over a distribution, and deduce an existence result.

» Lemma 12. Let Aq,...,A; be symmetric m X m matrices and (Pi)ie[t] be uniformly

random m X m permutation matrices. Let Ap = Zle P,A;P]. Then, for every k < m

there exist permutation matrices (R;);c,) such that

Ak (AR) < o, (EX;; (AP)> : (11)

The multiplicative analog of Lemma 12 was proved in [10]. A simplified version, suitable for
our needs, is stated below 1.

» Lemma 13. Let M, N be symmetric m x m matrices such that M is positive semidefinite,
and let P be a uniformly random m X m permutation matriz. Then, for every k < m there
exists a permutation matrix S such that

Ak (MSNST) < a (Ex, (MPNPT)). (12)

» Definition 14 (Additive and multiplicative convolutions). Let A, B be real symmetric matrices
of dimension m, with characteristic polynomials a(x) = x, (A) and b(z) = x, (B). The
additive convolution a H,, b and the multiplicative convolution a X,, b are the polynomials
defined by

T
(a B b) () = gxz (A+QBQ'"),
! Lemma 13 was proved in [10, Theorem 6.5 and Lemma 6.3] in more generality (for a sequence of

permutation matrices, as in Lemma 12). It is phrased therein, however, only for the case M = A2 and
N = A for a symmetric matrix A.



G. Cohen and G. Maor

and
(a®y, b)(z) = gxa: (AQBQ'),

where Q is a Haar random orthogonal matriz. We will use B and X instead of B, and X,
for simplifying notation when the dimension is clear from the context.

Working with graph matrices, an issue with the above definition is that the Haar measure
does not have a meaningful combinatorial interpretation. Therefore, we need a way to relate
permutation matrices - which do have such interpretation - to Haar random matrices. To
this end we state the following lemma (which appeared first in [23] for the additive case, and
later on in [10] for the multiplicative case, whose proof uses similar ideas) which is described
as a Quadrature result, translating an infinite (continuous) measure space to a finite one.

» Lemma 15 (Quadrature; Corollary 4.9 from [23] and Lemma 2.3 from [10]). Let A, B be
real m X m symmetric matrices such that A1 = al and B1 = bl. Denote by pa,p the
polynomials satisfying x. (A) = (x — a)pa(x), xo (B) = (x — b)ps(x). Let P be a uniformly
random m X m permutation matriz. Then,

Ex. (A+PBPT) = (v — (a+b)) (pa Bpm) (2), (13)

E X, (APBP") = (2 — ab) (pa K pB) (z). (14)

4.1 Transforms

Let p be a compactly supported probability distribution over R, and let a = sup (¢). The
Cauchy transform of u is defined on the domain (a,c0) as the function

u(a) = | it

r—1

We remark that in many settings it is instructive to study the Cauchy transform as a function

whose domain is C*. However, we will consider the Cauchy transform as a function on R.

The Cauchy transform is also related to the moments of a distribution. If m,(u) is the r-th
moment of u, then for every z > a we have (see [27, Remark 2.19]):

mr(ﬂ)
errl .

gu(x) =

r=0

(15)

Let p(z) be a degree m real-rooted polynomial with roots a; > ag > -+ > ayy,. To p(z) we
associate the uniform distribution over its roots, and therefore its Cauchy transform (defined
for x > o) is

1< 1 1
5@ = 2 T

=1

Accompanying the Cauchy transform of p is the M-transform (or moment transform),
which is defined by M, (z) = zG,(x) — 1. It is easy to see that G,(z) is monotonically
decreasing within its domain, and thus invertible. Denote the range of G, (z) by (0,L"),
that is, LT = lim, ,+,G,(x) (for a polynomial p(z), Lt = oo). With this in mind, we
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define K, : (0, L) — (a,00) as the inverse of G,,. In cases where M, () is monotonically
decreasing in the same domain, we can define NV,,(y) as the inverse of M, in a similar manner.
By definition, for every y € (0, L"), both K, (y) and N, (y) provide an upper bound on a,
the supremum of the support of u. In case of a polynomial p(x), this bounds the largest root
of p(x), which we state for later reference in the following claim:

> Claim 16. Let p(x) be a degree m real-rooted polynomial with roots a3 > g > -+ > .
Then for every y € (0,00), both aq < K,,(y) and oy < N,(y).

For a symmetric matrix A, we use the notation Ga for G, (a), and G,, for the Cauchy
transform of pa as used in Lemma 15 if applicable, and similar notations for the other
transforms.

The key feature of the K and the N transforms is that they behave very well under
additive and multiplicative convolutions, respectively, as was shown in [24, Theorem 1.11]
and [9, Claim 4.12], and stated below.

» Lemma 17 (Convolution bounds). For real-rooted polynomials p(xz) and q(x) of degree m,
and for any y > 0,
1
Kp,.q(y) < Kp(y) + Kq(y) — m

When one of the polynomials has only non-negative roots, then for every y > 0,

Y
NP‘qu(y) < m 'Np(y) 'Nq(y)~

Both inequalities are strict in case both polynomials have at least two distinct roots.
An immediate corollary of Lemma 17 and Claim 16 is the following.

» Corollary 18. For every real-rooted polynomial p(z), t € N and y > 0, maxroot (p®t(z)) <
t-Kply) — 5+
y

> Claim 19. [9, Claim 4.12] Let B be a symmetric matrix such that B1 = b1 and b is its
largest eigenvalue. Then, for every « > b, G, (z) < Gg(z) and M, (z) < Mg(z), and for
every y > 0, Kpg (y) < Kp(y) and Npg (y) < Ne(y).

When B # bl all inequalities are sharp.

5 Ultra-Sparse Expanders in the Configuration Model

In this section we prove Theorem 1, which immediately implies Corollary 2.

» Definition 20 (Configuration model for regular graphs). A random undirected d-regular
graph on n wvertices is said to be sampled by the configuration model if it is generated by
choosing a uniformly random perfect matching on the nd half-edges.

5.1 Alternate MSS proof via finite free projection

In this section, we present our alternative proof of the MSS result using the configuration
model.

» Theorem 21. For every d > 2,n € N such that N = nd is even, there exists an N x N
permutation matrix P such that the d-reqular n-vertex graph Gp satisfies

A2 (Gp) < 2vd — 1.
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Proof. We begin with the useful observation that
VEUUuT=J,91,,

where J; denotes the d x d matrix with all entries equal to 1. Note that J; is the random
walk matrix (i.e., the normalized adjacency matrix) of the complete graph on d vertices with
self-loops. Observe that

N N
2 2

Xa (M) = (z-1)%(z+1)7,
Xa (V) ="V (@ — ),

yielding the M-transforms

Mua(z) = —— . My(a) = % (16)

x2 -1’

As both are decreasing in their respective domains (1, 00), (d,o0), we can calculate their
N-transforms (see Section 4.1) and get

1 d 1
Nua(y) = % No(y) = y; . (17)

Now, for any matrix P,
2"y, (UTPMP'U) = x, (UU'PMP"),

since characteristic polynomials are invariant under cyclic rotations — up to a multiplicative
factor of z, depending on the difference in dimensions. By Lemma 13, it is enough to prove
that

0z = az (Bx. (UUTPMPT)) <2vid— 1, (18)

where recall that for a real-rooted polynomial p(z), we let ;(p(x)) denote its i-th largest
root. By Lemma 15,

E X, (UUTPMP") = (z — d) (pv B pm) (), (19)

where py(z) and pym(z) are the polynomials defined by x.(V) = (x — d)pv(x) and x.(M) =
(z — D)pm(x), respectively. Therefore,

Y dy +1
vagpM (y) < ——

pP™M va T
S (Y)Npy (y) < UCED)

where the first inequality follows by Lemma 17, and the second, sharp, inequality follows by
Claim 19 and the calculations of M (y), Nv(y) above.

By Claim 16, as < N,ympy, (y) for any y > 0. Choosing the point yo = 15, we get by
the above inequality that

(20)

dyo +1
a2 < Nyospn (W0) < —2 2 —9v/d—1. <

VYo(yo +1)
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5.2 Non-regular graphs in the configuration model

In this section, we extend our alternative proof of MSS’s theorem, presented in the previous
section, to the setting of irregular graphs. The configuration model is well-suited for
handling vertices with varying degrees, and the required changes are minor, mostly involving
appropriate normalizations.

Before proceeding, we recall the definition of the random walk matrix for irregular graphs.
First, recall that the random walk matrix of a d-regular graph G, with adjacency matrix
A is given by W = éA, and we denote its eigenvalues by 1 =w; > wy > -+ > w, > —1.
The normalized spectral expansion of G, denoted w (G), is defined as max(|ws/|, |wy|) € [0, 1].
When G is not regular, the random walk matrix is defined as W = AD ™!, where D is the
diagonal matrix of vertex degrees (we assume no isolated vertices). This generalizes the
above definition for regular graphs. The parameter w (G) governs the convergence rate of
random walks on G. It is easy to see that the eigenvalues of W are the same as those of the
symmetric matrix D~'/2AD~1/2, Since we are primarily interested in the eigenvalues, we
will treat this symmetric matrix as the random walk matrix in what follows.

To derive the analogue in the irregular case, we introduce the following notation. Let
dy,...,d, be a degree sequence such that N = Z?zl d; is even. Define j, = Zle d; as the
sum of the first k degrees, and let J; C [N] be the set of indices

Jk: = {jk*l + ]-7jk71 + 27 R 7jk71 + dk}

The analogue of the matrix U in the non-regular case is the N x n matrix C defined by
Cej, = ﬁl 7, for every k € [n]. Using this notation, we obtain

Wp = CTPMP'C, (21)

where M is the adjacency matrix of a perfect matching on the N half-edges, as in the regular
configuration model. With this, we are ready to prove Theorem 1. The proof follows similar
lines to that of Theorem 21, and so we refrain from repeating it in full, instead focusing on
the differences.

Proof of Theorem 1. First, observe that CC' is the block-diagonal matrix, which we denote
by V, consisting of n blocks of the form d%‘]dr Note that

Xz (\7) = (z— 1"V,

dy+1
dy

of Theorem 21, we arrive at the analogue of Equation (20),

A straightforward calculation gives N5 (y) = . Following the same steps as in the proof

dy + 1
N sims ) < —2— - Nons (4) - N () < =2

y+1 dy/yly+1)
The proof follows as the right-hand side attains its minimum value 2y 571 (at yo = ﬁ) |

6 The Free Method

The analysis in Section 5.2 deals with non-regular graphs directly for the normalized spec-
trum (of the matrix W), which governs the convergence of random walks (among other
characteristics). This raises the question of what can be said about the adjacency spectrum
of A, which is of importance when analyzing various generalizations of the expander mixing
lemma (see [1] for an up to date survey of the latter).
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There are several frameworks for using results from free probability to deduce analysis
on graph distributions. One of these is the finite free approach using interlacing families of
polynomials, pioneered in [23] (and later used in [26, 10] and others), and exemplified here
in Section 5.2. Others are the strong convergence approaches of Bordenave and Collins [7]
and Chen et al. [8]. All these approaches can be looked at as a two-step process:

1. A reduction from a combinatorial question to a setting of free random variables.
2. Solution in the free setting.
The reduction of Ttem 1 can yield either an existence proof (as in the MSS approach used

here in Theorem 1), or a high probability result as in [7, 8], reduced to the solution of Item 2.

The latter, however, is an elusive topic which did not get nearly enough attention in the
literature, and we overview it next. We then analyze specific examples in the free regime
and verify that the results well represent the behavior of random graphs.

6.1 Free method procedures

In this section, we present a couple of procedures within the framework of the free method. We
begin with a brief overview of techniques used in free probability for computing distributions
of sums and products of free random variables. In our context, we think of these as the
eigenvalue distributions of matrices, for which the eigenspaces are maximally decoupled (for
example, by rotating one matrix using a Haar unitary). However, in the free probability
literature this context is not necessary, as there are clean self-contained definitions of free
random variables expressed in terms of joint moments (for an excellent textbook on the topic,
we refer the reader to [27]).

Let a and b be free random variables, and denote their distributions by u, and p,. We
wish to find the distribution pu. of the variable ¢ = a + b, by which we define the free additive
convolution of distributions p. = pg B pp. This represents, in matrix terms, the eigenvalue
distribution of A + Q"BQ where Q is a Haar unitary and A, B are square matrices with
eigenvalue distributions p,, iy respectively. The recipe doing so is the following, provided
here without proof?:

Algorithm 1. Free additive convolution.

Calculate the Cauchy transforms G, (z) and G, (z) as defined in Section 4.1.

Find the compositional inverses, denoted by K, (y) and K, (y) (as defined in Section 4.1).
Calculate K, (y) = Ky, (4) + Ky () — 2.
Invert /C,,.(y) to get G, (z).

Calculate p. from G, (x) using the Stieltjes inversion formula (details omitted).

Wb

Note that when at least one of the distributions is supported on non-negative reals only
(in the context of matrices, at least one of them is PSD) there is a multiplicative analog of
the above recipe — that is, the calculation of the distribution p. = pg X pp for ¢ = ab — where
the G and K transforms are replaced with M, N respectively, and Item 3 is replaced with
NueW) < 35 - N (y) - Ny ()

The vast majority of the literature focuses on proofs of the above, and its generalizations.
However, explicit applications of it as stated are not very common, due to a few clear caveats.

The first is that for Item 1 we need to have explicit analytic formulas for pg, t,, which

2 The proof is standard in the free probability literature, and can be found in [27, Chapter 12].
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may not be available. The second is that inverting a function is a complicated, sometimes
infeasible, task. Given a distribution p supported on only 3 values, inverting G, involves
solving a cubic equation, which may be possible but leads to a function that is hard to
analyze. For more complicated distributions, we know the task to be infeasible, making
Ttems 2 and 4 mere theoretical ideas and not practical tools.

A solution to the inversion problem of Item 4 is implicit in the work of Marcus, Spielman
and Srivastava. Once we relax our goal of having an explicit formula for y. and wish to only
bound its support, the only necessary part is knowing /C,,, (y). This is due to the observation
(discussed here in Section 4.1) that every value of this function is an upper bound on the
support. Therefore Items 4 and 5 can be replaced with minimizing /C,,, (y) over y > 0, which
is typically a simple analytic task, leading to the following simpler procedure:

Algorithm 2. Bounding the free additive convolution.

Perform Items 1-3 of Procedure 1 to get /C,,. (v).
Output mings.o K, (y).

Although this procedure is simpler, we are still left with the case of Item 2 not being
feasible, which is the issue we wish to solve next in Section 6.1.1. Note that other works
have looked into relaxing the requirement to get a closed formula for p., to rather learn
characteristics of its support [3] or develop numerical techniques for this task (see [12, 29]
and the subordination technique presented in [34]). To the best of our knowledge, although
the technique presented here is elementary, this work is the first to formally define it.

6.1.1 Sums of identical spectra

The procedure given in the next lemma solves the inversion issue of Item 2 for the case
that the random variables have an equal distribution p. We use p* to denote the additive
convolution of p with itself ¢ — 1 times.

» Lemma 22. Let p be a compactly supported distribution on R, and t € N. Then the

supremum of the support of Bt is achieved by minimizing
~ t—1
Ki(z) =t — ——
Gu(x)

over {x > max (u)}, or equivalently applying the following procedure:

Algorithm 3. Bounding the support of pFt.

1. Find the solution x¢ of the equation

LG w) = ~Gule)® 22)

2. Evaluate yo = G,,(70).

t—1
3. Output t-xg — et

Notice that at no point in Lemma 22 do we need to invert a function.



G. Cohen and G. Maor

Proof. By definition of inverse under composition, G, (K, (y)) = y. Differentiating both sides
and rearranging gives

1

K(y) = ——. 23
= G W) )
As shown, we look for the minimal value of
t—1
K (y) = t- Kpuly) — — (24)

achieved at a point yo satisfying K}, (yo) = 0. Note that such a minimum always exists, as
G(z) decays like +. Therefore by Equation (24)

EKlo) =~
Yo
Plugging in Equation (23) one concludes
t -1

G.(Kulo)) 4
Let =g be the value such that yo = G, (zo). Then we get from the above that

LG (w0) = Lo,
as required in Equation (22). The minimal value of Equation (24) is thus

K (00) = £ Kiwo) =+ =ty — 1 «

Yo Yo

6.1.2 Sums and products of two distinct spectra

The procedure of Lemma 22 is very easy to use, but does not cover cases where we need
to perform an additive convolution of different distributions p; and ps. A straightforward
variation of Lemma 22 shows that when one distribution has a simple Cauchy transform
G, (x) with an explicit inverse IC,,, (y), the supremum of the support of y; H o can be found
using the following lemma.

» Lemma 23. Let py, p2 be compactly supported distributions on R. The supremum of the
support of py B ug is achieved by minimizing over {x > max (u2)} the function

Ko () 2 Ky (G () + 2 — (25)

1
g#2 (LL‘) .
If either u1 or pa is supported on R™ only, the supremum of the support of ui1 X s is achieved
by minimizing over {x > max (u2)} the function

Y My, ()

Nﬂlgﬂz(x) £ W 'N,ul(Mliz(m)) © X (26>
Proof. We will prove the additive case, the multiplicative follows similar arguments. By
Item 3 of Procedure 1, we need to minimize

1
IC;L153M2 (y) = ICHl (y) + ICH2 (y) - ;

Set y = G, (z), and we get the equation

~ 1
IC/MEHM;)(J:) = ICHl (guz(x)) +z— Ma

completing the proof. <
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6.2 Application to ultra-sparse graphs

As previewed in Section 2.2, we predict spectral bounds for our graph models by analyzing
the spectra of their constituent pieces and how they combine. Our prediction for the
resulting graph is the free convolution of the component spectral measures — additive (E)
or multiplicative (X), depending on the model. For each model we apply the appropriate
theorem from Section 6.1 and express the bound as a function of the sparsity ¢, denoted
pred, .40 (€), where we substitute the suitable model in the subscript.

Free method predictions for the configuration model

As mentioned above, in order to apply the techniques of Section 6.1 to random graph
models, one needs to understand the distributions involved. For the configuration model, the
convolution is of the eigenvalue distribution of the matrix M, which we already know to be
the uniform distribution on 41 and we denote by s, and the one of V.= UUT which we
denote by pe. The latter’s form is defined by the distribution of degrees. In the case of a
graph with degrees 2 and 3 and average degree 2 + ¢, a straightforward calculation shows its
Cauchy transform to be

G (x)— 1 14—5+ e +1—5
2T o4 e\ o r—3 x—-2)°

By Equation (17) we have that NV, (y) = ,/%. Thus, applying Lemma 23 gives us that

sup (1 ® po) is found by minimizing over z > 3 the function

V _ My, (z) 2G,, () — 1
Nu&p, () = - W—w\/xguj (27)

This leads us to the main result of this section.

» Lemma 24 (Small-¢ bound for pred ¢ (¢)).

3 3 9v2
predeone(e) = 7 t1 etl? + 35 ¢
The proof uses elementary means and appears in the full version of this paper.

Free method predictions for the C + &M, (24 ¢)M and 3 (%M) models appear in the
full version of the paper.

—0(%?).
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