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—— Abstract

We study the problem of approximating the total variation distance between two mixtures of product

distributions over an n-dimensional discrete domain. Given two mixtures P and Q with k; and ko
product distributions over [¢]", respectively, we give a randomized algorithm that approximates
drv (P,Q) within a multiplicative error of (1 + ¢) in time poly((ng)*17*2,1/¢). We also study the
special case of mixtures of Boolean subcubes over {0,1}". For this class, we give a deterministic
algorithm that exactly computes the total variation distance in time poly(n, 20<k1+k2>), and show

that exact computation is #P-hard when ki + k2 = ©(n).
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1 Introduction

Let P and Q be two discrete distributions over a sample space . The total variation distance
(TV-distance) between P and Q is defined as

drv (P,Q) = % Z P(w) — Qw)| = Z max{0, P(w) — Q(w)}.

weN weN

The TV-distance is one of the most fundamental metrics for measuring the difference between
distributions, as it characterizes the optimal distinguishability between P and Q. Computing
the TV-distance is therefore a basic problem arising in learning and testing.

A line of research has investigated the problem of approzimating the TV-distance be-
tween two high-dimensional distributions, which is particularly interesting when the two
distributions admit succinct representations. Early works [22, 8, 10, 19, 5] studied the
algorithms and complexity of approximating the TV-distance with additive error. More
recently, [2] established that even for two product distributions, the ezact computation of the
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TV-distance is #P-hard. In the same paper, the authors initiated the study of approximating
the TV-distance with relative error, a more challenging task than the classical additive-
error approximation. Subsequently, polynomial-time approximation algorithms have been
developed for product distributions [2, 12, 14], as well as for many high-dimensional distribu-
tions defined by local interactions, including Markov chains [14], Bayesian networks [3], and
undirected graphical models [13].

Beyond local interactions, it is natural to consider more general high-dimensional distri-
butions with inherently non-local structure. A fundamental and extensively studied example
is given by mixtures of product distributions. Let [¢] = {1,2,...,q} and let Q = [¢]"™ de-
note the n-dimensional sample space. Fix two integers kq,ke > 1. For each s € [kq], let
PG = R, P s) be a product distribution over €2, where IP’( denotes the marginal on
the i-th coordlnate, so that the coordinates are mutually independent under P(*). Let
a® a® o) be mixing weights satisfying Zlgl:l al®) = 1. The resulting mixture
distribution is written as

P = i a® épﬁ.
s=1 i=1

More explicitly, P is the distribution over © = [¢]™ given by

VweQ, Plw Za PO (w ZO{S)HP(S (wi), (1)

Mixtures of product distributions form a fundamental class of latent-variable models and
have been extensively studied in learning theory [11, 17, 9, 15, 16]. To draw a random sample
X ~ PP, one first samples a hidden component index S € [k;] according to Pr[S = s] = a(®),
and then samples X ~ P(5) = (S IPES) from the product distribution P(5). Although each
component P®) is itself a product distribution, the hidden index S induces a highly non-local
dependency that simultaneously couples all coordinates of the sample X = (X1, Xa,..., Xp),
which cannot be captured by any sparse local structure.

In this paper, we study the problem of approzimating the TV-distance between two
mixtures of product distributions to within an arbitrarily small relative error, formally stated
as follows.

» Problem 1. Approximate the TV-distance between two miztures of product distributions.
Input: An error bound € > 0 and two miztures of product distributions over Q = [q]™:

k1 n ko n
P = Z; al®) @PE“ and Q = ; B® @@5”~

The distribution P is specified by the ki mizing weights oM, a? ... aF) together with
the k1 product distributions PO PR PE) where each P) is described by its n
marginals IP’%S),]P’%S), . JP’S) over [q]. The distribution Q is given analogously. The total
input size of the two miztures is O((k1 + k2)nq).

Output: A number d such that

(1 7E)dTV (P Q) (1+€)dTV (]P) Q)

Due to the non-local nature of these dependencies among all coordinates, existing
techniques for TV-distance approximation cannot be directly applied to mixtures of product
distributions. The only prior progress is a polynomial-time algorithm for deciding whether
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dry (P,Q) =0 or dpv (P,Q) > 0 [4], leaving the approximation problem open. We partially
resolve this open question by giving an FPRAS for the TV-distance between two mixtures of
product distributions, provided that the numbers of components k; and ko are constants.

» Theorem 2. Let ky, ko > 1 be constants. There exists an FPRAS for Problem 1: given
any € > 0 and any pair of miztures of product distributions P,Q over [¢]™, where P =
221:1 al®) R, IP’Z(.S) has ki1 components and Q = Zfil B® R, Qgt) has ko components, it

(q2(nq)2(k1+k2—1)

solves the problem in time O(*="—y———) with success probability at least 99%.

Our algorithm is a Monte Carlo algorithm based on a carefully designed estimator, and
we provide an overview of it in Section 2. Since the number of components kj + ko appears as
an exponent in the running time, we require k1 + ko to be a constant. A similar dependence
on the number of components also arises in the running time of certain learning tasks for
mixtures of product distributions [11, 9, 15]. We leave it as an open question to understand
the computational complexity when the number of components grows with n.

Our second result concerns mixtures of Boolean subcubes, a special case of mixtures
of product distributions. A distribution P = Z};:l a® R, ]P’ES) over {0,1}" is called a
mixture of Boolean subcubes if IP’ES)(l) € {0, 3,1} for every s € [k] and i € [n], where IP’ES)
denotes the marginal distribution of the i-th coordinate in the s-th component. Equivalently,
for each component s, the product distribution P(*) fixes every coordinate i with ]P’Es) (1I)=1to

1, fixes every coordinate ¢ with ]P’Z(S)(l) = 0 to 0, and is uniform on the remaining coordinates.

Mixtures of Boolean subcubes have been extensively studied in learning theory [9, 6, 7] and
capture many natural distributions; for instance, the uniform distribution over the satisfying
assignments of a decision tree is a mixture of Boolean subcubes [11].

In contrast to the general case, where we only obtain an FPRAS when k; + ko = O(1),
we show that the TV-distance between two mixtures of Boolean subcubes P and Q can be

computed ezactly in time polynomial in the dimension n, provided that ki 4+ k2 = O(logn).

» Problem 3. Compute exactly the total variation distance between two miztures of Boolean
subcubes P = 3211, ol @, P and Q = Y32, B0 Q1L Q"
Input: two miztures of Boolean subcubes, given in the same format as in Problem 1.
Output: the exact value of drv (P, Q)

» Theorem 4. There exists a deterministic algorithm for Problem 3: given any pair of
miztures of Boolean subcubes P,Q over {0,1}", where P = Zflzl o Q7 ]P’ES) has ki
components and Q = Zfil £® (S Qgt) has ko components, it solves the problem in
O((ky + ko)3*17F2 . n) time.

The running time in Theorem 4 is polynomial in n whenever k; 4+ ky = O(logn), yielding
a deterministic polynomial-time algorithm in this regime. This does not contradict the
#P-hardness of exact TV-distance computation established in [2]: their hardness already
holds for two product distributions with arbitrary marginals, whereas our algorithm crucially
exploits the restriction that each marginal of a Boolean subcube takes value in {0, %, 1}.

The idea of the algorithm is as follows. For each component P(*) (and similarly for each
Q®), the value of P(*)(w) is either 0 or 277, where 7 is the number of coordinates i € [n]
with IP’Z(-S)(l) = 1. Indeed, if some coordinate is fixed to be 1 (or 0) but w; = 0 (or 1), then

P(*) (w) = 0; otherwise, each free coordinate contributes a factor of 1/2, so P(*) (w) = 277.

Thus, although there are 2" configurations w € {0,1}", the possible values of |P(w) — Q(w)]
are at most 2¥11*2 Our algorithm enumerates these possible values of |P(w) — Q(w)| and
counts the number of configurations w € {0,1}" that achieve each one. The details are given
in Section 5.

51:3
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Finally, we complement this positive result by showing that the dependence on the number
of components cannot be removed entirely: when the number of components grows linearly
with n, exact computation becomes #P-hard.

» Theorem 5. If the number of mixture components is k1 + ko = O(n), then the exact
computation of the total variation distance in Problem 3 is #P-hard.

The theorem is proved by a reduction showing that if we can exactly compute the
TV-distance between two mixtures of Boolean subcubes with k; + k2 = O(n) in polynomial
time, then we can also exactly compute #3SAT in polynomial time. The detailed proof is in
Section 6.

Open problems. As discussed after Theorem 2, the dependence on the number of components
in the running time is not yet well understood. [4] gave an algorithm that decides whether
dry (P,Q) = 0 in time poly(n, k1 + k2), whereas the running time of our approximation
algorithm depends exponentially on k; + k2. The analogous regime k; + k2 = w(1) is also
not well understood for learning tasks on mixtures of product distributions, where obtaining
algorithms with polynomial dependence on the number of components remains a central
challenge [11, 9, 15]. A natural question is whether one can approximate drvy (P, Q) in
time polynomial in k; + ks, or prove a hardness result ruling this out when the number of
components grows with n. As a first step toward the latter, Theorem 5 already shows that
exact computation is #P-hard when k; + ko = O(n), and one direction is to extend its proof
to rule out approximation as well.

One can ask analogous TV-distance approximation questions for other structured mixture
models. Natural candidates include mixtures of Gaussians [1, 21], mixtures of Markov chains
and MDPs [18]. These models also give succinct descriptions of high-dimensional distributions
and are widely studied in machine learning, but their dependence structures are more complex
than that of mixtures of product distributions. More generally, it would be interesting to
understand the complexity of computing or approximating the TV-distance between trajectory
distributions induced by reward-mixing Markov decision processes (RMMDPs). RMMDPs
use latent mixture structure to model the reward context, and TV-distance bounds between
trajectory distributions have been used to learn near-optimal policies [20]. The problem of
computing the TV-distance between RMMDPs appears to require new ideas.

At last, our algorithm for mixtures of product distributions is randomized. It remains open
to design a deterministic algorithm for approximating the TV-distance between mixtures of
product distributions. Currently, deterministic algorithms are only known for approximating
the TV-distance between product distributions [14, 2].

2 Technical Overview

We present the main ideas behind the algorithm in Theorem 2. An obstacle for approximating
the TV-distance is that the T'V-distance itself can be very small. To see the reason, for two
distributions P and Q over the sample space €2, where Q is absolutely continuous w.r.t. P,
one can write

dry (P,Q) = ) P(w) max {o, 1- %((:j))} =E,pgw)],
weN

where g(w) := max {0, 1- %:’))} We can efficiently sample w and compute g(w), so that
a direct Monte Carlo estimate of dry (P,Q) = E,~p [g(w)] can only achieve additive error
in polynomial time. However, since the expectation E,p [g(w)] itself can be exponentially
small, this simple approach is not sufficient to achieve a relative error approximation required
by Problem 1.
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2.1 Approximating the TV-distance via a coarse coupling

A framework for approximating the TV-distance was proposed in [12] for two product
distributions (i.e., k&1 = k2 = 1 in our setting). It can be generalized to any two distributions
P and Q. Instead of approximating drv (P, Q) directly, they estimated the normalized
quantity dry (P, Q) / d, where d is a polynomial-time computable coarse estimator. Moreover,
if the ratio dpy (P, Q) /d is lower bounded by 1/poly(n), one can try to achieve a relative-
error approximation to the ratio in polynomial time. Hence, we can recover drv (P, Q) by
multiplying d by the estimate of the ratio.

The coarse estimator d can be constructed via a coupling. For two distributions P and
Q over Q, a coupling is a pair of joint random variables (X,Y) such that X ~ P and
Y ~ Q. It is well known that drv (P,Q) = Pro [X' # Y], where O = (X',Y”) is the
optimal coupling between P and Q. Suppose we can construct a coupling C = (X,Y’) that is
not far from the optimal coupling O. Formally, Pro [X' # Y'] =7 Pr¢ [X # Y] for some
v = 1/poly(n). Then d = Pr¢ [X # Y] is a coarse estimator of dpy (P, Q). To estimate the
ratio dry (P, Q) /d, define a distribution

we, 7ww)=Pre[X=w|X#Y] (2)
and define function f such that
max{0,P(w) — Q(w)}

Q = .
wel S = g X ConX £V]
We can verify that E, [f] = I;i:cv[g?;é(@)z] = dTVg’Q) =5 > m. Using the approach

described above, if we can perform the following operations in polynomial time

(a) sample w ~ 7;

(b) compute f(w) for any w;

(c) compute Pr¢ [X #Y];

then we can get a relative-error approximation of drvy (P, Q). Specifically, we draw T =
poly(%) = poly(n) independent samples wy, ...,wr ~ 7 and compute f = £ 23;1 f(w;). By
Chebyshev’s inequality, with high probability, f - Pre [X # Y] is an estimate of drv (P, Q)
within relative error.

2.2 Recursive coupling for mixtures of product distributions

It remains to construct a coupling that supports the three operations above. For product
distributions, [12] used a coordinate-wise greedy coupling C = (X,Y’), which couples each
coordinate optimally and independently, and showed that 1/n < E, [f] < 1. This approach
does not directly extend to mixtures of product distributions, where all the coordinates are
correlated, so one cannot optimally couple all coordinates simultaneously.

Our main technical contribution in this part is a new explicit recursive coupling for
mixtures of product distributions, together with an algorithmic implementation of the three
operations above. At a high level, the recursive structure draws inspiration from [20], who
introduced a recursive argument to bound the TV-distance between two mixtures of product
distributions. Their analysis, however, is non-constructive: it yields a fized-error bound on
the TV-distance, but does not by itself provide the algorithmic interface required here. To
obtain a relative-error approximation with arbitrary €, we need a coupling whose failure
probability can be computed, and whose failure-conditioned distribution can be sampled and
evaluated. We design such a coupling tailored to mixtures of product distributions, adapt
the recursive analysis of [20] to this explicit construction, and show that the three operations
in Item a, Item b, and Item c can all be implemented in polynomial time.

51:5
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We construct a coupling between two mixtures of product distributions P and Q, where

k1 n ko n
P= Z:la(s) @Pgs) and Q= ;[ﬂ” @Qgt).

Although coupling the first coordinate would bias the marginal distribution of the remaining
coordinates, we can still extract the common parts of ]P’gs) and Qgt)7 and reduce the problem
to coupling another mixture of product distributions on the remaining coordinates. For each
¢ € [g], we first compute a lower bound for each active mixture component:

¢(c) £ min min P (¢ ,  min (e }, 3
(c) {se[kl]:a(3)>0 1 () te[k2]:,3<t>>oQ1 (c) ®)
where IP’:(LS) (resp. Qgt)) is the marginal distribution of the first coordinate of the s-th

component of P(*) (resp. Q(t)). For w € [¢]™ with w; = ¢, we can write the probability of w
as

k1 n
P(w) =4 (c) Z al®) H IP’(S )+ Z al® (IP’(S ) H IP’
s=1 i=2
k1 n k1
)Y o TP (wi) + (Pr(e) — £() D al) H P (wy),
s=1 =2 s=1 =2
Ap Bp, .

(s) a @D (PP()=40) | o .
where a¢’ = — o) sa valid distribution over s € [k;]. Note that P; in the

denominator is the marginal distribution of the mixture P over the first coordinate. Similarly,

& a BY((0)-(e))
let fe” = —@ 0wy~ and

ko ko n
Z IO @)+ (@ - ) S 6O [0 w)
t=1 i=2 t=1 =2

AQ Bg,c

Each of Ap, Ag, Bp,, and Bp, is a mixture of product distributions over the remaining
coordinates. The component distributions in Ap and Bp . are obtained from the components
of P by removing the first coordinate; the same relation holds between Ag, Bg,. and Q.
However, the mixing weights may be different from those in P and Q.

We use the above decomposition to construct a coupling (X,Y") between P and Q. We
first couple the first coordinate of X and Y. For each ¢ € [g], with probability £(c), we set
X1 =Y1 = c and then couple Ap and Ag recursively for the remaining coordinates. For each
¢ € [q], with probability min{P;(c) — £(c), Q1(c) — £(c)}, we set X1 = Y1 = ¢ and couple Bp
and Bg . recursively for the remaining coordinates. For the remaining probability mass
of the first coordinate, there is no common part with X; = Y] = ¢ for any ¢ € [¢]. We
arbitrarily couple this remaining mass; it must hold that X; # Y7, and hence X #Y. We
call this case the coupling failure case. Suppose that after coupling the first coordinate, we
have X1 = ¢ # ¢ =Y for some ¢,¢’ € [g]. We then independently sample the remaining
coordinates according to Bp . and By, , respectively.

! Specifically, the remaining probability for X1 = ¢ is max{0,P1(c) —Q1(c)} and the remaining probability
for Y1 = ¢ is max{0, Q1(c) — P1(c)}.
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The above recursive process terminates either when coupling fails at some coordinate

or when it reaches the last coordinate. Denote the resulting recursive coupling by Cgrc.

Adapting the recursive TV-distance analysis of [20] to this explicit coupling, we show that
Crc is not far from the optimal coupling:

Preg. [X # Y] < (dng)" =1 dpy (P, Q).

Therefore, we set v = (4nq)~**~F2+1 which is inverse-polynomial in n and ¢ when k; and
ko are constants.

2.3 Implementation of three operations

We now give polynomial-time algorithms for the three operations in Item a, Item b, and
Ttem c. We create a state space S to keep track of the recursive coupling process. A
state S € S is a tuple S = (i, @, ), where i € [n] means we need to couple the remaining
coordinates 7,7+ 1,...,n, and a = (54(5))56[1@1] and 3 = (ﬂ_(t))te[kz] are the current mixing
weights for each mixture component. Section 2.2 describes the recursive coupling starting
from the root state (1,, ), and hence defines the quantities Ap, Ag, Bp ¢, Bg,. and £(c)
in that setting. For the implementation, we use the same decomposition at an arbitrary
state S = (i, a, B), replacing the first coordinate by the current coordinate ¢ and the original
mixing weights by the current weights &, 5. Thus,

¢(c) = min { min PES)(C), min (@Et)(c)} .
s€lk1]:al=) >0 te[k2]:8()>0

Similarly, the updated weights &, = (dﬁs))se[;ﬁ] in the Bp . branch are defined by

(s)

iul _ _

Vs € [k1],al®) =a® . M where P;(¢) = Z &(S)IP’I(-S)(C).
]Pl(c) - £(C> s€lki]

The B_c for the Bg,. is analogous. There is also a failure state L. If we couple X; # Y;
(coupling failure case), the state S transitions to the failure state L. If we couple X; = Y; and
then recursively couple Ap and Ag for the remaining coordinates (we call it the good case
A), the state S transitions to S’ = (i + 1,a, ). If we couple X; = Y; and then recursively
couple Bp . and Bg . for the remaining coordinates (we call it the good case B), the state S
transitions to S = (i + 1, &, Be)-

The whole recursive coupling process is a random walk on the state space S starting
from the root state Syoor = (1, , 3). Every non-failure state S = (i, @, 3) #.L can transition
to a state in {1} U {S'} U{S!}cc|q, and it transitions to some S, if and only if the good
case B occurs. The key observation is that case B can occur at most ki 4+ ko — 2 times
in the whole recursive coupling process. By the definition of £(¢), ¢(c) is equal to some
]P’Es)(c) or Qgt)(c). Suppose £(c) = IF’l(-S) (¢). Then, the new mixing weights in S satisfy

() (e)—0(c -
dgs) =al®. % = 0. Thus, whenever case B occurs, the total number of positive

mixing weights decreases by at least one. Since the root state has ki + ko positive mixing
weights, case B can occur at most k1 + ko — 2 times. Using this property, we can show that
the total number of states is |S| = (nq)?*1+*2) which is polynomial in n and g.

Given a state S, it is easy to compute the transition probabilities to the next states.

The whole transition graph forms a DAG with polynomial size. To sample w ~ 7 in (2), it
suffices to sample a trajectory starting from the root state, conditioned on the random walk
reaching the failure state L. We first run a dynamic programming algorithm to compute the
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probability of reaching L from each state in S. Then, we use these probabilities to sample
the desired conditional trajectory. Similarly, using dynamic programming, we can compute
f(w) and Preg. [X # Y] in polynomial time.

» Remark 6 (Comparison with the coupling in [3]). Finally, it is worth comparing our coupling
with the coupling used in [3]. They proposed a simpler coupling and applied it to approximat-
ing the TV-distance between two Bayesian networks. Given two n-dimensional distributions
P and Q over [q]", they couple the coordinates one by one using the optimal coupling of the
conditional marginals. Suppose the first ¢ — 1 coordinates of X and Y have been generated
and coupled consistently such that Xy, 1 =Y1,.1 =0 € [q]ifl. For the i-th coordinates Xj;
and Yj;, they use the optimal coupling of the conditional marginals P; and Q; given o. The
coupling terminates if X; # Y; at some coordinate or when it reaches the last coordinate.

Their coupling is different from ours. Unlike Bayesian networks, for general mixtures
of product distributions, the conditional marginals at the i-th coordinate require the full
information of the prefix condition o € [g]*~!. Since there are O(g") possible prefix conditions
o, this coupling needs to consider exponentially many possible distributions for our problem.
In our coupling, even when the good event X; = Y; occurs, we further split it into two
sub-cases, A and B. This splitting allows us to exploit the structure of mixtures of product
distributions, so the total number of possible distributions appearing in our coupling is
bounded by a polynomial.

3 A General Approach for Approximating the TV-Distance

When k; = ko = 1, the problem reduces to approximating the TV-distance between two
product distributions P and @ over € = [¢]™. This special case was studied in [12]. Although
the algorithm there is tailored to product distributions, its underlying idea extends to a more
general framework for approximating TV-distances for general discrete distributions.

Let P and Q be arbitrary discrete distributions over . A coupling of P and Q is a pair of
jointly distributed random variables (X,Y") such that X ~ P and Y ~ Q. For every coupling
C of P and Q, the coupling inequality states that

d/TV (]R Q) S PI‘C [X 7é Y] .

A coupling C is called optimal if equality holds, namely if Pr¢ [X £ Y] = dpry (P,Q). An
optimal coupling exists for every pair of distributions P and Q.
The following fact holds for every coupling C of P and Q.

» Fact 7. For any coupling C of P and Q, it holds that
VweQ, PrelX =wAX #Y]>max{0,P(w) - Q(w)}.
If C is an optimal coupling, then for all w € €1,
Pre[X =wA X #Y] = max{0,P(w) — Q(w)}.

The proof can be found in the full version.
We now state an abstract version of the algorithm from [12], formulated for two arbitrary
discrete distributions P and Q. Let v, Ty, T1,7%,73 > 0 be parameters.

» Assumption 8. There exists a probability mass oracle that, for any w € Q, returns P(w)
and Q(w) in time Ty.
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» Assumption 9. There exists a coupling C between P and Q such that % >,

together with an oracle that can be preprocessed in time Ty and supports the following query:
Discrepancy query: return the value of Pre [X # Y] in time O(1).

Furthermore, if Pre [X #£ Y] > 0, then the oracle also supports the following two queries:
Sampling query: draw an independent sample of X from the conditional distribution of
X given X # Y wunder C in time Ty. Equivalently, it returns w € Q with probability
Pre[X=w| X #Y].
Fuvaluation query: given any w € §2, return the value of Pre [X = w A X # Y] in time T3.

Under Assumption 8 and Assumption 9, the following theorem gives an algorithm for
approximating the TV-distance between two arbitrary discrete distributions P and Q.

» Theorem 10 ([12]). Suppose Assumption 8 and Assumption 9 hold for distributions P and
Q with parameters v, Ty, 11, T2, T5. Then there exists a randomized algorithm such that, given
any € > 0, the parameters v, and access to the two oracles above, it outputs a random number d

in time O(T) + %) satisfying Pr [(1 —&)dypy (P,Q) < d < (1+¢&)dry (P, Q)} > 99%.
The proof can be found in the full version.
4  Algorithm for Mixtures of Product Distributions

To apply Theorem 10 to the problem of approximating the TV-distance between two mixtures
of product distributions, we need to verify Assumption 8 and Assumption 9. By the definition

of mixture of product distributions in (1), the first assumption holds with Ty = O(n(k1 + k2)).

Our main task is to construct a coupling to verify the second assumption.

» Lemma 11. Let k1, ko > 1 be two constants. For any two mixtures of product distributions
P = 21;1:1 a® @1, IP’ES) and Q = Zfil BO R, Qgt), there exists a coupling C between
P and Q such that Assumption 9 holds with parameters v = (4ng) k1 =F2+1 T\ Ty Ty =
O(g?(ng)krth==1).

Theorem 2 is a simple corollary of Theorem 10 and Lemma 11. The rest of this section is
devoted to the proof of the lemma.

4.1 The recursive coupling for mixtures of product distributions

In this subsection, we construct a recursive coupling between two mixtures of product
distributions P and Q in two steps. In Section 4.1.1, we first introduce a recursive procedure
for drawing a sample from a single mixture P. Building on this procedure, in Section 4.1.2
we then construct a recursive coupling between P and Q. Our construction is inspired by the
technique of [20], who develop a recursive analysis that bounds the total variation distance
between two mixtures of product distributions up to a fized error. Our main contribution is
a new recursive coupling process, which is crucial for approximating the TV-distance with
arbitrary relative error. In Section 4.2, we use this process to implement an oracle that
answers the queries in Assumption 9 within polynomial time.

4.1.1 The recursive sampling process

We now describe a recursive sampling procedure that generates a sample X from the mixture
of product distributions

k n
P= Z a® Q)P
s=1 =1
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This sampling procedure will later serve as the basis for our coupling construction. Throughout
the recursion, the component product distributions P(*) remain fixed, while the mixing weights
are updated from one recursive step to the next. We use (@(s))lzlzl to denote the mixing
weights at the current recursive step, to distinguish them from the original mixing weights
(a(s));“:l. At recursion depth 7, let

k1

B _ Z&(S) épgs)
i=j

be the current mixture over [¢]* /1. We consider the recursive coordinate-wise procedure
RecursiveSample (j, @) ,

where j € [n] is the current coordinate. At this point, the coordinates Xi,..., X;_; have
already been fixed, and the task is to generate X; from the current mixture P and then
update the mixing weights for the next recursive step. To describe the procedure, we define
a lower-bound selector.

» Definition 12 (lower-bound selector). A lower-bound selector (¥ is a function ¥ (j,a, c)
defined for any coordinate j € [n), any mizing-weight vector & = (@®)*L,  and any c € [q],
satisfying:

min P (c) > F(j,a,¢) > 0. (4)
s€[k1]:a(s)>0

Here the minimum ranges over all components s € [k;] with a® > 0, namely over the
components that are still active at the current recursive step. Thus £F (4, @, c) is required to
be a nonnegative lower bound on the marginal probability of seeing value ¢ in coordinate j
across all active components. The above definition does not specify a unique lower-bound
selector /F. Any function satisfying (4) is valid. Let us fix an arbitrary lower-bound selector
P satisfying (4). Our recursive sampling process in Section 4.1.1 works for any lower-bound
selector /F. In Section 4.1.2, when constructing the coupling, we will specify a particular
choice of /7.

For the current recursive state (j, (@*))*L ), we first compute the lower bounds ¢* (j, &, c)
for all ¢ € [g]. Fix a value ¢ € [¢] and an assignment w € [¢]" 7/ T! satisfying w; = c¢. The
probability of w under the current mixture P can be written as

Za(s HP(Q) Z s)]}»( ) H ]P(S) wz

s=1 Zj+1

where the second equality uses the assumption w; = ¢. By (4), it holds that Pgs)(c) >
* gj, a,c) for all s € [ki] with a'®) > 0. Hence, for each s with a(*) > 0, we can decompose
IP’E () as two non-negative terms: ¢ (j, @, c) and ]P’(Q)( ) — % (j,a, c). We have the following
decomposition:

P(w) = j,acZ&(S H P4 (w —|—Za (]P’() )~ (j,a )HIP’(S W)

1=7+1 =741

A
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The above summation enumerates all s € [k1], which may contain inactive components s with
a'®) = 0. However, those inactive components only contribute 0 to the whole sum. In (5),
the first term is the product of ¢ (j,&,c) and A, where A is exactly the probability of the

suffix (w;)7_,,, under the current mixture Z ! a( )R ]P’( ). To write the second term

=j+1
in a similar form, we introduce a modified mixing weight ozg»’ c) for all s € [k1] as follows:

() By(c) ~ € (j.6,c) = 0
ar, c J, @, C )

afr) & () V@ Gae) e where P ( E :a( B (e
« W, Othe]f'Wlse7

We next verify that ;. defines a valid mixing-weight vector. By Definition 12, P§.S)(c) —
e (j,a,c) >0, and P(c) = 251:1 &(S)P§S) (c) is an average of the active values P§S)(c),
therefore P;(c) > (F (j,a,c). If Pj(c) — (¥ (j,a,c) = 0, a;. = @ is a valid mixing-weight
vector as long as @ is valid. Otherwise, when P;(c) > £F (4, &, c),

ewum>zmw—wuawfm@—W@a@:L

S ki =(s s P
kz f(s) kz s) g )( ) — £ (j,a,c) Py al )P§- )(C) % (j,a,c)

Hence, for w € [g]" 777! with w; = ¢, we can rewrite P(w) as

k1 n
P(w) = F (j,a, ¢ Z&(S H IP’( ) (wi) + (Pj(c) — £F (4, &, c)) Z&S) H }P’Es)(wi). (6)

i=j+1 i=j+1

Equation (6) naturally suggests a recursive sampling rule. Given the state (j, (@ (S)) 1)
we first sample the current coordinate X;, and then reduce the task of sampling the suffix
Xj4+1:n to sampling from one of two smaller mixtures. Concretely, once the current coordinate

is set to ¢, the suffix distribution is either >-% & @7 P or Sk o_z( )® g1 P,

i=7+1
The component distributions remain the same (except that their d1men81on is reduced by

one), while the mixing weights may change from & to &, .. Applying this rule recursively
yields the sampling procedure shown in Algorithm 1.

In Algorithm 1, the lower-bound selector function ¢F is treated as part of the input. The
following lemma shows that the algorithm outputs a correct sample from P as long as £F
satisfies (4).

» Lemma 13. Given a mixture of product distributions P = le;l al®) R, ]P’ES) and an
arbitrary lower-bound selector function (¥ satisfying (4), the procedure RecursiveSample(1, o)
in Algorithm 1 outputs a sample X ~ P.

Lemma 13 follows by induction on the recursion depth using (6). The proof can be found
in the full version.

The same recursive procedure applies to any mixture of product distributions. In
particular, we may use it to sample from Q = Zkz £® R - @ by replacing ki with
k2, replacing (@®)*L with (3®)¥2 | replacing P*) with Q®), and using an arbitrary
lower-bound selector £2(74, 3, c) satisfying

min Q" (¢) > (2(j, B.c) > 0. (7)

te[ka]:B(H) >0

Lemma 13 also shows that by substituting P with @ and a with 3, the procedure
RecursiveSample(1, 3) outputs a sample Y ~ Q.

51:11
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Algorithm 1 Recursive sampling process for mixtures of product distributions.

1 RecursiveSample (j, @);
Parameter :an index j € [n + 1] and mixing weights a®, a® ... a(k)
Static Input : product distributions P, P2 .. P*1) over [¢]"; an arbitrary
lower-bound selector function ¢F satisfying (4)
Output :a random sample
X = (Xj’Xj-‘rl""v ) ~P= Zé 104 ®?:j ]P)z(’S)

2 if j > n then return (;

3 Compute the probability lower bound ¢F (j,a, c) for all ¢ € [q];

4 Sample a random pair (¢, e) € [g] x {0,1} such that for each ¢ € [¢], the probability of
(¢,0) is £¥ (4, @, c) and the probability of (c,1) is H_J’j(c) — (7 (j,a, c), where
P,(c) = Zflzl &(S)P;S)(c) is the marginal probability of coordinate j under P;

5 if e =0 then

6 L Sample (X1, Xj412,...,X,) < RecursiveSample(j + 1, &);

7 else

8 Compute mixing weights §Sc) &(S)W for all s € [k1];
9 Sample (X;y1, Xj+2,...,X,) < RecursiveSample(j + 1, &; c);
10 return (X; = c,Xj+1,Xj+2, e Xn);

4.1.2 The recursive coupling process

We now define a coupling between two mixtures of product distributions

k n k n
P= 21:1 al® @ IP’z(-S) and Q= 22; B® ® Qz(»t)‘
s= 1= t= =1

At a high level, the coupling runs Algorithm 1 on both P and Q to generate samples X ~ P
and Y ~ Q, while sharing randomness between the two executions so that the resulting pair
(X,Y) is a coupling of P and Q.

We use RecursiveSample(1, ) to generate a sample X ~ P and RecursiveSample(1, 3)
to generate a sample Y ~ Q, and couple the two recursive procedures at the same time.
Suppose that at some point the execution for P is at recursion state RecursiveSample(j, @)
and the execution for Q is at recursion state RecursiveSample(j, 3), where & = (a(*)",
and § = (B )k2 denote the current mixing weights and may differ from the original vectors
a and 3. We define a shared lower-bound selector £(j, @, /3, ¢) as follows.

» Definition 14. For any j € [n], ¢ € [q], and valid mizing-weight vectors & = (@®)*., and

B = (ﬂ(t))t 1, define

?(j,&,B,¢) £ min min P ,  min (¢ }
(] B ) {se[kl] a®>0 7 ()tE[k2]:B(t)>OQJ (<)

The one-sided lower-bound selectors used by the two recursive sampling procedures are
then defined by

(G, ) = 2. B,¢) = £(5.a, B, c).
By construction, £F(j, &, c) satisfies (4) for P, and ¢2(j, 3, c) satisfies (7) for Q. In Line 4 of
Algorithm 1, each process draws a random pair (c,e) € [q] x {0,1}. Let (cp, ep) and (cg, eg)
denote the pairs drawn by RecursiveSample(j, @) and RecursiveSample(j, 5), respectively.

Since both procedures use the same lower bounds (3, &, 3, ), we define a coupling C between
these two pairs as follows:
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For each ¢ € [g], Prs [cﬁp =cg=chep=¢eg= O} =((j,a,p,c).

For each ¢ € [q], Prs [c]p =cg=chep=¢cg= 1} = min{]f"j(c),@j(c)} —0(j,a, B,c),
where P = Y% a(®) i, P and Q = S3F2, g i, Q") are the mixtures of product
distributions at the current recursive step.

Given the above two points, for each ¢ € A = {z € [q] | P;(x) > Q;(z)}, the random
variable (¢, ep) has a remaining probability P;(c) — Q;(c) of taking value (c,1); and for
each c € B = {z € [¢] | Pj(z) < Qj(z)}, the random variable (cg»€p) has remaining
probability Q;(c) — P;(c) of “taking value (c,1). The total remaining probabilities on the
two sides are equal: ) ., (P;(c) — Qj(c)) = ZCEB(@j (¢) — P;(c)). We therefore couple
the remaining mass arbitrarily. Since A and B are disjoint, in this case we necessarily
have

cpF#cg and ep=eg=1

Using the coupling C between (¢, ep) and (¢ Cg» @) we now couple two sampling processes
RecursiveSample(j, &) and RecursiveSample(j, 3) as follows:
Sample (cp, ep) and (cg, eg) according to C.
If ¢p = cg = c for some c € [g] and e = eg = 0, then we set X; = Y; = c and recursively
couple the suffixes via RecursiveCouple(j + 1, @, ).
If ¢p = cg = c for some c € [g] and ep = eg = 1, then we set X; = Y; = c and recursively
couple the suffixes via RecursiveCouple(j + 1, &; ¢, Bj,c)-
In the remaining case, we have X; = ¢ # cg =Y and ep = eg = 1. Hence the coupling
already fails at coordinate j, and we simply sample the suffixes independently using
RecursiveSample(j + 1, @; ..) and RecursiveSample(j + 1, Bj,c@).

The pseudocode of the coupling process is given in Algorithm 2.

» Lemma 15 (Validity of recursive coupllng). Given two miztures of product distributions
P = Ekl a® R, zs) and Q = Z BORE, Qgt), fix a shared lower-bound selector
£ as in Definition 14. Then RecursweCouple(l,a,B) in Algorithm 2 outputs joint random
variables (X,Y) such that X ~P and Y ~ Q.

Lemma 15 follows by a straightforward induction. The proof can be found in the full
version.

4.1.3 Discrepancy of recursive coupling

We now analyze the discrepancy of the recursive coupling process. Let P= Z 1a(5) ®?=1 Pgs)
and Q = Zfil BO R, QZ(-t) be two mixtures of product distributions. Define

(X,Y) < RecursiveCouple(1, o, ).

Let Crc denote the joint distribution of (X,Y’). By the coupling inequality, the discrepancy
Prc,.. [X # Y] is always at least dpy (P, Q). The following lemma provides an upper bound
on the discrepancy of our recursive coupling.

» Lemma 16 (Discrepancy of recursive couplmg Let [q] be a finite domain. For two miztures
of product distributions P = Y"1 () Q| P *) and Q = SR B0 Q. 1Q(t) over [q|", the
recursive coupling satisfies

Pre,. [X #Y] < (4ng)™ 571 dpy (P, Q).

The proof of Lemma 16 follows the known techniques of [20] and can be found in the full
version.
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Algorithm 2 Recursive coupling process for mixtures of product distributions.

1 RecursiveCouple (j, @, f);

Parameter :an index j € [n + 1] and mixing weights & = (a(®)*L, g = (3®)F2,
Static Input : product distributions P P2 P*0) and QW Q@) ... Q=)
over [g]"; a fixed shared probability lower-bound selector ¢ as in
Definition 14
Output : joint random variables (X,Y") such that
X = (X5, Xj1, ., Xp) ~P= 30 6O Q7P and
Y = (Y5, Yisn, o, Ya) ~ Q= 2012, 9 @7 Q1Y
2 if j > n then return (0, 0);
3 Compute £(j, &, 3, c) for all ¢ € [g], and then use the coupling C to jointly sample
(cp, ep) and (0@,6@);
4 if ep = eg = 0 then
L Sample (X t1:m, Yjt1:m) < RecursiveCouple(j + 1, &, B);

6 else

(S)w for s € [k1] and B(t) _ B(t) @‘)(C@)—l(j@ﬁw@)

P, (cz)—£(j,a,Brcp) Jicg D eq)—tG.aBueg) O

7 | Letal) =a
te [kig];

if ¢p = cg then B

9 Sample (Xt1.n, Yjt1:m) < RecursiveCouple(j + 1, &, ¢, B.c), where
L C=Cp = CQ;

10 else

11 L Sample X 1., ¢ RecursiveSample(j + 1, @; .) with P =0;

12 Sample Yji1., < RecursiveSample(j + 1, ﬂjyc@) with /@ = 0;

13 Let X = (X; = ¢, Xjy1.0) and Y = (V) = cg, Yj11:0) and return (X,Y);

4.2 Implementation of oracles

In this section, we implement the oracle queries in Assumption 9 based on Algorithm 2.
Consider the execution of Algorithm 2 on two mixtures of product distributions P =
S @ Q", P and Q = S 80 @™, Q. Define the following set of states and
transitions between them.

For each recursion instance RecursiveCouple(j, @, B), we create a state S with label
(j,a, B), where 1 < j < n+ 1. A state S is said to be in layer j if j is the first coordinate
of the label. We add a special failure state S =1 to denote that the coupling fails. Let
S denote the set of all possible states that can be reached by the coupling process with a
positive probability, including the failure state L.

For each state S € S with label (j,a, () for j € [n], we define the following transitions
according to the coupling process. The coupling process samples (cp, ep) and (cg, eg) for P
and Q, respectively, and then makes the transition.

Type-I: For any ¢ € [q] with £(j, &, 3,¢) > 0, with probability £(j, &, 8,c), S moves to

a new state S’ with label (j + 1, @, §). Define a transition ¢ from S to S’ with weight

w(t) = £(j,@, 3, c) and label L(t) = (c, c). This means that S moves to S’ through ¢ with

probability £(j, &, §,c) and sets X;=Y=c

Type-II: For any c € [q] with p. £ min{]f"j(c)7 @J(C)} —0(j,a, B,c) > 0, with probability

Pe, S moves to a new state S’ with label (j +1, a; ., Bj,c). Define a transition ¢ from S to

S’ with weight w(t) = p. and label L(¢) = (¢, ¢). This means that S moves to S’ through

t with probability p. and sets X; =Y; = c.
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Type-III: With the remaining probability, the coupling fails (X; # Y;). For any ¢, ¢’ € [q]
with ¢ # ¢ and peo 2 Pr[cg = cAcg=c] > 0, define a transition ¢ from S to the
failure state L with weight w(t) = pc . and label L(t) = (Xj.n, Yj.), where X; = ¢,
Y, = ¢, and Xj+1:n, Yjt1:n are sampled independently in Lines 11 and 12 of Algorithm 2.
Hence, the label contains a pair of random configurations, both of length n — j + 1. The
label L(t) is random because we further sample the pair (X i1:n,Yj41:n). We remark
that there are multiple transitions from S to the failure state L with different weights
and labels.

» Lemma 17. The total number of states is bounded by |S| < (nq + 1)k1+k2=1 4 1,

The proof can be found in the full version.

The oracle queries in Assumption 9 can be implemented by the following algorithm. One
execution of the coupling process can be represented as a random walk on the state space S.
The random walk starts from the root state S = Syoot = (1, v, 3). At each step, the random
walk samples a transition ¢t = (S — S’) from S with probability w(¢) and moves to the next
state S’. The random walk ends either at a state in layer n + 1 (coupling succeeds) or at the
failure state L (coupling fails). The coupling process outputs a pair (Xi.,, Y1.,), which is
determined by the labels of all transitions along the random walk.

Preprocessing step. We build the DAG with all states in S and all transitions between
them. Using Lemma 17, the total number of states and transitions in the DAG is at most
O(q?(ng +1)*1+*2=1) For each state S € S, compute ps.i1(S), the probability that a random
walk starting from S reaches the failure state 1. By definition,

Prait(L) = 1 and pgan(S) = 0 for all S in layer n + 1.

For each non-failed state S € S in layer j € [n], we have the following recursive relation:

pfail(s) = Z w(t)pfaﬂ(S’).

t=(S—S’)Etransitions from S

Using dynamic programming, we can compute pg.i(S) for all S € S in time O(¢?(nq +
1)F1+k2=1) By the definition of ps.;1(S), the failure probability of the recursive coupling is

PrCRC [X 7& Y] = pfail(Sroot)-

Sampling query. Next, we give an algorithm that generates a random sample of X condi-
tional on X # Y in the recursive coupling. Equivalently, we can sample a random walk on
the DAG starting from the root state S,oot, conditional on the random walk reaching the
failure state L. If pgaij(Sroot) = 0, then dry (P,Q) = 0 by the coupling inequality, and this
sampling query is not needed. Otherwise, the query can be implemented by the following
algorithm.

Initialize S = Soot-

Sample a random transition ¢t = (S — S’) from S with probability % and then

update the current state S to S’.

The process terminates when S reaches the failure state L.
The above process gives a random sequence of transitions on the DAG. By concatenating
the labels in the sequence, we obtain a random pair (X,Y) € [g]™ x [¢]", and we output the
sample X € [¢]™.

The correctness of the conditional sample X follows directly from the definition of pg.ii(+).
The running time to generate a random sample X is O(q?(nq + 1)k1+k2—1),
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Evaluation query. Given a fixed configuration o € [g]", we want to evaluate the probability
Pre, . [X =0 AX #Y].

For each non-failed state S € S in layer j € [n], let pZ;,(S) be the probability that a random
walk starting from S reaches the failure state L and that the label X}.,, of the random walk
is exactly 0;.n,. By definition, since Sroot is the layer-1 state, it holds that

p?ail(sroot) = PI'CRC [X =cNANX 7é Y] .

For each S € S in layer j = n + 1, by definition, we have pZ; (S) = 0.

Fix any non-failed state S € S in layer j € [n] with S = (j, @, ). Define
T = {t|tis a transition from S to S’ #L and L(t) = (0;,0,)}.

The above definition considers all transitions from S to non-failed states S’. We still need to
consider the type-III transitions from S to the failure state 1. By definition, there are at
most g(g — 1) such transitions. Let 7, (S) denote the set of all type-III transitions from S
to the failure state L. Every such transition can be specified by a pair (¢, ) with ¢ # ¢.
We use t. s to denote the corresponding type-III transition. Note that the weight w(t. ) is
Pr [cﬂs =chcg = c’] in the coupling at Line 3 of Algorithm 2. The label of ¢. . is a random
pair (X;.n,Yj.n), where X; =¢, Y; = ¢, and X, 41., and Y 1., are sampled independently
in Lines 11 and 12 of Algorithm 2. We define

k‘l n
T(tc’cl, 0') = Pr [Xj+1;n = Uj+1:n] = ng,sc) H ]P)ES)(O’Z').

s=1 i=j+1

Now, we have the following recursive relation:

Pt (S) = Z w(t)phn(S') + Z W(te,er)T(teyer, )

t=(S—S")eT t. s €TL(S):c=0;

Again, we can use dynamic programming on the DAG from layer n + 1 to layer 1 to compute
all values pg ,(S) for all S € S in time O(q?(ng + 1)*17*2=1) The final result is p,;;(Sroot)-

5 Algorithm for Mixtures of Boolean Subcubes

5.1 Reduction to a counting problem
Consider two mixtures of Boolean subcubes P = leﬁ:l al®) R, ]P’Es) and Q = fil
B R, Qgt). A component P(®) over {0,1}" is a Boolean subcube if, for any i € [n],
IP’ES)(l) € {0,1,1}. Thus, for any w € {0,1}", P®)(w) =[]}, ]P’ES) (w;) is a product of values
in {0, %, 1}. We define the following partition AgLs, AZLY, and A[}Pl,?sl)f of [n]:

B = (i € [n] | PV (1) = 13, Mgy = {i € [n] | B (1) = 0},

a . s 1
as={i el | B0 = 3.
In words, for the product distribution P(*), the set ApLS contains all dimensions whose value

is fixed to 1, the set AZ{I) contains all dimensions whose value is fixed to 0, and the set

AR contains all dimensions whose value is sampled uniformly at random. Similarly, for a

component Q). we define the sets A AL, and Ag’}}f in the same way.
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The probability of each w € {0,1}" can be written as follows:

|azelt
P (w) = <2> L[Vi € AZS w; = 1] - L[V € A%, w; = 0],

half

Q(t)(w) _ (;) A@m

where the indicator function 1[#] returns 1 if statement * holds and 0 otherwise. For the

distribution P, we say w € {0,1}" is feasible if for all i € ApLS, wi = 1 and for all 7 € AZTY,

w; = 0. Each feasible w € {0,1}" has probability (1/2)‘Au};<a;§‘ under the distribution P(*),
while each infeasible w € {0, 1}" has probability 0. A similar structural property holds for
the distribution Q).

The feasibility of a configuration w € {0,1}" under the distribution P(*) can be expressed
by a Boolean formula Fpe) : {0,1}™ — {0,1} as follows:

Fao@= N wnr A - (®)

zeAOnE‘ 1€AZPFO
p(s) B(s

ﬂ[vz'e ?Q’}f),wl—l} -H[Vie w0 wi :0},

Similarly, for the distribution Q(*), define the Boolean formula Fow :{0,1}" — {0,1} as
follows:

FQ(t) /\ w;i N\ /\ (9)

one sero
eAYH ZEAQM

al half
By definition, P*)(w) = (1/2)/%5] . Fo) (w) and QO (w) = (1/2)"®! . By (w). The
total variation distance between mixtures of Boolean subcubes P = Z L al®) R, ]P’ES) and
Q= Zfil BYO R, (@i can be expressed as follows:

1
dry (B,Q) =5 Y, [Pw) - QW)
wef{0,1}m
k1 n ko n
PORIILES | ECORD DL | (INC)
we{0,1}n |s=1 i=1 t=1 i=1

half
k1 AP(5>

Ly Zaw-(;)' P (0 ZB(” (5)

we{0,1}|s=1

half
@(f)

FQ(t) ((U) .

Define the characteristic function F : {0,1}" — {0, 1}*17*2 as follows:

F(w) = (F[[»u) (W), Fpey (W), - - -, Fpaen) (W), Foy (W), Fig@ (W), - - -, Fgaia) (w)) .

By the above calculation, the value of |P(w) — Q(w)| is fully determined by F(w). The key
observation is that the image space of F has constant size 2¥11%2 so we can reorganize all
w € {0,1}™ according to the value of the characteristic function F(w). Formally,

half
A@(f)

k2 1
- Zﬁ(t) : (2) * Xt+kq
t=1

(10)

: by N
s=1

x€{0,1}k1tk2
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where N, counts the number of w € {0,1}" such that F(w) = ¥, i.e.,
Ny = {w e {0,1}" [ F(w) = X}/

By (10), computing the total variation distance between two mixtures of Boolean subcubes
P and Q reduces to counting N, for all x € {0, 1}F1+kz,

5.2 The counting algorithm
» Lemma 18. Given any x € {0,1}*17%2 the value of Ny can be computed in time O(2%l.
n(ki + k2)), where So = {j € [k1 + k| | x; = 0} is the set of indices j with x; = 0.

Fix x € {0,1}*1+*2 and consider the set of w € {0,1}" such that F(w) = x. We need to
count the number of such w € {0,1}"™. To simplify the notation, define a sequence of Boolean
functions Fy, Fy, ..., Fi 4k, : {0,1}™ — {0, 1} as follows:

Fpi) (w if j € k],
viclh k] Bl 0@ tel)
Fou-rn(w) if j €[k + 1,k + ko,

where Fp(.) and Fy) are defined in (8) and (9), respectively. For a configuration w € {0,1}"
with F(w) = x, we have F;(w) = x; for all j € [k + ko].

For a subset S C [k; + ko] of indices, define the following set of configurations:

®(S) ={we{0,1}" | Fj(w) =1 for all j € S}.
Let S1 ={j € [k1 + k2] | x; =1} and Sy = {j € [k1 + k2] | x; = 0}. By the definition of IV,
and the inclusion-exclusion principle, we have

Ny =8(S1)| — {w € ®(S1) |3j € So. Fj(w) =1} = Y (-1l [@(s;u8). (1)

5CSo

» Observation 19. Given any S C [k + ko], the size |®(S)| can be computed in time

O(n-|5)).
Proof. By the definition of Fp.) and Fye), we have Fpe (w) = 1 iff w; = 1 for all i € ARES
and w; = 0 for all i € AZYLY. Similarly, Fiye (w) = 1iff w; =1 for all i € A&‘}% and w; = 0 for

all i € AZS. We can go through all j € S and fix the values of the corresponding dimensions
i € [n]. If there is a contradiction, then |®(S)| = 0. Otherwise, |®(S)| = 2", where r is the
number of dimensions whose values are not fixed. The running time is O(n - |S]). <

We now prove Lemma 18. Combining (11) and Observation 19, we can exactly compute
the value of IV, in time

d omisius)< > ("5];0') CO(n(ky + ko)) = 0(21%! - n(ky + k).

SCSo 0<k<|So|

5.3 The total variation distance algorithm

The algorithm for computing the total variation distance between two mixtures of Boolean
subcubes P and Q is obtained by combining (10) and Lemma 18. Let K = ki + k2. The
overall running time is

> (Ini) -0(2™ -nK) = OBF K -n) = 03" 2 (ky + k2) - n).
0<m<K

Here m enumerates the number of indices j with x; = 0. This proves the main result in
Theorem 4.
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6 Proof of the hardness result

Proof of Theorem 5. We show that if there is a polynomial-time algorithm for computing
the TV-distance between two mixtures of Boolean subcubes with k; 4+ ko = ©(n), then there
is a polynomial-time algorithm for #3SAT, restricted to 3-CNF formulas. Let

o(r1,z2,...,2,) =C1 ACaA...ANCp,

be a 3-CNF formula over the used variables x1, z3,...,z,, and m > 1. Set N = max{r, m}.

If N > r, we add N —r dummy variables z,1,...,zn. Let S denote the number of satisfying
assignments of ¢ over z1,...,zy. As the dummy variables do not appear in any clause, the
number of satisfying assignments for ¢ is given by

S
2N7“

#SAT (p) =

We establish the proof by showing the relation between S and the TV-distance between
certain mixtures of Boolean subcubes. Let n = N + 1. We construct two mixtures of
subcubes P and Q over {0,1}". A point in this space can be represented as (b,w1,...,wn),
where b € {0,1} is an additional bit, and (wy,...,wy) is an assignment to (x1,...,2y). For
each j € [m], let x4, 2,5, T be the three variables appearing in the clause C;. Define
(Wj.aswjp,wie) € {0,1}> to be the unique assignment to x4, x;p, z;j . that falsifies C;. Let
U; be a subcube such that

PI‘U]. [(bv xj,(mxj,lnxj,c) = (vaj,a,wj,bij,C)] = 17

and the other N — 3 coordinates are uniform over {0,1}. Define

is a mixture of k1 = m subcubes. Next we define Q. Let V3 and V5 be two subcubes such
that

PI‘V0 [b = 0] = ].:'I‘V1 [b = 1] = 1,
and that are uniform over (z1,...,zy). Let A = 5—, and define

which is a mixture of k9 = 2 subcubes.
We now compute dry (P, Q). For any assignment w = (w1, ...,wn), let

F(w) =|{j € [m] | w falsifies C;}|

denote the number of clauses falsified by w. For every w € {0,1}"V, we have

1« 1 « F F
72 4 - Zl w falsifies C;]-2~ (N=3) _ ﬂ.g*(ﬁ’*i’)) = 87(&)).2*]\7’
m = mj:1 m m

and P(1,w) = 0 by definition of U;. Remark that

1 8F
QO,w)=x-2""=_—.27N<¢ C) 27N = P(0,w) iff F(w) >1;
2m m
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QlL,w)=(1-N-27V>0=P(1,w).

Therefore
dry (P,Q) = > max{0,P(bw) - Qbw)} = > P(0,w) — Q(0,w)
(bw)€{0,1}N+1 we{0,1}N:F(w)>1
8F((JJ) -N 1 —N
- o2\ 9-N _ . )
> - > o2 (12)
we{0,1}N:F(w)>1 we{0,1}N:F(w)>1

For the first term, we consider counting all pairs (w, C;) such that w falsifies C;. On the
one hand, for each w, it falsifies F'(w) clauses; on the other hand, for each Cj, it is falsified
by 2V~3 assignments. Thus

> Flwy= > Fw)=m-2"72

we{0,1}N:F(w)>1 we{0,1}N

For the second term, there are S assignments w satisfying all clauses, that is, F'(w) = 0.
So there are 2V — S assignments satisfying F'(w) > 1. Substituting back to (12), we have

dTV (]R Q) = Z M . 2—N _ Z i . 2—N

we{0,1}N:F(w)>1 mn we{0,1}N:F(w)>1 2m
27N+3 27N 1 27N
= m-2N Y N ) =1- — 4+ g
m (m ) 2m ( 5) 2m + 2m o

Thus the number of satisfying assignments is given by

S
oN—r = 2" (2m - dpy (P, Q) — 2m +1).

The constructed distributions live on the n = N + 1 dimensional subcube, with ki + ko =
m + 2 total components. Since N = max{r,m} and r < 3m, we have m < N < 3m, hence

#SAT (p) =

ki +k=m+2=0(N+1)=0(n).

Therefore, an algorithm for Problem 3 with k; + ko = ©(n) yields an exact algorithm for
#3SAT. |
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