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—— Abstract

Given a simple, unweighted, undirected graph G = (V, E) with |V| = n and |E| = m, and parameters
0 < e, <1, along with Degree, Neighbour, Pair and RandomEdge query access to GG, we provide a
query-based randomized algorithm to generate an estimate T of the number of triangles T in G,
such that T € [(1 —e)T, (1 + e)T] with probability at least 1 — . The query complexity of our
algorithm is O (moz log(1/5)/53T), where « is the arboricity of G. Our work can be seen as a natural
progression to the line of recent works [Eden et al., SIAM J Comp., 2017; Assadi et al., ITCS 2019;
Eden et al., SODA 2020] that considered subgraph or triangle counting with or without the use of
RandomEdge query. Of these works, Eden et al. [SODA 2020] considers the role of arboricity. Our
work is the first to consider how RandomEdge query can leverage the structural property of arboricity.
Furthermore, continuing in the line of work of Assadi et al. [APPROX/RANDOM 2022], we also
provide a lower bound of Q (ma log(l/é)/EQT) that matches the upper bound exactly on arboricity,
d, and almost on e.
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1 Introduction

Counting the number of triangles present in graphs is a classical problem [20, 5, 53, 4, 10].
Researchers in the streaming (sub-linear space) community have studied this problem for
the last two decades; see [10, 11, 35, 2, 17, 6, 36, 18, 22, 55, 41] for a sample of such works.
The problem has also been studied by researchers in the property testing (sub-linear time)
community in the last decade [26, 48, 39, 11, 13, 28, 35]. Here, graphs can be accessed
only through certain queries. On the other hand, starting with the work of [20], the graph
parameter called arboricity has also found its use in triangle counting [28]. Our work shows
the use of arboricity in triangle counting where the graph can be accessed through random
edge queries along with other standard queries like Degree, Neighbour and Pair.
Counting triangles has been a well-motivated problem with applications across various
domains like optimizing query size in database join problems [10, 9, 7], computing clustering
coefficients, transitivity ratio [1, 46, 60, 44], studying structures in web graphs [25, 23]
etc. For a more thorough overview, see the surveys [3, 57]. The parametrization based on
arboricity is also of practical interest due to the occurrence of low-arboricity graphs in various
real-world scenarios [24, 42, 50, 31, 12, 23, 54].
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Arboricity Matters in Triangle Counting with Random Edges

Formally, we are given a simple, unweighted, undirected graph G = (V, E) with |V| = n,
and |E| = m. The neighbours of v is denoted N(v) = {u| (u,v) € E} and the degree of the
vertex v is denoted deg, = |[N(v)|. We are given the following queries to access the graph:

Degree(v): Given a vertex v, return deg,,.

Neighbour(v,4): Given a vertex v € V and i € [n], return the i-th vertex u € N(v) if it

exists; otherwise, we get L.

Pair(u,v): Given two vertices u,v € V, return 1 if (u,v) € E, and 0, otherwise.

RandomEdge: Return an edge e € E uniformly at random.

We will call the Degree, Neighbour and Pair queries taken together to be local queries [7].
Now, we formally state our problem:

Triangle Estimation:
Given €,6 with 0 < £, < 1, obtain an estimate 7' of the number of triangles T" in
the graph G, such that T € [(1 —¢) T, (1 + ) T] with probability at least 1 — 4.

From now on, we refer T to be an (e,9) estimate of T. One of the graph parameters
that has been relevant to quantify the complexity of triangle counting algorithms within the
context of RAM model [20], streaming model [13], distributed model [34, 56, 30, 45] and
query model [29], is the arboricity of the graph G, denoted a. The arboricity of a graph can
be seen as a measure of the density of the graph.

» Definition 1 (Arboricity(«)). The arboricity of a graph G = (V, E), denoted «, is the
minimum number of spanning forests that E can be partitioned into.

Recent works have established various ways to construct lower bounds incorporating the
impact of € and ¢ both in graph property testing [8] and other problems [58]. Our lower
bounds will also involve ¢ and ¢. To illustrate the dependence of €, §, and polylog terms on
the query complexity of our algorithm, we will use two notations at times in place of O (e) —
9] (e) hides polylog factors only but shows dependence on ¢ and §, whereas 5675 (o) hides
both e, § and polylog terms.

1.1 Our results

In this section, we present the main results of this work.

Upper bound

We show that using random edge queries in addition to local queries, we can obtain an
(e,9) estimate of T where the query complexity is parametrized by arboricity apart from
the usual parameters of edge, vertex, the number of triangles, e, and . The work of [20]
established the role of arboricity in the problem of triangle counting giving an O (m«) time
algorithm to exactly count the number of triangles T in the RAM model. In recent works
in the property testing model, [26] gave an algorithm that uses local queries and requires
3/2

Ocs (# + min {m, mT}) queries to obtain an (e, §) estimate T’ of T. Using RandomEdge

~ / N
in addition to the local queries, [7] proposed an algorithm that uses O (7"32512#) queries.

Following this, [28] was introduces the parameter of arboricity to triangle counting in the
. 3 log® (1/5

query based setup. They proposed an algorithm that uses O (# + %T(/)) local

queries to obtain an (g,0) estimate T of T. Our work follows in the line of the works of

[26, 7, 28], where we use RandomEdge in addition to local queries to obtain an algorithm

that uses O (%%1/6)) queries (see the last row in Table 1). Formally,
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» Theorem 2 (Upper bound). Given a simple, unweighted and undirected graph G = (V, E)

with |V| = n, |E| = m and arboricity «, and access to the graph via Degree, Neighbour, Pair

ma log(1/5))

and RandomEdge queries, an (g,0) estimate T of T can be obtained using 9) ( =T

queries.

me
etT
an (g, d)-estimate of the number of triangles in a graph, where & is the degeneracy of the

A constant-pass 0] ( ) space streaming algorithm was proposed in [13] for obtaining
graph. Our algorithm can be directly extended to a constant pass streaming algorithm using
O (%2) space. By the fact that a < k < 2a, our algorithm’s space complexity is as good as
the algorithm of [13] in terms of the graph parameters, and asymptotically better in terms
of the approximation factor e.

Lower bound

We also establish a lower bound involving the arboricity and the parameters ¢ and 9.
Reductions from communication complexity is a well studied method to establish lower
bound results in terms of query complexity [15, 29, 32]. Using only Degree and Neighbour
queries, triangle counting requires €2 (m) queries [33]. Including Pair with the previous two

queries, [26] established a lower bound of (ﬁ + %/2) queries which matches their upper

log (n/6)
€

bound up to poly ( ) factors. Later, a simpler proof was proposed for the same bound

through reduction from communication complexity problems [29]. This was subsequently
extended to incorporate arboricity with a bound of Q (7% + %) queries [28] which again

log (n/4)
€

matched their proposed upper bound up to poly ( ) factors. If RandomEdge query

is allowed along with all three local queries, the above lower bounds of 2 (# + ﬂ)

and Q (7% + %) become Q (m3/2/T) [29] and Q (ma/T) [28], respectively. ! As we have

. . . ~ ( m3/?1log(1/6) .
mentioned, for general graphs, there is an algorithm that makes O ( =——_7-~ | queries,

where each query is either a local query or a RandomEdge query [7]. Recently, in [8], it has
been shown that the algorithm of [7] is optimal (up to poly (log (n)) factors) in terms of all

m3/?1og (1/6)
e?T

parameters including € and § through a lower bound of 2 ) queries for obtaining

an (g,0) estimate of 7' using local and RandomEdge queries. However, this does not consider
the dependency of the query complexity on arboricity of the graph. Like our upper bound,
the lower bound of our work also captures the role of arboricity and the parameters ¢, and
0 when the queries allowed are the local and the RandomEdge queries. Moreover, our lower
bound combines the parametrization of [8] and [28] in terms of ¢, §, and «, respectively, to
establish an improved lower bound.

» Theorem 3 (Lower bound). Given a simple, unweighted and undirected graph G = (V, E)

with |V| = n, |E| = m and arboricity o, and access to the graph via Degree, Neighbour,
ma log(l/é))

Pair and RandomEdge queries, obtaining an (,d) estimate T of T requires (2 ( =T

queries.

Table 1 describes the upper and lower bounds across different query accesses and para-
metrization for the triangle counting problem, with our contributions in this work highlighted
with an asterisk (x) mark. Table 1 shows that it is only natural to study the problem of

! Though [28] does not mention about Q (ma/T) explicitly, it is not difficult to see it from their construction.
Also, this lower bound of Q (ma/T) matches with our upper bound (stated in Theorem 2) in terms of
dependence on m, T, and «a.
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Table 1 Upper and lower bounds for the Triangle Counting problem. Entries marked with an
asterisk (*) are our results proved in this paper.

Without RandomEdge With RandomEdge
O ‘ A m / O,
UB: O (gt + 2202 ) [26] || UB: O (2 2kpnase) 7
Without Arboricity
o 3/2 ~ 3/2 00
LB O (20 )| e o (00 g
~ 3 — ‘
UB: O (L + M) 28] || (#) UB: O (melog/s)
With Arboricity e =T ( ST )
(x) LB: Q (melog /o)) () LB: Q (malog(/0)

triangle estimation with the use of RandomEdge and arboricity as a parameter after the
works of [26, 28, 7, 8]. We believe our work also raises some new questions: (a) it opens up
the question of quantifying the impact of o to count other subgraphs (e.g., k-cliques) using
RandomEdge and other local queries; (b) there remains a small gap of 1/e between our upper
and lower bounds that remain to be resolved.

1.2 Related work in other models

The problem of triangle counting is a problem that has been extensively studied across
various models of computation. Here, we discuss the works in RAM and streaming models.

RAM model. The work of [20] proposed an O (%) algorithm in the RAM model that
remains the best known till date. Recent works have shown it to be conditionally optimal

under the 3SUM [43] and APSP hypotheses [59].

Streaming model. In the data streaming model, a long line of work [51, 52] has culminated
inan O (% (A g+ Jrv))—space one-pass streaming algorithm for insertion only model [39]
that has been shown to be optimal through the combined lower bounds proposed in [16, 39].
Here, Ap (Ay) denote the maximum number of triangles incident on an edge e (a vertex v)
in the graph G. There have been works on triangle counting in multi-pass setup as well as in
other streaming models (e.g., turnstile, cash-register etc.) [48, 11, 39, 37, 38, 40, 13].

1.3 Paper organization

Section 2 discusses a broad overview of the techniques we use, and contextualizes it with
respect to the relevant prior works. Section 3 sets up the preliminaries for our proofs,
including the structural results involving arboricity of a graph. Section 4 discusses the
query-based algorithm by breaking the discussion into several parts: a weight function
(Section 4.1), an oracle based algorithm (Sections 4.2) and its implementation (Section 4.3)
and the final algorithm (Section 4.4). The lower bounds are discussed in Section 5. Some of
the proofs are deferred to the Appendix. We have also included the full version of the paper
in the Appendix.
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2 Technical overview

In this section, we give a broad overview of the techniques used in this work. We denote
by T, the number of triangles incident on the edge e, and the degree of an edge by deg,

= deg(, ) = min {deg,, deg, }.

2.1 Upper bound

Our starting point is to use RandomEdge queries to obtain .S, a random sample of edges of
size s and try to estimate the number of triangles 7" incident on the edges of S. As the
RandomEdge query samples edges uniformly at random, the expected number of triangles
each sampled edge participates in is % Hence, an obvious approach to estimate 1" would be

to count the number of triangles T, each edge e participates in, and take their average for the

sampled edges and scale it appropriately. However, there are two issues with this approach.

Firstly, counting the number of triangles an edge e participates in exactly would require
Q (deg,) local queries. Therefore, we have to sample sufficiently many neighbour vertices for
each edge e and check if it forms a triangle or not to obtain a good estimate of 7.

Secondly, even though the expected number of triangles incident on each edge is %,
individual edges e can participate in a large number of triangles, i.e., T, can be Q (7). This
makes the variance of the estimate too high, and requires s to be large to obtain a good
estimate. To work around this issue, we fix a threshold 7 based on the arboricity « of
the graph, that has a connection to the number of triangles in the graph. We call edges
that participates in more than 7 triangles 7-heavy edges. Correspondingly, any edge that
participates in less than 7 triangles is called 7-light edges. For now, assume we are given
access to an oracle Heavy to decide whether an edge is light or heavy. We call the triangles
consisting exclusively of heavy edges as heavy triangles, and the remaining triangles as light
triangles. The threshold 7 is set at an appropriate multiple of a so that heavy triangles
constitute only € fraction of the triangles. Thus, we can forget about the 7-heavy edges
and focus only on counting the light triangles. This brings us to the issue of sampling light
triangles uniformly at random. We define a weight function on the edges that assigns each
light triangle to one of its constituent light edges. The weight function is defined to be the
number of light triangles assigned to the edge, with each heavy edge being assigned a value
of 0.

Now the algorithm’s objective is to estimate this weight function, which cannot be accessed
or sampled directly. Observe that there can be multiple assignments of the light triangles to
the edges, and consequently multiple weight functions. It suffices for the algorithm to estimate
any one of them. In that regard, for all the light edges in our sample S, we maintain a partial
non-conflicting assignment. Such an assignment can be extended to a valid assignment, and
consequently, a valid weight function. Based on this assignment, we obtain an estimate of
the corresponding weight function, which, given an appropriately fixed threshold 7 = © (%),
and setting s to 9] (;’;—% log %) will give an (e, d) estimate of T.

To design the oracle Heavy for a given edge e, we estimate the number of triangles each
edge participates in. We can estimate it by sampling each triangle independently through
the corresponding neighbouring vertex of e. The probability of obtaining a triangle for an

edge e through a random neighbour is d:ge . Hence, for the heavy edges where T, > 7, T,

can be estimated using sufficiently small number of queries. For the light edges where T, < T,

the probability of obtaining a triangle through a random neighbour can be arbitrarily low.

However, note that the lower probability of obtaining triangles allows for high approximation
error. We then design a bucketing trick to exploit this trade-off to implement an efficient
algorithm to decide whether an edge is heavy or light. For full details, see Section 4.

55:5
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2.2 Lower bound

Several lower bounds for triangle counting problems based on reductions from the disjointness
problem in communication complexity [29, 7, 28] are often close to the best possible upper
bounds. It is not clear whether this approach can give tight bounds involving ¢ and .

Recently, Assadi and Nguyen [8] showed that any algorithm to find an (e, §)-estimate of the
m3/?1og(1/6)
e2T

a local query or a RandomEdge query.? To prove the lower bound, they introduced a new
query problem called the Popcount Thresholding Problem (PTP), and gave reductions from
this problem to triangle estimation, instead of using disjointness. We also show a reduction
from PTP. In particular, we show that for any value of arboricity «, we can design a graph

G with arboricity « such that finding an (e, §)-estimate in it using (%) queries

number of triangles T' must make at least {2 ( ) queries, where each query is either

would violate the lower bound of PTP.

In the PTPy 1, problem, we are given query access to a binary string x € {0, 1} and
must decide whether it was generated from one of two similar distributions. In the first
distribution, denoted Dy, each bit of the string is independently set to 1 with probability
(1 — 2y)k/M; in the second distribution, denoted D, each bit is independently set to 1
with probability (1 + 2v)k/M. The objective is to distinguish between these two cases by
adaptively querying bits of . For suitable choice of k,y, and 4, with probability at least
1—4, a string from Dy will have fewer than (1 — )k 1s and a string from D; will have more
than (1 +~)k 1s. Hence, to distinguish whether z is generated from Dy or Dy, it suffices to
estimate the number of 1s present in z, i.e. ||z||; upto multiplicative approximation factor ~.
Assadi et al. [8] showed that (under suitable choice of parameters) 2 le/gf(kl/é)) queries to
x are needed to distinguish between the case whether x ~ Dy and = ~ D; with probability

1-4.

We now describe the hard graph instance G (V,, E,) used in the reduction. The core
structure of V, consists of three vertex sets: A, B, and R, where |A| = |B| = ©(m/a) and
|R| = O(a). Every vertex in AU B is connected to all vertices in R, forming a bipartite
clique between AU B and R. The subgraph induced by AU B contains ©(m) edges, with
each vertex having degree at most O(«). We associate each index ¢ € [M] from the PTPy; 1 ~
instance with a potential edge between A and B, and include the edge if and only if z; = 1.
Thus, the number of edges between A and B equals ||z||1, and the total number of triangles
in the graph G is |z]]1 - |R|. By choosing parameters such that M = ©(m), k = O(T/a«),
and 7 = O (¢), distinguishing whether = is drawn from Dy or D; becomes equivalent to
distinguishing whether the number of triangles in the graph is at most (1 — )T or at least
(14¢)T. To complete the reduction, we show that each local query and RandomEdge query to
G can be simulated using only a constant number of queries to z. To enable this, we extend
the construction by introducing two additional disjoint vertex sets A’ and B’, resulting in
five disjoint sets: A, B, R, A’, and B’. All triangles in the graph are confined to the sets A,
B, and R, while the sets A’ and B’ are added to ensure that the degree of each vertex in V,
remains identical regardless of whether x is drawn from Dy or D;. With this construction,
every allowable query to the graph can be simulated with O(1) queries to x. For full details,
see Section 5.

2 Note that this lower bound matches exactly with the corresponding upper bound in [7].
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2.3 Contextualizing with relevant prior work

Our work follows as a natural progression to the works of [26, 7, 28] in the property testing
framework. So, let us review the algorithmic techniques at play in them.

We start by describing a simple randomized algorithm due to Assadi et al. [7] for
estimating the number of triangles in a graph when we have access to queries like Degree,
Neighbour, Pair, and RandomEdge. First, pick a random edge {u,v} and let deg, < deg,,.
If deg,, < 74, pick a random neighbour w of u and check if {u,v,w} forms a triangle in the

correct order, i.e., in the increasing degree sequence. The probability of sampling a triangle
in this case is ﬁ . delgu . dif“ = Qnim. If deg, > 74, pick a vertex w at random with

probability proportional to its degree. This is possible because RandomEdge allows sampling

vertices proportional to their degrees. The probability of sampling a triangle in this case is
1 deg, > T4
2

m = 4m?

5 . By setting 7y = v/2m, we can ensure that the algorithm works effectively.
This process finds a triangle with probability Q(7'/m3/2). Finally, by repeating this process
O(m3/?1og(1/68)/T) times, we can estimate the total number of triangles.

The setting 74 = O(y/m) seems to be the optimal choice for the general case. We do
not see a way to generalize the above idea when parametrized by arboricity. In bounded
arboricity graphs, the structure and degree distribution of the graph may not align with this
approach. So, a different strategy would be required for graphs with bounded arboricity to
achieve the desired bound of O(malog(1/8)/e3T).

Our approach is more closely aligned with the framework of triangle counting developed
by Eden et al. [26] with access to local queries only. The algorithm by Eden et al. [26] starts
by picking a small set of vertices at random and for each sampled vertex, the algorithm
tries to estimate the number of triangles it participates in. Some vertices appear in many
triangles and are called heavy, while others are called light. To keep the estimate as desired,
the algorithm limits the contribution of heavy vertices and focuses mainly on light ones. It
gives more weight to triangles that have more light vertices. Since the number of triangles a
vertex participates in cannot be obtained directly, the algorithm estimates this by sampling
edges incident on the sampled vertices and checking if they close triangles with neighbouring
vertices of those edges. The above framework has also been subsequently extended for clique
counting in general graphs [28] and that in bounded arboricity graphs [28].

In summary, the idea of dividing the triangles in terms of their constituent edges or
vertices into heavy and light, and dealing with them separately has been a long-standing
technique for subgraph counting in sublinear models [48, 26, 11, 27, 38, 28, 13]. The
algorithmic techniques vary on how to set and leverage this thresholding behaviour for the
specific problems and models. Furthermore, allowing RandomEdge queries has yielded simpler
algorithms for subgraph counting problems [7]. The usage of RandomEdge enables us to
design a simple algorithm that uses the structural parameter of arboricity.

The lower bounds for the triangle counting problem in the query model have come from
indistinguishability arguments [26] or reduction from communication problems, particularly
set-disjointness [29, 7, 28] with [28] establishing arboricity-sensitive lower bounds. On the
other hand, several recent works [14, 8] have established lower bounds for property testing
problems through reductions to query problems that are sensitive to € and ¢. In this work,
we extend the g, d-sensitive lower bound of [8] to the triangle counting problem for any value
of arboricity a.

55:7
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3 Preliminaries

3.1 Notations

The set of positive integers {1,2,...,z} is denoted [z]. The set of triangles in G is denoted
A, and individual triangles are denoted t. (v, e) denotes a triangle formed by the vertices v
and the endpoints of the edge e. Unif(S) denotes an element of S is chosen uniformly at
random.

3.2 Arboricity and its properties

As arboricity plays a crucial role in our work, we put together all the structural results that
involve arboricity here. Let us restate the definition once more.

» Definition 4 (Arboricity(«)). The arboricity of a graph G = (V, E), denoted by ag, is the
minimum number of spanning forests that E can be partitioned into.

The arboricity of a graph can be seen as a measure of the density of the graph. a¢ can be at
least [m/(n —1)]. Also, ag > ag where H is any subgraph of G. We will write « instead of
a¢ when the underlying graph is understood. We introduce the following result due to [20]
on the sum of edge degrees over all edges in the graph.

» Lemma 5 (Sum of deg, [20]). Given a graph G = (V, E) with arboricity a and |E| = m,
> deg, < 2ma.
ecE

The following result due to [28] builds on the work of [20] to bound the number of triangles
based on the number of edges m and arboricity a.

» Lemma 6 (Triangle upper bound [28]). Given a graph G = (V, E) with arboricity o and
|E| = m, the graph G has at most ma triangles.

Note that this upper bound is also tight, i.e., there exists graphs that contain m edges and
Q (ma) triangles. Additionally, arboricity « can be at most O (y/m) [28]. Thus, all our
results can be reformulated by plugging in this upper bound.

3.3 Chernoff bounds

We will be using the following variation of the Chernoff bound that bounds the deviation of
the sum of independent Poisson trials [49].

» Lemma 7 (Multiplicative Chernoff bound). Given i.i.d. random variables X, Xo, ..., X;
where Pr[X; = 1] = p and Pr[X; = 0] = (1 — p), define X =}, ;) Xi. Then, we have:

Pr[X<(1—€)E[X]]<exp<—E[)§]€2> 0<e<l1
Pr[X > (1+¢)E[X]] <exp <—522]]i[)€q> 0<e

4 Algorithm

This section describes the algorithm and its related concepts. Section 4.1 formally defines
the weight function for edges and associated structural results. Section 4.2 describes the
algorithm assuming access to an idealized oracle that can decide if an edge is heavy or light



A. Bishnu, D. Chanda, and G. Mishra

(based on whether the edge has many or few incident triangles). Section 4.3 describes how
to actually implement this oracle within the problem setup. Section 4.4 puts everything
together to develop the final algorithm.

4.1 Weight function

In this section, we formalize the ideas of heavy and light edges and weight function for the
edges.

Heavy and light edges and triangles
First, we define heavy and light edges and correspondingly, heavy and light triangles.

» Definition 8 (7-heavy and 7-light edges). An edge e € E is defined to be a T-heavy (resp.
7-light) edge if it participates in more than T (resp. < T) triangles.

» Definition 9 (7-heavy and 7-light triangles). A triangle t € A is called a T-heavy triangle if
all its three edges are T-heavy edges. A triangle that is not T-heavy is a T-light triangle.

We denote by 77 and T} the number of 7-light and 7-heavy triangles in the graph G,
respectively. The following lemma bounds the number of 7-heavy triangles in a graph using
the parameter of arboricity.

» Lemma 10 (Upper bound on TF). Given a graph G = (V, E) with T triangles, the number
of T-heavy triangles is at most S’TT"

Proof. Note that the graph G = (V, E) has T triangles containing at most 37 edges. By
Definition 9, 7-heavy triangles have all three of their edges to be 7-heavy edges, T or more
triangles incident on each of them. Hence, the number of 7-heavy edges in G is at most g .

Now consider the subgraph H = (V, Eg) of G induced by the 7-heavy edges in G. We
know, Ep < % Also, ag < ag = « (see Section 3.2). Hence, by Lemma 6, we know that

H contains at most ?’TTO‘ triangles. <
The following corollary follows from Lemma 10 and the fact that 7= T7 + 1.

» Corollary 11 (Lower bound on T7). Given a graph G = (V, E), there are at least (1 — 22)T
T-light triangles.

Weight function for the edges

Now, we define a weight function for the edges. As a triangle is incident to multiple edges,
the objective of a weight function is to charge each of the light triangles to exactly one of its
participating light edges. To ensure this, we do not charge any light triangle to any heavy
edge that it may be incident on. Each light edge e can be charged by at most T, triangles,
i.e., all the triangles the edge e participates in. To avoid over-counting, we ensure that the
sum of the weight function over all edges is equal to the number of light triangles, T7. (t,e)
denotes that the triangle t is charged to the edge e.

» Definition 12 (Triangle weight function (w)). We define a function w : E — N to be a
triangle weight function if it satisfies the following two conditions:
Condition (1): w(e)
Condition (2): > w(e)

eclk

T. if e is a light edge
0 ifeis a heavy edge
17
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Observe that there are multiple such weight functions (e.g., a triangle with 3 light edges
can be assigned to any one of these 3 edges). Henceforth, we denote the set consisting of
valid triangle weight functions by WW. We now state a property of valid weight functions.
Note that this property is true for any w € W.

» Lemma 13 (Expectation of w(e)). Consider any triangle weight function w € W. If
we select an edge e € E uniformly at random, then the expected value of w(e) is %, i.e.,

Eeunit(m) w(e) = .

Proof. Given that the edges have been chosen uniformly at random and the condition of the
triangle weight function (Definition 12), we have:

E wl) = Z %w(e) = %Zw(e) = % <

e€Unif(E) ecE

4.2 Oracle based algorithm

Our algorithm, due to its usage of the triangle weight function, requires knowledge of whether
an edge is heavy or light. The problem of deciding whether an edge is heavy is non-trivial as
it directly relates to number of triangles the edge participates in. In this section, we assume
black-box access to an oracle HeavyOracle that helps us determine if an edge is heavy.

ha

h
1 ifedgeeisa —a—heavy edge, i.e., 7= —
€ €

l l
0 if edgeeisa g—light edge, i.e., T = ?OL

HeavyOracle(e, o, e) =
Here h and [ (h > l) are constants to be determined later. We will discuss an efficient
implementation of this oracle later.

Let us first consider the case where we are given an oracle that given an edge e, returns
the exact value of a weight function, w(e). Given we can sample edges uniformly at random

through the RandomEdge query, we can compute E.umir(e) [w(e)] = TL% using this oracle on
the sampled edges. However, no such oracle exists in our model. Hence, we try to simulate
one through an empirical estimate of the weight function, w(e). Recall the fact that there are
many valid weight functions, each being characterized by every light triangle being charged
to one of its constituent light edges. Our algorithm will work if the empirical weight function
W estimates any one of these weight functions. We achieve this by ensuring that a triangle is
not sampled through more than one edge (see Line 17 of Algorithm 1). Thus, the assignments
that we consider can be extended to a valid weight function w, and our algorithm can be
thought of as estimating this weight function through @w. We develop our initial algorithm
(Algorithm 1) assuming T, an estimate of T satisfying T < 2T.

In Algorithm 1, we assume that we know m exactly. In fact, our algorithm and analysis
work even if we have a constant factor approximation of m. This can be achieved by using
O-.5 (1) queries [7].

We now state and analyse the algorithm.

» Lemma 14 (Expectation of Algorithm 1). Algorithm 1 ensures that E [W(e;)] = TLl?a/m,
X la
and E [T} =T, .

Proof. Let &; be the event that the edge e is chosen as the i-th edge sample. We proceed
with the proof by considering two different cases: deg, < o and deg, > a.
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Algorithm 1 Triangle Counting Algorithm - with access to Heavy, and knowledge of T.

Require: Degree, Neighbour, Pair, and RandomEdge query access to a graph G. Parameters
T, a, €, m and oracle access to HeavyOracle with threshold constants [, h

1: s+ c(1+ h)e 3 (ma/T)logn
2: S« 0 > S is the set of random edges sampled. |S| grows up to s
3: SA 0 > Sa is the set of light triangles sampled through the edges in S
4: for i € [s] do
5: e; < RandomEdge
6: S+ SUe;
7: Let e; = (vi, x) where deg,, < deg, > Requires two Degree queries
8: if (HeavyOracle(e;,a,e) = 0) then > e; is a %-light edge
9: Te, < 0 > re denotes the number of queries for each edge e
10: if deg,, < a then
11: set r., < 1 with probability d o
12: else
deg,
13: set Te, [a”’—‘
14: for j € [re,] do
15: Choose k < Unif ({1, 2, ...,degvi})
16: u < Neighbour(v;, k)
17: if (Pair(u,z) =1 and t = (u, &) is not in Sa through another edge €’) then
18: SA — Sa Ut
19: > A triangle t may occur in Sa multiple times, but each time it will be through the
same edge e
20: else
21: Te;, < 0

22: for i € [s] do
23: if ro, > 0 then

24: @(61) = i Z(t,e;)GSA max (a7 degm‘)
25: else
26: w(e;) =0

27: return T = 2 Y. _ ii(e;)

Case I: (deg, < «). When deg, < a, 7. is set to 0 with probability 1 — deg,/a and 1 with
probability deg,/a, and w(e) is evaluated through a single query. Thus,

Blote)ls] = 5 ¥ qa (1- %) 0—u) )

kefw(e)] “Be @

Case Il: (deg, > «). On the other hand, when deg, > «, let Z;, j € [r.] be the contribution
of each 7. queries made for the edge e to the weight function estimate. Then,

1
E[Z;|&] = Z Kdege = w(e) (2)
ke[w(e)] ©

55:11
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Correspondingly, we have by linearity of expectation and Equation (2):
N 1
Efw(e:)lé:] = — Y E[Z)|&] = E[Z;|&] = w(e) 3)
¢ JE[re]
Given that we draw each edge e € S uniformly at random, we now have by Equa-

tions (1), (3), and Lemma 13:

la
Eli(e)] = E  w(e)=T;/m

By linearity of expectations, we obtain

E [f] —E l’;‘ 3 @)

i€s

1

— T <

Note that Lemma 14 holds irrespective of whether the assumption T < 2T is satisfied or

not. Next, we turn our attention to the variance of w(e).
» Lemma 15 (Variance of Algorithm 1). Algorithm 1 ensures that Var[w(e;)] < (th)a

€
]EewUnif(E) [w(e)].
Proof. Again, we consider two different cases as in the proof of Lemma 14.

Case I: (deg, < ). When deg, < «, Algorithm 1 makes at most 1 query as r < 1. As
w(e) < a, we have

Var[@(e;)|€;] < E[i(e;)?|Ei] < a B[ (e;) |€)] (4)
Case ll: (deg, > «). Now we consider the case deg, > « which is more involved as
r > 1. We first estimate the variance of each Z; individually as defined in Lemma 14. We
condition on the event that edge e is chosen as the i-th edge sample, denoted by &;. If

HeavyOracle(e,a,¢) = 1, then Var[Z;] = 0,Vj € [r]. Hence, we condition on the event that
HeavyOracle(e, a,e) = 0 from now on. As Z; < deg,,

Var[Z;|&i] < E[Z]|€] < deg,, E[Z;]E)] (5)

After having bounded the variance of the contribution of each query, we now obtain the
variance of the weight estimate of the edge.

1
Var[w(e;)|&;] = Var | — E Z;|&;
ar[w(e;)| &) ar | = GIE

i jere,
1 .. .
=2 Z Var [Z;|E;] (Z; are i.i.d. given &;)
&i jeTei
deg,, 1 : N .
=— —E[Z;|&]  (by Equation (5) and linearity of expectation)
Tei JETe,; €i
d
< aE[@(e)|E] (as re, = Fﬂ)
a

(6)
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Now, we remove the conditioning on &; using the law of total variance:

Var[w(e;)] = E[Var[@(em&]] + \Qar[E[@(ezﬂE,]] (by the law of total variance)
< E[QE[@(%)‘&H + E[E[@(ei)|5i]2] (by Equations (4) and (6))
< QE[E[@(Q)\&]] + h—a ]E[ [W(e;)|Ei]] (as HeavyOracle(e) = 0, h—a > |T.|)
< 0 g «

» Theorem 16 (Performance guarantees of Algorithm 1 ). Algorithm 1 makes c(1 +
h)e=3(ma/T)logn queries, and c(1+h)e=3(ma/T) logn calls to Hea'qu'racle and given T
satisfying the assumption that T < 2T, returns T such that Pr(|T — TL | > eT ) L

— clogn -’

Proof. The algorithm calls HeavyOracle for each of the s edges in S, resulting in a total of
(1 + h)e~3(logn)(ma/T) calls.

The algorithm makes s RandomEdge queries, 2s Degree queries, and 2r. Neighbour query
for each edge e € S. All edges in S are sampled uniformly at random from E. Hence, the
expected number of Neighbour queries made are:

deg 1 [deg 1 deg 1 deg 2ma
E _oe — = | <« = 14 —2¢ — 14+ — — 2 L 14+—— =3
e~Unif(E)H « H Zm[ « —‘_mz * « +mz a +ma
ecE eckE eckE

The last inequality in the above step follows from Lemma 5. Hence, the algorithm makes
at most 9s = ¢(1 + h)e—3(ma/T)logn queries in expectation. Here the inequality is due to
the fact that for a heavy edge e in S, r. = 0. Furthermore, we bound the variance of the
estimate T as:

Var[T] = Var

ES ES

m Z @(ei)l < (1 + h)am? E[w(e)] < (1+ h)maE[T) .
i€s

The last two steps follow from Lemma 15 and the fact that E {ﬂ =mE[w(e)]. We now use
Chebyshev’s inequality on T

7]

Pr (|T E[T]| < cE[T }) < 6\2/?;[[,\}2 (Chebyshev’s inequality)
< ( h)Ta (by Lemma 15)
s E[T]
< (1+hjma = (by Lemma 14)
&3 -4e(1+ h)e3(ma/T)logn - T;*
1 la ~
< € >
< Clogn (asT;2 >T/2>T/4)

where the last inequality uses the fact T/2 > f/4 due to the assumption that T < 2T. <

4.3 Implementing the oracle

Rather than the exact oracle (HeavyOracle) that we assumed in Algorithm 1, we would
design an oracle (called Heavy) that given arboricity «, and parameters € and §, accepts
edges participating in at most §- triangles as light, and rejects edges participating in at least

55:13
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% triangles as heavy, with probability at least 1 — §. The algorithm works by estimating the
number of triangles each edge participates in. However, in this case, each Neighbour and
Pair queries generate i.i.d. random variables denoting the existence of triangle through that
neighbouring vertex. Thus, our analysis uses the multiplicative Chernoff bound to obtain
high probability guarantees for each individual edge.

Algorithm 2 Heavy(e, a, €, ).

Require: Degree, Neighbour, Pair, and RandomEdge query access to a graph G
r < [% log (%)—‘ > r denotes the number of queries for each edge e

: Let e = (u,x) where deg, < deg, > Requires 2 Degree queries

Y 0

: for i € [r] do

Choose k < Unif ({1, 2, ...,deg, })

v; < Neighbour(u, k) > Requires 1 Neighbour query

if Pair(v;,z) = 1 then > Requires 1 Pair query
Y+ 1 > Found triangle (v;, e)

© X TP TN

else

10: Y, + 0

11: Y«Y+Y;

12: Y + X

13: if Y > da then
e-deg

14: return 1

e

15: else
16: return 0

» Lemma 17 (Estimation guarantee of Heavy). The algorithm Heavy(e, o, e,0) satisfies the
following properties with probability at least 1 — 0: (i) returns 1 edge e if it is 2?‘X—heavy; (i7)
returns 0 edge e if it is g5--light.

Proof. For (i), we only consider edges that have at least 2?(’ triangles. In this case, the

random variables Y; (Y; as in Algorithm 2; Y; = 1 if v; and e form a triangle; 0, otherwise) are

i.i.d. Bernoulli random variables taking value 1 with probability at least . égg . Hence, we

e

have the following using linearity of expectation: E[Y] =E [l 2ielr] Yi] =E[Y] >

2a
e deg,
AsY = % >, Yi, we can upper bound the probability of the algorithm returning 0 for the

edge e, by a multiplicative Chernoff bound (Lemma 7) as follows:

r

« 1 2a
Pr|Y < <Pr|lY<|1—-=-]E|Y E|Y
! { B 5degj = { B ( 2) [ ]} ( 1> Edege>
E|Y
<exp (_ré]) (by multiplicative Chernoff bound)
<e e E[y]> 22
«p [ —
=P 6deg, e edeg,

<5 (r _ 16edeg, log <1)>
o 1)

For (ii), we do not have a lower bound on the probability of success (Y; = 1) in general
and hence we cannot obtain a lower bound on E [Y]. Now, observe that for the edges that
participate in very few triangles, the probability of finding triangles (i.e., getting ¥; = 1) is
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low. However, such light edges can still tolerate a high approximation error to be accepted
(as a light edge). To account for the trade-off between the lower bound on the probability of
Y; = 1 and the upper bound on the approximation factor, we divide the edges participating
in at most g triangles into Hlog(%)“ buckets with each bucket being defined as the set
of edges By = {dﬁ <T. < 2%6} For each of these buckets, observe that when Heavy
is called for an edge belonging to the bucket, we have Pr[Y; = 1]

hence E[Y] =E[Y;] >

__a_
= 2k+icdeg,

— _te e
~ deg, 2 2k+1cdeg ’ and

On the other hand, we have E[Y] < —%— and hence, (1 +2F 1) E[Y] < —2—. Using
2kedeg, edeg,
these observations, we complete the proof by considering any e in these buckets:
Q@ Q@
Pr|Y > <Pr[Yy>(1+28HE[Y 1+ 2D E[Y] <
r[ edegjr[ = (1427 E] <(+ JE[Y] edeg,
221@72 ETY
<exp (—2+;,€_[1]) (by multiplicative Chernoff bound)
22krE Y]
< exp (—Qm> (k=1)
ra e
< - EY|> ——
=P ( 165dege> ( [¥] 2k+1sdege>

<5 <r _ 16edeg, log <1)> <
o )

Lemma 17 shows that Algorithm 2 can decide whether an edge is heavy or not with
probability at least 1 — ¢ using % log (%) iterations; making 2 Degree, 1 Neighbour
and 1 Pair queries in each iteration. For an individual edge, deg, can be at most n — 1, and
hence the subroutine might contribute to additional queries for each edge. However, as part
of Algorithm 1, Heavy is called on a set of edges drawn uniformly at random. Hence, in the
following lemma, we bound the expected number of queries made by Heavy when called on
edges that were drawn uniformly at random.

» Lemma 18 (Query complexity of Heavy). Heavy(e,«,e,d) makes celog(3) queries in
expectation on an edge e ~ Unif (E).

16edeg,

[e3

Proof. For edge e, Heavy(e, o, €, ) makes { log (%)1 iterations with each iteration

making 4 queries. Hence, the expected number of queries is:

16edeg 1 64e
E 4| ——==1 = <—1
e~Unif(E) [ [ o o8 <6>H "o 8

2ma +4 (by Lemma 5)

<132¢log <(15) (e log (2) > 1> <

In this section, we combine the algorithms discussed above to obtain our final algorithm.
Our goal is to call Heavy with appropriate parameters instead of HeavyOracle so that the
approximation error due to the heavy triangles not being counted remains small. We also
derive the query complexity of the algorithm including the queries made through Heavy.

4.4 Finalizing the algorithm

APPROX/RANDOM 2026
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4.4.1 Algorithm with an estimate T

Algorithm 3 Triangle Counting Algorithm - with T.

Require: Degree, Neighbour, Pair, and RandomEdge query access to a graph GG. Parameters
i Qa, e, m
1: Call Algorithm 1 with parameters T a, €/2, and thresholds | = 6, and h = 24. We also
implement the oracle HeavyOracle (e, v, &) through Heavy (e, a,£/6, ). >
Due to Algorithm 1 being called with parameter £/2 and the implementation of Heavy
as stated, the threshold parameters are evaluated w.r.t. call to Heavy with parameter
l=6and h =24

» Theorem 19 (Performance guarantees of Algorithm 3). Algorithm & makes
at  most ce3(ma/T)log*n quem’es in expectation and returns T such that

Pr|T e [(1—5)T,(1+5)T}} >1-

clogn

Proof. Algorithm 3 will make the same number of calls to Heavy as did Algorithm 1 to
HeavyOracle. By Theorem 16, Algorithm 3 makes c¢(1 + h)e~3(ma/T)logn queries and
¢(1+ h)e3log(n)(ma/T) calls to Heavy. By Lemma 18, each call to Heavy requires cz logn
queries in expectation. Combining with the fact that we have h = 24, the algorithm requires
(c+ celogn) (5_3(ma/f)clog n) < ce=3(ma/T)log? n queries in expectation.

By Lemma 17, we can use Heavy(e, a,e/6, ﬁ) as an implementation of the idealized
HeavyOracle (e, «,¢). This ensures that a 6?O‘—light edge is accepted and a 24?"‘—heavy edge
is rejected with probability at least 1 — ﬁ By union bound, the algorithm accepts all
670‘—light edges and rejects all 24?’l—heawy edges in S with probability at least 1 — % Hence,
by Corollary 11 and Lemma 14, we have,

E {T] —T," €[(1—¢/2)T,T] (7)

By Theorem 16, we have that:

Pr(Te[1-e/2)T7 (1 +2/2)77 ] Zl_clolgn (8)

Combining Equations (7) and (8) and using union bound on the event that all oracle
calls were executed correctly, for large enough n:

Pr [fe [(1—5)T,(1+5)T]} >1-

clogn

4.4.2 Getting rid of the assumption on T

In this section, we describe the steps to obtain Theorem 22 from Theorem 19. First, we
remove the assumption on the knowledge of T for Algorithm 3. To achieve that, we search
for an appropriate choice of T starting from ¢t = n3 and halving it each time we fail to find a
T satisfying the assumption that T < 2T. We must also bound the probability of ¢ deviating
significantly below T'. To ensure that, for each value of ¢, we run Algorithm 3 using values of
T as n3,n%/2, ..., 1.

First we bound the probability that the Algorithm 4 terminates at a choice of T that
does not satisfy the assumption that T < 2T.
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Algorithm 4 Triangle Counting Algorithm.

Require: Degree, Neighbour, Pair, and RandomEdge query access to a graph G. Parameters
a, e, m
1: for t in [n3,n%/2,...,1] do
2 for T in [n3,n3/27...,ﬂ do
3 for i € [2log (clog(n))] do
4: X; + Solution to Algorithm 3 with parameters f, Qa, €
5 X + min; X;
6 if X > T then
7 return X

» Lemma 20 (Termination bound of Algorithm 4). When T > 2T, the algorithm, terminates
1

with probability at most 5t

Proof. By Lemma 14, we have from Markov’s inequality:

. E m 1
Pr|T > 27| < <=
2T 2

Now, we have Pr {X > ﬂ <Pr [ﬂin‘ 2 ﬂ < g b

» Lemma 21 (Lower bound of ¢ for Algorithm 4). The algorithm reaches a value of t < T/2*

(k > 1) with probability at most m-

Proof. For every such value of ¢, we have a T in Line 2 of Algorithm 4 such that T < T/2.

By Theorem 19, the algorithm returns an estimate X; > T/2 > T with probability at
least 1 — ﬁ. Taking a union bound over possible values of i € [21og (clogn)], we have
Algorithm 4 returning an X such that X > T/2 > T with probability at least 1 — ﬁ’ and
the algorithm terminates.

Hence, to get to a t < ¢,
values of ¢, which happens with probability at most

Algorithm 4 must have failed to terminate for all previous
1

(clogm)*~ <
Finally we combine Lemmas 20 and 21 to obtain the following theorem quantifying

the estimation guarantees and query complexity of Algorithm 4. The following theorem

formalizes the Theorem 2 of Section 1.1.

» Theorem 22 (Upper bound - Formal). There exists an algorithm that makes 9] (mo;;‘;g%)

queries in expectation, and returns X € [(1 —e) T, (1 + &) T] with probability at least 1 — 0.
Proof. The algorithm runs through at most log?n values of T such that T > 2T. By

Lemma 20, the algorithm terminates in each such case with probability at most 1/ clog? n.

For each value of t < 2T, by Theorem 19, the algorithm returns a wrong value with probability
at most 1/clogn. There are at most 3logn such values of ¢. Taking an union bound and
fixing the constant ¢ appropriately, the algorithm returns a correct output with probability
at least 5/6.

For each ¢ in Line 1 of Algorithm 4, by Theorem 19, the algorithm makes 9] ((ma/s?’t_))
queries. Hence, till t < T'/2, the algorithm makes 9] ((ma / 63T)) queries. Additionally, by
Lemma 21, the queries beyond ¢ < T can be bounded as:

b ok N(@) — ~<@>

icloa(n) (clog n)k 20 e3T © e3T
By the well-known median trick [19], the median of O (log %) independent runs of Algorithm 4
establishes the result. <
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5 Lower bound

In this section, we prove a lower bound that accounts for €, §, and the arboricity « of the
graph by extending the ideas proposed in [8]. Our lower bound almost matches our proposed
upper bound stated in Theorem 22. We first state the problem Popcount Thresholding Problem
(referred to as PTP) in the query framework:

» Definition 23 (PTPy; 1.~). Given a string z € {0,1}", the problem PTPy; . is to distin-
guish whether x is generated by i.i.d. samples from Dy or D1 defined as follows:

Dy : For alli € [M], x; is set to 1 with probability (1 — 2) %, and set to 0, otherwise.

Dy : For alli € [M], x; is set to 1 with probability (1 + 2v) ﬁ, and set to 0, otherwise.
The problem is to decide if x is generated from Dy or Dy by querying x at any of its M bits.

We state the following lemma [8] quantifying the query complexity of PTPp .

» Lemma 24 (PTP Query Lower Bound [8]). For any v € (0,1/4), § € (0,1/100), and integers

M > 1,10g(1/8)-12/4% < k < M/6, Ry (PTPyr ) > 200180 where Ry (PTPy 1) is the

randomized query complezity to decide PTPyy j, ~ problem with probability at least 1 — 0.

We also state the following lemma, establishing bounds on the ¢;-norm of z, which was
partially proved in [8].

» Lemma 25. In PTPy; ) ~, for any v € (0,1/4), § € (0,1/100), and integers M > 1,
log(1/6) - 12/4? < k < M/6, let ||z||, denote the number of 1’s in the string x, then:

(i) Prflals > (1 —7) - k|a ~ Do) < 5;
(1) Prlllally < (1+7)-k|z~Di] <3
(i) Pr[lall < (1—47) - k] < 4

<
<

In [8], (i) and (ii) have been shown using Chernoff bound. (iii) can also be shown by
using Chernoff bound. We combine two results to obtain the result. First we state the lemma
due to [8]:

» Lemma 26 ([8]). In PTPy 1, for any v € (0,1/4), 6 € (0,1/100), and integers M > 1,
log(1/6) - 12/4* <k < M/6,

(i) Prllzly, > (1 =7) k| z~Do] <9;
(i) Prillzlly <(A+7)-k|2z~Di] <0

where ||x||, denotes the number of 1’s in the string x.
We introduce another lemma to lower bound the ¢; norm of x for Dy.

» Lemma 27. In PTPy; ., for any v € (0,1/4), 6 € (0,1/100), and integers M > 1,
log(1/6) -12/4? <k < M/6, Pr{||z||, < (1 —47y) -k | 2 ~ Do) <4

Proof. By definition of Dy and linearity of expectations, we have:

Eflzl,)= ) Elm]=(0-27k

i€[M)]
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Now, given the independence of each x;, we can use Chernoff bound (Lemma 7) to obtain:

Pr(jlz]l, < (1 —47) k]

_ [nxh—E[nxlb il Enw]

1—2y
A2 E (|||,
<exp (W) (by Chernoff bound)
<enr (-5t (E llell] = (1 - 29) k. > log(1/6) - 12/7)
<4 (v < 1/4) «

Combining Lemma 26 and 27, we obtain the desired result.

(a;7b;+j)7 if L5 = 1

(ai,a;ﬂ-), if xi,j =0

—
S
<
<
~
+
<.
~—
—-
=
8
N
<
I
o

(b,r),¥be B,r € R a,r),Va € A,r € R

Figure 1 Lower Bound Graph Construction.

The following theorem formalizes the Theorem 3 of Section 1.1.

» Theorem 28 (Lower bound - Formal). Any algorithm that solves triangle estimation problem
with € < % using Degree, Neighbour, Pair and RandomEdge for any graph with m edges, T

alog(l/é)) malog(1/6)

triangles, and arboricity o such that T = ( requires € <W) queries.

Proof. We want to show that given a graph G, it takes (%M) queries to obtain an

estimate 7' such that T € (1 +£¢&)T with probability at least 1 — §. For a contradiction, let us
assume that there exists an algorithm Ap that, for some arboricity «, computes an estimate
T such that T € (1 £ ¢)T with probability at least 1 — ¢ using o (%}1/5)) queries.

To show the contradiction, we design an algorithm that solves PTPj; -, in less than
% queries using Az. Given an instance of x generated from PTPyy j ., we consider a

graph G, = (V,, E,) defined as:

The vertex set V.. The vertex set V, consists of 5 sets of disjoint and independent set of
vertices A, A', B, B’, and R, with |A| = |A’| = |B| = |B’| = M/«, and |R| = a. Vertices of
A, A', B and B’ will be named as a, a’, b and V', respectively.

55:19
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The edge set E,. There exists an edge between every vertex in A U B to every vertex in
R. Observe that this makes sure that the arboricity of G, is at least the average degree of
the subgraph induced by AU BU R, i.e., Q(«). If a bit of  is 1 (resp. 0), there will be an
edge from a vertex in A (resp. A) to a vertex in B (resp. A’), and an edge from a vertex in
A’ (resp. B) to a vertex in B’ (resp. B’).

We index the problem instance x of length M as [%} X [a], denoting (;—1)xa+; as Tij,
where ¢ € [%] and j € [a]. We add an edge (ai, ;ﬂ), and an edge (bz,blﬂ) if z; ; =0.
We add an edge (a;, bi1;), and an edge (a}, lﬂ) if x; ; = 1. All (¢ + j) additions here are
modulo [%]

Consider the orientation of edges such that all edges from R is oriented outwards, and
other edges are oriented arbitrarily. This gives a DAG with the out-degree of each edge being
bounded by 2a. As a DAG with out-degree at most « ensures that the arboricity of the
graph G is at most «[28, 47, 21], the graph has arboricity at most 2. Hence, the arboricity
of G, is ©(«), as we have already shown it to be Q(«).

From the construction, observe that the number of edges between A and B is ||z|,.
Moreover, each edge between A and B adds « triangles. Hence, the number of triangles in
G, is exactly [|z||; @. Also note that we have added 2M edges between AU B and R, and
further 2M edges (in the subgraph induced by V,, \ S) according to the entries of z, 2 for
each bit z;. Hence, we have m = 4M, and we fix € = 7.

We now describe AFP an algorithm that uses Ar to solve PTPj; . using less than

% queries. Given a string x, we generate G, and estimate the number of triangles T
by calling A7 using le%gO(;z/]j&) = M1500g’§;]/€46) queries. If T' < (1 —~?) ka, it outputs @ ~ Do;
otherwise, it outputs « ~ D;. Also, observe that by Lemma 25, we have T = «||z||; >

a(l —4v)k > 0‘7’“ with probability at least 1 — §, where the last inequality follows from the
fact that y = ¢ < i. Lemma 25 is applicable due to the fact that T'= Q (‘”%2”‘”). Hence,

mlog(1/46) > malog(1/46)
200e2k - 200e2T

the given query bound.

By Lemma 25, to distinguish between whether x is generated from Dy or D; with
probability at least 1 — ¢, it suffices to show that we can use Ar to distinguish between
the instance where Hx||1 (14 ) k and the instance where ||z]|; < (1 — ) k instance with
probability at least 1 — ¢. We now show that A5® outputs Dy with probability at least 1 — &
given ||z|l; > (1+7) k, and outputs Dy with probability at least 1 — § given ||z, < (1 —7) k.
We consider the two cases separately:

malog(1/4)

we have =T

. Thus, Ar is allowed to make o ( ) queries under

Case I: (||x]|; > (1 + ) k). Our construction ensures that the number of triangles in
Gy is T = |z|; 0 > (1 +7)ka = (1 +¢€) ka. Additionally, by our assumption on Ar, it
outputs an estimate T > (1- 5)T with probability 1 — é Thus, we have T > (1 —¢ ) ka
with probability at least 1 — 5.

Case II: (||z||; < (1 —~) k). Our construction ensures that the number of triangles in
Gpis T = |z|; 0 < (1 =7)ka = (1 —¢)ka. Additionally, by our assumption on Ar, it
outputs an estimate T < (1 + €)T with probability 1 — é Thus, we have T < (1 —¢ ) ka
with probability at least 1 — 5.

Now we state how to simulate the required queries used by the algorithm:

Degree(v): For a vertex v € AUBU A’ U B’, return «, and for a vertex v € R, return

%. Hence, for Degree queries, no queries are made to the string.

Neighbour(v,): For a vertex v € AUBUA'UB’, w.l.o.g assume v to be a; € A. Return

agﬂ- if z; ; = 0, and b;y; otherwise. For a vertex v € R, if i <, return a;, else return
b;—m= . Hence, for Neighbour queries, a single query is made to the string.
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Pair(u,v): Given a vertex pair (v,u), there can be 3 cases: (a) If the vertex v € AU B,
w.l.o.g assume v to be a; € A, if u € R, return 1, else if u = b; € B and z;;_; = 1,
i € A" and x; ;_; = 0, return 1, else return 0. (b) If a vertex
ve A'UB’, wlo.g assume the v to be a] € A’, if u =a; € A, return 1 if z;,_; = 0, else
if u=">; € B', return 1 if z;,_; = 1, else return 0. If v € R, return 1 if u € AU B, else

return 0. (c) If a vertex v € R, return 1 if u € AU B, return 0 otherwise. Hence, for Pair

return 1, else if u = a

queries, a single query is made to the string.

RandomEdge: Sample a vertex v with probability de%“ . Choose i € deg(,) uniformly at
random, query u = Neighbour(v,4) and return (v, u). Hence, for RandomEdge queries, a
single query is made to the string for the Neighbour query. <

The following corollary is a direct implication from Theorem 28 due to the fact that we
consider a weaker model (without access to RandomEdge queries) compared to Theorem 28.

» Corollary 29 (Lower Bound for Local Queries). Any algorithm that solves triangle estimation
malog(1/8)

problem with & < i using Degree, Neighbour, and Pair requires §) ( Ty ) queries.

6 Conclusion

In this paper, we present an almost optimal algorithm for triangle counting in graphs of
bounded arboricity, assuming access to both local queries and RandomEdge queries. In
particular, the query complexity of our algorithm is O(ma/T).? Extending our result to
clique counting remains an interesting open question. Eden et al. [28] showed that the
number of k-cliques can be estimated using O (n / Tk1 Tk 4 mk/2 / Tk) local queries, where T},
denotes the number of k-cliques in the graph. When RandomEdge queries are also available,
Assadi et al. [7] established a bound of O (m*/2/T}). For graphs with arboricity bounded by
a, Eden et al. [28] showed that O (n/TkI/k + mak_Q/Tk) local queries suffice. We believe
that, when RandomEdge queries are available in addition to local queries, the bound can be
improved to O (ma*~2/T},). However, establishing the complexity of clique counting (when
RandomEdge is available along with local queries) remains an open question. A similar open
question was posed in the streaming model by Bera and Seshadri [13].
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