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—— Abstract

We initiate the study of unate distributions over {+1}" — a natural analogue of unate Boolean
functions — by considering two basic testing problems that parallel well-studied questions for monotone
distributions:

Uniformity Testing of Unate Distributions: We show that C:)(ng/ 2) samples are sufficient
and necessary, in contrast to the ©(n) sample complexity of the analogous problem for monotone
distributions (Rubinfeld and Servedio, STOC 2005; Adamaszek, Czumaj, and Sohler, SODA
2010).

Unateness Testing of Arbitrary Distributions: We give a tester that uses 6(713/2) condi-
tional samples in the subcube conditional model. On the other hand, every tester that draws
conditional samples in a similar fashion, namely from O(1)-dimensional subcubes, must have an
ﬁ(nz/ 3) complexity. In the same model, the complexity of monotonicity testing was recently
shown to be ©(n) (Chakrabarty et al., STOC 2025).
Our algorithms for both problems significantly outperform the naive approach of reducing to the
monotone case, which would incur Q(n2) sample complexity. Our uniformity tester relies on a
subroutine that “weakly” learns the hidden orientations of a unate distribution, together with a
new correlation bound for these estimates. Both tools may be of independent interest in studying
monotonicity and unateness over {+1}".
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Testing Unate Distributions

1 Introduction

Many fundamental distribution testing tasks — uniformity testing being the canonical example
— become infeasible in high dimensional settings such as the Boolean hypercube {+1}",
requiring exponentially many samples in the dimension [15, 18]. A central theme in the field
has therefore been to identify structured settings that admit efficient testers: examples include
Bayesian networks [17, 35], Markov random fields [34, 8], and structured truncations [36, 37].

Among such structural assumptions, one of the most extensively studied is monotonicity,
the distributional analogue of the classical Boolean function property.! In the Boolean
function setting, monotonicity has played a central role in sublinear algorithms for nearly
three decades: it was among the first properties studied in Boolean function testing and
continues to be actively investigated to this day [14, 38, 22, 29, 41, 43, 26, 11, 44, 25]. In
the distributional setting, monotonicity has similarly been studied in depth, leading to tight
upper and lower bounds for tasks such as uniformity testing and property testing under
various access models [6, 51, 2, 9, 1, 4, 52, 12, 21].

A closely related property in the Boolean function setting is unateness. Informally, a
Boolean function is unate if each coordinate is either always non-decreasing or always non-
increasing. The problem of testing unateness of Boolean functions was introduced alongside
monotonicity testing in [38], and has since received considerable attention [42, 23, 31, 32, 30, 5].
Both monotonicity and unateness are fundamental structural properties that arise naturally
across many domains, for example in social choice (where we can view a Boolean function f
as a voting rule), economics, learning theory, and circuit design.

Despite extensive work on unate functions, the analogous notion for distributions has, to
the best of our knowledge, not been studied. In this work, we initiate the study of unate
distributions over {£1}"™. The motivation for this is twofold:

The study of monotone distributions has a well-developed literature precisely because
monotonicity is a natural structural constraint arising in settings ranging from social
choice to learning theory. Unateness is a strict and natural generalization — it captures
the same “directional” structure without fixing a canonical orientation — and we believe
its study for distributions will prove equally fruitful.
Additionally, unate distributions, which we define shortly, form a broad and natural
family of probability distributions. For example, every unate function f induces a unate
distribution (the uniform distribution over f~!(1)), and the class of unate functions
includes families such as halfspaces and read-once decision lists, which need not be
monotone. Beyond this connection to functions, every product distribution over {+1}" is
unate.

Finally, as this work demonstrates, unate distributions pose challenges that cannot be
addressed by simply reducing to the monotone setting. Even for basic tasks such as uniformity
testing, the sample complexity changes, and more broadly, new ideas are required to design
and analyze optimal testers for this richer class of distributions.

1.1 Our Results

We start by formally defining unate distributions over {+1}":

» Definition 1. A distribution D over {£1}" is unate if there exists o € {£1}" such
that D(x @ o) is a monotone probability mass function, where @ denotes coordinate-wise
multiplication.

! Formally, a distribution D over {£1}" is monotone if its probability mass function D : {1}™ — [0, 1]
is monotone, i.e., D(z) < D(y) whenever z; < y; for all i € [n].
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Unate distributions immediately inherit many of the algorithmic challenges and lower
bounds known from the monotone distribution setting. This includes, for example, the
exponential sample lower bounds for tasks such as entropy estimation and independence
testing [51]. In this work, we give efficient algorithms as well as lower bounds for two basic
problems:

Uniformity testing of unate distributions; and

Testing unateness of an unknown distribution in the subcube conditional model intro-

duced by Canonne, Ron, and Servedio [20] and Chakraborty, Fischer, Goldhirsh, and

Matsliah [24].

In the subcube conditional model for distributions over {£1}", an algorithm can query
D with a subcube p € {£1,*}"™ and receive an independent sample x ~ D conditioned
on x; = p; for all ¢ where p; # *. This model provides a distributional analogue of the
“membership query” from learning theory and property testing of Boolean functions, and has
received considerable attention in recent years.

We note that for both of the problems we consider, an easy argument using the Chernoff
bound together with a union bound over all o € {£1}" (cf. Definition 1) allow us to
reduce to the corresponding problems for monotone distributions with a multiplicative
O(n) sample/subcube query overhead. Our main algorithmic results improve on this naive
approach for each task; we defer a technical overview of our results to Section 1.2 and survey
related work in Section 1.3.

1.1.1 Uniformity Testing of Unate Distributions

Throughout, we write Y = U,, for the uniform distribution over {£1}". Our first result
gives an efficient uniformity tester for high-dimensional distributions under the promise of
unateness:

» Theorem 2. Let ¢ € (0,1). There is an algorithm, Unate-Uniformity (Algorithm 1)
which, given i.i.d. sample access to an unknown unate distribution D over {£1}"™, draws
O(n3/%/?) samples and has the following performance guarantee:

If D =U, then it outputs “accept” with probability 9/10.

If drv(D,U) > €, then it outputs “reject” with probability 9/10.
Furthermore, it runs in O(n®/2/e2) time.

Here drvy(-) refers to the total variation or statistical distance (Section 2.2). This
result should be contrasted with the 6(71/ £?) bound for uniformity testing of monotone
distributions due to Rubinfeld and Servedio [51].> At a high level, moving from monotone to
unate distributions introduces an unknown orientation vector o (cf. Definition 1); any naive
strategy that first learns o and then runs the [51] tester provably incurs an Q(n?) sample
overhead. Our algorithm bypasses this bottleneck by never learning o explicitly. Instead, we
introduce a weak-orientation learning framework whose errors are provably weakly correlated
across coordinates. This allows a small average bias to be amplified into a global signal
using only 6(713/ 2) samples. We believe this structural result on limited correlations among
marginals of unate distributions is of independent interest. We complement Theorem 2 with
a matching lower bound:

2 See also Adamaszek, Czumaj, and Sohler [2] who improved the sample complexity to O(n/e?).
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» Theorem 3. Let A be any algorithm which, given i.i.d. sample access to an unknown
distribution D, has the performance guarantee from Theorem 2 withe =1 —n"19. Then A
must draw Q(n3/?/log®n) samples from D.

Our proof of Theorem 3 extends the “monotone decomposition method” of Rubinfeld
and Servedio [51] to the setting of unate distributions; see Section 1.2 for more details.

» Remark 4. One might hope that the additional power of the subcube conditional model
could yield improved bounds for uniformity testing of unate distributions. Recall that
uniformity testing of arbitrary distributions can be done using O(,/n) subcube queries [16].
Unfortunately, it turns out that the additional structure of unateness cannot beat this
baseline: Chakrabarty, Chen, Ristic, Seshadhri, and Waingarten [21] have recently shown
that even the easier problem of testing uniformity of monotone distributions in the subcube
model already requires €2(,/n) queries.

1.1.2 Testing Unateness of Distributions

We now turn to the problem of testing whether an unknown distribution over {£1}" is itself
unate. In the standard access model where one receives i.i.d. samples from the unknown
distribution being tester, this task is intractable: even for the simpler case of monotonicity,
classical “birthday paradox” arguments imply that exponential-in-n sample complexity is
unavoidable [4, 52]. It is therefore necessary to consider stronger access models to obtain
meaningful algorithms.

Motivated by this, Chakrabarty, Chen, Ristic, Seshadhri, and Waingarten [21] studied
monotonicity testing in the subcube conditional model, where the tester can query samples
conditioned on arbitrary coordinate restrictions. Building on their results, we give an efficient
algorithm for testing unateness in the same model.

» Theorem 5. Let e € (0,1). There is an algorithm, Subcube-Unate (Algorithm 2) which,
given, subcube query access to an unknown distribution D over {£1}", makes O(n3/2 /<)
queries and has the following performance guarantee:

If D is unate, it outputs “accept” with probability at least 2/3.

If D is e-far in TV distance from every unate distribution on {£1}", then it outputs

“reject” with probability at least 2/3.

We note that the algorithm of Theorem 5 also works in the weaker coordinate oracle
model of Blanca et al. [13] where queries are only made on one-dimensional subcubes. We
complement Theorem 5 with the following lower bound:

» Theorem 6. There exists a constant g > 0 such that the following holds: If an algorithm
tests whether an unknown distribution D over {£1}™ is unate or eo-far from unate by
drawing Q1 samples from D and making Q2 (possibly adaptive) subcube queries on subcubes
of dimensions < d, we have

Q1 +27Q2 > Q(n*/?/log” n).

We note that all prior lower bounds in the subcube model are based on product distribu-
tions as hard instances. Since every product distribution is trivially unate, these techniques
cannot be applied to this setting. To the best of our knowledge, ours is the first lower bound
that breaks this barrier; we return to this point in Section 1.4.
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1.2 Main ldeas

We give a brief technical overview of our results. Although both of our upper bounds end up
with the same asymptotic sample complexity of O(n?/2/e?), that the ideas underlying each
of them are quite different.

1.2.1 Testing Uniformity of Unate Distributions

Upper Bound. A natural first attempt is to adapt the Rubinfeld-Servedio [51] uniformity
tester for monotone distributions to the unate setting. The idea would be to first learn the
hidden “orientation vector” o* € {£1}" (cf. Definition 1) such that the reoriented distribution
D" where  ~ D’ is obtained by drawing y ~ D and setting @; = o} - y;, is monotone.
Since total variation distance is preserved under bijections, dpv(D,U) = drv(D? " ,U). Thus,
if o* were known, one could directly apply the O(n/e?)-sample uniformity tester of [51, 2].

However, exactly recovering ¢* can be prohibitively expensive. Consider, for example,
a product distribution where each coordinate has mean £0(1/n). Such a distribution
is Q(1)-far from uniform, but distinguishing E[z;] = 0 from E[z;] = £0(1/n) for each
coordinate requires Q(n?) samples by Chernoff bounds. This naive approach of fully learning
the orientation thus fails to give the desired sample complexity of 6(713/ 2).

Our algorithm circumvents this barrier by avoiding the need to learn ¢* exactly. Instead,
we estimate a weakly correlated proxy for ¢* using only 5(713/ 2/e?) samples. The key
technical step (Lemma 11; which may be of independent interest) shows that for unate
distributions, the coordinate-wise sign estimates cannot exhibit strong correlations: indeed,
their covariances decay at rate O(1/1/m) after m samples. This weak dependence is sufficient
to amplify a small average bias across coordinates into a global signal, allowing us to test
uniformity with O(n?/2) samples.

Lower Bound. The matching lower bound for uniformity testing is proved in the full
version [45].

1.2.2 Testing Unate Distributions via Subcube Queries

Upper Bound. For the task of testing whether an unknown distribution is itself unate, we
work in the subcube conditional model, following the recent work of Chakrabarty et al. [21].
At a high level, our algorithm adapts the classical edge tester for Boolean unateness [38]
to the distributional setting. The central tool is a structural lemma of [21], based on a
real-valued “directed” generalization of an isoperimetric inequality due to Talagrand [53],
which controls the “edge bias” of monotone distributions. We refer the reader to Lemma 14
for a precise statement. Using this lemma, we show that if D is e-far from unate, then there
exists some coordinate ¢ that simultaneously witnesses both “monotone” and “anti-monotone”
violations. This can then be detected by making 6(n3/ 2) subcube edge queries; the analysis
requires an elementary but careful calculation.

Lower Bound. The lower bound for unateness testing in the subcube model is proved in
the full version [45].

1.3 Related Work

Monotonicity of Boolean functions is among the most extensively studied properties in
sublinear algorithms; we will not attempt to survey the very large body of results here and
instead refer the reader to the comprehensive discussion from [21]. The problem of unateness
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testing of Boolean functions was introduced alongside that of monotonicity testing in [38],
and a sequence of works [38, 42, 23, 31, 32, 30] have pinned down its exact query complexity:
(:)(nQ/ 3) queries are both necessary and sufficient to test unateness of Boolean functions.

A number of natural distribution testing tasks have exponential sample complexity in high-
dimensional settings. This includes uniformity testing over {£1}"; see the surveys [15, 18]
for more discussion on this. In order to overcome these lower bounds, many works either
make structural assumptions on the distribution being tested, or assume stronger access
models to the distribution. Examples of the former include monotonicity [51, 2], Bayesian
networks [17, 35], Markov random fields [34, 8], various classes of structured truncations [40,
36, 37]; see also Section 7 of [15].

The subcube conditioning model, introduced by [20, 24, 10], takes the other route of
assuming stronger access to the distribution being tested. This model has received much
attention in recent years [16, 27, 47, 28, 3, 13, 21], and has also found applications beyond
distribution testing to problems in learning theory [27, 12]. There has also been a nascent
line of work on using the subcube conditioning model to make high-dimensional distribution
testing practical [46, 49].

The works most relevant to our results are [51] and [21]. Rubinfeld and Servedio [51]
establish an essentially tight bound of ©(n) samples for the problem of testing uniformity of
an unknown monotone distribution, whereas Charkabarty et al. [21] give ©(n)-query upper
and lower bounds for testing monotonicity of an unknown distribution in the subcube model.
Both our results — for uniformity testing as well as unateness testing — rely on ingredients
going into the analyses of [51, 21] respectively.

1.4 Discussion

Our results raise a number of intriguing questions for further study; we highlight two
compelling directions below.

Lower Bounds for Unateness Testing with Subcube Queries. Recall that Theorem 6 gives
a Q(n2/3) query lower bound against algorithms that make O(1)-dimensional subcube queries.
At present, all known lower-bounds in the subcube conditional model [16, 27, 21] construct
hard instances that are product distributions, which are amenable to moment-matching
techniques [27, 21]. However, since product distributions are automatically unate, none of
these techniques can be lifted the unateness setting. Improving on Theorem 6 is thus likely
to lead to new insights and techniques for proving lower bounds in the subcube conditional
model.

k-Monotone Distributions. Finally, one can consider distributional analogues of other
structural generalizations of monotonicity. A natural candidate is the class of k-monotone
distributions, where the distribution’s mass function changes direction at most k times along
any monotone path from —1™ to 1. The class of k-monotone functions has already been
studied in the Boolean function setting [39, 19, 33], and k-monotone distributions could
provide another structured setting for distribution testing beyond monotonicity.

2 Preliminaries

We use boldfaced letters such as (e.g. © ~ {£1}") to denote random variables. Unless
explicitly stated otherwise, all probabilities and expectations will be with respect to the
uniform distribution. Throughout, we will write U, for the uniform distribution over {£1}"
and when the dimension n is clear from context we will simply write U instead.
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For a distribution D, it will be convenient to write D®™ for the distribution of m
independent draws from D. We will use the following notation throughout:

» Notation 7. Given a distribution D over {£1}" and o € {£1}", we write D for the
distribution over {+1}™ where a draw x ~ D’ is obtained by first drawing y ~ D and then
setting x; = o; -y, for i € [n].

2.1 The Berry—Esseen Theorem

We will write N (0, I;) for the d-dimensional standard Gaussian distribution, where I; denotes
the d x d identity matrix. We recall the (multi-dimensional) Berry—Esseen theorem (which
will be used to prove Lemma 11):

» Theorem 8 (Theorem 1.1 of [7]). Let X1,..., X,, be i.i.d. random vectors in R? distributed
as X where E[X] =0 and E[XX "] = I;. Then for any convex set A C R%, we have

Z";\/%X € Al —Pr[G € 4] 30(1).ﬂ4-E[HX||3}.

P
r NG

where G ~ N(0,1;).

2.2 Distance Metrics Between Probability Distributions

We will identify a distribution D over a discrete domain 2 with its density function D :  —
[0,1]. Recall that for two distributions Dy, Dy over a discrete domain Q, the total variation
(or statistical) distance between Dy and D, is

drv (D1, Ds) = Z |D1(z) — Da(x)|.
mEQ

We will frequently make use of the fact that total variation distance is invariant under
bijections.
We also recall the Kullback-Leibler (KL) and y2-divergences:

Dy (x)

dKL Dl y Dg Z Dl 10g and dX2 (Dl, Dg) = Z

zeQ Da(x) zEQ Da(x)
respectively. The following relationships are standard:
1 1
dTV(D17D2) < \/2dKL(D1,D2) < \/2 IOg (1 + dX2 (Dl,Dg)) . (1)

We will use the following version of the data processing inequality:

» Fact 9. Let X1, X2 be random wvariables over the same domain. For any (possibly
randomized) algorithm A, we have dpv (A(X1), A(X2)) < drv(X 1, X2).

3 Testing Uniformity of Unate Distributions

We will prove Theorems 2 and 3 in this section, starting with the former.

57:7
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3.1 Upper Bound

We first recall the principal technical lemma of [51]’s uniformity tester for monotone distri-
butions:

» Lemma 10 (Corollary 6 of [51]). If D is a monotone distribution over {£1}" that is e-far
from uniform, then

n
E E x;| >¢€.
x~D | 4

1=1

We now turn to our uniformity tester for unate distributions. First, note that if D
is a unate distribution, then there exists some o* € {£1}" such that D" is a monotone
distribution. In particular, note that we may take o = sign(Ezp[z;]). This suggests a
natural algorithm: estimate o* by drawing m samples (1), 2@ ... ("™ from D and setting

m
R ©)
o, = sign E T, ,
j=1

and then run the [51] uniformity tester on the monotone distribution D?. Indeed, since
drv(D7,.U) = dry (D7, UT) = drv (D, U),

replacing D with D7 preserves the uniformity (or distance from uniformity) of the distribution.

However, learning the whole sign vector ¢* can be too expensive. In particular, while
Lemma 10 ensures that >°" | E[z;] is large, it gives no guarantee on the magnitude of each
individual E[z;]. In particular, note that distinguishing E[x;] = 0 (which corresponds to
the uniform distribution) from E[z;] = +£0(1/n) requires ©(n?) samples per coordinate
by standard Chernoff lower bounds. We bypass this obstacle by not insisting on the exact
orientation and instead weakly learning the sign vector o*.

3.1.1 Warm-Up: A Sub-Quadratic Tester in a Special Case

As a warm-up, we show how to obtain a sub-quadratic tester in the hard instance just
described above, where naively learning o* requires 2(n?) queries. It will be convenient to
write

pi= B lzi].
We make one simplifying assumption for now: p; = % holds for every i € [n], i.e., the unate
distribution D is in fact monotone, and each coordinate has the same bias of ©(1/n) towards
+1.

Let p > 0 be a parameter that we will set later. By the assumption that u; = %, it can
be verified that m = ©(n?p?) samples suffice for the “orientation step” to produce random
signs o1,...,0, € {£1} with the promise that

E[o;] > pforall i € [n].

Equivalently, we correctly deduce that of = +1 with probability 1/2 + Q(p), which is slightly
better than a random guess.
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Writing X := 1 3" | o; € [-1,1], note that E[X] > p. Applying Markov’s inequality to
the non-negative random variable 1 — X gives

E[l - X] < 1-p
P

Prix<?loprli—x>1-2|< < <
2 2 1-2 1_2

In other words, the event %Z?:l o; > £ holds with probability (p). Repeating this
“orientation step” independently O(1/p) times ensures that with constant probability, at
least one draw satisfies X > p/2. Then, we note that, conditioning on the realization of
o € {£1}", the o-weighted Hamming weight " | o;@; for @ ~ D has an expectation of
exactly

n
E o;- acl E o = — E o;.
=

Therefore, by estimating £ > | o; to an additive error of O(p) using O(n/p®) additional
samples, we obtain a tester with sample complexity (modulo polylogarithmic factors)

1 545 n
—-n’p’ + —. 2
, e (2)

Setting p = n~1/? gives a sample complexity of 6(n5/ 3), which already improves upon the
easy O(n?) bound (cf. Section 1.1).

3.1.2 Main Technical Lemma

Recall from the warm-up that the sign estimates o1,09,...,0, satisfy E [o;] > p, which
implies

Now, note that if we were able to replace the R.H.S. above with (1) instead of (p), then
this stronger lower bound would imply that O(1) independent sign estimates would suffice
for “catching” the Q(p) bias. Then, the sample complexity (up to polylogarithmic factors)
would be n?p? + oz (cf. Equation (2)), which reduces to O(n3/?) if we set p = n=1/4,

We first note that the property E [o7;] > p alone does not imply the desired high-probability
bound, namely,

Suppose for the sake of simplicity that n is even, and imagine that o € {+1}" is drawn from
the following distribution:

With probability p, o = (+1,+1,...,+1).

With the remaining probability 1 — p, o is chosen as a uniformly random permutation of

n/2 copies of +1 and n/2 copies of —1.
It can be easily verified that the above distribution satisfies E [o;] = p, yet > 1 0 >0
only holds with probability p.

Therefore, the crux is to show that the o;’s cannot be too correlated (as in the example
above). Concretely, proving the following will suffice for our purposes:

57:9
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Algorithm 1 The Unate-Uniformity algorithm.

Input: Access to i.i.d. samples from unate D, distance parameter ¢ € (0, 1)

Output: “Accept” or “reject”

Unate-Uniformity(D,¢):

1. Repeat the following O(1) times:

n3/2

a. Draw mq := @( ) samples (1) ... x(™) ~ D.

b. Compute o € {£1}" where for i € [n] we have

my
o, := sign Zmﬁj) e {£1}.
j=1

c. Draw mgq := @( ( )) samples y(1) ... y(m2) ~ D,

d. For each j € [mg], let w; =3 o y?) denote the o-weighted Hamming
weight of y(7).
e. If jw;| > ©(y/nlog(n/e)) holds for any j € [ms], halt and output “reject.”
foIf - ZJ L w; > O(g/n'/*), then halt and output “reject.”
2. If the algonthm has not rejected yet, output “accept.”

» Lemma 11. Suppose D is a unate distribution on {£1}". Suppose M, ... 2™ ~ D and
let

m
o; = sign Zmz(-])
j=1

For any 1 <i < j<n, it holds that

|Covlar,ay]l = 0 ).

It is readily verified that Lemma 11 fails for non-unate distributions: consider, for example,
the two-point distribution D(41") = D(—1") = 0.5. We defer the proof of Lemma 11 to
Section 3.1.4, and first show why it implies the correctness of Algorithm 1.

3.1.3 Proof of Theorem 2

We will require the following lemma due to Qiao and Valiant [50]:

» Lemma 12 (Lemma B.2 of [50]). Suppose k € N and § € (0,1/15vk). Let P and Q be
two distributions on the same support with dry(P,Q) > 6. Then

dTV(P®k, Q@k) > M )

15
Proof of Theorem 2. Note that the sample complexity and runtime are evident from Al-
gorithm 1. Next, note that if D = U, then D7 = U for every o € {£1}"™. It now follows from
Theorem 4 of [51] that Unate-Uniformity will output “accept” with probability at least
9/10. In particular, note that in this case, Steps 1(c) through 1(f) of Unate-Uniformity are
identical to the TestUniform algorithm of [51] run on U.
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We now show how Lemma 11 implies the soundness of Unate-Uniformity. Suppose that
the unate distribution D is e-far from uniform. As before, we write

pi= Bz
Since D is unate, it follows that there exists some o* € {#1}" such that D’  is monotone.
In particular, we can take o} = sign(p;), and so we have o}p; = |u;| > 0. Since the TV
distance is preserved under bijections, D7 is also e-far from uniform. Applying Lemma 10
to D7 gives

n n
Il =D o = E > x| ze.
i=1 z~D i=1

Recall that we use a sample of size m; = O(n/2/¢?) in Step 1(a) and 1(b) to compute

o1,...,0, € {£1}. Set a threshold 6 = 15-. For every i € [n] that satisfies |u;| > 0, we

will now show that

€ n3/4
El[oio]>Q( = — | =Q(n /4 3
o] > (n — ) =am, 3)
using Lemma 12. In more detail, let P be the distribution of o} x; for £ ~ D and @ be —P,
i.e. y ~ Q is obtained by drawing y’ ~ P and setting y = —y’. Note that
1+ |pil 1 — i

Prly=-+1] 5 and  Prly=—1] 5

with swapped probabilities for Q. It follows that drv (P, Q) = |ui| > 155, note also that

€ 1
<
100n — 15./m1
for appropriate choice of hidden constant in my. In particular, applying Lemma 12 gives
3/4
dTV(P(gleyQ@"Ll) >0 (5 . n ) _ Q(n_1/4) )
n €

In order to establish Equation (3), it suffices to show that dpv(P®™, Q®™) = O(1)-E[s}0;].
Since P and @ are Bernoulli random variables, their likelihood ratio is monotone in the
number of successes (i.e., +1 draws), and so by the Neyman—Pearson lemma, the TV-distance
maximizing set is {>_,y?) > 0}. We may assume that m; is odd (to avoid handling ties),
and so we get

dTV(P®m17Q®m1) — p®m Zy(f) >0 —Q®m™ Zy(@) >0

/=1 =1
mi mi

— p®m Zy(f) >0| — p&m Zy(e) <0 (4)
(=1 (=1

= E[U:ai] )

from which Equation (3) follows readily. Note that Equation (4) relies on the fact that
P = —Q. Finally, note also that the same argument shows that E [o}c;] > 0 for every
i € [n], even if |u;| < 0.

57:11
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Let X =" pi-0o;=> || (cfo;). We have

EX]> Y |wl-Elojo]>0n Y YT jul=n - |plh).
i€ ln): |20 i lnl |20

The first step above holds since both |u;| and E [Jj a’i] are non-negative for every i € [n].
The second step applies |p;| > 6 = E [070;] > Q(n1/4). The third step holds since our

choice of 6 = 155~ and the fact ||u|l; > € together imply

i g
Do il =D sl =m0 = luly = 155 = Qlpll)-

i€[n]:p;|>0 i=1
It remains to show that
Var(X] < O(n~"/2. ).

By Chebyshev’s inequality, the variance bound above would imply that, with probability
Q(1),

X > E[X] - 0(v/Var[X]) > QY- |lull1) > Qe/n'/*),

where the second step applies the following observations:
E[X] > Q(n Y4 |u|1), where the hidden constant in €(-) is lower bounded by a
universal constant when m; = ©(n%/2/¢?) is sufficiently large.
We will show that Var[X] < O(n~'/2 . ||u||?), where the hidden constant in O(-) goes to
zero as the hidden constant in m; = ©(n3/2/e?) increases.
Therefore, for some careful choice of m; in the algorithm, the difference E [X] —
O(y/Var[X]) is positive and on the order of Q(n=* - ||ul1).

By a Chernoff bound, we can then catch this Q(s/n'/4) bias using O (m) = O(n3/2/e?)
additional samples in Step 1(f) of the algorithm.

By Lemma 11, we have
Var(X] = Y Varloi] +2 Y0 pipy Covlor o) < 3 i Varloi] + Ol /2)
i=1 1<i<j<n i=1
The second term above is exactly the desired upper bound. For the first term, we note that

Var[o;] = e~ Umand)

so each term p? Var[o;] is at most O(1/m;). Recalling m; = ©(n%/2/e?) and ||u|; > ¢, we
conclude that

Y ui Varloi] < O(n/my) = O(*/V/n) < O™ -||u|1}),

i=1

which proves the desired variance bound Var[X] < O(n~'/2 . ||u||?) and completes the
proof. |
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3.1.4 Proof of Lemma 11

Without loss of generality, we prove the lemma when the unate distribution D is monotone;

the more general statement then follows from the observation that flipping the " coordinate

of D leads to a flip in the distribution of o ;, which preserves the magnitude of the covariances.
For i € [n], we define

S, = Z wgé) and i = w]:]D (] .
=1

In particular, we have o; = sign(S;) =2-1{S; > 0} — 1, and so
COV[O’i,O'j] = 4(PI‘[SZ > 0, Sj > 0] — PI'[Si > 0] PI‘[Sj > O]) . (5)

We will prove Lemma 11 with ¢ = 1 and j = 2; that is, we will show that

Covloy, os] = 0(1) .

vm
Define
Poo ‘= w:errD [(wth) = (_17 _1)] ; P1o = w]?er [(wlan) = (+17 _1)] )
Po1 = WP:% [(x1,22) = (—1,+1)], P11 = mlilz‘) [(z1,22) = (+1,+1)].

Thanks to monotonicity of D, we have pgg < p1g < p11 and pog < po1 < p11. It also follows
that g1 =1 —2(poo + po1) > 0 and pe = 1 — 2(peo + p10) > 0. The proof considers two cases
depending on the value of 1 + po:

Case 1: py + py > 1/2
We record the following easy bound on Cov|oy, os):
|Covloy,05]| < 4min {Pr[S; <0],Pr[S; <0]}. (6)

Assuming Equation (6), a direct application of the Hoeffding bound gives
1
Pr[S; < 0] < e~mHi/2 and so | Cov (s, s2)| < 4e™™/32 < O<m> ,

where we make use of the fact that min{u, uo} > 1/4 by the assumption p; + po > 1/2.
We now justify Equation (6). It will be convenient to write

A:=Pr[S; >0,5, > 0], B :=Pr[S; > 0], and C =Pr[S; >0].

Note that E[o1] = 2B—1 and E[o2] = 2C—1. Writing D := 1+ A—B—C, it is readily checked
that D = Pr[S; < 0,82 < 0]. It follows from Equation (5) that Cov[o1,02] = 4(A — BC).
In particular, we have

1
E|Cov[0'17a'2]| =|A - BC|.

Now,

If A> BC,then A— BC<C(1-B)<1-B.

If A< BC,then BC—A<(C—-(B+C—-1)=1—B,since D >0 gives A> B+ C — 1.
It follows that | Cov[o1,02]| < 4(1 — B) = 4Pr[S; < 0]. By symmetry, the same holds with
B and C swapped, which yields Equation (6).

APPROX/RANDOM 2026
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Case 2: py + py <1/2

In this case, we will control Cov(o1,02) via a Gaussian approximation to the sums S; and
Ss. First, let k := Cov[xy, x3] for & ~ D. Note that k = poo + p11 — po1 — P10 — 1 le.
We will first control the covariance of the Gaussian approximation. Consider the stand-

5. Nk
S\ k A2

where \? = 1 — ;2. We will sometimes write u = (i1, ju2). Finally, let p be the correlation
between Ty and T3, that is,

ardized random vector

1

NGD

T=(T,Ts) := (S1 —mu1, S — mus) and let

L K
PN

Note that by the central limit theorem, T' — N(0,%) (in distribution) as m — oc.
Following Equation (5), the Gaussian approximation of the correlation is

Covy = 4(Pr (Z, > —/mp1, Zy > —/myn | —Pr [Zy > —/mu | Pr [Z5 > —\/ﬁ,ug]).
Note that Covy = Cov|ry, T3] where 7; = sign(Z; — /mpu;). Next, we will show that
Covx = O(m~'/?) via known estimates for computing bi-variate normal probabilities. In

particular, applying Equation 3.6 of [48] gives

LR+ (V) 2RV |,

1 [ 1
Cove|=4|— | —— (—f
| Cov | 27r/0 o2 P 1- 22
2L p(-m(WEN 2R, -
o V1= 22 2 1—22 1+2
9 rlel 1 m
— [ (B K22
=7/, meXp( S+ 0)7) de )
2 .4 m 2)
< Z _
< Zsin™ [p|exp(—5 (11 + p2)
m
< ol GXP(—g(m + u2)2) : (9)

where Equation (7) relies on the fact that the integrand is larger on the positive z side,
Equation (8) uses

(-t g 1 3
AL g A1 A2 > (L k)24 mipe (g 22 S fi2)2
1_22 1+Z = )\ Ao A1 Ao 4 A1 Ao 4 A1 Ao ?

and Equation (9) relies on \; < 1 and sin~!(f) < %9 for § > 0.
We record the following lemma:

» Lemma 13. For monotone distributions, if py + po < %, then |p| < p1 + po.
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Proof. Parametrize the probabilities of the monotone distribution as
poo =a, por=a+b, pio=a+c, pu=a+d.
Then 1 =d+c—b, uo =d+b— ¢, 80 p1 + po = 2d implies d < %. Now

(d=b—c)— (d+c—b)(d+b—c)

"= =D —id)
g%‘(d—b—c)+((b—c)2—d2)’ (10)
< —ld+ ) (1)
=2d'1\—;§d <2d = p + p2
where in Equation (10) we use that (1 — x2)(1 — 43) > 3, and in Equation (11) we note that
[d—b—c|<dand |b—c| <d. <

Combining Equation (9) with Lemma 13, we get

| Cova | < (p1 + pi2) exp(—%(m + uz)Q) . 0(%) : (12)

Next, we will control the error in the Gaussian approximation to Cov|[oy, o] itself by
applying the multivariate Berry-Eseeen central limit theorem (cf. Theorem 8). It is readily
verified using Equation (5) and the triangle inequality that

| =

3
(Covlo1, 2] — Cova) < Ja; — fi]
=1

where
aq :PI‘[Sl ZO,SQ 20], a2:Pr[Sl 20], C¥3:PI'[SQ 20],

B1=Pr [Z1 > —vmpa, Zy > —\/Elm] , pPo=Pr [Z1 > —\/ﬁuﬂ , pP3=Pr [Zz > —\/Euz] .

as — B3| = O(m~1/2). In more detail, Theorem 8 gives
| | g

1 (151 — pal’] 1 (14 m)’] 1
_ B =0 ——. —o| — . TRV ) o ).
|a2 52‘ (\/m E[(Sl _ N1)2]3/2 \/ﬁ (1 _ /14%)3/2 - \/ﬁ
An identical argument gives the same bound for |ag — 83|. Finally, in order to show that

lag —B1] = O(m~'/2) using Theorem 8, it suffices to establish that E[[|~1/2(S—pu)||3] = O(1),
where S = (S, S2). To see this, first note that

-1
o121 fa Bl A 0
2 0 X

Theorem 8 combined with the fact that both py, us < 1/2 immediately gives |as — Bof,

b «
__1 1 _ 1 _1
Wherea—m—&—mandﬂ—m = Now,
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1271208 = w3 = 5 ((@AT (St = 1) + B (S2 = 12))? + (BAT (81 = ) + ady (82 — 2))?)

e~ =

1 _ _ 1
12 (/\1 (81— m1)® +23%(S2 — p2)? — PATIAT (St — pu)(S2 — M))
(13)
4 _ _ 11—
S1o <A12+/\22+P/\11>\21> (14)
g 2R e
(1= )1 = p3) — K2
9 1,41
<4. %j; < 16, (15)
)
where in Equation (13) we note that o? + %= 1fp2 and 2af= —%, in Equation (14) we

use | X; — ;| < 2, and in Equation (15) we recall (1 —pf)(1—p3) > 3 and —5 <k < 1. The
result follows immediately. <

3.2 Lower Bound

Turning to lower bounds for uniformity testing of unate distribution, we will establish the
following:

» Theorem 3. Let A be any algorithm which, given i.i.d. sample access to an unknown
distribution D, has the performance guarantee from Theorem 2 withe =1 —n"19. Then A
must draw Q(n®/?/log®n) samples from D.

In particular, Theorem 3 implies that the algorithm from Section 3.1 has essentially
optimal sample complexity. The proof is deferred to the full version [45].

4 Testing Unateness with Subcube Conditioning

We now turn to the proofs of Theorems 5 and 6, starting with the former.

4.1 Upper Bound

We start by recalling Theorem 5:

» Theorem 5. Let ¢ € (0,1). There is an algorithm, Subcube-Unate (Algorithm 2) which,
given subcube query access to an unknown distribution D over {£1}", makes O(n3/2 /<)
queries and has the following performance guarantee:

If D is unate, it outputs “accept” with probability at least 2/3.

If D is e-far in TV distance from every unate distribution on {£1}"™, then it outputs

“reject” with probability at least 2/3.

4.1.1 Preliminaries from [21]

Chakrabarty, Chen, Ristic, Seshadhri, and Waingarten [21] gave an 5(n/ £?)-query algorithm
for monotonicity testing of a distribution over {+1}" in the subcube conditional model. Our
O(n?/2 /2)-query algorithm for unateness testing will rely on their principal technical lemma,
which we state after introducing some relevant notation.
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For any = € {£1}" and i € [n], we define
5 ID(mi—>—1) —'D(l‘i_H'l)
T, 'D(xiﬁfl) 4 D(xiaJrl)
as the bias on the edge {z,2®}. Note that if D is monotone, we always have 0z, < 0,50 a

positive J, ; witnesses a violation of monotonicity.
Central to the analysis in [21] is the following lemma, which is implicit in the proof of [21

€[-1,1]

Lemma 2.3]. For z € R, we write () = max{z,0}.

» Lemma 14 ([21]). For any D that is e-far from monotone, there exists a positive integer
w < O(log(n/e)) such that

Pr |G} 227] 20 (2252) |

i~ [n]

The proof of Lemma 14 relies on a real-valued “directed” isoperimetric inequality proved
n [21]. In particular, it follows from Lemma 14 that if we draw a random w < O(log(n/¢))
with probability w = w proportional to 27", we have
O(log(n/e)) (2
Pr ((Ge)3 z277] > Y 2 Pr [} 2270 20 () . (16)

w,x~D,i~[n z~D n
w=1 i~ [n]

Give the lemma above, the algorithm of [21] is natural: we simply sample 5(71/ 2) triples
(w,z,1), in the hope of finding at least one with (d,,;)2 > 2~%. For each triple, we make
O(2") queries to the subcube (or edge) {x, %'} to check whether ()% > 2% holds. If
this holds for any triple, we reject distribution D. Over the randomness in w, we make
Zo(log(”/ N o—w. O(2¥) = O(1) queries for each triple, so the overall query complexity is

O(n/e?).
4.1.2 Proof of Theorem 5

We first introduce some additional notation before proving Theorem 5. Recall from Notation 7
that, for o € {£1}", D? is the distribution of

o .__
27 = (0121,09%2,...,0,Ty),

where & ~ D, i.e., D7 is obtained from D by flipping the coordinates indexed by {i € [n] :
0; = —1}. Recall that, with respect to distribution D, we defined
5 _ D(xiﬁfl) _ D(xiﬁJrl)
v 'D(xiafl) + 'D(miHJrl) :

In the following, we will write 5}; to avoid confusion and emphasize dependence on D. While
the next identity is notation-heavy, it states an intuitive fact: if D7 has a bias on an edge

adjacent to z along the i*® direction, D should also have a bias at 27, albeit flipped by o;.

More formally,

( —H)7) = D(@"H)

D((z">=1)7) + D((z'~+1)7)

o - [D((27)" 1) = D((27)" )]
D((z7)==1) + D((z7) 1)

P
=0y " 5370714 .

(17)
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We now record a corollary of Lemma 14 which will be crucial to our analysis of Algorithm 2.
Since D is e-far from unate, for every sign pattern o € {£1}", the distribution D is e-far
from monotone. Applying Lemma 14 (or more precisely, Equation (16)) to D then gives

~ 82 o
Q=] < P {573. 2 > 2*“’}
( n ) - w,ENDUr,iN[n] ( :l:,z)—i— -

= m~gfi~[n] [(oi 05 )4 > 2_“’] (Equation (17))
- Pr [(ai P2 > Q-w] : (18)
w,x~D,i~[n] ’

where Equation (18) relies on the fact that for @ ~ D7, the random variable «“ is distributed
as D. We record this consequence of Lemma 14 for future use:

» Corollary 15. Suppose D is e-far from unate. Then for every o € {£1}", we have

Pr |:(0‘i . 5};1-)1 > 2_“’} > §<€2> .

w,x~D,i~[n] n

Corollary 15 suggests a natural test to detect distributions that are far from unate and
forms the basis of Algorithm 2: iterating over each coordinate i € [n], we reject if there exist
two pairs (w, ) and (w’, ') such that

(623 >2"" and (-65,)%>27". (19)

Intuitively, the former condition rules out the possibility that D is monotone in direction 4,
and the latter rules out that D is anti-monotone in direction i. Note that if D is unate, then
both conditions above can never hold simultaneously.

We now turn to the proof of Theorem 5:

Proof of Theorem 5. For a fixed triple (i, x, w), the expected number of conditional samples
is
O(log(n/e))

> Priw=1 - T(t)=)_ 627" 6(2"log(nk)) = O(1).

t=1 t

We perform O(n - k) = é(n3/2/€2) triples, so the total query complexity is 6(713/2/62).
By Hoeffding’s inequality,

1 1
Pr{‘75—63i| > 82_1"/2} < 2eXp(—%-(§2_w/2)2T(w)) < %:lz,

for a sufficiently large absolute constant in the definition of T'(w). Taking a union bound
over all nk trials, with probability at least 1 — dcmp/6 Wwe have, simultaneously for all trials,

1 1
T (0D - g2 6D+ 2, (20)

For the remainder of the argument, we condition on the event that Equation (20) holds for
all trials.
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Algorithm 2 The Subcube-Unate algorithm.

Input: Subcube query access to D, distance parameter ¢ € (0, 1)

Output: “Accept” or “reject”

Subcube-Unate(D,¢):

1. Set k := é(g) and repeat Step 2 O(1)-times:
2. For i € [n]:
a. For ¢ € [k]:
i. Sample © ~ D and consider the restriction p € {£1,x}™ given by P =1;
if j #£ ¢ and p;, = *.
ii. Draw w € [O(log(n/e))] where Pr[w = t] oc 27°.
iii. Query the conditional distribution D |, independently

T(w) :=0O(1) - 2% - In(12nk/demp)

times for demp 1= n=3. Let Nf) and Nie) be the numbers of returns with
coordinate ¢ equal to +1 and —1, respectively (Nf) +NY = T(w)).
Define the empirical edge bias

N N Lot 2-w/2
Ty = ————— and set cq = )
NY 4+ N v

Mark the trial £ as a positive witness if Ty > ¢, and as a negative witness
if 79 < —Cp.
b. If there exist £1, ¢s € [k] such that ¢; is a positive witness and ¢5 is a negative
witness, then halt and output “reject.”
3. If the algorithm has not rejected, output “accept.”

Completeness. Conditioned on the above event, it is readily seen that Subcube-Unate has
one-sided error. In particular, suppose D is a unate distribution. It follows that there exists
o € {£1}" such that D7 is monotone. In particular, o; - 62, < 0 for all z € {£1}" and
i € [n]. Fix a coordinate i € [n] and suppose ; = +1. We have 62, < 0 for every x, and
conditioned on Equation (20),

2—'w/2
4 )

T < %2_“’/2 < Cp =

so this trial cannot create a positive witness for coordinate i. An identical argument gives
that if o; = —1, then the trial cannot create a negative witness for coordinate 7. It follows
that, conditioned on Equation (20), the algorithm will output “accept” with probability 1.

Soundness. We now turn to soundness of Subcube-Unate(D,e). Suppose D is e-far from
every unate distribution, we will show that Subcube-Unate(D, ) will output “reject” with
probability at least 9/10. For w distributed as in Step 2(a).ii of Algorithm 2 and i € [n], let

q¢ = Pr [(651)1 > 2_“’} and q = Pr (—(5571-)1 >27v

w,e~D w,e~D

57:19

APPROX/RANDOM 2026



57:20

Testing Unate Distributions

be the probabilities that, over the randomness in w and x, the pair (w, x) witnesses that
the i*? coordinate cannot be monotone and anti-monotone respectively. Corollary 15 directly
implies that

1 & ~ (2
mi=— ;mi > Q(Z) , where m; = min {q;r,q;} . (21)

Let r; be the probability that Subcube-Unate(D, ) outputs “reject” in Step 2(b) on coordin-
ate 7. Thanks to independence, we have

n n
Pr [Subcube—Unate(D, €) outputs “accept”] = H(l —r;) <exp|— Z |,
i=1

i=1

and so the remainder of the argument will establish that ., r; = Q(1).
First, note that

> (1 —(1- qj)’“/2> (1 (1— q;)’“/2) > (1 —(1— mi)k/2)2 , (22)

where the first inequality holds because the probability of returning “reject” after k iterations
of Steps 2(a).i-iii is at least the probability of detecting a positive witness among the first
k/2 iterations and a negative witness among the last k/2 iterations. The following lemma
will be useful:

» Lemma 16. For K > 1, the function f(z) = (1 — (1 — x)%)? is convex on the interval
(0,1n(2)/K).

Proof. We explicitly compute the first and second derivatives of the function f. Note that
fl(x) = 2K(1 —(1- x)K> (1—2)K1,
Taking another derivative gives

f(z) =2K*(1 —2)*72 _2K(K —1)(1 — (1 —2)%)(1 — 2)K2
=2K(1—-2)52(2K - 1)(1 —2)% — (K —1)).

So it suffices to show

K
(2K—1)(1—“‘72) >K -1,

or equivalently F(K) > 0 where F(z) :=x ln(l - 1“72) - ln( 2“;111). Since

lim F(z)=-In2-Inj =0,

r— 400

showing that F'(z) < 0 for all € (1,400) will complete the proof.

Note that
1 1 1
F'() = (1~ ) - .
(z) =1n x/In2 Jrgc/ln2—1 (x—1)(2x—1)
Furthermore, the function h(y) := 1n<1 — %) + yil has derivative h'(y) = fm, and is
thus strictly decreasing on (1,400). If we could show that
1 1 1
h(w) =(1- ) < 23
(@) =1n x Jr33—1_(:1:—1)(2;13—1) (23)
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holds for all z € (1, +00), we would have the desired inequality

1
<h@) - —— <0

F'(z) = h(z/In2) — T

(x —1)(2z — 1)
Equation (23) follows immediately from the well-known/readily verified inequality 2a <
(2+a)-In(1 + a) for a > 0 by taking a = (x — 1)L <

Returning to the soundness of Subcube-Unate, note that if there exists a coordinate j
with m; > 2122 then thanks to Equation (22) we have

/2\ ?
TjZ(l(lmj)k/2)2Z<1<1:1/Z>k ) 2(17671112)2:%'

Consequently, the amplification in Step 1 ensures that one of the ©(1) independent runs will
output “reject” with probability at least 9/10.
On the other hand, suppose m; < 21];12 for all ¢ € [n]. Thanks to Lemma 16 and Jensen’s

inequality, we then have

Zn:ﬁ‘ 2 zn: (1 -1 —mi)k/2)2 > n(l -1 —m)k/2)2_

It follows that Y ;- ; r; > 99/100 from Equation (21) and our choice of k by an easy application
of Bernoulli’s inequality (1 + )" > 1+ ru for r,u > 0. <

4.2 Lower Bound

We prove the following lower bound for testing unateness of distributions in the subcube
model, which applies to all testers that only make subcube queries on either the entire
hypercube (to get an unconditional sample) or a small subcube.

» Theorem 6. There exists a constant g > 0 such that the following holds: If an algorithm
tests whether an unknown distribution D over {£1}"™ is unate or eo-far from unate by
drawing Q1 samples from D and making Q2 (possibly adaptive) subcube queries on subcubes
of dimensions < d, we have

Q1 +27Qy > Q(n?3/log® n).

Recall that our tester for Theorem 5, like the monotonicity tester of [21], only makes
subcube queries on edges (i.e., one-dimensional subcubes) in addition to drawing unconditional
samples. In other words, our tester satisfies the precondition of Theorem 6 with d = 1. The
theorem then implies that all such testers must make at least Q(n2/3) queries in total.

The proof is deferred to the full version [45].
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