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Abstract
We study the mixing time of the systematic scan dynamics for the q-state ferromagnetic Potts
model on the n-vertex complete graph, known as the mean-field model. This Markov chain updates
vertices sequentially according to a fixed predetermined order, in contrast to the Glauber dynamics
which updates a uniformly random vertex at each step. Systematic scan dynamics are attractive in
practice as they often demonstrate strong empirical performance. However, their theoretical analysis
remains far less developed than that of the Glauber dynamics.

We take a step toward addressing this imbalance by showing that for every q ≥ 2 and β < βs,
where βs is the metastability threshold associated with the onset of slow mixing for the Glauber
dynamics, the systematic scan dynamics for the ferromagnetic mean-field Potts model mixes in
Θ(log n) scans or, equivalently, in Θ(n log n) single site updates. We in fact prove a sharper result;
namely, that there exists a constant c(β, q) > 0 such that the mixing time is c(β, q) log n + Θ(1),
which implies that the Markov chain exhibits the cutoff phenomenon, with the total variation
distance to the stationary distribution dropping abruptly from nearly 1 to nearly 0 within a narrow
Θ(1) time window. This result is tight in β as well since the dynamics mixes exponentially slowly
for β > βs. To the best of our knowledge, this is the first general cutoff result for the systematic
scan dynamics in the context of spin systems. The result may also be of independent interest in the
theory of Markov chains, since the systematic scan dynamics is both global and non-reversible, two
settings in which cutoff remains poorly understood.
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1 Introduction

Sampling high-dimensional probability distributions is an important task in science and
engineering. It is, for example, a prevalent problem when running simulations in statistical
physics or when solving inference problems in machine learning. As such, there is an array
of sophisticated algorithms and heuristics to generate samples from these distributions. One
of the most classical and powerful approaches is Gibbs Sampling, which iteratively updates
one variable at a time conditioned on the values of all other variables.

There are two standard strategies for deciding which variable to update in each step: (i)
the Glauber dynamics, where the variable to be updated is chosen uniformly at random, and
(ii) systematic scan dynamics, where variables are updated according to a predetermined
ordering. In practice, systematic scan dynamics offer several computational advantages over
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the Glauber dynamics, as they are often amenable to parallelization, can exhibit improved
memory locality and thus reduce data-access overhead, and require fewer random bits [29].
Despite these practical advantages, most theoretical analyses focus on the Glauber dynamics,
which have historically proven more mathematically tractable, leaving the convergence theory
for systematic scan dynamics significantly less developed.

The number of variable updates required to reach stationarity can differ significantly
between the Glauber and systematic scan dynamics, sometimes up to polynomial factors in
n [21, 27]. For example, even in the trivial case of n independent variables, the systematic scan
mixes in exactly n updates, whereas the Glauber dynamics requires 1

2 n log n updates. When
combined with the implementation benefits noted above, such differences in convergence
rates can make the systematic scan dynamics a particularly attractive update strategy.

In this paper, we take a step toward a better theoretical understanding of the systematic
scan dynamics by studying them in the context of the ferromagnetic mean-field Potts model,
a classical spin system model central in statistical physics, theoretical computer science,
machine learning, and probability theory. In this model, each variable in V = {1, . . . , n}
can take a value from Q = {1, ..., q}. The Gibbs or Boltzmann distribution assigns to each
configuration σ ∈ Σn = QV a probability given by:

µ(σ) = 1
Zβ,n

exp
{

β

n

∑
{u,v}⊆V

1
(
σ(u) = σ(v)

)}
,

where σ(u) is the value (or spin) assigned to vertex u in the configuration σ, and Zβ,n is
the normalization constant or partition function. The parameter β captures the strength
of the interaction between the variables and is proportional to the inverse temperature in
statistical physics applications. The q = 2 case corresponds to the classical Ising model. The
Potts model can be defined on any graph by taking the summation in the definition over the
edges of the graph instead of over pairs of vertices; the mean-field setting considered here
corresponds to the complete graph on n vertices.

For concreteness, we consider the standard variant of the systematic scan dynamics in
which site updates are given by the heat-bath update, i.e., they are performed according to the
conditional distribution at each update site induced by the configuration on the remaining
vertices. Formally, if vertex v is to be updated in a configuration σ, then v is assigned a new
spin sampled from µ( · | σ(V \ {v})). This is a non-reversible ergodic Markov chain with
state space Σn that converges to µ. We measure rates of convergence to µ in terms of the
mixing time, which is the most standard notion of speed of convergence for a Markov chain.
It is defined as the number of steps until the dynamics is close in total variation distance to
µ starting from any initial configuration. Formally, if P denotes the transition matrix of the
chain, for ε ∈ (0, 1), the ε-mixing time is given by

Tmix(ε) = min
{

t ∈ Z≥0 : max
σ∈Σn

∥∥P t(σ, ·) − µ
∥∥

tv ≤ ε

}
.

By convention, the mixing time is taken to be Tmix = Tmix(1/4).
A more refined notion of convergence, when present, is the cutoff phenomenon. A Markov

chain exhibits cutoff when there is a sharp drop in the total variation distance from close to
1 to close to 0 in an interval of time of smaller order than its mixing time; which is called
the cutoff window. More precisely, we say that there is cutoff if as n → ∞, for any fixed
ε ∈ (0, 1)

Tmix(ε) − Tmix(1 − ε) = o(Tmix). (1)
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Figure 1 Comparison of mixing times of Glauber (blue curve) and systematic scan dynamics
(black curve).

The mixing time and cutoff of the Glauber dynamics for the mean-field ferromagnetic Potts
model is by now very well-understood. In the case of the Ising model (the q = 2 case) at
β < 2, the Glauber dynamics mixes in 1

2(1−β/2) n log n steps with an O(n) cutoff window.
The mixing time is Θ(n3/2) at β = 2 and exponential in n when β > 2 [13, 12, 23]. For q ≥ 3,
the model exhibits a first-order phase transition and the dynamics undergoes a slowdown
at βs = βs(q), which is the spinodal point marking the onset of metastability. Specifically,
when β < βs the mixing time is 1

2(1−β/q) n log n with an O(n) cutoff window. At β = βs

the dynamics mixes in Θ(n4/3) and no longer exhibits cutoff, and the mixing time is again
exponential in n for β > βs [10].

In contrast with this fairly complete convergence picture for the mean-field Glauber
dynamics, much less is known for systematic scan dynamics, with the best known mixing
time bound being O(n2 log n) for β < βs. We provide here the first sharp analysis of the
mixing time of the systematic scan dynamics for the mean-field ferromagnetic Potts model,
valid for all scan orderings and for all inverse temperatures β < βs.

▶ Theorem 1. For q ≥ 2, β < βs, there exists a constant c(β, q) > 0 such that the systematic
scan dynamics for the mean-field ferromagnetic Potts model exhibits cutoff at mixing time
Tmix = c(β, q) log(n) + Θ(1).

For n large, the leading constant c(β, q) corresponds to 1
2b(β,q) where b = b(β, q) is the root

of the equation β(1 − e−b)/(qb) = e−b; see Section 4 for additional details. Figure 1 shows
a plot of the constant c(β, q) as a function of β/q and compares it to the leading constant
ĉ(β, q) = 1

2(1−β/q) for the mixing time of the Glauber dynamics, revealing at least a twofold
speedup. This is consistent with the folklore conjecture that the systematic scan dynamics
exhibits such a speedup in several settings.

We note that Theorem 1 is tight in β, since, as mentioned, the Glauber dynamics mixes
exponentially slowly for β > βs and known mixing time comparison results (see, e.g., [17,
Theorem 1.2]) imply that so does the systematic scan. At β = βs, based on the known
behavior of the Glauber dynamics, we conjecture that the systematic scan dynamics mixes
Θ(nc) for some c < 1 without cutoff.

APPROX/RANDOM 2026
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To better contextualize Theorem 1, we briefly comment on prior work on mixing times
for the systematic scan dynamics on spin systems. There is a line of work that seeks to
compare the convergence rates of Glauber and systematic scan dynamics. This is done with
varying degrees of generality in [2, 17, 14, 11, 8, 9, 19]. In parallel, there is work establishing
fast mixing for the systematic scan dynamics under model parameter and graph-structural
conditions [15, 20, 16], or under monotonicity assumptions [7, 3, 26]. We note that the recent
advances in Markov chain mixing via spectral independence have not yet yielded major
new results for this dynamics; see [1] for initial progress. This body of work demonstrates
sustained interest on the systematic scan dynamics while also underscoring the significant
analytical challenges they present, with many questions that are well understood for the
Glauber dynamics remaining unresolved in this setting.

Turning to cutoff, results like Theorem 1 are rarer still. To the best of our knowledge,
our work provides the first cutoff result for the systematic scan dynamics in the context of
spin systems. The cutoff result in [22] for the Ising model considers a Markov chain inspired
by systematic scan but that is effectively quite different since in each step, k = o(n1/3)
vertices are chosen uniformly random and updated according to a random permutation. More
generally, the systematic scan dynamics is a global, non-reversible Markov chain, and both
features introduce substantial additional analytical challenges. Indeed, the only other cutoff
result for a global Markov chain for spin systems we are aware of is the recent work [6] on
the Swendsen-Wang dynamics, while the study of the cutoff phenomenon for non-reversible
Markov chains is only in its early stages [25].

Proof Sketch

For the rest of the paper, we assume β < βs, q ≥ 2 and n to be asymptotically large. We
refer to the vertex updates of the dynamics as site updates, and n consecutive vertex updates
are called a full-scan. A step of the systematic scan dynamics Markov chain corresponds to
a full-scan starting from the first vertex in the ordering. It will be convenient to index the
site updates, and thus we use σt for the configuration after the t-th site update and σkn for
the configuration after the k-th step of the chain.

We will show that for any fixed ε ∈ (0, 1), there exists a κ(ε) independent of n such that

c(β, q) log n − κ(ε) ≤ Tmix(ε) ≤ c(β, q) log n + κ(ε). (2)

From this, Theorem 1 follows immediately; in particular, this inequality implies (1).
To establish the upper bound on Tmix(ε) we utilize a multiphase coupling, and in that sense,

it is reminiscent of the other Markov chain analysis in the mean-field setting [18, 4, 6, 10]. A
coupling considers two copies, {σt}t≥0 and {σ̃t}t≥0, of the systematic scan dynamics starting
from two arbitrary initial configurations σ0 and σ̃0, respectively. Each copy evolves according
to the transition matrix P , but the moves of the two copies can be arbitrarily correlated. The
ε-coupling time Tcoup(ε) is the minimum number of full-scans T such that Pr[σT n ̸= σ̃T n] ≤ ε.
A standard result says that Tmix(ε) ≤ Tcoup(ε); for additional details see [24].

To describe the three main phases of our coupling we introduce some useful notation first.
For a configuration σ ∈ Σn, let α(σ) denote the q-dimensional vector with coordinates

αi(σ) = 1
n

n∑
j=1

1(σ(j) = i).

We call α(σ) the proportions vector of σ. We let ê =
(
1/q, . . . , 1/q

)
denote the q-dimensional

equiproportions vector that corresponds to the configuration with exactly the same number
of vertices assigned each spin (ignoring rounding issues).
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The main phases of our coupling are the following:
Phase 1: From arbitrary initial configurations σ0 and σ̃0, run two copies {σt} and {σ̃t}

independently for an initial burn-in period of T = O(1) scans. After this initial burn-in,
we show that both copies are such that ∥α(σT n) − ê∥∞ ≤ ρ and ∥α(σ̃T n) − ê∥∞ ≤ ρ with
probability 1 − o(1), for any desired constant ρ > 0. In addition, we show that both
copies have “good spread” of their spins with respect to the ordering of the systematic
scan dynamics.

Phase 2: We can then couple the evolution of the two instances of Markov chain so that after
c(β, q) log n+O(1) additional scans: the Hamming distance between the two configurations
is O(

√
n) and the ℓ2 distance between their respective proportions vector and ê is also

O(1/
√

n).
Phase 3: Finally, we couple one final scan in a way that guarantees that the processes

coalesce with at least the desired ε probability.

We provide additional details about Phase 1 next. Let ei ∈ Rq
≥0 be the indicator vector

with value 1 in the i-th coordinate and 0 elsewhere. We capture the notion of closeness to ê

with “good spread” by considering for each ρ > 0 the set of configurations

Σρ
n =

{
σ ∈ Σn :

∥∥∥ê − 1
i

n∑
j=n−i+1

eσ(j)

∥∥∥
∞

≤ ρ ∀ i ∈ N ∩ (n3/4, n]
}

.

Observe that σt ∈ Σρ
n implies not only that ∥α(σt) − ê∥∞ ≤ ρ, but also that as we perform

site updates to generate σt+n, the intermediate configurations are also balanced. To see
this, note that when updating σj for j ∈ [t, t + n], the fact that σt ∈ Σρ

n ensures that the
partial configuration in the vertices vj+1−t, . . . , vn is also balanced; in addition, the partial
configuration in v1, . . . , vj−t−1 we can guarantee to be balanced since it was just updated.
(The n3/4 gives a required slack to make such statement possible; note, for example, that a
single vertex cannot be balanced.)

This more fine grained notion of closeness to ê marks a clear distinction between the
Glauber and systematic scan analyses. In the former, given a proportions vector α, the
dynamics is oblivious to the specific spin assignment to vertices (i.e., from α(σt−1) we can
generate α(σt)); as such, the speed of convergence of the Markov chain is governed by its
ℓ∞ closeness to ê. However, this is not the case for systematic scan, since this Markov
chain updates vertices in a fixed order and thus depends on the specific assignment of spins
to vertices along the scan order (not only on the spin counts). We are therefore required
to establish this stronger notion of closeness to ê. We show that the following holds after
Phase 1.

▶ Lemma 2. For any fixed ρ > 0, there exist constants c > 0 and k ∈ Z+ depending only on
β, q, and ρ such that

Pr [σkn /∈ Σρ
n] ≤ 2qke−c

√
n. (3)

Moreover, if σ0 ∈ Σρ
n, for any k̂ ∈ Z+ we have

Pr
[

max
1≤i≤n

∥∥α(σ(k̂−1)n+i) − ê
∥∥

∞ > qρ
]

≤ 2qk̂e−c
√

n. (4)

We note that (3) establishes that the chain enters the set Σρ
n after a constant number of

scans with high probability, whereas (4) shows that once the chain enters Σρ
n, it will remain

also with high probability. To prove (3), we show that the proportions vector has drift

APPROX/RANDOM 2026
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towards the ê. More precisely, we analyze the evolution of fraction of vertices in a spin class
by decomposing into a drift and a fluctuation component. The drift component of each
coordinate is then bounded by a one-dimensional recursive function that iterates towards its
fixed point 1/q. For every fixed constant ρ > 0 (independent of n), the recursive function
enters the interval [1/q, 1/q + ρ] after a constant number of iterations. To analyze the
fluctuation component of the process, we show first that it is a supermartingale, and then
we use the Doob decomposition to split it into a predictable non-increasing process and a
martingale, with the martingale fluctuations controlled via a concentration of its maximum
over an interval; more precisely, via a Maximal-Azuma inequality, a tailored version of which
we establish here.

The proof of (4) follows from a similar argument. Once the proportions vector is close to
ê and the configuration has a good spread, the drift helps the process to remain close to ê.
Then, the corresponding martingale estimate gives the desired high probability statement.
The proof of Lemma 2 is fleshed out in Section 2.

In Phase 2, we couple the systematic scan dynamics using the optimal single site coupling;
i.e., the coupling that maximizes the probability of agreement between the two copies of
the chain at the update site conditional on the configuration off the site. We are able to
establish that the Hamming distance dH between the two chains drops from O(n) to O(

√
n)

in O(log n) steps, and that at the same time, the distance of the spin fraction from ê drops
from O(1) to O(1/

√
n).

▶ Lemma 3. Let ρ > 0 small enough and σ0, σ̃0 ∈ Σρ
n. Then, for any fixed constants

C, ε > 0, there exist an integer k = k(β, q, C, ε) such that with probability at least ε for
T = c(β, q) log(n) + k we have dH(σT n, σ̃T n) ≤ C

√
n.

To establish this lemma we show that for two copies of the systematic scan Markov chain with
starting configurations in Σρ

n, their Hamming distance exhibits an almost uniform geometric
decay. To establish this, we show that the distances between the proportions vectors of the
copies and ê contract at exactly same geometric rate. Identifying these matching contraction
rates determines the number of steps required for the Hamming distance to reach the desired
scale (i.e., O(

√
n)) and determines the leading constant c(β, q) in the mixing time. The full

proof of Lemma 3 is given in Sections 3, 4, and 5.
For Phase 3 of the coupling we show that the relative entropy between the distribution

of σt+n and σ̃t+n can be bounded in terms of the square of the Hamming distance between
σt and σ̃t. Then, since we start the phase from two configurations within O(

√
n) Hamming

distance, Pinsker’s inequality allows to conclude the following.

▶ Lemma 4. There exists a coupling such that for any ε > 0 there is a constant C = C(ε, β, q)
such that for σ0, σ̃0 ∈ Σn with dH(σ0, σ̃0) ≤ C

√
n, we have Pr

[
σn ̸= σ̃n

]
≤ ε.

The proof of Lemma 4 is deferred to the full version of the paper [5]. We can now provide
the proof of the mixing time upper bound in Theorem 1.

Proof of Theorem 1 (upper bound). We show that Tmix(ε) ≤ c(β, q) log n + κ(ε) for any
ε ∈ (0, 1) and a suitable κ independent of n. By Lemma 2, for any ρ > 0 there exists
κ1 = κ1(β, q, ρ) such that σκ1n, σ̃κ1n ∈ Σρ

n with probability at least 1 − ε/3. Conditioning on
σκ1n, σ̃κ1n ∈ Σρ

n and choosing ρ small enough, Lemma 3 implies that we can couple the the
two copies of the chain so that for any fixed C > 0 there exists κ2 = κ2(β, q, C, ε) such that
after T2 = c(β, q)n log n + κ2n + κ1n site updates we have that

Pr
[
dH(σT2 , σ̃T2) ≤ C

√
n

]
≥ 1 − ε/3.

For the last phase, Lemma 4 implies that σT2+n = σ̃T2+n with probability at least 1 − ε/3
for small enough C. So at T = T2 + n we obtain Pr[σT ̸= σ̃T ] ≤ ε

3 + ε
3 + ε

3 = ε. ◀
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To establish the mixing time lower-bound in (2), we use the fact that the distribution µ is
well-concentrated around the equiproportion vector ê. Therefore, if the event {∥α(σkn)−ê∥2 >

C/
√

n} has a significant probability for a sufficiently large constant C > 0, the systematic
scan dynamics chain cannot be mixed after k steps. Using our precise understanding of
the rate of contraction towards ê established in the analysis of Phase 2, and standard
concentration inequalities, we prove that for any C > 0 and any ε ∈ (0, 1), there exists κ

independent of n such that after c(β, q) log n−κ(ε, C) steps Pr[∥α(σt)− ê∥2 > C/
√

n] > 1−ε

where for any fixed ε the function κ(ε, ·) is increasing. The lower bound proof is provided in
the full version of the paper [5].

2 Independent Burn-in

Our aim in this section is to analyze the Phase 1 of our coupling and establish Lemma 2. We
analyze the evolution of the number of vertices with a given spin (say spin 1 for concreteness)
by decomposing this one-dimensional stochastic process into a mostly predictable component
determined by a drift function and a fluctuation component that is controlled via martingale
concentration bounds.

2.1 Drift analysis
Consider the drift function Gβ : R≥0 → R≥0 given by

Gβ(x) = eβx

eβx + (q − 1)eβ 1−x
q−1

.

This function approximates the probability that a single-site update chooses spin 1 in a
configuration that has xn vertices assigned spin 1 and all other q − 1 spins distributed equally
among the remaining (1 − x)n vertices. The correspondence is not exact in part because the
spin of the selected vertex is taken into consideration; to account for this correction we define

Gβ,n(x) = Gβ(x) + β/n.

For q ≥ 2, the spinodal point βs can be defined in terms of the drift function Gβ :

βs = sup
{

β > 0 : Gβ(x) − x ̸= 0 ∀x ∈ (1/q, 1)
}

;

see [10] for additional details.
We use the function Gβ to control the evolution of the one-dimensional process corres-

ponding to fraction of vertices assigned spin 1. To formalize this, let Jt be the random
variable corresponding to the spin chosen in the t-th site update and let Xt = 1(Jt = 1). We
use the convention that for −n < t ≤ 0, Xt indicates whether the (t + n)-th vertex in the
initial configuration σ0 has spin 1. We define Y

(ℓ)
t as the average of the Xi’s for the last ℓ

updates:

Y
(ℓ)

t = 1
ℓ

t∑
i=t−ℓ+1

Xi. (5)

Observe that Y
(n)

t = α1(σt); to simplify the notation we set Yt = Y
(n)

t . We decompose the
process Y

(ℓ)
t into the sum of a drift and a fluctuation component as follows. For all t ≥ ℓ

and 1 ≤ ℓ ≤ n:

Y
(ℓ)

t = 1
ℓ

t∑
j=t−ℓ+1

Gβ,n(Yj−1) + 1
ℓ

t∑
j=t−ℓ+1

(Xj − Gβ,n(Yj−1)) ,

APPROX/RANDOM 2026
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and rewrite the fluctuation term as

D
(ℓ)
t =

t∑
j=t−ℓ+1

(
Xj − Gβ,n(Yj−1)

)
, (6)

so that

Y
(ℓ)

t = 1
ℓ

D
(ℓ)
t + 1

ℓ

t∑
j=t−ℓ+1

Gβ,n(Yj−1).

Our first lemma shows that under the assumption that the random fluctuations are
small in aggregate over all intervals between kn and (k + 1)n, then maxn3/4<i≤n Y

(i)
kn has a

contraction given by the function Gβ,n up to a small correction.

▶ Lemma 5. Suppose that for some integer k ≥ 0, a fixed constant a ∈ (1/q, 1], and a
sufficiently small ε > 0 that satisfies Gβ,n(a) + 2ε < a, we have max

n3/4<i≤n
Y

(i)
kn ≤ a, and

max
1≤i≤j≤n

D
(i)
kn+j < εn3/4. Then,

max
n3/4<i≤n

Y
(i)

(k+1)n ≤ 2ε + Gβ,n(a).

Moreover, max
1≤i≤n

Ykn+i ≤ a + 1
n1/4 .

Proof. We start by rewriting Ykn+ℓ using (5) and (6) as

Ykn+ℓ = 1
n

kn∑
i=(kn+ℓ)−n+1

Xi + 1
n

kn+ℓ∑
i=kn+1

Xi

= 1
n

kn∑
i=kn−(n−ℓ)+1

Xi + 1
n

kn+ℓ∑
i=kn+1

(
Xi − Gβ,n(Yi−1)

)
+ 1

n

kn+ℓ∑
i=kn+1

Gβ,n(Yi−1)

= (n − ℓ)
n

Y
(n−ℓ)

kn + 1
n

D
(ℓ)
kn+ℓ + ℓ

n

1
ℓ

kn+ℓ∑
i=kn+1

Gβ,n(Yi−1)

= 1
n

D
(ℓ)
kn+ℓ + 1

n

(
(n − ℓ)Y (n−ℓ)

kn + ℓ
(1

ℓ

kn+ℓ∑
i=kn+1

Gβ,n(Yi−1)
))

. (7)

We show first via induction on ℓ that

Ykn+ℓ ≤ a + 1
n1/4 . (8)

for all ℓ = 1, . . . , n. This ensures that Ykn+ℓ does not deviate much from its initial upper
bound of a on the process. Conditioned on this, we can establish the desired contraction
maxn3/4<i≤n Y

(i)
(k+1)n ≤ 2ε + Gβ,n(a).

For ℓ = 1, under the assumptions of the lemma, and using the fact that Gβ,n is a
monotonically increasing function, we obtain from (7)

Ykn+1 <
εn3/4

n
+ 1

n

(
(n − 1)a + Gβ,n(a)

)
≤ ε

n1/4 + a.
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For the induction step we consider two cases. First assume that (8) holds for all ℓ ∈
{1, . . . , ℓ1 − 1} for some ℓ1 ∈ {1, . . . , n − n3/4 − 1}. From (7), the monotonicity of Gβ,n, the
lemma assumptions, and the inductive hypothesis, we get

Ykn+ℓ1 = 1
n

D
(ℓ1)
kn+ℓ1

+ 1
n

(
(n − ℓ1)Y (n−ℓ1)

kn + ℓ1

( 1
ℓ1

kn+ℓ1∑
i=kn+1

Gβ,n(Yi−1)
))

<
ε

n1/4 + 1
n

(
(n − ℓ1)a + ℓ1Gβ,n

(
a + 1

n1/4

))
.

Now, by the mean value theorem, since the derivative of Gβ,n is bounded in the interval[
a, a + 1

n1/4

]
, we have Gβ,n(a + 1

n1/4 ) = Gβ,n(a) + O( 1
n1/4 ) ≤ a − ε for large enough n. Then,

Ykn+ℓ1 ≤ ε

n1/4 + 1
n

(
(n − ℓ1)a + ℓ1(a − ε)

)
≤ ε

n1/4 + 1
n

(
na − ℓ1ε

)
= a + ε

n1/4 − ℓ1

n
ε ≤ a + 1

n1/4 .

Thus, the claim holds for all 1 ≤ ℓ < n − n3/4. For the remaining range, let us assume that
the claim holds for all ℓ ∈ {1, . . . , ℓ2 − 1} for some ℓ2 ∈ {n − n3/4 − 1, . . . , n}. Then, similarly

Ykn+ℓ2 = 1
n

D
(ℓ2)
kn+ℓ2

+ 1
n

(
(n − ℓ2)Y (n−ℓ2)

kn + ℓ2

( 1
ℓ2

kn+ℓ2∑
i=kn+1

Gβ,n(Yi−1)
))

<
ε

n1/4 + 1
n

(
n − ℓ2 + ℓ2Gβ,n

(
a + 1

n1/4

))
≤ ε

n1/4 + 1
n

(
(n3/4 + 1) + n(a − ε)

)
= a − ε + ε

n1/4 + 1
n1/4 + 1

n
≤ a,

and thus (8) follows.
To establish that maxn3/4<i≤n Y

(i)
(k+1)n ≤ 2ε + Gβ,n(a), observe that the lemma assump-

tions and (8) imply for all ℓ ∈ {n3/4 + 1, . . . , n},

Y
(ℓ)

(k+1)n = 1
ℓ

D
(ℓ)
(k+1)n + 1

ℓ

(k+1)n∑
j=(k+1)n−ℓ+1

Gβ,n(Yj−1)

<
εn3/4

ℓ
+ 1

ℓ

(k+1)n∑
j=(k+1)n−ℓ+1

Gβ,n

(
a + 1

n1/4

)
≤ 2ε + Gβ,n(a),

which proves our claim. ◀

2.2 Fluctuation analysis
Our goal now is to bound the fluctuations D

(ℓ)
t of the Y

(ℓ)
t process. For this, consider the

process

Mt =
t∑

i=1
(Xi − Gβ,n(Yi−1));

observe that D
(ℓ)
t = Mt − Mt−ℓ. We establish first that the process Mt is a supermartingale.

▶ Lemma 6. {Mt}t>0 is a supermartingale.
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The proof of this lemma is provided in Section 2.4. We bound the maximum supermartingale
difference Mi − Mj over a time interval using a Maximal-Azuma inequality. We use a small
variation of a version of this type inequality that appears in [28]. A proof is provided in the
full version of the paper [5] for completeness.

▶ Lemma 7. Let {Zt}t≥1 be a bounded discrete-time supermartingale. Suppose there exists
R ∈ R+ such that |Zt+1 − Zt| ≤ R for all integer t ≥ 1. Then, for any positive integers t1, t2
such that 1 ≤ t1 < t2 and d > 0 we have

Pr
[

max
t1≤i<j≤t2

Zj − Zi > d
]

≤ 2e
− d2

32(t2−t1)R2 .

2.3 Combining drift and fluctuation analysis
The next ingredient of the proof is to argue that repeated applications of Lemma 5 decrease
the distance to equiproportionality. For this, we introduce the function Gε

β,n : Z+ → R+
defined recursively by setting Gε

β,n(1) = 1 − ε, and for all integer k ≥ 2:

Gε
β,n(k) = Gβ,n

(
Gε

β,n(k − 1) + ε
)

. (9)

The function Gε
β,n(k) is monotonically decreasing with k and for any ρ > 0, it enters the

interval [1/q, 1/q + ρ] after constant number of recursive steps. The latter is established in
the following lemma which is proved in the full version of the paper [5].

▶ Lemma 8. For any fixed ρ > 0, there exist constants k ∈ Z+ and ε > 0 such that
Gε

β,n(k) + ε < 1
q + ρ.

We use the recursive function Gε
β,n to probabilistically bound the process Y

(ℓ)
kn .

▶ Lemma 9. For any integer k > 0 and sufficiently small ε > 0, we have

Pr
[

max
n3/4<i≤n

Y
(i)

kn > Gε
β,n(k) + ε

]
≤ 2ke− ε2√

n
128 .

Proof. Consider the events

Ak =
{

max
n3/4<i≤n

Y
(i)

kn ≤ Gε
β,n(k) + ε

}
, and

Bk =
{

max
1≤i≤j≤n

D
(i)
(k−1)n+j ≤ εn3/4

2

}
.

For k > 1 we have

Pr[Ak] ≤ Pr
[
Ak | Ak−1

]
+ Pr[Ak−1] ≤ Pr[A1] +

k∑
ℓ=2

Pr
[
Aℓ | Aℓ−1

]
. (10)

Since

Pr[A1] = Pr
[

max
n3/4<i≤n

Y (i)
n > Gε

β,n(1) + ε

]
= Pr

[
max

n3/4<i≤n
Y (i)

n > 1
]

= 0,

it suffices to prove that

Pr[Aℓ | Aℓ−1] ≤ 2e− ε2√
n

128 ,
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for all ℓ ∈ {2, . . . , k}. For any such ℓ, using the definition of Gε
β,n in (9) and taking

a = Gε
β,n(ℓ − 1) + ε, we obtain from Lemma 5 that Aℓ−1 ∩ Bℓ ⊆ Aℓ and thus Aℓ ⊆ Aℓ−1 ∪ Bℓ.

Then,

Pr
[
Aℓ | Aℓ−1

]
≤ Pr

[
Aℓ−1 ∪ Bℓ | Aℓ−1

]
≤ Pr

[
Bℓ | Aℓ−1

]
= Pr

[
max

1≤i≤j≤n
M(ℓ−1)n+j − M(ℓ−1)n+j−i >

εn3/4

2

∣∣∣ Aℓ−1

]
. (11)

We consider the following subset of configurations,

Σa
n,1 =

{
σ ∈ Σn : 1

i

n∑
j=n−i+1

1
(
σ(j) = 1

)
≤ a ∀i ∈ N ∩ (n3/4, n]

}
.

It is easy to verify that Aℓ−1 = {σ(ℓ−1)n ∈ Σa
n,1}. We rewrite (11) as

Pr
[
Aℓ | Aℓ−1

]
≤ Pr

[
max

1≤i≤j≤n
M(ℓ−1)n+j − M(ℓ−1)n+j−i >

εn3/4

2

∣∣∣ Aℓ−1

]
≤ max

σ∈Σa
n,1

Pr
[

max
1≤i≤j≤n

M(ℓ−1)n+j − M(ℓ−1)n+j−i >
εn3/4

2

∣∣∣ σ(ℓ−1)n = σ

]
.

By the Markov property and Lemma 6, {Mt}t≥(ℓ−1)n conditioned on σ(ℓ−1)n is a super-
martingale with |Mt+1 − Mt| ≤ 1. Lemma 7 implies that

Pr
[
Aℓ | Aℓ−1

]
≤ 2e− (εn3/4)2

128n = 2e− ε2√
n

128 ,

which yields the result. ◀

We are now ready to prove Lemma 2.

Proof of Lemma 2. By Lemma 8 and 9, for any ρ̂ > 0, there exist an integer k and ε > 0
such that

Pr
[

max
n3/4<i≤n

Y
(i)

kn >
1
q

+ ρ̂
]

≤ 2ke− ε2√
n

128 .

Recall that Y
(i)

kn denotes the fraction of vertices assigned the spin 1, but this bound holds by
symmetry for all spins in Q. So, setting

Σρ+
n =

{
σ ∈ Σn : 1

i

n∑
j=n−i+1

1
(
σ(j) = κ

)
≤ 1

q
+ ρ ∀i ∈ N ∩ (n3/4, n] and ∀κ ∈ Q

}
,

a union bound over the spins implies

Pr
[
σkn /∈ Σρ̂q

n

]
≤ Pr

[
σkn /∈ Σρ̂+

n

]
≤ q Pr

[
max

n3/4<i≤n
Y

(i)
kn >

1
q

+ ρ̂
]

≤ 2qke− ε2√
n

128 ;

taking ρ = ρ̂q establishes (3).
To prove (4), observe that the initial configuration σ0 ∈ Σρ

n ⊆ Σρ+
n . Then, as in (10), for

any integer k > 0

Pr
[
σkn /∈ Σρ+

n

]
≤

k−1∑
ℓ=0

Pr
[
σ(ℓ+1)n /∈ Σρ+

n | σℓn ∈ Σρ+
n

]
.
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Given that σℓn ∈ Σρ+
n , the configuration at the next step can leave the set Σρ+

n only if the
fluctuation is large. In particular, we obtain from Lemma 5 and a union bound over the
spins that

Pr
[
σkn /∈ Σρ+

n

]
≤ q

k−1∑
ℓ=0

Pr
[

max
1≤j′<j≤n

Mℓn+j − Mℓn+j−j′ >
εn3/4

2

∣∣∣ σℓn ∈ Σρ+
n

]
.

Recall that {Mt}t≥ℓn is a supermartingale (see Lemma 6), and thus the Maximal-Azuma
inequality in Lemma 7 yields that

Pr
[
σkn /∈ Σρ+

n

]
≤ 2qke− (εn3/4)2

128n = 2qke− ε2√
n

128 .

Using this bound, we obtain for any integer k̂ > 0

Pr
[

max
1≤i≤n

∥∥α(σ(k̂−1)n+i) − ê
∥∥

∞ > ρq

]
≤ Pr

[
max

1≤i≤n

∥∥ α(σ(k̂−1)n+i) − ê
∥∥

∞ > ρq
∣∣∣ σ(k̂−1)n ∈ Σρ+

n

]
+ Pr

[
σ(k̂−1)n /∈ Σρ+

n

]
≤ q Pr

[
max

1≤i≤n
α1

(
σ(k̂−1)n+i

)
− 1/q > ρ + 1

n1/4

∣∣∣ σ(k̂−1)n ∈ Σρ+
n

]
+ 2q(k̂ − 1)e− ε2√

n
128

≤ q max
σ∈Σρ+

n

Pr
[

max
1≤i≤n

α1
(
σ(k̂−1)n+i

)
− 1/q > ρ + 1

n1/4

∣∣∣ σ(k̂−1)n = σ

]
+ 2q(k̂ − 1)e− ε2√

n
128 ,

(12)

where the second inequality is obtained by taking union bound over each spin. We consider
the following events,

Ek̂ =
{

max
n3/4<i≤n

Y
(i)

(k̂−1)n
≤ 1

q
+ ρ

}
,

Bk̂ =
{

max
1≤i≤j≤n

D
(i)
(k̂−1)n+j

<
εn3/4

2

}
, and

Ck̂ =
{

max
1≤i≤n

Y(k̂−1)n+i ≤ 1
q

+ ρ + 1
n1/4

}
.

Lemma 5 implies that C k̂ ⊆ Ek̂ ∪ Bk̂. We recall that Dℓ
t = Mt − Mt−ℓ for any positive

integer t and integer ℓ such that 1 ≤ ℓ ≤ min{t, n}. Using the fact
{

σ(k̂−1)n ∈ Σρ+
n

}
⊆ Ek̂,

we obtain for any σ ∈ Σρ+
n

Pr
[

max
1≤i≤n

α1
(
σ(k̂−1)n+i

)
− 1/q > ρ + 1

n1/4

∣∣∣ σ(k̂−1)n = σ
]

= Pr
[
C k̂

∣∣∣ σ(k̂−1)n = σ
]

≤ Pr
[
Ek̂

∣∣∣ σ(k̂−1)n = σ
]

+ Pr
[
Bk̂

∣∣∣ σ(k̂−1)n = σ
]

≤ Pr
[

max
1≤i<j≤n

M(k̂−1)n+j − M(k̂−1)n+j−i >
εn3/4

2

∣∣∣σ(k̂−1)n = σ
]

≤ 2e− ε2√
n

128 ,

where we apply Lemmas 6 and 7 in the last inequality. Plugging this bound into (12) yields
the result. ◀
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2.4 Proofs of auxiliary Facts
In this section, we complete the proof of Lemma 2 by providing the proofs of Lemmas 6
and 8. Let us introduce some notation first. Let

Sq =
{

x ∈ Rq
≥0 :

q∑
i=1

xi = 1
}

,

S̃q =
{

x ∈ Rq
≥0 :

q∑
i=1

xi = 1 − 1
n

}
, and

S ′
q =

{
x ∈ Rq

+ :
q∑

j=1
xj = 1 and xi ≥ 1

eβ + (q − 1) ∀i ∈ Q
}

.

We define the function gβ : Sq ∪ S̃q → S ′
q, as gβ(s) =

(
g1

β(s), · · · , gq
β(s)

)
where

gj
β(s) = eβsj∑q

i=1 eβsi
.

For i, j ∈ Q, let gi→j
β : Sq → S ′

q be given by

gi→j
β

(
s
)

= gj
β

(
s − 1

n
ei

)
,

where recall that ei ∈ {0, 1}q is the indicator vector with 1 in the i-th coordinate and 0
elsewhere. This function corresponds to the probability that a site update flips the vertex
from spin i to j from configuration with proportion vector s. We establish the following
inequality involving gi→j

β and Gβ,n; its proof is given in the full version of the paper [5].

▶ Lemma 10. For s ∈ Sq and i, j ∈ Q, we have

gi→j
β (s) ≤ gj

β(s) + β

n
≤ Gβ,n(sj).

We can now provide the proof of Lemma 6.

Proof of Lemma 6. Let t ≥ 1 be a integer and let j be the spin of the vertex to be update
updated at time t + 1. Then,

E[Mt+1 − Mt|Ft] = E[Xt+1 − Gβ,n(Yt)|Ft] = E[Xt+1|Ft] − Gβ,n(Yt)

= gj→1
β

(
α(σt)

)
− Gβ,n(Yt) ≤ 0,

where the last inequality follows from Lemma 10. ◀

3 Spin fraction analysis

In this section, we begin our analysis of Phase 2 of the coupling. In particular, we analyze rate
of convergence of the systematic scan to a O(1/

√
n) neighborhood of ê from a configuration

σ0 ∈ Σρ
n. We start with the following bounds for the function gℓ

β which follow from its Taylor
expansion; their proofs are provided in the full version of the paper [5].

▶ Lemma 11. For any ℓ ∈ Q and s, s̃ ∈ Sq,
(i) ∃ R : Sq → R such that gℓ

β(s) = 1
q + β

q

(
sℓ − 1

q

)
+ R(s) and |R(s)| ≤ 3qβ2∥s − ê∥2

2 ;

(ii)
∥∥gβ(s) − gβ(s̃)

∥∥
1 = β

q

∥∥s − s̃
∥∥

1 + ∥s − s̃∥1

{
O

(
∥s − ê∥1 + ∥s̃ − ê∥1

)}
.
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Now, for a vector X = (X1, . . . , Xq) ∈ Rq, let

Var(X) = E
[
∥X − EX∥2

2
]

=
q∑

i=1
E

[(
Xi − EXi

)2]
=

q∑
i=1

Var(Xi).

We prove the following bound on the variance of the q-dimensional process α(σt), assuming
that σ0 ∈ Σρ

n; its proof is provided in the full version of the paper [5].

▶ Lemma 12. There exists a constant ρ = ρ(β, q) > 0 such that for all 0 ≤ t ≤ n
√

n and
σ0 ∈ Σρ

n, we have Var
(
α(σt)

)
= O

(
1/n

)
.

We also require a tight control on the following recurrence; its analysis is fleshed out in
Section 4.

▶ Lemma 13. Let {xt = (x(1)
t , . . . , x

(q)
t )}t≥0 be a sequence of vectors in Rq

≥0 such that for
all j ∈ Q and t ≥ n, we have the recursion

x
(j)
t = β

nq

t−1∑
i=t−n

x
(j)
i + C

n

t−1∑
i=t−n

∥xi∥2
2 + C

n
,

where C is a positive constant. Then, if for all i ∈ {0, . . . , n − 1} and all j ∈ Q, we
have |x(j)

i | ≤ ρ for a small enough constant ρ > 0, then there exists constant Ĉ > 0
such that ∥xt∥2

2 ≤ Ĉρ2γ2t
n + Ĉ/n, where γn is the unique positive real root of the equation∑n

i=1 γ−i
n = nq/β.

We combine the three lemmas above to obtain the correct rate of contraction towards ê of
the proportions vector under the systematic scan dynamics. Let

ut =
{

eJt
if t ≥ 1

eσ0(n+t) if − n < t ≤ 0,

where recall that Jt denotes the random variable corresponding to the spin chosen in the
t-th site update. With this notation, we have

α(σt) = 1
n

t∑
i=t−n+1

ui. (13)

▶ Lemma 14. Let γn be the unique positive real root of the equation
∑n

i=1 γ−i
n = nq/β. Then,

for all integer t ≥ 0 such that t ≤ n
√

n there exist constants ρ = ρ(β, q) and C = C(ρ, β, q)
such that for any σ0 ∈ Σρ

n

E
[
∥α(σt) − ê∥2

2
]

≤ Cρ2γ2t
n + C

n
.

Proof. We let tm = tm(t) = max{1, t − n + 1}. From (13), for all t ≥ 0 and ℓ ∈ Q, we have

αℓ(σt) = 1
n

0∑
i=t−n+1

1
(
σ0(n + i) = ℓ

)
+ 1

n

t∑
i=tm

1
(
Ji = ℓ

)
,

and thus

E
[
αℓ(σt)

]
= 1

n

0∑
i=t−n+1

1
(
σ0(n + i) = ℓ

)
+ 1

n

t∑
i=tm

E
[
1(Ji = ℓ)

]
= 1

n

0∑
i=t−n+1

1
(
σ0(n + i) = ℓ

)
+ 1

n

t∑
i=tm

E
[
gℓ

β

(
α(σi−1) − 1

n
ui−n

)]
. (14)
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From Lemmas 10 and 11(i), we obtain

E
[
gℓ

β

(
α(σi−1) − 1

n
ui−n

)]
≤β

n
+ E

[
gℓ

β

(
α(σi−1)

)]
≤β

n
+ 1

q
+ β

q
E

[
αℓ(σi−1) − 1

q

]
+ 3qβ2E

[
∥α(σi) − ê∥2

2
]

≤β

n
+ 3qβ2Var

(
α(σi)

)
+ 1

q
+ β

q
E

[
αℓ(σi−1) − 1

q

]
+ 3qβ2∥∥E[α(σi) − ê]

∥∥2
2.

By Lemma 12, there exists a constant C1 > 0 such that the following holds for all t ∈
{0, · · · , n

√
n}

E
[
gℓ

β

(
α(σi−1) − 1

n
ui−n

)]
≤ C1

n
+ 1

q
+ β

q
E

[
αℓ(σi−1) − 1

q

]
+ 3qβ2∥∥E[α(σi) − ê]

∥∥2
2.

Plugging the above inequality into (14)

E
[
αℓ(σt)

]
≤C1

n
+ 1

n

0∑
i=t−n+1

[
1

(
σ0(n + i) = ℓ

)]
+ t − tm + 1

nq
+ 1

n

t∑
i=tm

β

q
E

[
αℓ(σi−1) − 1

q

]
+ 3qβ2

n

t∑
i=tm

∥∥E[α(σi−1) − ê]
∥∥2

2,

and subtracting 1/q from both sides yields,

E
[
αℓ(σt) − 1

q

]
≤C1

n
+ 1

n

0∑
i=t−n+1

[
1

(
σ0(n + i) = ℓ

)
− 1

q

]
+ 1

n

t∑
i=tm

β

q
E

[
αℓ(σi−1) − 1

q

]
+ 3qβ2

n

t∑
i=tm

∥∥E[α(σi−1) − ê]
∥∥2

2. (15)

Let {xt}t≥0 be a sequence of vectors in Rq such that for all j ∈ Q and t ≥ n, we have the
recursion

x
(j)
t = β

nq

t−1∑
i=t−n

x
(j)
i + C2

n

t−1∑
i=t−n

∥xi∥2
2 + C2

n
.

where C2 = max{C1, 3qβ2}. For all i ∈ {0, . . . , n − 1} and all j ∈ Q, x
(j)
i = 2ρ. We prove by

induction on t that for every ℓ ∈ Q and t ∈ {0, · · · , n
√

n}, the following holds∣∣∣E[
αℓ(σt) − 1

q

]∣∣∣ ≤ x
(ℓ)
t . (16)

For t = 0, the claim trivially holds since σ0 ∈ Σρ
n and therefore |αℓ(σ0) − 1/q| ≤ ρ < 2ρ.

We consider three cases for the inductive step. We assume first that the claim holds for all
t ∈ {1, · · · , κ − 1} for some κ ∈ {1, · · · , n − n3/4 − 1}. For t = κ, we obtain from (15) and
the triangle inequality that∣∣∣E[

αℓ(σt) − 1
q

]∣∣∣ ≤C1

n
+ 1

n

∣∣∣ 0∑
i=t−n+1

[
1

(
σ0(n + i) = ℓ

)
− 1

q

]∣∣∣
+ β

nq

t∑
i=tm

∣∣∣E[
αℓ(σi−1) − 1

q

]∣∣∣ + 3qβ2

n

t∑
i=tm

∥∥E[α(σi−1) − ê]
∥∥2

2.
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Since σ0 ∈ Σρ
n , we observe that

∣∣∣ ∑0
i=t−n+1

[
1

(
σ0(n + i) = ℓ

)
− 1

q

]∣∣∣ ≤ (n − t)ρ, using the
inductive hypothesis to bound the second and third sums we obtain∣∣∣E[

αℓ(σt) − 1
q

]∣∣∣ ≤ C1

n
+ (n − t)ρ

n
+ β

nq
(2tρ) + 12qβ2

n

(
tqρ2)

= C1

n
+ ρ

[
1 + t

n

(
(2β/q) − 1 + 12q2β2ρ

)]
.

Set 1 − β/q = δ so that 2β/q − 1 = 1 − 2δ (recall that β/q < 1). Since 12q2β2 is a fixed
constant, we can choose ρ small enough so that 12q2β2ρ < δ. Plugging these into the above
inequality:∣∣∣E[

αℓ(σt) − 1
q

]∣∣∣ ≤ C1

n
+ ρ

[
1 + (1 − δ)

]
= 2ρ +

(C1

n
+ −ρδ

)
≤ 2ρ ≤ x

(ℓ)
t

provided n is large enough. For the second case, let us assume that the claim holds for all
t ∈ {1, · · · , κ − 1} for some κ ∈ {n − n3/4, · · · , n − 1}. For t = κ:∣∣∣E[

αℓ(σt) − 1
q

]∣∣∣ ≤ C1

n
+ n3/4

n
+ 2βtρ

nq
+ 12q2β2tρ2

n
≤ C1

n
+ 1

n1/4 + ρ
(2β

q
+ 12q2β2ρ

)
≤ 2ρ +

(C1

n
+ 1

n1/4 − ρδ
)

≤ 2ρ ≤ x
(ℓ)
t .

For the third case, We assume that the claim holds for all t ∈ {0, · · · , κ − 1} for some
κ ∈ {n, · · · , n

√
n}. For t = κ,∣∣∣∣E[

αℓ(σt) − 1
q

]∣∣∣∣ ≤ C1

n
+ β

qn

∣∣∣∣ t−1∑
i=t−n

β

q
E

[
αℓ(σi) − 1

q

]∣∣∣∣ + 3qβ2

n

t−1∑
i=t−n

∥∥E[α(σi) − ê]
∥∥2

2

≤ C2

n
+ β

qn

t−1∑
i=t−n

x
(ℓ)
i + C2

n

t−1∑
i=t−n

∥∥xi∥2
2 = x

(ℓ)
t ,

which proves the claim (16). Using the Lemma 13, we show that the following holds for some
constant C3 > 0∥∥∥E[

α(σt) − ê
]∥∥∥2

2
≤ ∥xt∥2

2 ≤ C3ρ2γ2t
n + C3

n
.

Using Lemma 12 and the above equation, we prove this lemma. ◀

4 Recursion

In this section, we prove Lemma 13. For integer n ≥ 1, we define γn ∈ (0, 1) as the unique
positive root of

β

nq

n∑
i=1

γ−i
n = 1. (17)

The left hand side of this equation is continuously decreasing in γn ∈ (0, ∞), and it is β
q

when evaluated at γn = 1. For γn = β/q, the left hand side is

β

nq

n∑
i=1

( q

β

)i

= 1
n

n∑
i=1

(
1 + q

β
+ · · · + qn−1

βn−1

)
> 1,

where the last inequality follows from β
q < 1. There is indeed a unique positive solution

for (17) in (β/q, 1).
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We will show that the unique positive solution of (17) will be asymptotically approximated
by 1 − b/n where b is the positive real root of the following equation

β(1 − e−b)
qb

− e−b = 0, (18)

while b does not have an elementary closed form, it can be expressed as

b = −β

q
− W−1

(
−β

q
exp (−β/q)

)
,

where W−1 is the negative branch of the Lambert W function. Formally, for real numbers x

and y, the equation yey = x has real roots for y if − 1
e ≤ x < 0 and one of its real roots is

W−1(x). We establish the following approximation for the root of (17); its proof is provided
in the full version [5].

▶ Lemma 15. Let γ̂n = 1 − b/n. Then, |γn − γ̂n| = O(n−2) and for every t ∈ [0, . . . , n
√

n],
we have e−bt/n/2 ≤ γt

n ≤ 2e−bt/n.

A direct consequence of Lemma 15 is that
∞∑

i=0
γi

n = Θ(n), and (19)

γj
n = Θ(1) for all 0 ≤ j ≤ n. (20)

We use γn to bound the recurrence in the following lemma, which we later use to prove
Lemma 13.

▶ Lemma 16. Let {bt}t≥n be a sequence of nonnegative real numbers and define {dt}t≥0 as

dt =
{

0 for 0 ≤ t < n,

bt + β
nq

∑t−1
i=t−n di for t ≥ n.

Then, there exists a constant C ≥ 1 such that for all t ≥ n, we have dt ≤ bt + Cγt
n

n

∑t
i=n biγ

−i
n .

The proof of this lemma is deferred to the full version of the paper [5]. We are now ready to
provide the proof of Lemma 13.

Proof of Lemma 13. Fix k ∈ Q and consider the sequence {yt}t≥0 defined as yi = x
(k)
i for

i ∈ {0, . . . , n − 1} and yt = 1
n

β
q

∑t−1
i=t−n yi when t ≥ n. Let dt = x

(k)
t − yt for all t ≥ 0.

Observe that dt = 0 for all 0 ≤ t < n. For t ≥ n, we have

dt = x
(k)
t − yt = β

nq

t−1∑
i=t−n

(
x

(k)
i − yi

)
+ C

n

t−1∑
i=t−n

∥xi∥2
2 + C

n

= β

nq

t−1∑
i=t−n

di + C

n

t−1∑
i=t−n

∥xi∥2
2 + C

n
= bt + β

nq

t−1∑
i=t−n

di,

where we let bt = C
n

∑t−1
i=t−n∥xi∥2

2 + C
n for all t ≥ n. From Lemma 16, there exists C1 > 1

such that the following holds for all t ≥ n

dt ≤ bt + C1γt
n

n

t∑
i=n

γ−i
n bi.
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For convenience, we choose the constant C1 large enough such that also γ−n
n ≤ C1 and

∞∑
i=0

γi
n ≤ C1n; (21)

see (20) and (19). We expand dt as follows

dt ≤ C

n

t−1∑
i=t−n

∥xi∥2
2 + C

n
+ CC1γt

n

n2

t∑
i=n

γ−i
n

i−1∑
j=i−n

∥xj∥2
2 + CC1

n2

t∑
i=n

γt−i
n .

From (21), we see
∑t

i=n γt−i
n ≤ C1n and plugging this in the above bound, we obtain

dt ≤ C

n

t−1∑
i=t−n

∥xi∥2
2 + C

n
+ CC1γt

n

n2

t∑
i=n

γ−i
n

i−1∑
j=i−n

∥xj∥2
2 + CC2

1
n

≤ 2CC2
1

n
+ C

n

t−1∑
i=t−n

∥xi∥2
2 + CC1γt

n

n2

t∑
i=n

γ−i
n

i−1∑
j=i−n

∥xj∥2
2 (22)

where we use the fact that C + CC2
1 ≤ 2CC2

1 . Observe also that

t∑
i=n

γ−i
n

i−1∑
j=i−n

∥xj∥2
2 =

n−1∑
j=0

γj−n
n

t∑
i=n

γ−(i+j−n)
n ∥xi+j−n∥2

2

≤ γ−n
n

n−1∑
j=0

t∑
i=n

γ−(i+j−n)
n ∥xi+j−n∥2

2 ≤ nC1

t−1∑
i=0

γ−i
n ∥xi∥2

2, (23)

where the last inequality follows from γ−n
n ≤ C1. Plugging (23) into (22), we obtain

dt ≤ 2CC2
1

n
+ C

n

t−1∑
i=t−n

∥xi∥2
2 + CC2

1
n

γt
n

t−1∑
i=0

γ−i
n ∥xi∥2

2

≤ 2CC2
1

n
+ Cγ−n

n

n

t−1∑
i=t−n

γt−i
n ∥xi∥2

2 + CC2
1

n
γt

n

t−1∑
i=0

γ−i
n ∥xi∥2

2

≤ 2CC2
1

n
+ C(C1 + 1)C1

n
γt

n

t−1∑
i=0

γ−i
n ∥xi∥2

2 ≤ 2CC2
1

n
+ 2CC2

1
n

γt
n

t−1∑
i=0

γ−i
n ∥xi∥2

2. (24)

We show next by induction on t that the following holds for all t ≥ 0

yt ≤ C1ργt
n. (25)

For all 0 ≤ t < n, we have C1ργt
n ≥ ργ−n

n γt
n = ργt−n

n ≥ ρ ≥ yt. Therefore, the base case
holds. We assume that the claim holds for all t < ℓ where ℓ ≥ n. For t = ℓ,

yt = β

nq

t−1∑
i=t−n

yi ≤ β

nq

t−1∑
i=t−n

C1ργi
n = C1ρ

β

nq

t−1∑
i=t−n

γi
n = C1ργt

n

β

nq

n−1∑
i=0

γi−n
n = C1ργt

n,

which proves the claim in (25). Now, we show the following using induction

∥xt∥2
2 < 4C2

1 qρ2γ2t
n + 4C2

1 q

n
. (26)
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We obtain the following for all t such that 0 ≤ t < n,

4C2
1 qρ2γ2t

n + 4C2
1 q

n
≥ 4C2

1 qρ2γ2n
n ≥ 4γ−2n

n qρ2γ2n
n ≥ 4qρ2 ≥ ∥xt∥2

2

Therefore, the base case holds. We assume that the claim holds for all t < ℓ where ℓ ≥ n.
For t = ℓ, we obtain the following from (25) and (24),

|x(k)
t | ≤ |yt| + |dt| ≤ C1ργt

n + 2CC2
1 γt

n

n

t−1∑
i=0

γ−i
n ∥xi∥2

2 + 2CC2
1

n
. (27)

The induction hypothesis then implies that

γt
n

t−1∑
i=0

γ−i
n ∥xi∥2

2 ≤ γt
n

t−1∑
i=0

γ−i
n

(
4C2

1 qρ2γ2i
n + 4C2

1 q

n

)
≤ 4C2

1 qγt
n

t−1∑
i=0

γ−i
n

(
ρ2γ2i

n + 1/n
)

≤ 4C2
1 q

(
ρ2γt

n

t−1∑
i=0

γi
n + 1

n

t−1∑
i=0

γt−i
n

)
≤ 4C2

1 q
(
ρ2γt

nC1n + C1
)

We then plug the above bound into (27) to obtain

|x(k)
t | ≤ C1ργt

n + 2CC2
1

n

(
4C2

1 q
(
ρ2γt

nC1n + C1
))

+ 2CC2
1

n

≤ C1ργt
n + 8CC5

1 ρ2qγt
n + 8CC5

1 q + 2CC2
1

n

≤ ργt
nC1

(
1 + 8CC4

1 ρq
)

+ 8CC5
1 q + 2CC2

1
n

.

Let C2 = C1
(
1+8CC4

1 ρq
)

and C3 = 8CC5
1 q +2CC2

1 for ease of notation. Since k is arbitrary,
the above inequality holds for all coordinates in Q, hence,

∥xt∥2
2 ≤ 2qρ2γ2t

n C2
2 + 2qC2

3
n2 ,

where we use the fact that (w + z)2 ≤ 2w2 + 2z2 for w, z ∈ R. We want to show 2qρ2γ2t
n C2

2 +
2qC2

3
n2 ≤ 4C2

1 qρ2γ2t
n + 4C2

1 q
n by equating the coefficients of γ2t

n and 1/n. Comparing the
coefficient of γ2t

n , we show C2 ≤
√

2C1 or equivalently, 1 + 8CC4
1 ρq ≤

√
2. We choose ρ > 0

small enough to make the above inequality true. Moreover, 2qC2
3 /n ≤ 4C2

1 q holds trivially.
Therefore, we proved our claim (26), hence choosing Ĉ = 4C2

1 q proves the lemma. ◀

5 Contraction of Hamming Distance

Our goal in this section is to establish Lemma 3 which ensures that Phase 2 of our coupling
succeeds with the desired ε probability. We use the following lemma to upper bound
expectation of Hamming distance; its proof is deferred to the full version of the paper [5].

▶ Lemma 17. Let {xt}t≥0 be a sequence of positive real numbers, such that xt ≤ n for t < n,
and for t ≥ n we have xt = β

nq

∑t−1
i=t−n xi + C

∑t−1
i=t−n γ2i

n + C, where C > 0 is a constant.
Then, there exists a constant Ĉ > 0 such that for all t ≥ 0 xt ≤ Ĉnγt

n + Ĉ.

We are now ready to provide the proof of Lemma 3.

Proof of Lemma 3. We couple two instances using the optimal single site coupling for two
copies of the dynamics. Formally, we define a distribution νσ,v on Q such that νσ,v(j) =
gj

β

(
α(σ) − 1

n eσ(v)
)

where σ ∈ Σn, j ∈ Q and v ∈ V . From a pair of configurations σt−1 and
σ̃t−1, we couple the t-th site update as follows:
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1. Let v =
(
t mod n

)
+ 1 be the vertex to be updated.

2. Draw spins Jt and J̃t from an optimal coupling of the distribution νσt−1,v and νσ̃t−1,v

respectively.
3. Set σt (v) = Jt and σ̃t (v) = J̃t leaving all other vertices unchanged.
We show next that under the optimal site coupling, there exists a constant C1 > 0 such that
∀ t ≥ n, E[dH(σt, σ̃t)] is at most

C1 + β

nq

t−1∑
i=t−n

E[dH(σi, σ̃i)] + C1

t−1∑
i=t−n

(
E

[
∥α(σi) − ê∥2

2
]

+ E
[
∥α(σ̃i) − ê∥2

2
])

. (28)

The Hamming distance between two copies after t site updates for t ≥ n is dH(σt, σ̃t) =∑t
i=t−n+1 1

(
Ji ̸= J̃i

)
. Taking expectations on both sides we obtain for all t ≥ n that

E [dH(σt, σ̃t)] =
t∑

i=t−n+1
E

[
1

(
Ji ̸= J̃i

)]
=

t∑
i=t−n+1

E
[
E

[
1

(
Ji ̸= J̃i

)∣∣Fi−1
]]

=
t∑

i=t−n+1
E

[
Pr

[
Ji ̸= J̃i

∣∣∣Fi−1

]]
. (29)

Since we are optimally coupling each co-ordinate, the following holds,

Pr
[
Ji ̸= J̃i | Fi−1

]
= 1

2

∥∥∥gβ

(
α(σi) − 1

n
eIi

)
− gβ

(
α(σ̃i) − 1

n
eĨi

)∥∥∥
1
. (30)

For any I, Ĩ ∈ Q, we have∥∥∥∥gβ(s − 1
n

eI) − gβ(s̃ − 1
n

eĨ)
∥∥∥∥

1
= ∥gβ(s) − gβ(s̃)∥1 + 2q2β

n

≤ β

q
∥s − s̃∥1 + O

(
(∥s − ê∥1 + ∥s̃ − ê∥1)2)

+ 2q2β

n

≤ β

q
∥s − s̃∥1 + O

(
∥s − ê∥2

2 + ∥s̃ − ê∥2
2
)

+ 2q2β

n
, (31)

where the first inequality follows from Lemma 11(ii) and the fact that ∥s − s̃∥1 ≤ ∥s −
ê∥1 + ∥s̃ − ê∥1. Since, the total variation distance computes the optimal distance of the
spin fractions between two copies, this lower bounds the fraction of the Hamming distance.
Therefore, we use the identity 1

n dH(σt, σ̃t) ≥ 1
2 ∥α(σt) − α(σ̃t)∥1, (31), and (30) to deduce

that for some constant C2 > 2q2/β

Pr
[
Ji ̸= J̃i | Fi−1

]
≤ β

nq
dH(σi, σ̃i) + C2

(
∥α(σi) − ê∥2

2 + ∥α(σ̃i) − ê∥2
2
)

+ C2

n
.

Plugging the above equation in (29), we prove (28). Using Lemma 14 into (28), there exists
a constant C3 > 0 such that for any t ≥ n,

E
[
dH(σt, σ̃t)

]
≤ β

nq

t−1∑
i=t−n

E[dH(σi, σ̃i)] + 2C1C3

t−1∑
i=t−n

γ2i
n + (2C1C3 + C1).

Using the Lemma 17, we get that for some constant C4 > 0, E
[
dH(σt, σ̃t)

]
= C4nγt

n + C4,

and the result follows from Lemma 15 and Markov’s inequality. ◀
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