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—— Abstract

In this paper we initiate the study of property testing of weighted computational networks viewed
as computational devices. Our goal is to design property testing algorithms that for a given
computational network with oracle access to the weights of the network, accept (with probability
at least %) any network that computes a certain function (or a function with a certain property)
and reject (with probability at least %) any network that is far from computing the function (or
any function with the given property). We parameterize the notion of being far and want to reject
networks that are (e, §)-far, which means that one needs to change an e-fraction of the description
of the network to obtain a network that computes a function that differs in at most a d-fraction of
inputs from the desired function (or any function with a given property).

To exemplify our framework, we present a case study involving simple neural Boolean networks
with ReLU activation function. As a highlight, we demonstrate that for such networks, any near-
constant function is testable in query complexity independent of the network’s size. We also show
that a similar result cannot be achieved in a natural generalization of the distribution-free model
to our setting, and also in a related vanilla testing model. While the analysis of neural Boolean
networks with ReLU activation function is rigorous and technically demanding, we consider it a
testament to the robustness of our framework and the depth of our findings.
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1 Introduction

Since its development in the late 90s [46, 29], the area of property testing has emerged as an
important area of modern theoretical computer science. It considers the relaxation of classical
decision problems by distinguishing inputs that belong to a given set (have a given property
P) from those that are “far” from any input that belongs to the set (are far from having
property P). In its most classical setting (see, e.g., survey expositions in [28, 9]), a property
P is a collection of objects (binary strings, graphs, etc), and being “far” is measured by the
Hamming distance, namely, in how many places of its representation should an input object
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be changed so as to have the property P. As a useful and powerful way of relaxation of the
classical decision problems, property testing has found numerous applications and established
itself as a significant topic in the study of function properties, graph properties, and beyond.
Examples include testing properties of functions such as being a low degree polynomial,
being monotone, depending on a specified number of attributes, testing properties of graphs
such as being bipartite and being triangle-free, testing properties of strings, and testing
properties of geometric objects and visual images such as being well-clustered and being
convex (for a more complete picture, see, e.g., [28, 9, 16, 18, 45] and the references therein).
Furthermore, property testing is in the center of recent advances in sublinear algorithms, as
property testing algorithms are frequently “superfast” and rely on inspecting small portions
of objects and making the evaluation based on such an inspection.

In property testing one assumes an indirect access to the input and its representation
that is provided by an oracle; e.g., one can query the value of a function on a specific input,
or the existence of a specific edge of a graph. The complezity of the tester is the number of
queries to the oracle.

In this paper, we study property testing in the context of complex computational devices
(e.g., computational networks). We consider a setting in which one wants to study functions
that are represented in an indirect way (e.g., as circuits or computational networks, or via
complicated algebraic expressions) by computational devices used to determine the value
of the functions. One may think about functions that are given implicitly, and in order to
compute f one has to perform a possibly non-trivial computation on the input. For example,
we may have a computational network that computes a function f : R™ — {0,1}; or we
may have a function f : {0,1}"™ — R" defined by a matrix A € R™*" as f(z) := Az, or
f:{0,1}" — {0,1}" defined as' f(z) := sgn(ReLU(Ax)).

Our goal is to determine whether a given computational device computes a function
having a given property or if it is far from any computational device computing function
with a given property. For example, if for a matrix A € R™*" we have f(z) := Az, then,
informally, we would call the “device” Az far from having property P if there is no matrix
A* € R™*" that differs from A only in a small fraction of its entries (i.e., ||A* — Al|o is small)
such that function f*(z) := A*x has the property P. Furthermore, to make our study more
general and applicable, we will allow to enhance our definition to devices that err on a small
number of inputs.

Observe that while our model can be seen as a special case of the classical property
testing framework (see, e.g., references to a similar setting in [28, Chapter 1]), the approach
presented in our paper offers a different perspective than that most frequently studied: our
framework focuses on the computational device — and its analysis should depend on specific
parameters of the device rather than on the inputs or the function f. We want to determine
if one has to make many changes in the device’s representations in order to compute some
function having desirable property P, or only a small number of changes suffices. And so,
for example, if for a matrix A € R™*" we define f(z) := Az or f(x) := sgn(ReLU(Ax)) for
any « € R™, then it is natural to define the oracle to access individual entries from A (rather
than to allow queries to the value of f(x) for any specific input ).

! We use standard ReLU and signum functions to ensure that f has range {0, 1}"; recall that ReLU(2) :=
max{z,0} and sgn(z) := 1 if z > 0, sgn(0) := 0, sgn(z) := —1 if z < 0. For vectors, the operations are
for each coordinate. (Note that the use of these standard definitions make the combination sgn(ReLU(-))
not redundant: sgn(ReLU(Az)) # sgn(Azx) for matrices A containing negative values — as it is the case
for matrices and vectors studied in our paper.)
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Figure 1 A ReLU network with n input nodes with inputs z1,...,z,, a single hidden layer
with m hidden layer nodes with values yi,...,¥ym, and one output node. Every input node
z; € {0,1} is connected to every hidden layer node y; by an edge with real weight aj; € [—1,1]
and every hidden layer node y; is connected to the output node by an edge of real weight
w; € [—1,1]. The value of node y; is Z?zl ajix;, which after applying the ReLU activation
function gives ReLU(Z?:1 ajiz;). The Boolean function computed by the network is equal to

sgn (ReLU (Z;ﬂ:l (wj -ReLU(S T (ljil'i)))) = sgn (ReLU(wT . ReLU(Am))). A more general

i=1
ReLU network with multiple inputs, multiple outputs, and multiple layers is depicted on Figure 2.

Case study: Testing basic neural ReLU networks. Our setting is very open-ended, and
in order to make our study more concrete, we will consider our framework for a specific
example of complex computational networks. Our goal is to take a representative example
of computational networks that is generic and simple, yet complex enough to go beyond
the study relying on random sampling. We will study an example of the most basic yet
highly non-trivial neural ReL U networks seen as computational devices from the point of
view of property testing. Consider a trained feedforward network and view it as a circuit that
receives an input vector x € {0,1}"™ and computes some output. In the most basic case of
the network with one output, one hidden layer, and the ReLU activation function (see also
Figure 1), when a network is interpreted as a binary classifier, for a vector w € [—1,1]™ and
matrix A € [—1,1]™*™ it computes a Boolean function of the form

f(z) :=sgn (ReLU(w” - ReLU(Az))) .

(Our setting can be naturally extended to the study of more complex neural networks

(functions) with multiple outputs and multiple hidden layers, where for matrices Wy, ..., W,
with W; € [—1,1]™+1*™i we compute a function f : {0,1}"° — {0,1}"+! defined as
f(z) ;== sgn(ReLU(W; - ... - ReLU(W; - ReLU(W, - ReLU(x)))...)), see Section 3.4.)

In order to facilitate our analysis in the property testing framework, we will consider
property testing algorithms that are given the oracle access to the weights of the network?
and the objective is to accept networks that compute functions that have a certain property
of interest and reject networks that compute functions that are far from having that property
for almost all inputs.

2 Which for networks with one output and one hidden layer, is to query for the entries of A and w.
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Our motivation. Our study is motivated by the modeling of computational networks in
the framework of property testing, and to instantiate our framework in the context of basic
neural networks. Taking the point of view of property testing and complexity theory, our
goal is to obtain a better understanding of the relation between the (local) structure of
a computational network and the function it computes. Our motivation stems from the
fact that property testing has been a successful tool to reveal relations between the local
structure of an object (here, a computational device) and its global properties that can
provide combinatorial insights about the structure of an object. Examples of such insights
include the characterization of property testing for dense graphs and its relation to the
regularity lemma [1, 3], the relation of property testing of hyperfinite graphs to the theory of
amenable groups [23, 39], or the line of research that started with testing connectivity [30]
and then studied sublinear algorithms for approximating MST cost [13, 15, 17] and whose
structural findings formed a building block in finding the currently fastest approximation
algorithms for low dimensional MST approximation [4].

To showcase the versatility and power of our framework, we study networks that are
stmple, yet whose computational properties are complex. The reliance on non-linear ReLU
operators is not only something that makes neural deep networks so powerful, but this also
makes their study challenging (observe that, say, for f(z):= Az, simple random sampling of
entries of matrix A would provide sufficient information to understand many properties of
such function; the non-linear ReLU operators make the study and the analysis more complex
and interesting). Feedforward neural networks, as those studied in the simplest form in our
paper, form a fundamental part of modern deep networks [34] such as transformers and
the attention mechanism [49], which in turn are the main building block of large language
models such as ChatGPT [43]. Unfortunately, despite their relatively simple setting, we still
lack a good understanding of the computation process of these networks, leading to serious
questions on the trust and transparency of the underlying learning algorithms. Therefore,
even though our main focus is on the complezity study, we hope that the lens of property
testing will contribute to a better understanding of the relation between the network structure
and the computed function or properties of that function. Since the analysis of property
testing algorithms relies on establishing close links between the object’s local structure and
the tested property, we believe that the study of simple yet fundamental models of ReLLU
networks may provide a new insight into such networks. Additionally, the basic notion of a
relaxed decision problem in property testing has some appealing properties in the context of
understanding neural networks: Typically, we would like a neural network to be robust to
small changes in the network, as otherwise there is a higher risk of adversarial attacks [48].
Furthermore, during network training, dropout [47] is often used to improve generalization,
i.e., a random fraction of input nodes is dropped during training for each training example.

1.1 Overview of our results

In this paper, we introduce a property testing model for computational networks through
a study of basic neural networks. We first focus on a simple network structure: a fully
connected feedforward network with the ReLLU activation function, one hidden layer, and
one output node (see Figure 1 and Definition 1). Later, we generalize our model to a more
complex setting with multiple hidden layers and multiple output nodes (see Section 2.1 and
Figure 2). We view the network as an arithmetic circuit that computes a Boolean function.
Our objective is to design property testing algorithms that sample weights of the network
and accept, if the network computes a function with a specific property, and reject, if the
network is (g, )-far from computing any function with the property, by which we mean that
one has to change more than an e-fraction of the network to obtain a function that differs
from the target functions on less than a §-fraction of the inputs.
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An important contribution of this paper is introduction of a model that allows a non-trivial
study of computational networks (e.g., neural networks) from the lens of property testing.

Next, we provide a comprehensive study of our model, focusing on the example of the
constant 0 and the OR-function, for which we design constant-complexity property testers.
Further, we consider other natural variants of our model for which we provide super-constant
lower bounds demonstrating their complexity limitations. This shows that our model
introduces a useful notion of being far that leads to interesting questions and results from
the algorithmic and complexity perspective. Our results extend beyond the 0/OR-functions
and we give some positive results showing the testability of some Boolean functions and
classes of functions.

Our main technical contributions are (see Section 3 for more details):
(1) study of our model on the problem of testing some very simple yet fundamental functions,
(2) study of limitations of possibility of extending our results to a distribution-free model,
(3) first steps towards understanding of constant time testable properties in our model,
(4) extending the model to more complex networks with multiple outputs and layers.

In the following, after reviewing related work, we introduce our property testing model
in detail. Then, in Section 3, we summarize our results and provide a technical overview.
Due to space constraints, we omit the full technical details for the claims made in Section 3.
However, to illustrate our analytical approach, Section 4 provides a complete proof of one key
result. All remaining proofs and a comprehensive analysis are deferred to the full version [19].

1.2 Related work

Property testing. Since its development in the late 90s [46, 29], the area of property testing
has emerged as an important area of modern theoretical computer science, see surveys
in [9, 28, 44]. Although a close relationship between property testing and properties of
functions, and in the context of learning has been known since the beginning of the area
(these topics were explored as early as in [46, 29]), the setting presented in this paper has
received little attention. The classical framework of testing properties of functions typically
assumes an oracle access to the functions and/or the inputs rather than a computational
device, see [9, 28]. (For example, most function property testers assume oracle access to the
values of a given function on a specific input, and typically, graph testers assume access to
the edges of the input graph.) Similarly, one normally studies networks in the context of their
combinatorial properties rather than by analyzing “functions” they compute. The only work
that we are aware of that considers a model similar to ours is the analysis of testing mixing
property of Markov chains by Batu et al. [7]. We are not aware of any property testing
work for basic logical or arithmetic circuits (even a related testing satisfiability in [2] uses a
different setting), though some works on testing branching programs [25, 38] or whether a
function can be represented by a small/shallow circuit/branching program [22, 24, 42], are of
similar flavor. Other related works include property testing of some matrix properties (e.g.,
[5], where testing the rank of a matrix A has implications for some properties of Ax), but
these works use a different setting, rely on linear operators, and do not apply to non-linear
operators like those studied in our paper.

Neural networks. The complexity of neural networks has received significant attention in
the past. In particular, threshold circuits have been studied as a model of computation and
for corresponding complexity class TC" we know AC® € TC?® € NC! [50]. The problem of
verifying whether there exist weights such that an input circuit computes an input Boolean
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function (threshold circuit loading) is known to be NP-complete [33], even when the circuit
is restricted to three neurons [11]. For more details on the computational complexity of
networks, see, e.g., [40].

In general, feedforward networks (acyclic networks) are universal approximators when
viewed as computing a continuous function, i.e., they can arbitrarily well approximate any
Borel-measurable function between finite dimensional spaces provided a sufficient number of
neurons (nodes) in the hidden layer exist [32]. Furthermore, width-bounded networks (but
generally with a large number of layers) are universal approximators [35]. The VC-dimension
of neural networks with linear threshold gates has been studied and there is an upper bound
of O(mlogm) where m is the number of linear threshold gates [8]. These results imply
bounds on the number of samples required to train the network. However, for our setting
they do not seem to be directly relevant since one cannot evaluate a training example without
querying the whole network.

In a related study, [20] investigated the problem of deciding if a neural network with real
inputs is monotone and [37] considered monotone neural networks.

There has been extensive research on the computational complexity of training constant
depth ReL.U networks. It is known that even for a single ReLLU unit, the problem of finding
weights minimizing the squared error of a given training set is hard to approximate [27, 36, 21]
(cf. [12] for a slightly different proof/result). Further results show that even for a single neuron,
the training problem parameterized by the dimension d of the training data is W[1]-hard
and there is a n*(%) conditional lower bound assuming the exponential time hypothesis [26].
Studies have also explored learning linear combinations of ReLL.Us from Gaussian distributions
(e.g., an algorithm for a constant number of ReLU units has been recently developed in [14]).

2 Property testing model

We begin our study with a feedforward network with one hidden layer and ReLLU activation
function. The network (see Figure 1) is fully connected between the layers, and has n
input nodes labeled {1,...,n}, a hidden layer with m nodes labeled {1,...,m}, and one
output node. (We later generalize our model to multiple hidden layers and output nodes, see
Section 3.4.) We associate a binary vector © = (x1,...,x,) with the input nodes, so that
input node 7 has value x;. Between the input nodes and the hidden layer there is a complete
bipartite graph with real edge weights from [—1,1]. We define a;; to be the weight between
input node ¢ and node j of the hidden layer. The value of an input node is x;. The value
computed at a hidden layer node j is ), aj;x;. Thus, we can write the values at the hidden
layer by a matrix multiplication Az for an m x n matrix A. To the values at the hidden layer,
we apply the ReLU activation function, which is defined as ReLU(y) := max{0,y}. For a
vector y = (y1,...,ym)?, we define ReLU(y) to be ReLU(y) := (ReLU(y1), ..., ReLU(y,,))7.
We can now write the output of the hidden layer nodes as ReLU(Az). Between the hidden
layer and the output node there is a complete bipartite graph with real weights from [—1, 1].
Let w; denote the weight of the edge connecting hidden layer node j to the output node.
If 2 = ReLU(Az) is the vector of hidden layer outputs, then w”z is the value of output
node, where w = (w1, . .., wm,)T. Thus, on input x € {0,1}" the value at the output node is
w? - ReLU(Az). For further intuition, we refer the reader to Figure 1.

ReLU network as a binary classifier. We interpret the network as a binary classifier: the
network assigns each input vector to one of two classes, defined as 0 and 1. If the value at the
output node is at most 0 we assign class 0, if it is larger than 0 we assign class 1. In this paper
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we focus on the setting when 2 € {0,1}" is a binary vector. Thus, we view the neural network
as a function f : {0,1}™ — {0, 1} that computes 1 if the output value of the network is greater
than 0, and 0 if the output value is at most 0. We write? f(x) = sgn(ReLU(w” - ReLU(Ax))).
For a given input x € {0,1}", we call f(x) the output of the network.

Our goal is to understand how the local structure of the network is related to the function
f or to properties of that function. We will address this question by studying the function
from a property testing point of view. This leads us to the following definition.

» Definition 1 (ReLU network with one hidden layer and single output). A ReLU network
with n input nodes, m hidden layer nodes, and one output node is a pair (A,w), where
A e [-1,1]™*" and w € [—1,1)™. The binary function f:{0,1}"™ — {0,1} computed by the
ReLU network (A,w) is defined as

f(z) := sgn(ReLU(w” - ReLU(Az))).

2.1 Property testing: ReLU networks with one hidden layer/one output

We introduce a new property testing model for computational networks on an example of
neural ReLU networks. We view (see Figure 1) the network as a weighted graph G = (V, E),
where V = I U H U O with I being the set of input nodes, H the set of hidden layer nodes,
and O the set of output nodes (frequently |O] = 1). The nodes in I, H and O are labelled
from 1 to |I],|H| and |O], respectively. Furthermore, E contains all edges between I and H,
and between H and O. The edges between I and H are also referred to as first layer edges
and the edges from H to O as second layer edges. We assume that we have query access to
the edge weights: we can specify nodes number ¢ in I and number j from H, and query the
value a;; of that edge in O(1) time. Similarly, we can access the entries of w by specifying
the corresponding hidden layer node.

Our objective is to design (randomized) sampling algorithms that decide whether a given
neural network has a certain property or is far away from the property. To achieve this
goal, we must first define a distance measure of neural networks. We view the network
as a weighted graph and use the (relative) edit distance. However, since we want to take
into consideration that there is a different number of edges on each layer, for two networks

(A1, w1) and (Az,we) with n input nodes, m hidden layer nodes, and one output node, we

A1 —Aszlo  lwi—w2]o
mn ? m

define their distance as max { , where we use the standard notation || - ||o

to denote the number of non-zero entries in a matrix/vector.

In this paper, we view neural networks as computing Boolean functions and study the
question whether a neural network computes a function that has a certain property. We
begin with the study of networks that compute a specific function. Since there are often
many networks that compute the same function, the question of whether a given network
computes a certain function may be viewed as testing whether an input has a certain specific
property in standard property testing.

Given a function f: {0,1}" — {0, 1}, a property tester is an algorithm with query access
to the weights of a network (with n input nodes and m hidden layer nodes) that accepts with
probability at least % every network that computes f and rejects with probability at least %

3 Note: the outer ReLU is not redundant in sgn(ReLU(+)) because the argument w” - ReLU(Az) can be
negative, in which case sgn(-) would return —1 ¢ {0, 1}; see also the discussion in footnote 1.
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every network that is far from computing f, where we parameterize the notion of being far
with parameters ¢,§. Parameter ¢ refers to the distance between the networks and § refers
to the distance between the computed function with respect to the uniform distribution?.

The model. Let us recall the notion of property of Boolean functions, which is any family
P = U, .en Pn, where P, is a set of Boolean functions f : {0,1}" — {0,1}.

» Definition 2 (ReLU network far from a property of functions). Let (A,w) be a ReLU
network with n input nodes and m hidden layer nodes. (A,w) is called (e,d)-close to
computing a function f: {0,1}" — {0,1} with property P = |, cy Pn, if one can
change the matriz A in at most enm places and the weight vector w in at most em places to
obtain a ReLU network that computes a function g, such that there exists a function f € P,
for which Prlg(z) # f(x)] < 0§, where x is chosen uniformly at random from {0,1}™. If
(A, w) is not (e,6)-close to computing [ with property P then we say that it is (e, d)-far
from computing f with property P.

If |P,| = 1 and f € Py, then in Definition 2 we say that a network is (g, 8)-close/far from
computing f.
» Remark 3. It might seem highly undesirable that the notion of (g, §)-distance employed in
this paper does not satisfy the triangle inequality. However, our model is a natural relaxation
of the model with 6 = 0, which is exactly the standard model of property testing with a
property P being the set of networks computing a given function (like the O-function) [28]. It
is an inherent feature of property testing that the distance to a property/function often does
not satisfy the triangle inequality: Just as two graphs G and H being close to 3-colorable
does not imply that G and H are close to each other, or two networks close to computing
the O-function are not necessarily close.

» Definition 4. A property P = |J,cyPn of Boolean functions is testable (for ReLU
networks) with query complexity q(e,d,n, m), if for every n,m € N, every ¢ € (0,1),
and every ¢ € (0,1) there exists an algorithm that receives parameters n,m,e,d as input and
is given query access to an arbitrary ReLU network with n input nodes, m hidden layer nodes
and one output node, and that

queries the ReLU network in at most q(e,0,n, m) many places,

accepts with probability at least % every network that computes a function from P,, and

rejects with probability at least % every network that computes a function (e,0)-far from P.
If the function q depends only on & and &, then we just say that the property P is testable.”

A tester that accepts every function from P with probability 1 is called one-sided tester.

4 While distance to a property is often parameterized using only the parameter ¢, a relaxation with another
parameter has been studied before. In fact, a very similar model has been used in [7] to test if a Markov
chain is mixing. Similarly to our problem, the graph/Markov chain can be seen as a computational
model parameterized in terms of € and §, where ¢ refers to the edit distance of the Markov chain and §
to the ¢;-distance between the t-step distributions. We believe that a similar relaxation is useful in our
case as the relation between the network and the function is rather complex, and we have little hope to
obtain results without this second parameter §.

5 In property testing, traditionally (cf. [9, 28]), the ultimate goal of the analysis is to obtain testers
whose query complexity is independent of the input size, depending only on e, . Testers with query
complexity o(mn) are of interest, but often not as the main objective. The importance of having the
query complexity independent of € and ¢ is especially amplified in our setting: if we query the ReLLU
network in ¢(e, §, n, m) many places, then normally the tester will be computing the function on the
subnetwork determined by the tested edges for all 2" inputs. However, the number of relevant input
bits is always upper bounded by ¢(e, §,n,m) (since only input bits adjacent to the queried edges impact
the function computed), and therefore if the query complexity is independent of the input size, then the
number of inputs to be considered is at most 2‘7(5’6), which is independent on n and m. Hence, testers
with query complexity independent of n and m have their running time independent of n and m too.
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3 Technical overview

We initiate the study of property testing of computational networks on an example of neural
networks. Below we presented a detailed discussion of our findings and of the technical
challenges involved in our analysis. Due to space constraints, we omit the full technical
details for the claims made here. All remaining proofs and a comprehensive analysis are
deferred to the full version [19], except for one key result proven in Section 4.

3.1 Studying variants of the model on a simple function

We begin with the study of the constant 0-function (the same results are true for the OR
function) in our basic model of feedforward networks with ReLU activation function, one
hidden layer, and single output. We start by showing that the constant 0-function is testable
in such model. This is the case even though, as we can easily show, the problem of verifying
if the network computes the constant O-function is NP-hard (note that if we had no ReLU
we could simply compute w” A and check whether w” A has positive entries; so here ReLU
makes the problem more difficult); see [19] for a formal proof. Our result is summarized in
the following theorem (for a proof of part (1), see Section 4; for a proof of part (2) see [19]):

» Theorem 5. Let (A, w) be a ReLU network with n input nodes, m hidden layer nodes, and

a single output. Let § > e~™/16, % <e< %, and 0 < A < %

(1) There is a tester that queries O(%) entries from A and w, and (i) accepts with
probability at least > 1 — A, if the ReLU network (A, w) computes the constant 0-function,
and (i) rejects with probability at least 1 — A, if (A, w) is (g,d)-far from computing the
constant 0-function.

(2) There is a tester that queries O(IHZ(;#) entries from A and w, and (i) accepts with
probability at least 1 — X, if the ReLU network (A, w) computes the OR-function, and
(ii) rejects with probability at least 1 — X, if (A,w) is (g,0)-far from computing the
OR-function.

The query complexity of our tester does not depend on ¢ and we only require § > e~ ("),

Assuming that n and m are polynomially related, one could also remove this dependence by
introducing a factor polylog(1/4) in the complexity, since for § < e~"/16
whole network.

Observe that the query complezity of our tester in Theorem 5 is independent of the
network size. Further, for constant € and A, the query complexity of our tester is O(1).

Our property tester for the constant 0-function samples a subset of poly(1/¢)-polylog(1/\)
input and hidden layer nodes and evaluates whether the induced network with a suitable bias
at the output node computes the constant 0-function. While this approach seems natural,
the analysis and its use of the bias is non-standard.

we can read the

The first step of our analysis shows that if the network is (e, d)-far from computing
the constant O-function then there is an input zp € {0,1}" on which the network outputs
value Q(enm). Then, we show that sampling a constant number of hidden layer nodes
approximates the scaled output value for this particular zy with sufficient accuracy, giving
the scaled output value 2(enm). In the next step, we show that we can sample a constant
number of input nodes and approximate the value at the sampled hidden layer nodes so that
the value at the output node is positive. Combining all the steps yields that if the network is
(e,9)-far then our tester rejects with sufficient probability.

In order to show that the algorithm accepts a network computing the constant 0-function,
we will argue that for all inputs x € {0,1}" the sampled network computes the constant
0-function. For that, we take a different view and consider the sample from the input nodes
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as being fixed. We then observe that restricting our network to the sampled input nodes can
also be done by restricting the input to vectors « € {0,1}" that are 0 for all input nodes
that do not belong to the sample. This allow us to interpret our sampling approach as only
sampling from the hidden layer. Hence, we can apply a concentration bound and take a
union bound over all choices of input vectors that are zero on the nodes not in the sample.
We also observe that while the analysis considers n-dimensional input vectors we know that
these are 0 except for the sampled input nodes. Thus, in order to compute the output value
we only need to query edges between sampled nodes.

Comparison to a vanilla testing algorithm. The above result implies that a network far
from computing the O-function (or from computing the OR-function) already exhibits this
property across most of its small subnetworks. While this may not seem to be too surprising in
the first place, it turns out to be a useful addition to a vanilla testing algorithm that samples
inputs uniformly at random and evaluates the network on these inputs. This vanilla testing
algorithm is arguably the most natural and routinely used approach to test the functionality
of neural networks. In fact, it corresponds to the most standard setting in property testing
of functions [28, 9] in which the oracle allows to query the value of the network on a given
input x, rather than to query the network’s weights. In our paper (see [19], we demonstrate
the versatility of our property testing model and show that there are networks that can
be recognized as (g,0)-far (for constant & and exponentially small §) from computing the
O-function by our tester, but the vanilla tester in expectation requires an exponential in n
number of samples in order to find an input that does not evaluate to 0.

» Theorem 6. Letn €N, 0 <& < 1555, 0 < 2~ (16VEntl) " and \/en be integral.

(1) There is a ReLU network (Ar,wr) with n hidden layer nodes and n input nodes such
that with probability at most e 10VE"/8 g vector x chosen uniformly at random from
{0,1}" satisfies wl - ReLU(ALz) > 0.

(2) The ReLU network (A, wr) is (g,9)-far from computing the constant 0-function.

Testing with one-sided error. We also consider the testability of the constant 0-function
and the OR-function with one-sided error. We design a tester with one-sided error and
query complexity of 6(m/52). The one-sided error property tester samples a subset of
O(logm/e?) input nodes S and rejects only if there exists an input that is zero on all nodes
outside of S and that evaluates to 1 or 0, respectively. If such an input is found, then it is a
counter-example to computing the constant 0-function (or the OR-function, respectively)
and the algorithm can reject.

Next, we give a near matching lower bound: any tester (for any constant €) for the
constant O-function (or for the OR-~function) that has one-sided error has query complexity
of Q(m). The lower bound follows from the fact that if too few weights are known, one can
always “complete” the network to enforce it to compute the constant O-function. Thus, the
tester always accepts, but there are inputs that are (¢, §)-far from computing the 0-function.

» Theorem 7.

(1) Let (A,w) be a ReLU network with n input nodes and m hidden layer nodes. Let
e 16 <5 <1, L <e<iand0< A< 3. There is a tester that queries O(%;n/)‘))
entries from A and w and always accepts, if the ReLU network (A, w) computes the
constant 0-function, and rejects with probability at least 1 — X, if the ReL U network (A, w)
is (€,0)-far from computing the constant 0-function. Furthermore, the same result holds
for the OR-function.

(2) Any tester for the constant 0-function (or for the OR-function) that has one-sided error

has query complexity of Q(m).
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Why testing of the 0-function? We consider the constant 0- and the OR-functions to be
representative for natural, simple, yet rich, and highly non-trivial functions in our setting.
Furthermore, note that for functions f and g, f = g iff the network ReLU(f—g)+ReLU(g— f)
computes the 0 function, and therefore testing the 0-function is closely related to the question
of two networks computing the same output values for all inputs. Other related problems
that might be in reach are dictatorship and juntas (which look like essentially equivalent to
O-testing, but they are not).

3.2 Lower bound in a distribution-free model (or on the model’s choice)

It is natural to try to extend our framework to a distribution-free model (see, e.g., [29,
Section 2], [28, Chapter 12.4]), where the notion of being (g, )-far from a property defines
the farness with respect to the second parameter § in terms of arbitrary distribution. In the
distribution-free model the distance between Boolean functions is measured with respect to
an unknown distribution rather than the uniform distribution, as in our model considered
above. It is also assumed that a property tester has sample access to this distribution. In
our case, we will assume query access to bits of the sample since our goal is to be sublinear in
the input size n or even to have a constant query complexity. While the study of this model
is very tempting, unfortunately, we show a lower bound that for any constant ¢ < 1, rules
out O(n®)-time testers even for the constant 0 function:

» Theorem 8. For every constant k > 1, every property tester for the constant 0-function in
the distribution-free model has a query complexity of Q(n'=1/%).

We will sketch here the main idea of the proof for k = 2 (where for purpose of exposition
we use different constants than in the general proof, see [19]). We define two distributions
D; and Ds on pairs of a network and an input distribution such that the networks from the
first distribution are (whp.) computing the constant 0-function and such that the pairs of
network and input distribution Dy from the second distribution are (whp.) (e, d)-far from
computing the constant 0-function with respect to Dj.

For D; the network will (whp.) compute the constant 0-function, so the underlying
distribution is not relevant. To construct the network we partition the hidden layer nodes
into sets N and P such that the nodes in N are connected to the output by edges of weight
—1 and the nodes in P by edges of weight 1. In the first layer, the edges to nodes from N are
1 with probability % and —1, otherwise, and the edges to nodes from P are 1 with probability
%. Ignoring the effect of the ReLLU it is not too hard to see that the network will evaluate
(whp.) to 0 on any fixed input and one can apply a union bound to show that this holds also
for all inputs. As we show in the proof, this intuition still holds under the ReLU function.

Networks from D, are similar, except that there is a random matching of input nodes
and the connections to the nodes from P are sampled for one node of the matching pair and
copied for the other. This implies that with probability % the pair of nodes contributes 2 to
the hidden layer node, while the expected contribution to N is % (here the edge weights are
sampled independently and the matched pair of input nodes contributes only if both first
layer edges are 1, which happens with probability % and the contribution is 2). Thus, for
any matching pair the expected contribution to the output is linear in the size of the hidden
layer. We now define the unknown input distribution to be the uniform distribution on the
pairs of matched inputs. The network is far from computing the 0-function since “fixing”
one of the Q(n) matched pairs requires (m) changes in the network.

Finally, we observe that distinguishing between the two distributions is expensive as
the answers to the queries are identically distributed as long as no matched pair is queried.
Having access to samples from the distribution does not help as it is impossible to “find”
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input bits that are 1. Since the matching of input bits is random, we prove that one needs
Q(y/n) samples to find a matching pair. We formalize this intuition and parameterize it by
replacing pairs of inputs by k-sets, where the first £ — 1 inputs are chosen randomly with
probability % to be 1 (and —1, otherwise) and the last one is 1, if there is an odd number of
1s among the first £ — 1. We then modify our construction to get a lower bound for any k.
The lower bound is one of our main technical contributions, relying on a novel controlling of
the expectation of ReLU of sums of binomially distributed random variables.

3.3 First steps towards a classification of testable properties?

Our next goal is to try to understand which properties of ReLU networks are testable. Our
first result shows that some classes of functions, symmetric Boolean functions or monotone
Boolean functions have trivial testers (that always accept). We prove this by showing that
every network is close to computing the constant 0 function or is close to the OR-function
(with €, not too small).®

» Theorem 9. Let (A, w) be a ReLU network with n input nodes, m hidden layer nodes, and
a single output. Let 0 < § < 1 and max{L,2,/log(2/6)/n} <e. Then (A,w) is (e,0)-close
to computing the constant 0-function or it is (g,d)-close to computing the OR-function.

The proof first argues that the value at the output (before we apply sgn and ReLU)
typically deviates from its expectation by at most O(y/nm). Then we show that we can
modify the network in an e-fraction of its inputs and increase (or decrease) the expected value
at the output bit by more than %Wnn. These two facts can be shown to yield Theorem 9.

Note that the property of monotone functions includes both the O-function and the
OR-function. Thus an immediate consequence of Theorem 9 is that monotonicity has a
trivial tester that always accepts if £ > max{-L,2/log(2/6)/n}, and reads the whole input if
e < max{,2/log(2/6)/n}. When n and m are polynomially related, the query complexity
of the tester is poly(1/¢) - polylog(1/9).

Finally, we study monotone properties (which are different objects than monotone func-
tions). A property P is monotone, if it is closed under flipping bits in the truth table of any
function having the property P from 0 to 1. One can think of monotone properties as being
defined by the set of minimal functions under the operation of flipping zeros to ones. We call
such a set a generator.

We show that every monotone property is testable with query complexity logarithmically
on the size of the generator (we assume that the algorithm gets the generator as input; this
assumption is justified as this depends on the property only). We prove the following result.

» Theorem 10. Let 1 < e < 1,2e /16 <§ < 1. Let P =], Py be an f(n)-generatible
monotone property with generator G =, G,, with |G| < f(n) for alln. There is a property
tester with query access to a ReLU network N with n input nodes and m hidden layer nodes
that (i) accepts with probability at least 1 — X, if N' computes a function in P, (ii) rejects
with probability at least 1 — X, if N is (€, 0)-far from computing a function in P. The tester
has query complexity O(ln(é(g)/(éa‘l)).

6 We would like to stress that if two networks are close to computing a given function, then they are not
necessarily pairwise close to each other (cf. Remark 3). Similarly, notice that while the closeness result
in Theorem 9 may on the first glance seem to be unnatural, similar and even stronger claims are known
in various scenarios in property testing. For example, in the classical dense graph model (see [28]), for
£ > %, every graph is both, e-close to be connected and e-close to be disconnected ( every graph on n
vertices can be made connected using at most n edge changes, and can be made disconnected using at
most n edge changes). Therefore, the fact that in our property testing framework all properties are
close to computing the constant 0-function or close to computing the OR-function, does not mean that
testing of these two properties is trivial, nor it shows that the framework considered here is unnatural.
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Figure 2 A general ReLU network with multiple inputs, multiple outputs, and multiple layers,
extending the network depicted on Figure 1. ReLU network (Wo, ..., W¢) has £ + 2 layers:
layer zero Vi containing mo input nodes,

¢ hidden layers 1,...,¢, with layer 1 < k < £ containing mx nodes V, and

layer (¢ 4 1) containing me+1 output nodes Vot1.
Weights: The network has weighted edges connecting pairs of consecutive layers. For every 0 < k </
and for every 1 <14 < my and 1 < j < mgy1, there is an edge with weight W[4, ] € [—1, 1] connecting
the i-th node at layer k with the j-th node at layer k + 1.
Values: For a given input & = (1,...,Zm,)" € {0,1}™°, for any node j at layer 0, the value of
that node val)(z) = z; (which is also the j-th row of fo(z)). For any node j at layer 1 < k < £+1,
the value of that node is valj(z) = > 7"~ Wi_1[j, 1] - ReLU(val} "' (2)); notice that this is the j-th
row of fi(z).
Output: For any node j at layer £+ 1 (i.e., for the j-th output node), the binary output computed
by that node equals output,(z) = sgn(ReLU(valﬁH(x))); notice that this is the j-th row of f(x).

3.4 Extension to ReLU networks with multiple hidden layers/outputs

For simplicity of presentation, we focused here mainly on the model for ReLU networks only
with one output and one hidden layer. Our study, however, can be naturally extended to
ReLU networks with multiple outputs and multiple hidden layers (see also Figure 2).

» Definition 11 (ReLU networks with multiple hidden layers and multiple outputs). A
ReL U network with n input nodes, £ > 1 hidden layers with m1, ..., my hidden layer nodes
each, and r output nodes is a tuple (Wo, W1, ..., Wy), where W; € [—1,1]™i+1%™i for every
0 <i <, withmg=mn and mey; = r. The function f: {0,1}" — {0,1}" computed by a
ReLU network (Wy, ..., Wy) is defined recursively as f(x) := sgn(ReLU(fo41(x))),

Wi_1- ReLU(f1_1($)) Zf 1< </l + 1,
fi(z) = .
x ifi = 0.
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Observe that unfolding the recurrence in Definition 11 gives a non-recursive version of
the value f(z) computed by the network (in a form resembling Definition 1) is

f(z) == sgn(ReLU(W, - ... - ReLU(W2 - ReLU(W; - ReLU(W, - ReLU(2)))) ...)).

One can also easily extend Definitions 2 and 4 to ReLU networks with multiple hidden layers
and multiple outputs (for more details, see the full version of the paper [19]).

We can extend our framework to more complex neural networks and demonstrate that
our methodology can be applied to a natural generalization of our setting allowing multiple
outputs and multiple hidden layers. We show the applicability of our techniques by extending
the approach for testing the constant 0- and the OR-function to testing near-constant
functions in ReLU networks with multiple hidden layers and outputs: testing for f(z) =
sgn(ReLU(Wy- ... -ReLU(Wy-ReLU(z))...)), where W; € [—1,1]™#+1*™i and x € {0, 1}™°.

We begin with the analysis of ReLU networks with multiple outputs and one hidden
layer. Before we proceed, let us introduce the notion of near-constant functions with multiple
outputs’, which are constant functions on every input z except = = 0. We first present a
general reduction to single layer networks. The following theorem, central for our analysis,
demonstrates that if a ReLU network with r outputs is (e, d)-far from computing near-
constant function b, then for at least an $-fraction of the output bits i, the ReLU network
restricted to the output node i is (¢/,§’)-far from computing an appropriate near-constant
function, where ¢’ ~ §/r and &’ = £2/1025.

» Theorem 12. Let N be a ReLU network (A, W) with n input nodes, m hidden layer nodes,

and r output nodes. Let e~/16 < § <1 and 16 - \/@ <e< % Let b = (by,...,b,) €
{0,1}". If N is (e,0)-far from computing a near-constant function b then there are more

than %ET output nodes such that for any such output node i, the ReLU network N restricted

§—_e—n/16 )

to the output node i is (%7 T

-far from computing near-constant function b;.

One can then combine Theorems 5 and 12 to obtain the following theorem for testing
near-constant functions in ReLLU networks with multiple outputs and one hidden layer.

» Theorem 13. Let N be a ReLU network (A, W) with n input nodes, m hidden layer nodes,
and r output nodes. Let b € {0,1}", (r+1)e /16 <§ < 1, and c- \/In(2m)/m < e < & for

a sufficiently large constant c. There is a property tester that queries O(lnz(;%) entries
from A and W and

accepts with probability at least %,
rejects with probability at least %, if N is (e,0)-far from computing near-constant func-

tion b.

if N computes near-constant function b, and

Observe that the query complexity of our tester in Theorem 13 is independent of the
network size. Further, for constant € and A, the query complexity is O(1), and similarly as
in Theorem 5, one could remove the dependency for d by introducing a small factor term in
the query complexity.

Our analysis so far has studied the model of ReLU networks with a single hidden layer.
We can extend our analysis of this setting to allow multiple hidden layers. A simplified claim
is as follows.

7 We need this notion to exclude trivial cases; notice that since for any ReLU network f(0) = 0 (and so
there is no ReLU network with V, f(z) = 1), we consider only near-constant functions.
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» Theorem 14. Let 0 < \ < L,J%l, Lce<l ands>e /164 e~ (e/2)'n/(342(641)") | [ o4
N be a ReLU network (Wy, ..., W,) with n input nodes, £ > 1 hidden layers with n hidden
layer nodes each, and a single output node. Further, suppose that n > 171 (£ +1)% - (2/¢)% -
(In(2/8)+£1nn). Assuming that £ is constant, there is a tester that queries © (e3¢ -In*(1/)e))
entries from Wy, ..., Wy, and

(i) rejects with probability at least 1 — X, if N is (e,0)-far from computing the constant

0-function,
(ii) accepts with probability at least 1 — X, if N' computes the constant 0-function.

The approach used in the proof of Theorem 14 follows the method presented in the analysis
of a single hidden layer, but the need of dealing with multiple layers makes the analysis
significantly more complex. The approach relies on two steps of the analysis, first proving
part (i) about ReLU networks that are (e, d)-far from computing the constant 0-function
and then part (ii) about ReLU networks that compute the constant O-function.

The analysis of part (i) is in four steps. We first show that the use of randomly sampled
nodes in each layer of the network results in a modified ReLU network that, after scaling,
for any fixed input returns the value close to the value returned by the original network.
Next, we extend this claim to show that there is always a modified ReLU network that, after
scaling, for all but a small fraction of the inputs, returns the value close to the value returned
by the original network. We then study ReLU networks (Wy,...,W;) that are (e, d)-far
from computing the constant 0-function. In that case, we first show that there is always an
input zo € {0,1}"° on which the (g, §)-far network returns a value which is (sufficiently)
large. Then, using the result that the sampled network approximates the output of the
original network, we will argue that if (W,...,W,) is (¢, d)-far from computing the constant
O-function then randomly sampled network on input z( returns a (sufficiently) large.

The study of part (ii) relies on a similar approach as that in part (i). We use the fact that
the sampled network computes a function which on a fixed input is (after scaling) close to
the original function on that input, and hence that value cannot be too large. An important
difference with part (i) is that one must prove the claim to hold for all inputs, making the
arguments more complex (the straightforward arguments would require the size of the sample
to depend on my).

A consequence of Theorem 14 is that it gives a tester with query complexity 1/poly(e) for
any constant number of layers. Furthermore, as in our study for one hidden layer, essentially
identical analysis as for the constant O-function can be applied to test the OR-function.

Finally, we can extend the analysis above (Theorems 13 and 14) to networks with multiple
hidden layers and multiple outputs. As in Theorem 13 (for ReLU networks with a single
hidden layer and multiple outputs) the proof of the following theorem relies on a reduction
of the problem to testing a near-constant function to testing the 0- and the OR-function.

» Theorem 15 (Testing a near-constant function). Let N be a ReL U network (W, . .., Wy) with
myg input nodes, £ > 1 hidden layers with mq, ..., my hidden layer nodes each, and mgpyq > 2

output nodes. Let 0 < \ < ﬁ, 2(/% <e< i oand s> 2mpq (€4 emo/10).

Let b € {0,1}™+1 and ¢ = c(¢) be a sufficiently large positive constant. Suppose that for

an arbitrary parameter 0 < £ < 24%1 it holds that my > ¢ - (2/¢)2" ~1n(% Hle m;) for every

0 <k <<t Iflis constant then there is a tester that queries @(5_(8‘)2"‘1) -In*(1/Xe)) entries
from Wy, ..., Wy, and
accepts with probability at least 1 — X, if N' computes near-constant function b, and
rejects with probability at least 1 — X, if N is (g,0)-far from computing near-constant
function b.

As with our earlier results in Section 3.4, the query complezity of our tester in Theorem 15
is independent of the network size, and it is O(1) for constant €, A, ¢, and my41.
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4 Testing constant 0-function in ReLU networks with one hidden layer

To give readers a flavor of our analysis, we present here our analysis of ReLLU networks with
one hidden layer and a single output — Theorem 5 (1), deferring the study of other claims and
of more complex neural networks with multiple outputs and multiple hidden layers to the
full version of our paper [19]. We consider the simplest function, the constant 0-function

O {0,1}™ — {0,1} defined as f,(LO)(:c) =0 for all x € {0,1}", and study it from a property
testing point of view. We define P, = {f,(LO)} and the property II(©) = (J, .y P.. Our
objective is to design a property tester for IT1(0).

While one can show (see [19]) that it is hard to decide if a given ReLU network computes
the constant 0-function or not, in this section we prove that a relaxed version of the problem,
namely, that of (property) testing whether a given ReLU network computes the constant
0-function, has significantly lower complexity. Below we prove the first part of Theorem 5
and show that property II(°) is testable for ReLU networks with one hidden layer.

Testing 0-function. Our property testing algorithm ALLZEROTESTER(e, A\, n,m) below
works by focusing its attention on a small “subnetwork” induced by randomly sampled nodes.
The algorithm samples a subset of poly(1/¢) - In(1/A) nodes from the input layer and from
the hidden layer. Then, we scale the weights of all edges between the sampled input and the
sampled hidden layer nodes by a factor of % and all edges from sampled hidden layer nodes
to the output node by Z*. We then introduce a bias b = —1—16
we subtract %5nm before pplying the ReLU function. For the resulting network we check if
it computes the constant O-function. If this is the case, we accept; otherwise, we reject.

enm to the output node, i.e.,

Algorithm 1 ALLZEROTESTER(g, A\, n,m).

=

Sample s = [% -In(1/eA)] nodes from the input layer and t = [%ﬂ -In(1/eA)] nodes
from the hidden layer uniformly at random without replacement.

2 Let S € Nj™" and T € NJ**™ be the corresponding sampling matrices.
3 if there is # € {0,1}" with 22 . wT - ReLU(T'ASz) — {senm > 0 then reject;
4 else accept.

In the following, we use matrix notation and write S and T for sampling matrices that
select s and ¢ input/hidden layer nodes at random. That is, S is an n x n diagonal matrix
whose diagonal entries (4,4) are equal to 1 iff x; is in the sample set (and is 0 otherwise), and
T is an m x m diagonal matrix whose diagonal entries (j, j) are equal to 1 iff hidden layer
node j is in the second sample set (and is 0 otherwise). With this notation we can describe
our algorithm as follows (we did not optimize constants and assume ¢ € (£, 1), A € (0,4)).

Let us first observe that the query complexity of ALLZEROTESTER is (s + 1) -t = O(st),
and hence the query complexity is as stated. Indeed, after sampling s input nodes and ¢
nodes from the hidden layer, the diagonal matrices S and T have s and ¢t non-zero entries,
respectively. Therefore T'AS can be computed by querying only s -t entries from matrix
A and it will have at most ¢ non-zero rows and at most s non-zero columns. Hence, in
order to compute T ASx one has to consider only s bits from {0,1}", and to compute

2. wT - ReLU(T ASz) one has to consider only ¢ entries from w?.

Properties of the output. Next, we will study the properties of the output. First, notice
that our sampling network without a bias would compute

sgn (ReLU (% ~w? T -ReLU (g . ASx))) .
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Since the ReLU function is positive homogeneous, T is a fixed matrix with non-negative
entries after the sampling, % > 0, and 7* > 0, we have that

sgn (ReLU (? ~w’ T - ReLU (n . AS:L‘))) = sgn (ReLU (@ cw? - ReLU(TASx))) .

S S

Introducing in ALLZEROTESTER the bias to the output node leads to a network computing
1
sgn (ReLU <nT ~wT -ReLU(TASz) — menm))
S

and we notice that one can drop sgn and the outer ReLU, if we check whether the computed
value is greater than 0.

4.1 One hidden layer: If (&, d)-far then there is a bad input

To analyze the correctness of ALLZEROTESTER, we first present our structural lemma.

» Lemma 16. Let 6 > e /16 and L < e < L. Let (A, w) be a ReLU network with n
input nodes and m hidden layer nodes. If (A, w) is (e,d)-far from computing the constant

0-function then there exists an input x € {0,1}" such that w” - ReLU(Az) > femn.

Proof. The proof of Lemma 16 is by contradiction: we will assume that for every input x the
output value is at most $enm and then we will show that the ReLU network is (g, 6)-close
to computing the constant O-function; this would imply contradiction.

First, suppose that there are less than |em] positively weighted edges connecting the
hidden layer to the output node. Then we set all of them to 0 and the resulting network

computes the constant O-function. Thus the network is (e, §)-close, which is a contradiction.

Otherwise, suppose that there are at least [em| positively weighted edges connecting the
hidden layer to the output node. Select an arbitrary subset F of |em| positively weighted
edges and let U denote the set of hidden layer nodes incident to the edges from E. Let E’
be the subset of first layer edges connecting input nodes to the nodes from U. Notice that
|E| =|U| = |em| and |E'| = n - |U| = |em]n. Now we modify the weights of |E| = |em]
edges between the hidden layer nodes and the output, and |E’| = |em|n edges between input
nodes and hidden layer nodes: we assign weight —1 to every edge from E and weight 1 to
every edge from E'.

Observe that originally, before the modifications, every hidden layer node in U had a
non-negative contribution to the output. After the modifications, every hidden layer node
from U contributes —k to the output node, where k is the number of 1s in the input vector x,
i.e., k = ||z||1. Thus all nodes from U contribute —|U|-||z|y = —|em] - ||z||1, and the changes
of the weights of the edges incident to U reduce the output value by at least |em] - ||z|1.

Next, let us consider a random input vector = € {0,1}". Using Chernoff bounds, with
probability at least 1 — e~"/!6 > 1 —§, we have ||z|; > in. Conditioned on this event, after
modifying the weights in the network, the sum of inputs to the output node is reduced by at
least +n - [em] > genm for our range of parameters. However, we have assumed that for
every input x the output value is at most %enm, and thus the network computes the constant
O-function. Hence, we modified an e-fraction of the network’s edge weights and obtained a
function that disagrees with the constant 0-function only on inputs with ||z||o < n/4, which
is at most a d-fraction of all inputs. This is a contradiction to the assumption that the
network is (g, d)-far from that function. <
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4.2 One hidden layer: Random sampling concentration

Next, we consider the impact of the random sampling matrices S and 7" on the output value
of a ReLU network for any fixed = (and hence, for 2 whose existence is argued in Lemma 16).

» Lemma 17. Letw € [—1,1]™, A € [-1,1]™*". Let S, T be sampling matrices corresponding
to samples of size t > %’;(4”‘) and s > %W. Then for any fized x € {0,1}"

el

% ~wT - ReLU(TASz) — w™ - ReLU(Ax)‘ > %Enm} <A,
Proof. Fix an arbitrary x € {0,1}". We first show that

Pr [ A (1)

m. 1
t 2

w? - T - ReLU(Ax) —w” - ReLU(Ax)‘ > ésnm} <

Observe that w’ - T - ReLU(Az) is the sum of ¢ entries in w ® ReLU(Az) (here ® denotes
the Hadamard product) sampled uniformly without replacement. Next, we notice that
E[w” - T -ReLU(Az)] = L - w” - ReLU(Az). Rescaling by 1 ensures that the entries in
w ® ReLU(Az) are in [—1,1] and so we can apply Hoeffding bounds [31] (note that the
Hoeffding bound also holds for sampling without replacement [6, Proposition 1.2]) to show

|
Pr H LT T ReLU(Az) — ——w” ReLU(Az)
n mn

> 312515] =
1 1

Pr HwTT ReLU(Az) — E {wT A ReLU(Ax)] ‘ > 312575} < 27257 (1/32)%/(41) < A
n n

for our choice of t > %&/’\)

. Multiplying both sides with " proves inequality (1).

We can view the sampling process as first sampling ¢ nodes from the hidden layer and
then s nodes from the input layer. Thus, we can condition on T being fixed and assume that
the s nodes from the input layer are sampled uniformly at random. We will now prove:

Pr H% -wT - ReLU(T'ASz) — %wT : T~ReLU(Am)’ > Lenm ‘ T} <1x. (2)

Let a; be the i-th row of matrix A. The value a; - x is the value at the i-th hidden layer
node before applying ReLU. We may view a;Sz as the sum of s random entries from a; ® z.
Since these entries are from [~1,1] and E[a;Sx] = 2 - a; - ¥, Hoeffding’s bound implies that

> 55/32] < 9e-22(6/30%/(4s) < A

P{ :
' =9

S
a; St — — - a;x

n
where the last inequality follows from our assumption that s > %ﬁt/’\).
Now we observe that for w; € [—1, 1] we have

‘wi : (ReLU(ain) ~ ReLU (%ax))‘ <

s
wj; - (aiSz — —aiz)’ <
n

s
a; St — —a;x|.
n

Following our arguments above, for each of the rows we can bound the contribution of the
edge with weight w; that connects the i-th hidden layer node to the output node to get

1 2 2 A
Pr ‘wi . (ReLU(aiSa:) —ReLU (i -aw))’ > —gs| < 2e7267/(s/32)7/(4s) < 2
n 32 2t
Next, we observe that T A equals A in exactly ¢ rows (the sampled rows) and is 0 otherwise.
Taking a union bound over the contribution of these ¢ rows and observing that for the

remaining rows the product with Sx is 0 for every S, we obtain

Pr UwT -ReLU(T'ASz) — % T ReLU(TAx)‘ > 3%5315 ‘ T} < %
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Multiplying with ™% and observing that ReLU(TAx) = T - ReLU(Az) (since ReLU is

st
positively homogeneous), we obtain (2):

Pr[ %

% ~wT - ReLU(T'ASz) — % cwT T ReLU(Ax)‘ > emn/32 ‘ T} <

Next observe that inequalities (1) and (2) are simultaneously satisfied with probability at
least 1 — A. Thus, the lemma follows from

% ~w? - ReLU(TASz) — w’ - ReLU(Ax)‘ <
< ’ m—:wT ReLU(T'ASz) — ?wTT ReLU(Az) ‘ + ’ ?wTT ReLU(Az) — w” ReLU(Az)
S

< Esmn

with probability at least 1 — A. |

4.3 One hidden layer: If (&, §)-far then we reject

Our next lemma incorporates Lemmas 16 and 17 to summarize the analysis of our testers for
ReLU networks that are (e, d)-far from computing the constant 0-function.

» Lemma 18. Let 6 > e /16, L <c <1 and0< X< 1. Let (A, w) be a ReLU network

with n input nodes and m hidden layer nodes. If (A,w) is (g,0)-far from computing the
constant 0-function then algorithm ALLZEROTESTER rejects with probability at least 1 — A.

Proof. By Lemma 16, since (4, w) is (e,d)-far from computing the constant O-function,
there exists an 2o € {0,1}" such that w” - ReLU(Azo) > femn. Next, by Lemma 17, with
probability at least 1 — A (over the random choice of S and T in the algorithm) we have

mitn ~w? - ReLU(T ASzg) — w” - ReLU(Azg)| < %&an .
s

This implies that with probability 1 — A we obtain

mn o 1
M T ReLU(T ASzo) — —
prali ReLU(T ASx) gEmn > 0,

and so ALLZEROTESTER rejects with probability at least 1 — A. This concludes the proof. <«

4.4 One hidden layer: If network computes 0 then we accept

Our final lemma of this section summarizes the second part of the analysis of ALLZEROTESTER
for ReLLU networks and deals with the networks that correctly compute the O-function.

» Lemma 19. Let (A, w) be a ReLU network with n input nodes and m hidden layer nodes.
541
Let S, T be sampling matrices corresponding to samples of size t > %j/k) and s > 1. If

(A, w) computes the constant 0-function then with probability at least 1 — X\ (over the random
choice of S and T as defined by the algorithm), for all x € {0,1}"

nm

1
-w? - ReLU(T'ASz) — —
i ReLU(T' ASx) Tgenm < 0,

and so algorithm ALLZEROTESTER accepts.
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Proof. Let (A, w) be a ReLU network that computes the constant 0-function. Let Is be
the set of indices of the s nodes sampled by our algorithm from the input layer and let
Xs ={x = (21,...,2,)T € {0,1}" : 2; = 0,Vi ¢ S} be the set of different inputs to the
sampled network. In what follows, we will condition on the choice of S being fixed. Then

nm

1
~wt TASz) — —
el ReLU(T' ASx) TgEnm < 0

holds for all z € {0,1}" if and only if this inequality holds for all z € Xg. Therefore, in what
follows we will show that the output value of a fixed x € Xg will be approximated with high
probability and then we will apply a union bound over all x € Xg to conclude the analysis.

Let = be an arbitrary fixed vector from Xg. Observe that 1 - w” - ReLU(ASz) is an
m-dimensional vector with entries from [—1,1]. We know that w? ReLU(ASz) < 0 since
the network computes the constant 0-function. Since ReLU is positively homogeneous we
can move T out of the ReLU function. The fact that T is a sampling matrix and that
w? ReLU(ASz) < 0 yields

E E -wT T -ReLU(ASz) ' S} <0. (3)

Then, applying Hoeffding bound gives us

—2(et/16)2

—-w” . T-ReLU(ASz) — E [1 cw? T ReLU(AS:r)H > Tlﬁgt ‘ S] <2 a
S

1
Pr[

S

s+1
which is upper bounded by % for our choice of t, since ¢ > W

over the | Xg| = 2° vectors in Xg, this implies the following inequality for all = € {0,1}™:

. By the union bound

nm

Pr Um” -wT - T-ReLU(ASz) — E [
st st

cwT T ReLU(ASx)] ‘ > 1165nm} <A

Lemma 19 follows from inequality (3) and the fact that in the algorithm we are subtracting

1

igenm from the result by taking a union bound over the [Xg| = 2° vectors in Xg. <

4.5 One hidden layer: Completing the proof of Theorem 5 (1)

Now Theorem 5 (1) follows immediately from Lemmas 18 and 19 and from our analysis of
the query complexity after the description of ALLZEROTESTER on page 16. <

5 Conclusions

In this paper, we introduce a property testing model to study computational networks used
as computational devices and illustrate our setting on a case study of simple ReLLU neural
networks. We believe that the property testing model developed in this paper establishes a
novel and useful theoretical framework for the study of testing algorithms and offers a new
and interesting viewpoint with a potential of advancing our understanding of the structure of
neural networks (and, in general, of computational networks). While, due to space constraints,
we have omitted full technical details behind the claims made in Section 3, we refer the
reader for the proofs and a comprehensive analysis to the full version of this paper [19].

In the context of neural networks, given our poor understanding of the computational
processes in modern deep networks (leading to serious questions on the trust and transparency
of the underlying learning algorithms), we hope that the lens of property testing as developed
in the framework considered in this paper will contribute to a better understanding of the
relation of the network structure and the computed function or properties of that function.
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Indeed, since the analysis of property testing algorithms relies on establishing close links
between the object’s local structure and the tested property, we believe the study of simple
yet fundamental models of ReLU networks may provide a new insight into such networks.

Although our paper makes the first step in the analysis of ReLU networks in the context

of property testing, there is still a large number of open questions (from the property testing
point of view) regarding such networks, including, among others, the following:

What is the query complexity of testing dictatorship and juntas (see [10] for a survey on
testing juntas)?

Classify the constant time testable properties with one- and two-sided error.

Study tolerant testing [41] in our model.

Extend the results to inputs over the reals.

These are just a small number of immediate questions one can ask about our model. We
believe that there is a wide variety of interesting questions and are confident to see further
research in this direction.
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