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Abstract
Recent work gave near-linear time algorithms for list decoding Folded Reed–Solomon codes and
univariate multiplicity codes up to capacity in their natural parameter regimes. Unlike most known
list decoding algorithms, these techniques appeared inherently tied to list decoding, and it was
unclear whether they could be extended to list recovery in near-linear time.

In this work, we resolve this question by giving Õ(n)-time algorithms for list recovery of Folded
Reed–Solomon codes and univariate multiplicity codes up to capacity, where n is the block length.
Our algorithms build on the lattice-based framework of the prior work, augmented with a new
technical ingredient: the construction of suitably structured lattices over the univariate polynomial
ring that capture the list recovery problem for these codes.
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1 Introduction

An error-correcting code C ⊆ Σn is said to be (η, L) list decodable if every Hamming ball of
radius ηn in Σn contains at most L codewords of C. When η < δ/2, where δ is the minimum
distance of the code, we are in the unique decoding regime, in which at most one codeword lies
in such a ball. List decoding is of fundamental interest both from a combinatorial perspective,
where one studies tradeoffs between parameters such as η, L, δ, and the rate of the code, and
from an algorithmic perspective, where the goal is to design efficient decoding algorithms for
increasingly large values of η. Since Sudan’s breakthrough work showing that Reed–Solomon
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67:2 Fast List Recovery of Univariate Multiplicity Codes

codes can be efficiently list decoded beyond the unique decoding radius [19], there has been
substantial progress in our understanding of list decoding, culminating in explicit codes that
achieve list decoding capacity with constant list size [9, 8, 10, 14, 15, 17, 5, 11] and, in several
cases, near-linear time decoding algorithms [6, 2, 18]. Beyond coding theory, list decoding
has deep and fruitful connections to complexity theory and pseudorandomness, including
randomness extraction and hardness amplification [21].

Our focus in this paper is on the related notion of list recovery. A code C ⊆ Σn is said
to be (η, ℓ, L) list recoverable if for all subsets E1, . . . , En ⊆ Σ with |Ei| ≤ ℓ, there are at
most L codewords c ∈ C such that ci /∈ Ei for at most ηn coordinates i ∈ [n]. Clearly, the
case ℓ = 1 recovers the definition of list decoding. List recovery has attracted considerable
attention both because of its close connection to list decoding and because of its numerous
applications, including the construction of pseudorandom objects such as extractors and
expanders, cryptographic constructions, and algorithmic problems such as group testing and
compressed sensing. We refer the reader to the survey of Resch and Venkitesh [16] and the
lecture notes of Wootters [23] for further background.

A notable feature of many list decoding algorithms is that they naturally extend to
the more general setting of list recovery. This phenomenon holds for the classical Sudan
and Guruswami–Sudan algorithms for Reed–Solomon codes [19, 9], for algorithms achieving
capacity for Folded Reed–Solomon (FRS) and (univariate and multivariate) multiplicity
codes [8, 10, 14, 15, 3, 4], as well as for recent results on expander-based codes approaching list
decoding capacity [11, 18, 12]. Consequently, one might expect fast list decoding algorithms
to extend automatically to fast list recovery.

A central direction in the study of list decoding and list recovery is the design of near-
linear time algorithms. This includes both the construction of codes admitting such fast
decoding algorithms and the development of efficient algorithms for several well-studied and
natural code families. A key milestone in this direction is the work of Alekhnovich [1], which
gave a near-linear time algorithm for list decoding (and list recovery) Reed–Solomon codes
up to the Johnson radius. Alekhnovich’s algorithm can be viewed as a fast implementation
of the Guruswami–Sudan algorithm that exploits natural connections between polynomial
interpolation-based decoding algorithms and lattices over the univariate polynomial ring.
More recently, a lattice-based framework building on these ideas was used to obtain near-
linear time list decoding algorithms up to capacity for FRS codes and univariate multiplicity
codes [6]. In addition, this work developed fast algorithms for solving certain families of
differential and functional equations that arise naturally in this context.

Perhaps surprisingly, the techniques underlying these near-linear time list decoding results
do not appear to extend directly to the setting of list recovery. This obstruction already arises
for ℓ = 2, and stands in contrast to the behavior of most known list decoding algorithms. In
this work, we show that this limitation can in fact be overcome1.

Informally, our main result gives a near-linear time algorithm for list recovery up to
capacity. In the standard parameter regime for univariate multiplicity codes, where the
list-size parameter ℓ, the error parameter ε, and the multiplicity parameter s are treated as
constants, the running time of our algorithm is Õ(n).

More formally, we prove the following theorem.

▶ Theorem 1 (main result for multiplicity codes). For every ε > 0 and ℓ ∈ N, there exists
s0 = Θ(ℓ/ε2) ∈ N such that for all s > s0, degree parameter k, block length n, and fields F
of characteristic zero or characteristic greater than k, satisfying k < ns, the following holds.

1 In this paper we focus on univariate multiplicity codes. We believe our results extend to FRS codes and
defer that case to the full version.
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There is a randomized algorithm that, given a set S ⊆ F of size n and sets Eα ⊆ Fs with
|Eα| ≤ ℓ for each α ∈ S, takes

O
(

n · poly
(

s, ℓ, log n, (ℓ/ε)
1+log ℓ

ε

))
field operations and with high probability outputs all univariate polynomials f(X) ∈ F[X] of
degree less than k such that for at least ( k

sn + ε) fraction of α ∈ S,

(f(α), f (1)(α), . . . , f (s−1)(α)) ∈ Eα.

1.1 An overview of the proof
We give a high-level overview of the proof, focusing on the list-recovery problem for univariate
multiplicity codes. Our algorithm follows the same two-step structure as prior near-linear
time list-decoding algorithms, but the interpolation step requires a fundamentally new
construction.

The input to the list-recovery problem consists of a set S ⊆ F of size n, where each α ∈ S

is associated with a list {β(α)j}j∈[ℓ] of s-tuples in Fs. As in the list-decoding setting, we
refer to this input as the received word.

We begin by recalling the structure of the near-linear time list-decoding algorithm of [6],
which is a fast implementation of the algorithm of Guruswami and Wang [10]. This algorithm
has two main components:

Interpolation via a differential equation. One constructs, for an appropriately chosen
parameter m = Θ(

√
s), a nonzero polynomial Q(X, Y0, . . . , Ym) = Q̃(X) +

∑
i Qi(X)Yi,

linear in the Y -variables and of bounded degree, such that every polynomial f whose
encoding agrees sufficiently with the received word satisfies the differential equation:

Q(X, f(X), f (1)(X), . . . , f (m)(X)) ≡ 0.

Solving the differential equation. The solution space of this linear differential equation
is an affine space of dimension at most m. A near-linear time algorithm computes a basis
for this space, followed by a pruning step [15, 20] to recover the constant-sized list of
close enough codewords.

The fast list-recovery algorithm in this paper follows the same high-level outline. This is
consistent with the polynomial-time list-recovery algorithm of Guruswami and Wang [10],
where the list-decoding and list-recovery procedures are structurally identical, differing only
in parameter settings.

To extend the results of [6] to the list-recovery setting, we use the fast differential equation
solver from [6] as is. The main new ingredient is in the first step: constructing an appropriate
differential equation in near-linear time.

We briefly recall the relevant interpolation framework from [6]. In the list-decoding
setting, each α ∈ S is associated with a unique received vector β(α). The algorithm
constructs in near-linear time univariate polynomials A0(X), A1(X), . . . , Am(X) satisfying
(Ai)(j)(α) = β(α)(i+j) for all α ∈ S, i ∈ [m], j ∈ [s−m]. One then considers the F[X]-module
(lattice) of polynomials in X, Y0, . . . , Ym generated by

{ Yi − Ai(X) : i ∈ [m] } ∪

{ ∏
α∈S

(X − α)s−m

}
. (1)

APPROX/RANDOM 2026
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This lattice has the property that any nonzero element of this lattice of sufficiently small degree
yields a polynomial Q(X, Y0, . . . , Ym) = Q̃(X) +

∑
i Qi(X)Yi such that every polynomial f

whose encoding agrees with the received word on sufficiently many α’s satisfies

Q(X, f, f (1), . . . , f (m)) ≡ 0.

In [6], existence of such a “short” nonzero lattice element is proved via an analogue of
Minkowski’s theorem, and it is found in near-linear time using Alekhnovich’s algorithm
for shortest vectors (with respect to the degree norm) in polynomial lattices. The “short”
guarantee here matches that [10] achieve via variable and constraint counting.

The difficulty in moving to list recovery is that each α now comes with ℓ candidate vectors
β(α)1, . . . , β(α)ℓ, so the received word is no longer a function α 7→ β(α). In particular, the
definition of the polynomials Ai above breaks down. A natural attempt is to arbitrarily “split”
the input into ℓ received words in the list-decoding sense: for t ∈ [ℓ], let rt = (α, β(α)t)α∈S ,
and construct the corresponding polynomials At,0, . . . , At,m. One could then try to work
with the lattice generated by products such as

∏ℓ
t=1(Yj − At,j(X)) (over F[X]), thereby

capturing the disjunction “Yj matches one of the ℓ possibilities.” However, this immediately
leads to polynomials Q with Y -degree ℓ, and hence to nonlinear differential equations. This
is the main obstacle. Even if one could find such a low-degree Q in near-linear time, it
is unclear how to solve the resulting nonlinear differential equation and recover all close
codewords efficiently: the solution set need not be an affine subspace, and the linear-algebraic
techniques of [6] do not apply. While high Y -degree interpolation is standard in other
contexts (e.g., [19, 9, 1, 14, 13]), we do not know how to make this approach work here2.

Motivated by this, it is natural to insist on keeping Q linear in the Y -variables even in
the list-recovery setting. Guruswami and Wang show that this can be done in polynomial
time. Our main technical contribution is to show that it can in fact be done in near-linear
time: we construct a carefully structured lattice over F[X] whose generators are linear
in Y0, . . . , Ym, and whose short nonzero vectors correspond precisely to linear differential
equations that capture all close codewords. In the list-decoding setting the received word is
a function α 7→ β(α) leading to an almost-diagonal basis of the form (1) for the resulting
(m+1)-dimensional lattice. In list recovery, the received word no longer has such a functional
structure and hence one cannot expect the resulting lattice to admit a similar simple basis.
What we show is the next best thing: there exists a lattice whose basis has a structured
almost-triangular form, which is sufficient for computing short nonzero vectors efficiently and
for deriving the required linear differential equation. The basis we obtain has the following
form. ∏

α∈S

(X − α)s−m,

Yi ·
∏
α∈S

(X − α)s−m, ∀i, such that 0 ≤ i ≤ ℓ − 2

C̃i(X) +
i−1∑
r=0

Yr · Ci,r(X) + Yi ·
∏
α∈S

(X − α)ℓ−1, ∀i, such that ℓ − 1 ≤ i ≤ m

for some polynomials C̃i, Ci,r ∈ F[X] for ℓ − 1 ≤ i ≤ m and 0 ≤ r ≤ i − 1. The proof that
such a basis exists is considerably involved. We first show that such an almost-triangular

2 Note that the Guruswami–Sudan list-decoding algorithm, and Alekhnovich’s near-linear time imple-
mentation thereof, already employ a Y -degree larger than one; consequently, Alekhnovich’s approach
readily extends to list recovery.
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basis exists for each α ∈ S and then combine the almost-triangular bases for the different α

to obtain the basis of the above type using the Chinese remainder theorem. See Section 3 for
details.

Organization
The rest of this paper is organized as follows. Section 2 introduces univariate multiplicity
codes and the subroutines used in the lattice construction. Section 3 gives the fast lattice
construction and the resulting differential equation. Setting up this lattice is the key novelty
of the paper. Section 4 describes the list-extraction procedure from the differential equation,
completing the proof of Theorem 1.

2 Preliminaries

2.1 Notation
We work in some fixed finite field F.
For a natural number N , we will use [N ] to refer to the set {0, 1, 2, . . . , N − 1}.
We use 0k to denote the k-length zero vector. We may drop the subscript if the length is
clear from context.

2.2 Univariate multiplicity codes
We recall the formal definition of the univariate multiplicity code.

▶ Definition 2 (Multiplicity codes). Let n, k, s be positive integers satisfying k < ns, F be
a field of characteristic zero or at least s and size at least n, and let S = {α1, α2, . . . , αn}
be a set of n distinct elements of F. Then, the univariate multiplicity code with multiplicity
parameter s and degree parameter k is defined as follows.

The alphabet of the code is E = Fs and the block length is n = |S|, where the coordinates of
a codeword are indexed by α ∈ S. The message space is the set of all univariate polynomials of
degree less than k in F[x]. The encoding of such a message f ∈ F[x], denoted by Mults(f) ∈ ES

is defined as

Mults(f)|α :=
(

f(α), f (1)(α), . . . , f (s−1)(α)
)

,

where f (j)(α) is the evaluation of the jth-order derivative3 of f on the input α. The rate of
this code is k/ns while the distance is 1 − (k − 1)/ns.

In the list-recovery setting, the received word R assigns to every evaluation point α ∈ S

a collection of tuples β(α)j = (β(α)(0)
j , β(α)(1)

j , . . . , β(α)(s−1)
j ) for every j ∈ [ℓ]. In words

β(α)(i)
j is the jth option for the ith derivative of the message polynomial at α. Agreement is

with respect to inclusion in this list; that is, Mult(f) agrees with R on point α if there exists
j ∈ [ℓ] such that (f(α), f (1)(α), . . . , f (s−1)(α)) = β(α)j = (β(α)(0)

j , β(α)(1)
j , . . . , β(α)(s−1)

j ).
Our goal is to carry out list recovery from an agreement fraction of k/ns + ε, for a given

parameter ε.

3 This definition in terms of (standard) derivatives requires the characteristic of the field to be 0 or at
least k. All known capacity-achieving list-decoding results for univariate multiplicity codes require large
characteristic (previous works [14, 10, 15, 6] as well as our work). For this reason as well as ease of
presentation, we work with standard derivatives.

APPROX/RANDOM 2026
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2.3 Polynomial operators and lattices
We recall below the τ operator, used in [10, 13], and [6].

▶ Definition 3 (Tau operator). Let s ∈ N be a parameter. Then, for every m such that 0 ≤
m < s, the function τ is an F-linear map from the set of polynomials in F[X, Y0, Y1, . . . , Ym]
with Y-degree 1 to the set of polynomials in F[X, Y0, Y1, . . . , Ym+1] with Y-degree 1 and is
defined as follows.

τ

(
Q̃(X) +

m∑
i=0

Qi(X) · Yi

)
:= Q̃(1)(X) +

m∑
i=0

(
Q

(1)
i (X) · Yi + Qi(X) · Yi+1

)
.

For an integer i≤(s−m−1), we use τ (i) to denote the linear map from F[X, Y0, Y1, . . . , Ym]
to F[X, Y0, Y1, . . . , Ym+i] obtained by applying the operator τ iteratively i times.

The operator is defined this way so that

d

dX
Q(X, f(X), f (1)(X), . . . , f (m)(X)) = τQ(X, f(X), f (1)(X), . . . , f (m+1))(X).

It will be convenient to view polynomials in F[X, Y0, . . . , Ym+i] for i ≤ s−m−1 as polynomials
in F[X, Y0, . . . , Ys−1]. Thus, when evaluating a polynomial R ∈ F[X, Y0, . . . , Ym+i−1] at the
point (α, β) ∈ Fs+1, R(α, β) refers to R(α, β[m+i]) = R(α, β0, . . . , βm+i−1).

We will extensively use the following simple property of the τ operator.

▶ Proposition 4. Let α be a field element and β = (β0, . . . , βi, . . . , βs−1) ∈ Fs. Then, for
any integer j with 1 ≤ j ≤ s − m,

τ (j)[(X − α)Q](α, β) = jτ (j−1)(Q)(α, β).

Proof. We prove this by induction on j. When j = 1, the left-hand side is τ [(X − α)Q](α, β).
From the definition, this equals [(X − α)τQ + Q](α, β). (This can be checked term by term.)
The first term (X − α)τQ is zero when evaluated at (α, β) leaving Q(α, β) as required.

For the induction step, observe similarly that

τ (j)[(X − α)Q] = τ (j−1)τ [(X − α)Q]

= τ (j−1)[(X − α)τQ + Q]

= τ (j−1)[(X − α)τQ] + τ (j−1)Q

Evaluating at (α, β), by the induction hypothesis,

τ (j−1)[(X − α)τQ](α, β) + τ (j−1)Q(α, β) = (j − 1)τ j−2[τQ](α, β) + τ (j−1)Q(α, β)

= (j − 1)τ (j−1)Q(α, β) + τ (j−1)Q(α, β)

= jτ (j−1)Q(α, β). ◀

We now define lattices and state the version of Minkowski’s theorem for polynomial
lattices.

▶ Definition 5 (polynomial lattice). Let B = {v1, v2, . . . , vN } be a set of m-dimensional
vectors of polynomials, that is, vi ∈ F[X]m for all i. The lattice LB generated by this set
over the ring F[X] is the set of all linear combinations

LB := {fiv1 + f2v2 + · · · + fN vN : fi ∈ F[X]} .
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A basis of a lattice is a set B of vectors of polynomials such that B generates the lattice
in the sense of the above definition and the vectors in B are linearly independent over the
field F(X) of rational functions over F. A basis B can be viewed as an m × ℓ matrix (the ℓ

basis vectors written side by side as columns).
For a full-rank lattice (i.e., when ℓ = m), the determinant of a basis B refers to the

determinant of this matrix Since this quantity is independent of the choice of basis, it is also
referred to as the determinant of the lattice, denoted by det L.

Let β = (β(1), β(2), . . . , β(m)) ∈ F[X]m be a vector of polynomials. We define the
max-degree norm as follows β := maxj∈[m] deg β(j).

▶ Theorem 6 (polynomial version of Minkowski’s theorem). Let L be an m-dimensional
polynomial lattice. Then, there is a nonzero vector v in the lattice L satisfying

deg v ≤ 1
m

deg det L

where deg v is the max-degree norm and det L is the determinant of the lattice basis.

A proof can be found in [6].

▶ Theorem 7 ([1, Theorem 2.1],[7, Theorem 9]). Let B be a set of N vectors of dimension
m. Let d be the maximal degree of the polynomials which are entries of the vectors in B.
Then, there is an algorithm ShortVector that finds the shortest vector in LB, the lattice
generated by B, in time Õ(d(N + m)ω) where ω is the exponent in the complexity of matrix
multiplication.

Here “shortest vector” is in the max-degree norm. See [6] for details.
We will also use the following off-the-shelf subroutines for fast Hermite interpolation and

polynomial Chinese remainders.

▶ Theorem 8 ([22, Algorithm 10.22]). Let m1(X), m2(X), . . . , mr(X) be univariate polyno-
mials in F[x] with pairwise GCD equal to 1. Let v1(X), v2(X), . . . , vr(X) ∈ F[X] such that
deg vi < deg mi for all i ∈ [r]. Then, we can find the unique polynomial f(X) ∈ F[X] of degree
less than d =

∑
i deg mi such that f ≡ vi mod mi for all i ∈ [r], in time O(dpoly log(d)).

3 Fast construction of differential equation

As in Guruswami–Wang, our first step is to construct an “explanation” polynomial for the
received word. In this section, we show that this can be done in near-linear time. Below is
the main theorem for this section.

▶ Theorem 9. Let R =
(

α, β
(0)
j , β

(1)
j , . . . , β

(s−1)
j

)
α∈S,j∈[ℓ]

be a received word and let m ≤ s−1
be a parameter.

Then, for D ≤ nℓ(s − m)/m + nℓ, there exists a nonzero polynomial Q(X, Y0, Y1, . . . , Ym)
of the form Q = Q̃(X) +

∑
i Qi(X) · Yi of X-degree at most D with the following property:

if f(X) ∈ F<k[X] is such that for at least (D + k)/(s − m) values of α ∈ S, we have(
f(α), f (1)(α), . . . , f (s−1)(α)

)
=
(

β
(0)
j , β

(1)
j , . . . , β

(s−1)
j

)
for some j ∈ [ℓ], then,

Q
(

X, f(X), f (1)(X), . . . , f (m)(X)
)

≡ 0. (2)

APPROX/RANDOM 2026
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Furthermore, there is a deterministic algorithm that takes as input R and returns Q as
a list of coefficients that carries out Õ(npoly(s + m + ℓ)) field operations – specifically,
Õ(n[ℓ(s − m)2 + m2(s − m) + (s − m)mω]).

A natural way to ensure that the polynomial Q satisfies (2), is to ensure that for each
α ∈ S, we have the following conditions

τ (t)(Q)
(
α, β0

j , β1
j , . . . , βm+t

j

)
= 0, ∀t ∈ [s − m], j ∈ [ℓ]. (3)

This will ensure that every close enough codeword satisfies (2) (see Lemma 14 for exact
details). We will refer to these conditions as the “τ -conditions”. The set of polynomials Q

satisfying (3) are closed under addition and multiplication by a polynomial in F[X]. In other
words, they form a F[X]-module (or equivalently a lattice with entries from the univariate
ring F[X]). Here, it will be convenient to view the polynomial Q = Q̃(X) +

∑
i Qi(X) · Yi as

an (m + 2)-dimensional vector of the form (Q̃, Q0, Q1, . . . , Qm) ∈ F[X]m+2 where the first
component Q̃ is the Y -free part of Q and the subsequent components are the coefficients of
Y0, Y1, . . . , Ym respectively. To prove Theorem 9, we will first construct a structured basis
for this lattice and then use Minkowski’s theorem to show that there exists a short vector
in this lattice. The following proposition gives this structured basis for a sub-lattice of the
lattice of polynomials satisfying the “τ -conditions”.

▶ Proposition 10. Let ℓ be the list size and R =
(

α, β
(0)
j , β

(1)
j , . . . , β

(s−1)
j

)
α∈S,j∈[ℓ]

be the
received word and let m ≤ s − 1 be a parameter.

Then, there exist m + 2 polynomials in F[X, Y0, . . . , Ym] satisfying the τ -conditions (3)
for all α ∈ S of the following type

B̃ =
∏
α∈S

(X − α)s−m,

Bi = Yi ·
∏
α∈S

(X − α)s−m, ∀i, such that 0 ≤ i ≤ ℓ − 2

Bi = C̃i(X) +
i−1∑
r=0

Yr · Ci,r(X) + Yi ·
∏
α∈S

(X − α)ℓ−1, ∀i, such that ℓ − 1 ≤ i ≤ m.

for some polynomials C̃i, Ci,r ∈ F[X] for ℓ − 1 ≤ i ≤ m and 0 ≤ r ≤ i − 1. Furthermore,
there is a deterministic algorithm that takes as input R and returns these (m+2)-polynomials
carrying out Õ(n[ℓ(s − m)2 + m2(s − m)]) field operations.

The analogue of Proposition 10 in the list-decoding case was easier to obtain since the
conditions for all the evaluation points (i.e., α ∈ S) are identical. However, this is not the
case when the list size ℓ is more than 1. In order to address this, we first show that a version
of Proposition 10 can be proved for each α ∈ S and then combine these different bases for
the different α into a single basis that works for all the α. The following proposition is the
version of Proposition 10 for a single α ∈ S (which is proved in Section 3.1).

▶ Proposition 11. Let α ∈ S and ℓ be the list size and let m ≤ s − 1 be a parameter.
Given ℓ possible evaluations (i.e.,

(
β

(0)
j , β

(1)
j , . . . , β

(s−1)
j

)
for each j ∈ [ℓ]) at the point

α, there exist m + 2 polynomials in F[X, Y0, . . . , Ym] satisfying the τ -conditions (3) for this
specific α ∈ S of the following type
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B̃α = (X − α)s−m,

Bα,i = Yi · (X − α)s−m, ∀i, such that 0 ≤ i ≤ ℓ − 2

Bα,i = C̃i(X) +
i−1∑
r=0

Yr · Ci,r(X) + Yi · (X − α)ℓ−1, ∀i, such that ℓ − 1 ≤ i ≤ m.

for some polynomials C̃i, Ci,r ∈ F[X] for ℓ − 1 ≤ i ≤ m and 0 ≤ r ≤ i − 1. Furthermore,
there is a deterministic algorithm that takes as input

(
β

(0)
j , β

(1)
j , . . . , β

(s−1)
j

)
j∈[ℓ]

and returns

these (m + 2) polynomials, carrying out Õ(ℓ(s − m)2) field operations.

We then show in Section 3.2 that the bases for two disjoint sets U, V of evaluation
points (i.e., U, V ⊆ S) can be combined into a basis for the set W = U ∪ V in time
approximately Õ(max(|U |, |V |)). We use this procedure recursively over the bases constructed
via Proposition 11 for each α ∈ S to obtain a basis that works simultaneously for all α ∈ S

to yield Proposition 10.

3.1 Construction of basis for a single evaluation point
In this section, we will fix an evaluation point α ∈ S and construct a set of m + 2 linearly
independent polynomials (over the ring F[X]) as specified in Proposition 11. More precisely,
we want to show that there exist m + 2 polynomials of the following type that satisfy the
τ -conditions for α. Since α will be fixed throughout this section, we will drop α from the
subscript to declutter the notation.

B̃ = (X − α)s−m,

Bi = Yi · (X − α)s−m, ∀i, such that 0 ≤ i ≤ ℓ − 2

Bi = C̃i(X) +
i−1∑
r=0

Yr · Ci,r(X) + Yi · (X − α)ℓ−1, ∀i, such that ℓ − 1 ≤ i ≤ m.

for some polynomials C̃i, Ci,r ∈ F[X] for ℓ − 1 ≤ i ≤ m and 0 ≤ r ≤ i − 1.
To this end, given a polynomial B of the above form and any β = (β(0), β(1), . . . , β(s−1))

we will find it convenient to use the following notation for the vector in Fs−m composed of
evaluations of iterated τ -operator of the polynomial B at the point (α, β):

τ(B, β) := τ (<s−m)(B)(α, β) =


B(α, β)

τ(B)(α, β)
τ (2)(B)(α, β)

...
τ (s−m−1)(B)(α, β)

 .

The linearity of the τ operator shows that the function τ(·, ·) is linear in its first argument.

Proof of Proposition 11. In the notation defined above, we want to show that τ(B, β) =
0s−m for all β ∈ {βj : j ∈ [ℓ]} and each B ∈ {B̃, B0, B1, . . . , Bm}. Clearly, this is true
when B ∈ {B̃, B0, B1, . . . , Bℓ−2}. In the rest of the proof, we will construct polynomials
C̃i, Ci,r ∈ F[X], such that this is also true for the polynomials B = {Bℓ−1, Bℓ, . . . , Bm}. We
will prove this by induction on ℓ, the list size.

APPROX/RANDOM 2026



67:10 Fast List Recovery of Univariate Multiplicity Codes

Base case ℓ = 1: This is the list-decoding setting, where we have only β in the list cor-
responding to α, namely β0 = (β(0)

0 , β
(1)
0 , . . . , β

(s−1)
0 ). The proof in this case is similar

to the corresponding step in [6], which is obtained by Hermite interpolation. For each
0 ≤ i ≤ m, we define the polynomial C̃i to be the unique (s − m − 1)-degree polynomial
in F[X] such that for all j ∈ [s − m], we have

C̃i

(j)
(α) = −β

(i+j)
0 .

The remaining Ci,r(X) are set to zero for all 0 ≤ i ≤ m and r ∈ [i]. In other words,
the ith polynomial Bi := Yi + C̃i(X) for ℓ − 1 = 0 ≤ i ≤ m. Bi clearly satisfies the
τ -conditions (3) for α.

Induction step ℓ ≥ 2: By induction, let us assume that for the first (ℓ − 1) list elements
βj , j ∈ [ℓ−1], we have polynomials B′

i satisfying the τ -conditions for α, namely τ(B′
i, βj) =

0 for all i such that ℓ − 2 ≤ i ≤ m and j ∈ [ℓ − 1]. We now need to construct polynomials
Bi for ℓ − 1 ≤ i ≤ m such that τ(Bi, βj) = 0 for all i such that ℓ − 1 ≤ i ≤ m and j ∈ [ℓ].
Note that the number of polynomials to be constructed in the ℓ-case is one less than the
(ℓ − 1)-case while the number of β’s for which we need τ(Bi, βj) = 0 is one more.
Fix an i such that ℓ−1 ≤ i ≤ m. We will construct the polynomial Bi from the polynomial
B′

i−1. Consider the polynomial B′′
i := τ ((X − α) · Bi−1). Clearly, this polynomial is

of the required form Yi · (X − α)ℓ−1 +
∑

r∈[i] Yr · Ci,r(X) + C̃i(X). By Proposition 4,
we have that τ(B′′

i , βj) = 0 for all j ∈ [ℓ − 1]. Now, if τ(B′′
i , βℓ−1) is also 0, we can set

Bi := B′′
i and be done.

Suppose τ(B′′
i , βℓ−1) ̸= 0. Then, let r∗ ∈ [s − m] be the least r such that

τ (<r)(B′′
i )(α, βℓ−1) = 0r but τ (r)(B′′

i )(α, βℓ−1) ̸= 0. By Proposition 4, definition
of B′′

i and the fact that s − m is less than the characteristic of F, we also have
τ (<r∗)(B′

i−1)(α, βℓ−1) = 0r∗ but τ (r∗)(B′
i−1)(α, βℓ−1) ̸= 0. Let us consider the (s−m−r∗)

polynomials {(X − α)t · B′
i−1 : t ∈ [s − m − r∗]}. The t-th polynomial in this set, namely

(X − α)t · B′
i−1 satisfies τ (<r∗+t)((X − α)t · B′

i−1)(α, βℓ−1) = 0r∗+t but τ (r∗+t)((X −
α)t · B′

i−1)(α, βℓ−1) ̸= 0. Hence, the (s − m − r∗) vectors {τ
(
(X − α)t · B′

i−1, βℓ−1
)

: t ∈
[s − m − r∗]} form a basis for the space of all vectors in Fs−m which are zero in the first
r∗ coordinates. This space contains the vector τ(B′′

i , βℓ−1) and hence there exist scalars
ct ∈ F for t ∈ [s − m − r∗] such that

τ(B′′
i , βℓ−1) =

∑
t∈[s−m−r∗]

ct · τ((X − α)t · B′
i−1, βℓ−1).

We can now set

Bi := B′′
i −

∑
t∈[s−m−r∗]

ct · (X − α)t · B′
i−1.

By choice of the scalars ct, we have that τ(Bi, βℓ−1) = 0. Since τ(B′′
i , βj) = 0 and

τ(B′
i−1, βj) = 0 for all j ∈ [ℓ − 1], we also have that τ(Bi, βj) = 0 for all j ∈ [ℓ − 1].

Combining, we have that τ(Bi, βj) = 0 for all j ∈ [ℓ].
It can be seen that Bi is of the required form Yi · (X − α)ℓ−1 +

∑
r∈[i] Yr · Ci,r(X) + C̃i(X)

since B′′
i is of this form and each of the polynomials (X − α)t · B′

i−1 are of the form∑
r∈[i] Yr · Ci,r(X) + C̃i(X).
We turn to the time complexity. For each list element, we may have to solve a system

of equations to find the scalars {ct}. Observe that this is a triangular system in at most
s − m variables, and hence can be solved with O(s − m)2 operations; giving an overall total
of Õ(ℓ(s − m)2) operations. This concludes the proof of the proposition. ◀
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3.2 Combining the bases
In the previous section, we constructed a structured basis for each α ∈ S. In this section, we
will show how to combine these bases recursively to obtain a single basis that works for all
α ∈ S. To this end, we begin by showing a general procedure to combine the bases of two
F[X]-modules to generate the basis for a related F[X]-module.

Let S be the set of evaluation points. For each α ∈ S, let pα(X) be an associated monic
polynomial of degree at most (s − m) such that for any two distinct α, β ∈ S, we have
gcd(pα, pβ) = 1. We will be setting pα(X) = (X − α)s−m for multiplicity codes.

Let U , V be two disjoint non-empty subsets of S. Define the polynomials

PU (X) :=
∏
α∈U

pα(X), PV(X) :=
∏
α∈V

pα(X).

Observe that since U ∩ V = ∅, we have gcd(PU , PV) = 1.
Let MU , MV be two (m + 2)-dimensional F[X]-modules4 with lower-triangular bases

BU = {Ũ, U0, U1, . . . , Um} and BV = {Ṽ, V0, V1, . . . , Vm} respectively of the following
type:

Ũ = Ũ(X), Ṽ = Ṽ (X)

Ui = Ũi(X) +
i∑

r=0
Yr · Ui,r(X), Vi = Ṽi(X) +

i∑
r=0

Yr · Vi,r(X), ∀0 ≤ i ≤ m

Furthermore, suppose these bases BU , BV behave “nicely” with their respective polynomials
PU , PV in the following sense: the diagonal elements Ũ , Ui,i, i ∈ [m] are nonzero factors of
the polynomial PU and similarly Ṽ , Vi,i, i ∈ [m] are nonzero factors of the polynomial PV .

Let W = U ∪ V and PW = PU · PV be the associated polynomial with the set W. We
can construct a lower-triangular basis BW = {W̃, W0, W1, . . . , Wm} which behaves “nicely”
with the polynomial PW as follows:

W̃ = W̃ (X)

Wi = W̃i(X) +
i∑

r=0
Yr · Wi,r(X), ∀0 ≤ i ≤ m

where the diagonal elements are given by W̃ = Ũ · Ṽ and Wi,i = Ui,i · Vi,i, 0 ≤ i ≤ m and the
non-diagonal elements Wi,r(X), r ∈ [i] are the unique polynomials (by the Chinese remainder
theorem) such that

Wi,r ≡ Ui,r · Vi,i mod PU ,

Wi,r ≡ Vi,r · Ui,i mod PV .

This basis satisfies that Wi ≡ Vi,i(X) · Ui mod PU and symmetrically, Wi ≡ Ui,i(X) ·
Vi mod PV .

Let MW be the F[X]-module generated by this basis BW . This basis satisfies the following
property.

4 Here, we identify the polynomial Q̃ +
∑

i∈[m] Yi · Qi(X) with the (m + 2)-dimensional vector
(Q̃, Q0, Q1, . . . , Qm)
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▷ Claim 12. If H = H̃(X) +
∑

i∈[m] Yi · Hi(X) or equivalently (H̃, H0, H1, . . . , Hm) satisfies
H mod PU ∈ MU and H mod PV ∈ MV , then H mod PW ∈ MW .

Proof. Since H mod PU ∈ MU and H mod PV ∈ MV , we have polynomials Ã, B̃, Ai, Bi, 0 ≤
i ≤ m such that

H mod PU = Ã(X) · Ũ +
m∑

i=0
Ai(X) · Ui,

H mod PV = B̃(X) · Ṽ +
m∑

i=0
Bi(X) · Vi.

Define polynomials

C̃(X) := Ũ−1 · P −1
U · B̃ mod PV , D̃(X) := Ṽ −1 · P −1

V · Ã mod PU

Ci(X) := Ui,i(X)−1 · P −1
U · Bi mod PV , Di(X) := V −1

i,i · P −1
V · Ai mod PU , i ∈ [m]

We claim that

H = [C̃ · PU + D̃ · PV ]W̃ +
m∑

i=0
[Ci · PU + Di · PV ]Wi mod PU PV .

Indeed, observe the right-hand side mod PU . All the terms involving PU vanish, leaving
D̃ · PV · W̃ +

∑m
i=0 Di · PV · Wi. Simplifying using the definition of W, we have Ã · Ũ +∑

i∈[m] Ai · Ui, which is H mod PU . The case mod PV is symmetric and the equivalence
follows from the Chinese remainder theorem. ◁

For the specific setting of multiplicity codes, the polynomial pα(X) will be (X−α)s−m. For
any subset U ⊆ S of the evaluation points, we will say that the basis BU = {Ũ, U0, . . . , Um}
is U-good, if the following two properties are satisfied.
1. The diagonal elements of the basis satisfy

Ũ(X) :=
∏
α∈U

(X − α)s−m,

Ui,i(X) :=
∏
α∈U

(X − α)s−m, 0 ≤ i ≤ ℓ − 2

Ui,i(X) :=
∏
α∈U

(X − α)ℓ−1, ℓ − 1 ≤ i ≤ m

where ℓ is the list size.
2. Every basis element U ∈ BU satisfies the τ -conditions (3) for every α ∈ U .

Clearly, the basis generated by Proposition 11 when U = {α} is a singleton set is {α}-good.
The following claim shows that if BU , BV are both good, so is BW .

▷ Claim 13. Let U , V ⊆ S be two disjoint non-empty subsets of the set of evaluation points
S. If BU is U-good and BV is V-good, then BW is W-good.

Furthermore, there is a deterministic algorithm that when given the bases BU and BV
outputs the basis BW , carrying out Õ(max{|U|, |V|}m2(s − m)) field operations.

Proof. Item 1 follows from how the diagonal elements of the basis BW are defined. The
runtime bound follows from the time required for the Chinese remainder theorem (Theorem 8):
for the O(m2) off-diagonal elements Wi,r, we carry out a CRT of polynomials of degree at
most max{|U|, |V|}(s − m).
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We now prove Item 2. Let W ∈ BW . If W = W̃, then W = Ṽ · Ũ =
∏

α∈W(X − α)s−m

and hence satisfies the τ -conditions for all α ∈ W . Suppose W = Wi for some 0 ≤ i ≤ m. Let
α ∈ W. Suppose α ∈ U . By definition of Wi, we have Wi ≡ Vi,i · Ui mod PU and is hence
of the form Vi,i · Ui +

∏
α∈U (X − α)s−m · H for some polynomial H = H̃ +

∑m
i=0 Yi · Hi(X).

Since BU is U -good, Ui satisfies the τ -conditions with respect to α. Hence, so does Vi,i · Ui

and Wi. The case when α ∈ V is similar. ◁

We are now ready to prove Proposition 10.

Proof of Proposition 10. Let BS := {B̃, B0, B1, . . . , Bm} be obtained by the following
process: Divide S into two halves U and V, and recursively compute bases BU and BV for
them, and then combine them as indicated earlier in this section. For a singleton set, we use
the basis given by Proposition 11.

It follows from Claim 13, that since the bases for the singleton sets are good, so are all the
bases that are recursively constructed. Thus, the basis BS has all the properties mentioned
in Proposition 10. The only thing left to be verified is the running time.

As for the running time, let T (n) be the running time where n is the size of the set
S. We split it into two instances of size n/2, each of which can be solved in time T (n/2).
Claim 13 states that the bases for the two instances can be combined in time Õ(nm2(s − m)).
Finally, Proposition 11 states that the base case when the set is a single point requires time
Õ(ℓ(s − m)2). Putting all this together, we have T (n) = 2T (n/2) + Õ(nm2(s − m)) and
T (1) = Õ(ℓ(s − m)2). Solving, we get T (n) = Õ(n[ℓ(s − m)2 + m2(s − m)]). ◀

3.3 Proof of Theorem 9
Before we prove the main theorem of the section, we have to connect the τ -conditions to the
desired property, of close enough codewords satisfying the differential equation.

▶ Lemma 14. Let Q(X, Y0, Y1, . . . , Ym) ∈ MS have X-degree at most D ≤ nℓ(s−m)/m+nℓ

and Yi-degree at most 1 for every Yi. Let f(X) ∈ F<k[X] be such that for (D + k)/(s − m)
values of α ∈ S, (f(α), f (1)(α), . . . , f (s−1)(α)) = (β(0)

j , β
(1)
j , . . . , β

(s−1)
j ) for some j ∈ [ℓ].

Then, Q(X, f(X), f (1)(X), . . . , f (m)(X)) ≡ 0.

Proof. Let P (X) = Q(X, f(X), f (1)(X), . . . , f (s−1)(X)). Since f has degree less than k and
Q is linear in the Y -variables, P (X) has degree less than D + k. The definition of the τ

operator is set up such that τ (i)(Q)(X, f(X), f (1)(X), . . . , f (s−1)(X)) = diP
dXi . This combined

with Proposition 10 implies that for an agreement point α,

diP

dXi
(α) = [τ (i)(Q)](α, f(α), f (1)(α), . . . , f (s−1)(α)) = τ (i)(Q)(α, β

(0)
j , β

(1)
j , . . . , β

(s−1)
j ) = 0

for any i ∈ [s − m]. That is, at these points, P vanishes with multiplicity at least (s − m).
Therefore, if the number of such agreements is at least (D +k)/(s−m), P must be identically
zero. ◀

We are now ready to prove the main theorem of the section.

Proof of Theorem 9. We will take Q to be a polynomial in the F[X]-span of the polynomials
B̃, B0, B1, . . . , Bm given by Proposition 10. Since each of them satisfies the τ -conditions, as
given by the proposition, so will Q. In addition, Q will have the form Q = Q̃(X)+

∑
i Qi(X) ·

Yi, inherited from the basis polynomials.
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We now have to bound the degree of the coefficients. Following our previous notation, let
MS be span{B̃, B0, B1, . . . , Bm}. By Theorem 6, MS contains a polynomial of degree at
most (deg det MS)/(m + 2). Because of the lower triangular structure, to find deg det MS ,
we need only multiply the degrees of the terms on the diagonal.

The first ℓ terms on the diagonal are
∏

α∈S(X − α)s−m, and the remaining m + 2 − ℓ are∏
α∈S(X − α)ℓ−1. This gives deg det MS = nℓ(s − m) + (m + 2 − ℓ)n(ℓ − 1) ≤ nℓ(s − m) +

n(m + 2)ℓ. Applying the Minkowski statement gives the required bound.
The close enough codewords statement is given by Lemma 14. This gives all the required

properties of Q.
The running time is the time to construct the basis followed by the time to find a short

vector in the lattice. From Proposition 10 and Theorem 7, we get a running time bound of
Õ(n[ℓ(s − m)2 + m2(s − m) + (s − m)mω]). ◀

4 List-recovery algorithm for multiplicity codes

Having constructed the differential equation, we now have to solve it in near-linear time. We
use off-the-shelf subroutines for this. We recall the relevant algorithms before analyzing the
overall list-recovery algorithm.

4.1 Fast algorithms for solving differential equations

We will invoke the following algorithms for solving differential equations from [6]. (Their
paper also contains an analogous result for functional equations, for FRS codes.)

▶ Theorem 15 ([6, Theorem 1.6]). Let F be a finite field of characteristic greater than d or
zero, and let

Q(X, Y0, . . . , Ym) = Q̃(X) +
m∑

i=0
Qi(X) · Yi

be a nonzero polynomial with X-degree at most D. Then, the set of polynomials f(X) ∈ F[X]
of degree at most d that satisfy

Q
(

X, f, f (1) . . . , f (m)
)

≡ 0

is contained in an affine space of dimension at most m.
Furthermore, there is a deterministic algorithm FastDESolver that when given Q as an

input via its coefficient vector, and the parameter d, performs at most Õ((D + d)m4) field
operations and outputs a basis for this affine space.

▶ Remark 16. The [6, Theorem 1.6] paper presents a complexity of Õ((D + d)poly(m)).
On closer examination, their recursion contains a factor of at most m4 as they solve for
m different basis elements separately and each is solved using [6, Algorithm 1]. The time
complexity for this step is analyzed in [6, Lemma 5.8] which their analysis shows has a
dependence of at most O(m3).

These algorithms output a subspace containing the codewords. We use the “Prune”
subroutine introduced by [15], which was simplified by [20], to obtain the codewords. The
list-size bounds we present below are due to [20].
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▶ Theorem 17 ([15, Lemma 3.1], [20, Theorem 4.5]). For every ε > 0, ℓ ∈ N, all integers
s > 16ℓ

ε2 , degree parameter k, block length n and field F of characteristic zero or greater than
k, the following is true.

Define

L(δ, ε, ℓ, r) =
(

ℓ

ε

)O( 1+log(ℓ)
ε )

.

Then, for any γ > 0, there is a randomized algorithm Prune that when given as input sets
S ⊆ F and Eα ⊆ Fs, with |Eα| ≤ ℓ for every α ∈ S and |S| = n, and a basis for an affine
space A of dimension at most 4ℓ/ε, outputs

L = {f(X) ∈ F<k[X] ∩ A | |{α ∈ S | (f(α), f (1)(α), · · · , f (s−1)(α)) ∈ Eα}| > (R + ε)n}

with probability at least 1 − γ in time Õ(n)poly(log q, s, L(δ, ε, ℓ, r), log(1/γ)) and it is guar-
anteed that

|L| ≤ L(δ, ε, ℓ, r) .

4.2 Algorithm and proof of main theorem
The final algorithm proceeds in 3 steps: finding the differential equation, solving it, and
pruning. Before restating and proving the main theorem, we state separately here the
combination of the first two steps, as the time complexity in those parts is our main
contribution.

▶ Theorem 18. For all integers ℓ, m, s ∈ N with m < s, degree parameter k, block length n

and field F of characteristic zero or greater than k, the following is true.
There is a deterministic algorithm that, when given as input sets S ⊆ F and Eα ⊆

Fs with |Eα| ≤ ℓ for every α ∈ S and |S| = n, runs in time O(n log |F|(ℓ(s2 + sm3) +
k
n m4)polylog(n, s, log log |F|)) and outputs the basis of an affine space A ⊆ F[X] of dimension
at most m such that A contains all polynomials f(X) of degree less than k such that for at
least ( nℓ+k

n(s−m) + ℓ
m ) fraction of α ∈ S,

(f(α), · · · , f (s−1)(α)) ∈ Eα .

Proof. We begin by describing the algorithm.
Input: R = {(αi, β

(0)
j , β

(1)
j , . . . , β

(s−1)
j )}i∈[n],j∈[ℓ], k ∈ Z

Task: Return the basis of an affine space A of dimension at most m containing all
f ∈ F<k[X] such that for nℓ/m + (nℓ + k)/(s − m) values of i,

(f(αi), f (1)(αi), . . . , f (s−1)(αi)) = (β(0)
j , β

(1)
j , . . . , β

(s−1)
j )

for some j ∈ [ℓ].

1. Construct a multivariate polynomial Q as per Theorem 9.
2. Solve the resulting differential equation using the algorithm in Theorem 15, to obtain an

affine space A containing all the codewords.

Observe that by Theorem 9, we can construct a multivariate polynomial Q(X, Y0, · · · , Ym)
of the form Q = Q̃(X)+

∑
i Qi(X)·Yi of X-degree at most D ≤ nℓ(s−m)

m +nℓ with the following
property: if f(X) ∈ F<k[X] is such that for at least 1

s−m

(
nℓ(s−m)

m + nℓ + k
)

= nℓ
m + nℓ+k

s−m

values of α ∈ S, we have

(f(α), · · · , f (s−1)(α)) ∈ Eα ,
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then,

Q(X, f(X), f (1)(X), · · · , f (m)(X)) ≡ 0

in time Õ(nℓ((s − m)2 + (s − m)mω)) which is within our time complexity.
Now, Theorem 15 outputs the basis of the affine space of dimension at most m of the

polynomials of degree < k which are solutions of the above differential equation in time
Õ((D + k)m4). Substituting D ≤ nℓ(s−m)

m + nℓ, the time complexity is within the claimed
range. ◀

We are finally ready to prove the main theorem. We first recall the theorem statement.
▶ Theorem 1 (main result for multiplicity codes). For every ε > 0 and ℓ ∈ N, there exists
s0 = Θ(ℓ/ε2) ∈ N such that for all s > s0, degree parameter k, block length n, and fields F
of characteristic zero or characteristic greater than k, satisfying k < ns, the following holds.
There is a randomized algorithm that, given a set S ⊆ F of size n and sets Eα ⊆ Fs with
|Eα| ≤ ℓ for each α ∈ S, takes

O
(

n · poly
(

s, ℓ, log n, (ℓ/ε)
1+log ℓ

ε

))
field operations and with high probability outputs all univariate polynomials f(X) ∈ F[X] of
degree less than k such that for at least ( k

sn + ε) fraction of α ∈ S,

(f(α), f (1)(α), . . . , f (s−1)(α)) ∈ Eα.

Proof. We will first set the parameters. Recall that the agreement fraction for which
Theorem 9 works is

nℓ + k

n(s − m) + ℓ

m
.

The rate R is k/ns. For the above to approximately equal R + ε, we set s0 = 16ℓ/ε2 + 4ℓ
ε

and m = 4ℓ/ε with s > s0. Thus,
nℓ + k

n(s − m) + ℓ

m
≤ ℓ

(s − m) + k

n(s − m) + ε

2 ≤ ε2

16 + ε

4 + R ·
(

s

s − m

)
≤ R + ε · R

4 + ε

4 + ε2
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Since ε ≤ 1 − R and thus ε2 ≤ ε(1 − R), we get that

nℓ + k

n(s − m) + ℓ

m
< R + ε/2.

The algorithm is given below.
Input: R = {(αi, β

(0)
j , β

(1)
j , . . . , β

(s−1)
j )}i∈[n],j∈[ℓ], k ∈ Z

Task: Return all f ∈ F<k[X] such that for nℓ/m + (nℓ + k)/(s − m) values of i,

(f(αi), f (1)(αi), . . . , f (s−1)(αi)) = (β(0)
j , β

(1)
j , . . . , β

(s−1)
j )

for some j ∈ [ℓ].

1. Find an affine space of dimension at most m which contains all the required codewords
using Theorem 18.

2. Using the algorithm in Theorem 17, obtain a list L of codewords and return it.

Let f be a polynomial such that for nℓ/m + (nℓ + k)/(s − m) values of i,

(f(αi), f (1)(αi), . . . , f (s−1)(αi)) = (β(0)
j , β

(1)
j , . . . , β

(s−1)
j )

for some j ∈ [ℓ]. By Theorem 18, f is contained in the output affine space. The algorithm in
Theorem 17 finds f with high probability.

We saw in Theorem 18 that step 1 can be done in Õ(npoly(s + m + ℓ)) time. Combining
with the runtime of Theorem 17, we get a runtime of Õ

(
npoly(s, ℓ, (ℓ/ε)

1+log ℓ
ε )

)
. ◀
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