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—— Abstract

The Forest Augmentation Problem (FAP) asks for a minimum set of additional edges (links) that
makes a given forest 2-edge-connected while spanning all vertices. A key special case is the Path
Augmentation Problem (PAP), where the input forest consists of vertex-disjoint paths. Grandoni,
Jabal Ameli, and Traub [STOC’22] recently broke the long-standing 2-approximation barrier for FAP,
achieving a 1.9973-approximation. A crucial component of this result was their 1.9913-approximation
for PAP; the first better-than-2 approximation for PAP.

In this work, we present a 1.9412-approximation for bounded-length PAP, in which each path
of the input forest has constant length pmax. The running-time of our algorithm is O(n?™2x). One
of our key innovations is a (% + £)-approximation preserving reduction to so-called structured
instances, which simplifies the problem and enables our improved approximation. Additionally, we
introduce a new relaxation inspired by 2-edge covers and analyze it via a corresponding packing
problem, where the relationship between the two problems is similar to the relationship between
2-edge covers and 2-matchings. Using a factor-revealing LP, we bound the cost of our solution to
the packing problem w.r.t. the relaxation and derive a strong initial solution. We then transform
this solution into a feasible PAP solution, combining techniques from FAP and related connectivity
augmentation problems, along with new insights.
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1 Introduction

Designing reliable networks that can withstand failures is a fundamental challenge in real-world
applications. The field of survivable network design (SND) aims to construct cost-efficient
networks that maintain connectivity even when some edges fail. Many natural SND problems
are NP-hard (even APX-hard), justifying the study of approximation algorithms. A landmark
result in this area is Jain’s 2-approximation algorithm [31], which applies to a broad class
of connectivity problems. However, breaking the 2-approximation barrier remains a major
open question, even for many special cases of SND.

LA major part of this work was done while the author was affiliated with the University of Bremen,
Germany.
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In this paper, we focus on the Path Augmentation Problem (PAP), which is a special case
of the Forest Augmentation Problem (FAP), a fundamental network augmentation problem.
In the Forest Augmentation Problem we are given an undirected graph G = (V, FUL), where
F is a forest and L C (‘2/) is a set of additional edges (links) and the goal is to find a minimum-
cardinality subset S C L such that (V, FUS) is 2-edge-connected?. The assumption that F is
a forest is no restriction, as one can obtain an equivalent instance by contracting each 2-edge-
connected component of F' into a single vertex. The Path Augmentation Problem (PAP) is a
special case of FAP where the given forest is composed of vertex-disjoint paths. We formally
denote an instance of PAP by G = (V, E(P) U L), where P is the set of vertex-disjoint paths
and E(P) denotes its corresponding edge set. The goal is to find a minimum-cardinality
subset S C L such that (V, E(P) U S) is 2-edge-connected. Both problems are APX-
hard [16, 18], ruling out the possibility of a Polynomial-Time Approximation Scheme (PTAS),
unless P = NP. Until recently, no polynomial-time algorithm achieving a better-than-2
approximation was known for either problem.

Grandoni, Jabal Ameli, and Traub [25] were the first to break this barrier for PAP and
FAP. In more detail, they obtained a 1.9913-approximation for PAP3. Combining this result
with another result of [25] led to a 1.9973-approximation for FAP.

1.1 Qur Contribution

In this paper, we consider bounded-length PAP, the special case of PAP in which each path
in P contains at most pyax edges. This problem generalizes several well-established problems
in connectivity augmentation, such as the unweighted 2-edge connected spanning subgraph
problem (2ECSS), in which each path has length 0, or the Matching Augmentation Problem
(MAP), in which each path has length 1; see Section 1.2 for more details. Our main result is
a substantial improvement for bounded-length PAP.

» Theorem 1. There is a 1.9412-approximation algorithm for PAP with running-time
O(Pmax)
n :

To achieve this improvement, we introduce a new (% + ¢)-approximation preserving
reduction to structured instances, which is key to our approach. Additionally, we introduce
a new relaxation of PAP, called 2-Edge Cover with Path Constraints (2ECPC), in which
we have to compute a minimum-cardinality set of links X C L such that (V, E(P)U X) is
a 2-edge cover with the additional property that each path P € P has two outgoing links.
Instead of directly obtaining an approximate solution for 2ECPC, we consider a novel packing
problem, called the Track Packing Problem (TPP). TPP is in some sense the corresponding
packing problem to the covering problem 2ECPC, where the relationship between the two
problems is inspired by the relationship between 2-edge covers and 2-matchings (precise
definitions follow). We compute up to |P| 4+ 2 many solutions to TPP and analyze their cost
using a factor-revealing linear program (LP). The resulting approximate solution serves as
a suitable starting point for our framework. Later, this solution is turned into a feasible
solution, highly relying on the fact that the input instance is structured. Our techniques
also combine insights from [25] with methods used in other augmentation problems, together
with new ideas tailored for structured instances of bounded-length PAP. We believe that

2 A graph is k-edge-connected (KEC) if it remains connected after the removal of an arbitrary subset of
k — 1 edges.

3 In [25] a different result is shown with a bi-criteria approximation ratio. However, the result stated here
for PAP is given implicitly in [25].
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Figure 1 Hierarchical relation between weighted /unweighted 2ECSS, FAP, TAP, PAP, and MAP.

both the reduction to structured instances and the new relaxation 2ECPC as well as the
corresponding packing problem TPP may be of independent interest for other connectivity
augmentation problems.

1.2 Previous and Related Work

FAP generalizes several well-known network design problems, many of which have seen
improvements beyond the 2-approximation barrier, see Figure 1. One important special
case is the Tree Augmentation Problem (TAP), where F is a tree. Over the past decades,
a sequence of results [1, 9, 10, 11, 14, 17, 19, 20, 26, 32, 36, 37, 38, 39] has led to a 1.393-
approximation by Cecchetto, Traub, and Zenklusen [6]. The weighted version of TAP
has also been extensively studied, culminating in a 1.5 4+ € approximation by Traub and
Zenklusen [42], which even holds for the more general connectivity augmentation problem.
In the connectivity augmentation problem we are given a k-edge-connected graph G and
additional links L and the task is to compute a set of links X C L of minimum size such
that G U X is (k 4 1)-edge-connected. Before, the barrier of 2 for connectivity augmentation
was breached by Byrka, Grandoni, and Jabal Ameli [5].

Another relevant special case of FAP and PAP is the unweighted 2-edge-connected
spanning subgraph problem (unweighted 2ECSS), where F = (). Several works [12, 22,
30, 33, 35, 41] have led to better-than-2 approximations. Bosch-Calvo, Garg, Grandoni,
Hommelsheim, Jabal Ameli, and Lindermayr [3] obtained a g—approximation, which was
recently improved slightly by Hommelsheim, Lindermayr, and Liu [29].

The Matching Augmentation Problem (MAP) is the special case of PAP in which F is a
matching, i.e., each path consists of a single edge. Cheriyan, Dippel, Grandoni, Khan, and
Narayan introduced this problem and gave a %—approximation [7]. Cheriyan, Cummings,
Dippel, and Zhu [8] improved this to % and Garg, Hommelsheim, and Megow improved this
further to %‘3 [23]. An LP-based approximation algorithm for MAP with worse guarantee,
yet simpler analysis has been developed by Bamas, Drygala, and Svensson [2].

Beyond edge connectivity, many of these problems have natural vertex connectivity
counterparts, where the objective is to compute a 2-vertex connected spanning subgraph,
ensuring connectivity despite a single vertex failure. For the vertex-connected version of
unweighted 2ECSS, several algorithms obtain better-than-2 approximations [13, 24, 27, 33].
The current best-known result is a %—approximation by Bosch-Calvo, Grandoni, and Jabal
Ameli [4].
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1.3 Notation

We assume that all instances of optimization problems studied in this paper admit a feasible
solution, which can be tested in polynomial time. Throughout this paper, we consider an
instance of PAP given by G = (V, E(P) U L), where P is a collection of disjoint paths, F(P)
denotes their edge set, and L C (%) is a set of additional links. We define E = E(P) U L as
the set of edges of G and set pmax := maxpep |E(P)| to be the maximum length of a path
in P. For P’ C P we write V"4(P’) to denote the set of endpoints (endvertices) of all paths
in P’, i.e., vertices that have degree at most 1 w.r.t. E(P’). We define Vo4 .= yend(p),
Every vertex of V(@) that is not an endvertex has degree 2 w.r.t. E(P); such vertices are
called interior vertices (of some path P € P). We further define the following subsets of links:
Lerd C L is the set of links uv such that u,v € V", We use Le"di® C L7 to denote the
set of links of L°*? whose endpoints belong to the same path, while Lend:out = fend \ fend,in
contains links of L®¢ that connect different paths. For a subgraph H of G we write L(H)
to denote the set of links contained in H. For P € P and u,v € V(P), let P*" be the path
from w to v on P. We denote by OPT(G) some optimal solution of G and by opt(G) the
cost of an optimal solution, i.e., the number of links in OPT(G). If G is clear from context,
we simply write OPT and opt, respectively.

Further, we mainly use standard graph notation. Given a set of vertices U C V', we
let G|U denote the multi-graph obtained from G by contracting U to a single vertex. For
a subgraph H of G we simply write G|H instead of G|V (H). More generally, given a set
T ={T\,...,T}} of vertex-disjoint sets T1,...,T; C V(G), G{T1,...,Tx} (or G|T in short)
denotes the graph obtained by contracting each T; into a single vertex. A set X CV is a
separator if G\ X is disconnected. For V' C V(G) we define Ng (V') as the neighborhood of
V' in G and §(V') refers to the edge set with exactly one endpoint in V. A bridge in G is
an edge whose removal from G increases the number of connected components. A subgraph
H is a 2-edge cover of G if |y (v)| > 2 for each v € V(G).

2  Overview of Our Approach

In this section, we provide an overview of our algorithmic approach to prove Theorem 1. At
a high level, we follow the approach recently introduced for FAP and PAP [25], unweighted
2ECSS [3, 22, 29] and MAP (7, 8, 23]. Our approach has four main steps.

1. Reduction to Structured Instances. The first step is a reduction to structured instances.
Specifically, we show that for any o > % and any small constant € > 0, if an a-approximation
exists for structured instances of bounded-length PAP, then an (« 4 ¢)-approximation exists
for arbitrary bounded-length instances of PAP. These structured instances possess key
properties that enable and simplify our subsequent algorithmic steps. This step has not
been utilized in the previous work on FAP and PAP, except for a reduction to PAP without
isolated vertices in [25]. We remark that this is the only place where we require the length of
the paths in the instance of PAP to be bounded.

2. Computing a Low-Cost Starting Solution. The second step includes one of our key
innovations. Here, we compute a low-cost starting solution S C L such that the graph
H = (V,E(P)UJS) is not necessarily feasible but has important structural properties. In
later steps, we will turn this starting solution into a feasible solution. To guide this process,
we introduce a credit scheme that assigns to any spanning subgraph H’ of G credits to
vertices, edges, blocks, and components of H'. The total sum of credits of H’ is denoted
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by credits(H'), and we define cost(H') = |H' N L| 4 credits(H’), i.e., the number of links
in H' plus the total sum of credits assigned to H’. This scheme helps to maintain a cost
measure that accounts not only for the number of selected links but also for structural
penalties. Roughly speaking, the number of credits assigned to a solution reflects its distance
to a feasible solution. To compute the starting solution, we introduce a novel relaxation of
PAP, which we use as a lower bound on opt and which is related to 2-edge covers. Instead
of computing a solution to the relaxation directly, we consider a closely related packing
problem, where the relationship between the packing problem and the relaxation of PAP
is similar to the relationship between 2-matchings and 2-edge covers*. Although it turns
out that the packing problem and the relaxation are still NP-hard (see full version [28]), we
can compute a solution S to the packing problem such that Hy = (V, E(P) U S) satisfies
cost(Hp) < 1.9412 - opt. In fact, we compute up to |P|+ 2 many solutions H and output the

one minimizing cost(H). We analyze the cost of this solution using a factor-revealing LP.

This (most likely infeasible) solution is used as a starting solution.

In the remainder, we step-by-step turn Hy into solutions Hi, Ho,... that are “closer
to being feasible”, while always keeping the invariant that the new solution H;; satisfies
cost(H;1+1) < cost(H;). Since the credits are non-negative and the starting solution satisfies
cost(Hp) < 1.9412 - opt, eventually we will have a feasible solution using at most 1.9412 - opt
many links.

There are two reasons why a solution H is not yet feasible: 1) there is a bridge in H, and
2) there are several connected components in H. The next two steps deal with these reasons
for infeasibility.

3. Bridge-Covering. The third step, called bridge-covering, ensures that the intermediate
solution H' is bridgeless. Our goal is to add (and sometimes remove) links to (from) H such

that the resulting graph H' is bridgeless, while keeping the invariant cost(H’) < cost(H).

At this stage, we heavily exploit the fact that G is structured, which allows us to prove the
existence of cheap augmenting link sets needed to decrease the number of bridges.

4. Gluing. In the fourth and final step, called gluing, we transform H into a feasible
solution, i.e., a 2-edge-connected spanning subgraph. At this point, H consists of multiple

2-edge-connected components that must be merged into a single 2-edge-connected component.

We achieve this by iteratively adding well-chosen cycles in the component graph, ensuring that
each step maintains feasibility and preserves the approximation guarantee. The component
graph G°™P(H) arises from G by contracting each component of H to a single vertex. To
prove the existence of such cycles we again heavily exploit that G is structured.

The remainder of this section provides a more detailed overview of these four steps, along
with lemmas formalizing each transformation. The subsequent sections are dedicated to the
individual steps, leading to the proof of Theorem 1, which follows from the four main lemmas
established before.

3 Reduction to Structured Instances

Unlike previous algorithms for FAP and PAP [25], we introduce a reduction to structured
instances, which plays a crucial role in our approach. Informally, a structured instance is
one that avoids certain degenerate configurations that would complicate the design of good

4 For a graph G = (V, E) a 2-matching M C FE satisfies dp7(v) < 2 for all v € V. A classical result states
that one can compute a minimum 2-edge cover by computing a maximum 2-matching and greedily
adding edges to each vertex v € V with das(v) < 2; see [40] for more details.
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Figure 2 Non-structured PAP instance. Dashed edges are in E(P), solid edges in L. Interior
vertices of paths from P are filled, endvertices of paths from P are empty. The cycle asasasas is a
1-contractible subgraph, the path P = b1b2bsbs € P is a path-separator, the path cicacsdadsdad; is
a P%-separator, the cycle ejesesfafier is a C*-separator, and the path jij27j3 is a degenerate path.

approximation algorithms in our approach. We formally define structured instances and
establish that solving bounded-length PAP on structured instances suffices to achieve a good
approximation algorithm for general bounded-length PAP. We prove that for all o > % and
any small constant € > 0, if there exists a polynomial-time a-approximation for bounded-
length PAP on structured instances, then there is a polynomial-time (a+¢)-approximation for
arbitrary instances of bounded-length PAP. This guarantees that improvements on structured
instances directly translate into improvements for the general case.

To define structured instances, we introduce several graph properties, see Figure 2. First,
structured instances do not contain contractible subgraphs. Roughly speaking, a subgraph
is (strongly) a-contractible if at least a é fraction of its links must appear in any feasible
solution, allowing us to safely contract it without a loss in the approximation guarantee. We
ensure that such subgraphs can be identified and handled efficiently. Formally, we define
a-contractible subgraphs as follows.

» Definition 2 (a-contractible subgraph). Let o > 1 and t > 1 be fized constants. Given
a 2-edge-connected graph G, a collection H of vertex-disjoint 2-edge-connected subgraphs
Hy,Hs,...,Hy of G, such that G|H is also an instance of PAP, is called weakly (a,t,k)-
contractible if 1 < |L(H;)| < t for every i € [k] and there exists some optimal solution
that contains at least 1| Uie L(H3)| links from U,y L(G[V (H;)]).  Furthermore, M is
strongly (a, t, k)-contractible if additionally every 2EC spanning subgraph of G contains at
least L | Uiep L(H:)| links from U, LGV (Hy)]).

Every strongly (a,t, k)-contractible subgraph is also a weakly (o, t, k)-contractible sub-
graph. We say that #H is an («,t, k)-contractible subgraph if it is a weakly or strongly
(a, t, k)-contractible subgraph. If a,t,k are clear from the context, we simply refer to a-
contractible subgraphs or even contractible subgraphs. A typical example of a strongly
contractible subgraph occurs if an endvertex v of some path P € P is only adjacent to
vertices on P: If u is the neighbor of v on P furthest away from v, then (V(P"?), P*“* U {uv})
is strongly (1,1, 1)-contractible, since (V(P"?), P** U {uv}) is 2-edge-connected and every
feasible solution must contain a link connecting v and V(P“¥). This is summarized in
Property (P2) of Definition 4; see also Figure 2.
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Second, structured instances avoid certain small separators. Specifically, we prevent the
existence of path-separators, P2-separators, and C2-separators, which are roughly defined
as follows (leaving out some technicalities, see full version [28]). A path-separator is a path
P € P that is a separator, i.e., G\ V(P) is not connected. A P?-separator is a separator that
consists of two paths P, P’ € P such that there is a link in Le"°" connecting one endvertex
of P and one of P’. Note that E(P)U E(P’) U {e} is a simple path on V(P) U V(P’).
Similarly, a C?-separator is a separator that consists of two paths P, P’ € P such that
there are two links in e, e’ € L2 guch that E(P)U E(P') U {e, €'} is a cycle. Note that
a C?-separator is also a P?-separator, but the additional edge required for C?-separators
allows us to obtain stronger results due to technical reasons omitted here. If an instance
contains such a separator, we decompose it into smaller subinstances, solve each recursively,
and merge their solutions while maintaining the desired approximation guarantee. Formal
definitions are given in the full version [28]. We remark that we only require the length of
the paths in the instance of PAP to be bounded for the reduction to avoid path-separators
and P?-separators.

A final obstacle to obtain structured instances is the presence of too many degenerate
paths, which are paths P € P with limited connectivity to the rest of the graph. When the
fraction of degenerate paths exceeds the threshold e|P|, we identify certain well-connected
subgraphs that we can contract and then solve the resulting subinstances recursively.

» Definition 3 (Degenerate Path). Let P, P’ € P be two distinct paths with endpoints u', v’

and u, v, respectively, such that u'u € L, v'v € L and v'v' € L. We say that P’ is a degenerate
path if N(u'), N(v") CV(P"YUV(P).

Using these definitions, we define structured instances.

» Definition 4 ((«a,)-structured Instance). We call an instance G = (V, P U L) of bounded-
length PAP («,¢€)-structured if the following properties are satisfied:

(P0) opt(G) > 2.

(P1) G does not contain strongly (a,t,1)-contractible subgraphs with t < 10 many links.
(P2) Every endpoint of a path P € P has a link to some other path P’ € P, P' # P.

(P3) G does not contain path-separators.

(P4) G does not contain P%-separators.

(P5) G does not contain C*-separators.

(P6) G contains at most € - |P| many degenerate paths.

(P7) Every vertex v € V is on some path P € P that contains at least 2 vertices.

If @ and € are clear from the context, we simply say G is structured. In the subsequent sub-
sections we outline how these properties are useful to obtain good approximation algorithms.
Our main lemma in this section is the following.

» Lemma 5. For all o > % and constant € € (0, %], if there exists a polynomial-time

a-approzimation algorithm for bounded-length PAP on («,¢)-structured instances, then
there exists a polynomial-time (a + €)-approximation algorithm for bounded-length PAP on
arbitrary instances.

We give a rough overview on how we obtain Lemma 5. Assume that G is not structured.
In this overview, we focus only on three obstacles that prevent G from being structured: 1) G
contains a contractible subgraph, 2) G contains a forbidden separator, or 3) G contains more
than ¢|P| many degenerate paths. If G contains one of these subgraphs, we can decompose
G into at most 2 smaller subinstances, solve each recursively, and merge their solutions while
maintaining the approximation guarantee. We outline our approach for each of these three
cases.

77
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Property (P1) is not met. We can safely contract each component of an a-contractible
subgraph H into a single vertex and work with G|H, as long as we only aim for an a-
approximation. Indeed, any a-approximate solution for G|H can be turned into an a-
approximate solution for G by adding the links of . In general, it is not straightforward
to argue that a 2EC subgraph is weakly a-contractible. However, under certain conditions
we can argue that this is indeed the case. We will show that we can find strongly («,t,1)-
contractible subgraphs in polynomial time if ¢ is constant, i.e., if there is only one component
and there are only a constant number of links in the contractible subgraph. Hence, after
our preprocessing, we can assume that G does not contain any strongly («, ¢, 1)-contractible
subgraphs for some constant ¢ (here ¢ = 10 suffices).

Property (P3), (P4), or (P5) is not met. Assume that G contains a forbidden separator X,
resulting in G \ X to decompose into two disjoint vertex sets V; and V, and there are no
edges between V; and V2. Here, we construct two sub-instances G; = (G \ V2)|X and
Gy = (G\ V1)|X arising from G by removing either V; or V5 and contracting X into a single
vertex. We recursively solve these sub-instances approximately and combine both solutions
while preserving the desired approximation guarantee. By introducing a proper notion of size
of an instance, one can ensure that the sum of the sizes of the two sub-instances is smaller
than the size of the original instance and hence this step runs in polynomial time.

Property (P6) is not met. One of the main innovations in our reduction to structured
graphs compared to previous work deals with degenerate paths. For degenerate paths,
we can not do the same strategy as for separators and instead do the following: Let
P’ = {P|,...,P]} be a set of degenerate paths. We define two collections K and C of ¢
vertex-disjoint 2-edge-connected subgraphs, each subsuming V (P’). We show that either C is
weakly (a, 2, £)-contractible or K is weakly («, 1, £)-contractible for any o > 16—1. Hence, either
an a-approximate solution for G| or an a-approximate solution for G|C can be turned into
an a-approximate solution for G by adding the edges contained in I or C, respectively.

Unfortunately, in general this recursive procedure leads to an exponential running time
if |P’] is small: We need to recursively solve the two sub-instances G| and G|C that both
may have roughly the same size as the original instance. Since we might need to apply
this reduction again in later steps in our reduction to structured graphs, this procedure
can result in an exponential running time. However, we circumvent this by only applying
the above procedure if some constant fraction € of the paths in P is degenerate, and hence
each sub-instance is significantly smaller than the original one, which overall results in a
polynomial running time.

In light of Lemma 5, it remains to give a 1.9412-approximation for bounded-length PAP
on (16—1,5)—Structured instances. Hence, for the remaining steps, we assume the instance
G = (V,E(P)UL) is a (4,¢)-structured instance of bounded-length PAP. In fact, for the
remainder of this paper we only require the instance to be a (%, ¢)-structured instance of
PAP; the requirement of bounded-length was only needed for the reduction to structured

graphs.

4 Credit Scheme, Relaxation, and Starting Solution

Throughout our algorithm, we maintain a temporary solution S C L, which is not necessarily
a feasible solution. To track progress and guide modifications, we assign certain credits
to parts of the current graph H = (V, E(P) U S). These credits are used to ensure that
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every transformation preserves an approximation bound while gradually converting H into a
feasible solution. We first define key structural components and introduce a cost function
that incorporates both the number of selected links and assigned credits.

We use the following notation of blocks from related works on unweighted 2ECSS [22, 3, 29]
and MAP [7, 8, 23]. A block is a maximal 2-edge-connected subgraph containing at least 2
vertices. A block B is called simple if there is some P € P such that V(B) C V(P), it is
called small if there are two distinct paths Py, P, € P such that V(B) = V(P;) UV (Ps), and
large if there are three distinct paths Py, Py, Ps € P such that V(P) UV (P2) UV (Ps) C V(B).
A connected component that is 2EC is called a 2EC component. We call 2EC components
small if they contain exactly 2 links and large if they contain at least 3 links.

Let H be a spanning subgraph of G, and let C' be a connected component of H. A
component is called complez if it contains bridges. For any such C, we define the graphs
G¢c and He as follows: G is the graph obtained from G by contracting every connected
component of H except for C, as well as every block of C. H¢ is the corresponding contraction
of H. The structure of He consists of a tree T along with singleton vertices. A vertex
in G¢ or He that corresponds to a block in H is called a block vertex. If a block vertex
corresponds to a simple block, it is called a simple block vertez. We identify the edges/links
in G and the corresponding edges/links in G¢ and Hc, resp.

A component C' is called trivial if it consists of a single path P € P (i.e., V(C) = V(P)).
Otherwise, it is called non-trivial. A vertex v € V is called lonely if it does not belong to any
2-edge-connected component or block of H. For two paths P, P’ € P with endpoints u, v
and u/, v, resp., we say that uu’ € L is an expensive link if Ng(v) C (V(P)UV(P"))\ {v'}.
If additionally wu’ € L(H) is a bridge in H and v is a lonely leaf in H, then v is called an
expensive leaf vertex.

For a given H = (V, E(P) U S), we assign credits as follows.

(A) Every lonely vertex v that is a leaf of some complex component C receives 1 credit.
(i) It receives an additional % credit if v is an expensive leaf vertex.
(ii) It receives an additional % credit if there is a path in H¢ from v to a simple block
vertex of C' without passing through a non-simple block vertex.
(B) Every bridge £ € S (i.e., a link that is not part of any 2-edge-connected component of
H) receives 2 credits.
(C) Every complex component receives 1 credit.
(D) Every non-simple 2-edge-connected block receives 1 credit.
(E) Every 2-edge-connected component receives:
2 credits if it is large or contains a degenerate path.
3

5 credits if it is small (i.e., has exactly 2 links) and does not contain a degenerate

path.

For any spanning subgraph H = (V, E(P) U S), we define the total credit as credits(H),
which is the sum of all assigned credits under these rules. We define cost(H) := credits(H) +
|S].

As an example, consider the right solution in Figure 3. There are three connected
components: (1) The 2EC component containing v1, which receives a credit of 2 (Rule (E)).
(2) The complex component containing v7. This component receives a credit of 1 (Rule (C)),
the bridge urug receives a credit of 2 (Rule (B)), and the lonely leaf vertices ur, ug receive
a credit of 1 each (Rule (A)). (3) The complex component containing vg. This component
receives a credit of 1 (Rule (C)), the bridges ugws, wswy, waus, vsug, Vew11, W11V10 Teceive
a credit of 2 (Rule (B)) each, and the lonely leaf vertices vg, u1g receive a credit of 1 each
(Rule (A)) (potentially plus 1 if Rule (A) (i) applies).

7:9
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To prove the approximation guarantee, we show that we maintain the following invariants.

» Invariant 6. cost(H) < 1.9412 - opt(G).

» Invariant 7. FEvery lonely vertex of H has degree at most 2 in H. FEvery simple 2EC
block B is part of some complexr component C' and has degree exactly 2 in Hc. Furthermore,
for any complex component C', no two simple block vertices of C are adjacent to each other
m Hc.

» Invariant 8. For every non-simple 2EC block B of H there are two distinct paths P, P’ € P
such that V(P) UV (P") C V(B).

Our goal is to design a polynomial-time algorithm that computes a solution S C L such
that H = (V, E(P) U S) satisfies all invariants above. This is formalized in the following
lemma.

» Lemma 9. Given a structured graph, in polynomial time we can compute a set of links

S C L such that H = (V,E(P) US) satisfies the Invariants 6-8.

Next, we outline how to compute such a solution. The approaches in [3, 22, 7, 8, 23]
for special cases of PAP, such as unweighted 2ECSS and MAP, use a relaxation of the
problem, for which an optimum solution can be computed in polynomial time and a solution
serves as a good starting solution. In particular, these prior works used a minimum 2-edge
cover as a relaxation. For structured instances of these special cases of PAP, optimum
2-edge covers are usually not too far away from an optimum solution of the original problem
(i.e., unweighted 2ECSS or MAP), and hence they serve as a good lower bound. However,
for PAP, a 2-edge cover can be far away from an optimum solution. For example, if the
2-edge cover of an instance of PAP only contains edges of F(P) and L®"%" then this edge
set only 2-edge-connects the paths individually, but it does not help to establish overall
2-edge-connectivity. This motivates us to define a more suitable relaxation for PAP, called
2-Edge Cover with Path Constraints (2ECPC).

4.1 A relaxation of PAP: The 2-Edge Cover with Path Constraints

The input consists of a structured instance of PAP where each path P; € P has exactly
three vertices: two endpoints u;,v; € Ve“d(Pi) and an interior vertex w;. The goal is to
compute a minimum-cardinality link set X C L such that E(P)U X is a 2-edge cover with
the additional constraint that each path P; is incident to at least two outgoing links in X.
More formally, X has to satisfy the following:

Every vertex u € V" (P;) is incident to at least one link in X, i.e., [dx(u)| > 1.

Each path P; € P has at least two outgoing edges in X, i.e., [0x(P;)| > 2.
One can easily obtain an instance of 2ECPC from an instance of PAP by doing the following
for each path: If the path contains at least 4 vertices, we contract all internal vertices to a
single vertex, and if the path contains 2 vertices, we add a dummy vertex as an interior vertex.
Recall that for structured instances, every vertex is part of some path P € P containing at
least 2 vertices (Property (P7)). There is a one-to-one correspondence between links in the
graph of the instance of PAP and links in the graph of the instance of 2ECPC. One can
verify that any feasible solution to the PAP instance is also feasible for its corresponding
2ECPC instance; hence 2ECPC is indeed a relaxation for PAP. Instead of computing an
(approximate) solution to 2ECPC, we consider a packing problem, which we call the Track
Packing Problem (TPP).
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Figure 3 Dashed edges are in E(P), solid edges are links of L. Filled vertices are interior
vertices of paths from P, empty vertices are endvertices of paths in P. Left: Feasible solution Y
for 2ECPC, since E(P)UY is a 2-edge cover with oy (P) > 2 for each P € P. Right: Solution
X = {T1,T>,T5,T4,T5} for the corresponding TPP instance with two tracks containing 1 link
(Th = {urus} and T> = {vsug}), two tracks containing 3 links (75 = {ugw1, u1v1, wive} and Ty =

{vowi1,u11v11, w11v10}) and one track containing 5 links (75 = {uswa, uava, waws, usvs, wsug}).

Note that |Y| =17 = 2|P| - 5 = 2|P| — | X]|.

We denote by OPT and OPT¢ the optimum solutions for the PAP and the 2ECPC
instance, respectively, and define opt and opt, to be their objective values. It is easy to
verify that any feasible solution to the PAP instance is also feasible for its corresponding
2ECPC instance, and hence 2ECPC is indeed a relaxation for PAP. We summarize this as
follows.

» Proposition 10. Let G be a structured instance of PAP. Then opt > opt,.

It is easy to see that |P| < opt~ < 2|P|: Observe that since the input graph G is
structured, each endpoint u of some path P € P is incident to a link e € §(P). Therefore, by
picking such an edge for each endpoint u, there is a straightforward solution containing at
most 2|P| many links. Furthermore, note that any feasible solution must pick at least |P|
many links. Therefore, we obtain the inequalities above.

Similar to other connectivity augmentation problems, we assume that the instance of
2ECPC is shadow-complete. In our setting this means the following: Let P;, P; € P such
that P; # P;. If there is a link u;u; from an endpoint u; of P; to some other endpoint u; of
P;, then we also add the weaker links u;w;, w;u; and w;w;, where w;, w; are the interior
vertices of the paths P; and P, respectively. Furthermore, if there is a link w;w; from an
endpoint u; of P; to the interior vertex w; of P;, then we also add the weaker link w;w;,
where w; is the interior vertex of P;. These weaker links are then also called the shadows of
their original links. An instance that contains all such shadows is called shadow-complete.

It is not hard to see that for any feasible instance of 2ECPC, a feasible solution to the

shadow-complete instance can be turned into a feasible solution to the original instance of
the same cost.

» Lemma 11. For any feasible instance of 2ECPC arising from a structured graph, a
feasible solution Y to the shadow-complete instance can be turned into a feasible solution Y’
to the original instance such that |Y'| < |Y].

Hence, from now on we assume that our instance of 2ECPC is shadow-complete.

7:11
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4.2 The Track Packing Problem

TPP is inspired by the relationship between 2-matchings and 2-edge covers, where the covering
constraints are expressed as a packing problem. Formally, we construct an instance of TPP
from a shadow-complete instance of 2ECPC (see full version [28] for formal definitions). For
some link set A C L let V°"(A) := Verd(P) NV (A) be the set of vertices that are endpoints
of some path and are incident to some link in A. A track T C L with T =Q(T)UI(T) is a
subset of links such that the following conditions hold.

Q(T) is a simple path in G of length at least one, where the start vertex u and the

endvertex v of Q(T') are endpoints of some paths P, P’ € P (not necessarily P # P’) such

that u # v,

any interior vertex of Q(T), i.e., a vertex from V(Q(T)) \ {u, v}, is the interior vertex of

some path P € P,

I(T) C L contains exactly the following set of links: for each interior vertex w; €

V(Q(T)) \ {u,v}, which is an interior vertex of some path P; € P, there is a link

w;v; € I(T), where u;, v; € V4(P;) are the endvertices of P;, and

if |T) =1, ie, if |Q(T) =1and |[I(T)| = 0, then the start vertex u of Q(T) and the

endvertex v of Q(T') belong to distinct paths.

For any track T, we refer to Q(T) and I(T') as above. Observe that the number of links in
a track is odd, since |Q(T)| = |I(T)| + 1. Note that a track of length 1 is simply a link in
Lendout e - a link between two endvertices of two distinct paths.

The instance of TPP is now defined as follows. The input is a (shadow-complete) instance
of 2ECPC of some structured graph G. Let T be the set of all tracks in G. The task is to
select a maximum number of disjoint tracks from 7, where two tracks T,T" are disjoint if
V(T)ynv(T) =0.

In the following we establish a relationship between solutions of 2ECPC and its corres-
ponding TPP instance. This connection is similar to the connection between 2-matchings and
2-edge covers. In particular, an optimum solution to one of the problems can be turned into
an optimum solution to the other problem in polynomial time. We note that the additional
condition required in Lemma 12 and Lemma 13 is always satisfied for structured graphs.
The relationship between 2ECPC and TPP is highlighted in Figure 3.

» Lemma 12. Given a solution X for a shadow-complete instance of TPP, in which each
endvertex of a path is connected to a vertex of a different path, we can compute in polynomial
time a solution Y to the corresponding 2ECPC instance of value 2|P| — | X|.

» Lemma 13. Consider a shadow-complete instance I of 2ECPC, in which each endvertex
of a path is connected to a vertex of a different path. Given an inclusion-wise minimal
solution' Y to I such that |Y| < 2|P|, we can compute in polynomial time a solution X to the
corresponding TPP instance of value at least 2|P| — |Y|.

We also note that TPP is NP-hard by a reduction from the NP-hard P,-Packing prob-
lem [34]. In the P»-Packing problem we are given a graph G and the task is to select a
maximum number of vertex-disjoint Py’s, i.e., paths that contain exactly 2 edges.

» Proposition 14. The Track Packing Problem is NP-hard, even on shadow-complete in-
stances, in which each endvertex of a path is connected to a vertex of a different path.

Note that due to the above relationship between 2ECPC and TPP established in
Lemma 12 and Lemma 13, Proposition 14 also implies NP-hardness for 2ECPC.
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» Proposition 15. The 2-FEdge Cover with Path Constraints is NP-hard.

Despite this hardness, in the remaining part we show how to compute a solution to TPP
which serves as a good starting solution for our algorithmic framework.

4.3 Computing a good starting solution

Our goal is to compute a solution to TPP. By its close relationship to 2ECPC, we can
bound the cost of this solution in terms of opt., the optimum solution value for the
instance of 2ECPC, and since 2ECPC is a relaxation of PAP, we can in turn bound
its cost in terms of opt. We do not compute an approximate solution to TPP relative
to its optimum solution value; instead we do the following: For a solution X to TPP we
compute Hx = (V, E(P) U (X N L)), and we want to find a solution X to TPP such that
cost(Hyx) = |X N L| + credits(Hx ) < 1.9412 - opt.

To find such a solution, we view TPP as a Set-Packing problem. Therein, we are given a
set of elements U and a set of subsets S C 2V of U and the task is to compute a set X C S of
maximum cardinality such that for any two sets S, S’ € X we have SN.S’ = (). Set-Packing is

APX-hard and the state-of-the-art polynomial-time approximation algorithms for it achieve
3
Ttkte
maximum size of a set in S [15, 21]. TPP can be reduced to Set-Packing by viewing each

v € V(P) as an element and each track as a set, which exactly contains those vertices
v € Vend(P) to which the track is incident to.

Using such set-packing algorithms, we define three different algorithms that compute
sets of disjoint tracks, where the maximum size of a track we consider contains at most
4 vertices of V"(P). In total, we compute up to |P| + 2 different solutions and output
the solution X minimizing cost(Hx). It can be easily shown that Hy satisfies Invariant 7
and Invariant 8. To show that Hx satisfies Invariant 6, that is, cost(Hx) < 1.9412 - opt,
we bound the cost of Hx in terms of variables that depend on the three algorithms and
certain parameters of an optimum solution. Here, we heavily exploit the connection between
optimum solutions of TPP and 2ECPC from above. We then derive a factor-revealing LP,
which proves cost(Hx) < p - opt if the polyhedron is empty for a specific value of p. Indeed,

an approximation factor of for any constant e > 0, where k := maxges |S] is the

for p = 1.9412 this is the case, implying Invariant 6. This then proves Lemma 9.
Throughout this section we fix an optimum solution OPTp for the instance of TPP and
assume that OPTp = U?zl O;, where O; is the set of tracks T in the optimum solution such
that |Q(T)| = i. We define w; = |O;|. Hence, |[OPTp| = >""" | w;. We additionally let wy be
the number of vertices of V°"(P) that are not incident to any track in OPTp. Since each
endvertex of V°"4(P) can be incident to at most one track and each track T with |Q(T)| = i

is incident to 2i distinct endvertices of V"4 (P), we have that wo + > i 2i - w; = 2|P|.

Finally, let w§ < wy be the number of tracks T' contained in OPTp such that |Q(T")| =1 and
T corresponds to an expensive link.

Algorithm A

In Algorithm A we first only consider tracks of size 1, which are just links from LUt In
the first step we compute a maximum number of disjoint tracks of size 1, i.e., we compute a
maximum matching A; C L®4°U which can be done in polynomial time.

For the second step, let R4 be the set of endvertices of V"4 (P) that are not incident to
some link of A;. Let Ir, be the resulting set-packing instance where we have one element
for each vertex in R4 and consider only those tracks T' that are only incident to vertices
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from R4 and additionally satisfy |Q(T)| = 2 (i.e., Q(T') contains exactly 2 links). We then
compute a solution A, to Ir, using the 5i€—appr0ximation algorithm from [21] and output
the solution S4 = A1 U As.

Algorithm B

Algorithm B is similar to Algorithm A, but we compute a different matching in the first
step. We aim at “guessing” the value wf, i.e., how many tracks of size 1 are contained in the
optimum solution OPT p that correspond to an expensive link. There are at most |P| many
guesses, hence we can simply try all possible values.

Given a guess of w§, we compute a subset By C L"4°U of maximum size, such that B;
contains at most w§ many expensive links. This can be done by guessing the size k of the
maximum matching with at most w{ many expensive links and giving each expensive link in
Lendout g cost of 1 and any other link of Le"4°ut a cost of 0 and computing a minimum-cost
matching of size exactly k. The maximum k for which the cost of the solution is at most
w{ is then the desired solution. This gives us the edge set Bj, which corresponds to a
maximum set of disjoint tracks of length 1 with at most w{ many expensive links. Note
that a minimum-cost matching of size exactly k in a weighted graph with n vertices (and
non-negative weights) can be found by reducing it to a minimum-cost perfect matching
problem by adding n — 2k dummy vertices and connecting each dummy vertex to every
original vertex with an edge of cost 0.

The second step in Algorithm B is identical to the second step of Algorithm A: Let Rp
be the set of endvertices of V4(P) that are not incident to some link of By. Let Ir, be
the resulting set-packing instance where we have one element for each vertex in Rp and
consider only those tracks T' that are only incident to vertices from Rp and additionally
satisfy |Q(T)| = 2 (i.e., Q(T') contains exactly 2 links). We then compute a solution B to

=3__approximation algorithm from [21] and output the solution Sp = By U Bs.

I, using the 52

Algorithm C

In the third algorithm, we directly consider the corresponding set-packing problem in which
we only consider tracks 7" with |Q(T)| < 2 (i.e., tracks T such that |Q(T)| =1 or |Q(T)| = 2).
We then compute a solution S¢ to this set-packing instance using the %ﬁ—approximation
algorithm from [21] and output Sc. We set Sc = C1 U Cq, where C; is the set of tracks T

such that |Q(T)| = i.

Final Algorithm

The final solution is then computed as follows. For a solution H = (V, E(P) U S) we defined
cost(H) = credits(H) + |S|. For each guess i € {0,1,...,|P|} of w§ in Algorithm B we
have a solution Hj,,pz = (V, E(P) U Sp) and for Algorithm A and C we have one solution
Hpiga = (V,E(P)U S4) and Haiec = (V, E(P) U Sc), respectively. For each of the [P|+3
many solutions, we then compute their respective cost as defined above and output the
solution with lowest cost. We let H = (V, E(P) U .S) be this final solution.

We note that in fact one of the solutions computed in Algorithm B will be identical to
the solution computed in Algorithm A. This is true if the guess of w{ is 0 and hence in
Algorithm B, we simply compute a maximum matching of L®*4°u*, However, for notational
purposes it will be more convenient to also consider Algorithm A with its solution Sj4.
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4.4 Bounding the cost of the solution

We now bound cost(H). We bound the number of links in the optimum solution as follows.
> Lemma 16. We have optc > 2[P| — 3,5, wi.

Proof. By Lemmas 12 and 13 we have that opt = 2|P| — opt p. By definition, we have that
optp = > ,~; w; and therefore obtain the result. <

Let Sp be the solution from Algorithm B which corresponds to the correct guess of wy.
From now on, we only need this solution from Algorithm B and do not consider the solutions
for the other guesses of w§. Let S4 = A; U Ag, where A; is the set of tracks 7' from S4
such that |Q(T)| = ¢ and define «; = |A;| for ¢ = 1,2. Similarly, we define Sp = By U By
and Sc = Cy U Cy and set 8; = |B;| and ~; = |C;] for i = 1,2. Furthermore, let ay, S0, Y0
be the number of vertices from V°*¢(P) that are not incident to some track of Sa, Sp or
Sc, respectively. Note that such vertices correspond to leaves in S4 and Sp, respectively.
Additionally, let af < ag, 85 < Po, and 5 < o be the number of such leaves as above that
are expensive w.r.t. S, Sp and S¢, respectively. Finally, for j =0, 1,2 let a{ be the number
of tracks T' = uv of size 1 in S4 such that exactly j vertices of {u,v} intersect some track of
size 1 in OPTp. Similarly, for j = 0,1,2 we define ﬁ{ Note that a; = o + ai + a? and
B1 = BY + Bt + B2. First, we prove the following bound on the cost of a solution by giving it
certain credits.

» Lemma 17. Let S be a solution computed by Algorithm A, B, or C. If each track of length
1 receives a credit of %, each track of length 3 a credit of 2, each lonely leaf vertex a credit
of% if it is mot expensive and % if it is expensive, and each degenerate path an additional
credit of 5, then we can redistribute the credits such that the credit rules (A)-(E) are satisfied.
Furthermore, Invariants 7 and 8 are satisfied.

Next, we show that also Invariant 6 is satisfied. To do so, we establish the following
lemmas.

» Lemma 18. If we assign to Haiga, Haig and Hagc credits according to Lemma 17, then
we have cost(Haga) < 3P| = Son — as + af + 4¢/[P], cost(Haig) < 3|P| — 351 — Ba +
iﬂg + %€’|P\ and cost(Haigc) < 3P| — %’yl — v + %’y{j + %5'|P|, where €'|P| is the number
of degenerate paths in G.

Next, we obtain some further constraints on the variables we defined earlier.

» Lemma 19. The following inequalities are valid:

Loar 2w, Bim 8. wo > 55 ,

2. a12w1+ag, 9. a; =af +al +a?,

. G m 10. 6y = 50+ 61 + 5%

5. a1 > af 11. (]{22%%'(&)2—20[?_0[%),

6. 51> 85, 12. B2 > 53 - (wo — 267 — B1) , and
7. v1>17§, 13. 71+722%'(w1+w2),

Recall that H = (V, E(P) U S), where S is the best solution output by Algorithms A, B,
and C w.r.t. their cost. Note that the following lemma proves that H satisfies Invariant 6.

» Lemma 20. For e < 0.001 we have cost(H) < 1.9412 - opt(G).
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Proof. Let ¢’|P| be the number of degenerate paths. Note that opt(G) > |P|, and therefore
g'|P| < &' opt(G). We prove the statement by giving a factor-revealing LP, which proves
cost(H) < p-opt(G) if the polyhedron is empty for a specific value of p. The parameter p
will then give the desired approximation ratio. The factor-revealing LP is as follows. We use
the same variables as before, but for simplicity we divide all constraints by |P|. For ease
of exposition, we do not replace each variable with a new variable, which is simply the old
variable divided by |P|. Instead, we simply use the same variable names.

We use the constraints we obtained by the preceding discussion and lemmas. That is,
we use the constraints obtained from Lemma 16, Lemma 17, Lemma 18, Lemma 19, and
constraints that we naturally obtained from the definitions of the variables. Additionally,
we simplify the constraints on the optimum solution value as follows. From Lemma 16
we get opte > 2|P| — .o, w;. Furthermore, by definition, we have wo + > 1 | 2i - w; = 2
(recall that we divide all numbers by |P|). Since in all the constraints we used there is no
other bound on 73, both inequalities can be simplified to opty > 2 — w; — we — w3 and
wo + 2wy + dws + 6wz < 2. We then get the following polyhedron.

opte > 2 —wy — wa — w3
cost(H) > p - opte

!

5 1 1
cost(H) <3 — 1041 —as+ —aj + -¢€

4 2
cost(H)<3—§B - p —l—lﬁe—i—ls’
LV LG
cost(H)<3f§ - +16+1’
< g T 2T T 5E

2 > wo + 2w1 + dwa + 6ws
a1 > wr, Br,m

o > wi +af

o > w + Y

B1 > w1

o1 > af

B> B35

7 2>

wo > 5

aq :a(l)—l—o&—i—a%

Br=pY+ B+ 57

3
0122@'(“’2*204(1)*0&)
3
522m'(w2—25(1)—5%)
+ 2 > 3 (w1 4+ w2)
a! 72_5+5 1 2

W, w1, w2, ws > 0
ag,al,a?,a%,oﬁ,ag >0
ﬁgaﬂ176?7/811aﬁ%762 > 0
’787’71’7(1)77%77%772 > 0.
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Figure 4 Example for the bridge-covering process: a pseudo-ear covering the witness path from
u to w. H consists of the dashed edges (in E(P)) and solid black edges (links of H). Filled vertices
are interior vertices of paths from P, empty vertices are endvertices of paths in P. The big circles
represent 2EC blocks or components. The blue edges form a pseudo-ear Q*" from u to w. All
bridges, vertices and blocks on the path from u to w in H will be in a 2EC block in H U Q“".

By plugging this into a standard solver and setting p > 1.9412, ¢ < 0.001 and &’ < 0.0001,
we obtain that the polyhedron is empty and hence we obtain the result. |

5 Bridge-Covering

After computing a good starting solution, our next goal is to ensure that the current partial
solution H = (V, E(P) U S) is bridgeless. This process, called bridge-covering, eliminates all
bridges in H while preserving Invariants 6-8. In particular, we show the following lemma.

» Lemma 21. Let G be some structured instance of PAP and H = (V,E(P)U S) be
a solution satisfying the Invariants 6-8. In polynomial time we can compute a solution
H' = (V,E(P)US’) that satisfies Invariants 6-8 and contains no bridges.

Throughout this section we assume that H contains some complex component C (a
component that contains bridges), as otherwise the lemma holds trivially. We prove Lemma 21
by showing that we can iteratively turn H into a solution H' such that H’ also satisfies the
Invariants 6-8 and additionally H' contains fewer bridges than H (except for one case that
we need for technical reasons). Applying this procedure exhaustively proves Lemma 21.

Intuitively, as long as our current solution H contains complex components, i.e., it
contains bridges, our goal is to add certain links to H in order to “cover” the bridges and, at
the same time, maintain the Invariants 6-8. To do so, it will be convenient to add so-called
pseudo-ears to H, defined as follows. Similar definitions have been used in [8] and [23].

» Definition 22 (Pseudo-ear and Witness Path). Let C be a complex component of H and
u,v € V(C) be distinct vertices in Go. A pseudo-ear QY from u to v is a simple path in
Gc¢ that starts in u and ends in v and does not visit any vertex of C except u and v. The
unique path W* from u to v in Hg is called the witness path of Q“Y. Note that the edges
of W' are bridges of C.

An example for a pseudo-ear is given in Figure 4. We first show that a pseudo-ear Q*"
can be found in polynomial time, if one exists. Furthermore, pseudo-ears are useful in the
following sense. If, for some pseudo-ear Q"", its witness path W*"? contains “enough” credit,
e.g., if W"¥ contains 2 block-nodes, 2 lonely vertices, or a lonely vertex or block node and 2
bridges from H N L, then we can add Q“* to H to obtain the graph H'. Afterward, H’ is a
graph that contains fewer bridges than H, the number of connected components in H' is at
most the number of connected components in H, and H' satisfies all invariants.
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ftrﬁot\ﬁ

Figure 5 No witness path of a pseudo-ear starting in u contains 2 bridges of H N L. Note that
the two paths P; and P> containing = and y (vertices in red box), respectively, form a separator in
G (in fact, a P%-separator).

T

Using pseudo-ears, we then show that in polynomial time we can find link sets R C L\ S
and F' C S, such that (H U R) \ F has fewer bridges than H and also satisfies all invariants.
This then proves Lemma 21. It is crucial for this step that G is structured: We usually argue
that G must have a desired pseudo-ear, as otherwise the absence of it implies that G is not
structured, a contradiction.

We give an intuition for how we use structured graphs to prove Lemma 21 (see also
Figure 5): If from a lonely leaf vertex u (or a leaf block node) there exists a pseudo-ear such
that its witness path contains at least one other leaf vertex, one block node, or 2 bridges
in L, then we can add this pseudo-ear to H, and we reduced the number of bridges while
satisfying all invariants, as desired. Otherwise, if there exists no such pseudo-ear, then
this complex component C' must look locally like a path. Furthermore, the absence of this
pseudo-ear implies that in C' there must be two paths Py, P, € P such that V(P) UV (Pz) is
a separator in G. However, since C locally looks like a path, there is a link e in C' connecting
one endvertex of P; with one endvertex of P in C. But then P, and P, together with e
form a P2-separator, which is a contradiction to G being structured (Property (P4)). Thus,
there must be a desired pseudo-ear, which we can find in polynomial time, and hence we
make progress. This is the whole intuition for proving Lemma 21. However, there are many
corner cases that we have to deal with, which makes the proof a bit lengthy.

6  Gluing Algorithm

After the bridge-covering step, the graph H = (V, PUS) consists of multiple 2-edge-connected
components that remain disconnected from each other. The final step of our algorithm,
called gluing, ensures that these components are merged into a single 2-edge-connected graph
while maintaining the approximation guarantee. We show the following.

» Lemma 23. Let G be some structured instance of PAP and H = (V,E(P)US) be a
solution satisfying the Invariants 6-8 that contains no bridges. In polynomial time we can
compute a solution H' = (V,E(P) U S’) satisfying the Invariants 6-8 such that H' is a
2-edge-connected spanning subgraph.

Throughout this section we are given a solution S such that H = (V, E(P) U S) consists
of several 2-edge-connected components, and each component contains at least the vertex set
of two distinct paths P, P’ € P. According to the credit scheme (Part (E)), each component
has a credit of 2 if it is large, or it is small and contains a degenerate path. Otherwise, if it
is small and not degenerate, it has a credit of % Recall that a 2EC component is small if it
contains exactly 2 links.
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Figure 6 Example for the gluing algorithm and a good cycle. The bridgeless 2-edge-cover consists
of large components (big circles) and small components (short cycles). H consists of the dashed
edges (in E(P)) and solid black edges (links of H). Blue edges are edges in E(G) \ E(H). The cycle
eseseq is a good cycle in the component graph as it contains 2 large components. The cycle eseier
is also a good cycle as it shortcuts a small component using the Hamiltonian path through g.

Our approach here is to find good cycles in the component graph G®™P(H), that is,
the graph arising from G by contracting each 2-edge-connected component of H to a single
vertex. Adding cycles from the component graph to H reduces the number of components
and does not introduce any bridges. By iteratively adding such cycles, we eventually end up
with a single 2-edge-connected component, and we are done.

Good cycles are cycles that either contain 2 components with credit 2 each, or a small
component that can be shortcut. A small component C' can be shortcut w.r.t. a cycle
K of G°™P(H) if we can replace E(C) by a Hamiltonian path @ C G[V(C)] such that
|Q N L| < |E(C) N L] and the vertices of C' that are incident to K are the endvertices of Q.
If a good cycle contains a shortcut, we then update H to H' = (H \ E(C)) UK UQ and refer
to this operation as augmenting H with K. Two examples of good cycles can be found in
Figure 6. We then show that 1) augmenting H with a good cycle results in a graph with
fewer components that is bridgeless and satisfies all invariants, 2) we can find good cycles
in polynomial time if one exists, and 3) the component graph of a structured graph always
admits a good cycle. This then proves Lemma 23. To prove 3), we use that G is structured:
We show that every small component that does not contain a degenerate path is incident to
2 edges in G that can be used to construct a shortcut. Furthermore, since G is structured
and contains no C?-separator, these 2 edges are contained in some cycle in the component
graph G®™P(H), which we can find in polynomial time.

7 Proof of Theorem 1

Theorem 1 now easily follows from Lemmas 5-23.

Proof of Theorem 1. For structured graphs G, we first use Lemma 9 to compute a solution
S such that H = (V, E(P) U S) satisfies Invariants 6-8. Lemma 21 now guarantees that we
can transform H into a solution H' that is bridgeless and satisfies Invariants 6-8. Finally,
Lemma 23 ensures that we can obtain in polynomial time a 2-edge-connected spanning
subgraph H” = (V, E(P) U S”) satisfying Invariants 6-8. In particular, H"” is a feasible
solution and satisfies cost(H") = |S”| + credits(H") < 1.9412 - opt. Since credits(H") > 0,
we have [S”| < 1.9412 - opt, implying that our algorithm is a polynomial-time 1.9412-
approximation for structured graphs. Finally, Lemma 5 then guarantees that this leads
to a (1.9412 + ¢)-approximation for arbitrary instances of bounded-length PAP. However,
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we mention here that the guarantee of 1.9412 from Lemma 9 has some slack, and hence
we can choose € small enough (still constant) so that we have a 1.9412-approximation for
bounded-length PAP. <

8 Conclusion and Future Work

In this paper we designed a 1.9412-approximation for the Path Augmentation problem,
where the length of each path is bounded. We established several key ingredients: (1) a
(% + €)-approximation preserving reduction to structured instances of bounded-length PAP;
(2) a new relaxation of the problem together with a related packing problem, which we
used to obtain a good starting solution using a factor-revealing LP; (3) leveraging concepts
of other connectivity augmentation problems to turn the starting solution into a feasible
solution.

There might be room for improvement, in particular in bounding the cost of the starting
solution. Obtaining a better bound on the cost of the starting solution, while still maintaining
the credit invariants, directly gives an improved approximation ratio for bounded-length
PAP. However, to improve the approximation ratio below 1—61 requires new insights.

We emphasize that the requirement of bounded-length instances of PAP is only needed
for the reduction to structured graphs; the remaining parts of the algorithm also work for
unbounded-length PAP as long as the input is structured. Hence, it would be nice to see if
this assumption can be dropped without any loss in the approximation guarantee.
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