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—— Abstract
We study the parallel complexity of sampling from the high-temperature Ising mixed p-spin Gibbs
measure, a canonical instance of a mean-field spin glass on the hypercube {£1}". We propose two
different algorithms for this problem, corresponding to two different regimes of accuracy.

Our first algorithm is a parallel implementation of a Markov chain known as block dynamics,
combined with an approximate rejection sampling step that uses an Ising model in a novel way as a
proposal distribution to approximate the quadratic interaction terms of the p-spin Hamiltonian. For
any € > 0, this algorithm runs in n1/3polylog(n/g) parallel time with poly(n/c) work, and outputs a
sample whose law is e-close to the p-spin measure in total variation distance.

Our second algorithm uses Picard iterations to parallelize the Algorithmic Stochastic Localization
(ASL) process of El Alaoui, Montanari, and Sellke (2025), and for any € > &,, takes polylog("/e)
parallel time and poly("/c) work to produce a sample that is e-close to the p-spin measure in the
normalized 2-Wasserstein metric. Here, €, > 0 is a threshold that goes to 0 as n — oco. Our result
constitutes a doubly exponential improvement in the ¢ dependence of the runtime and an exponential
improvement in the € dependence of the total work when compared to naive ASL, whose runtime
scales as exp(poly(Y/e)).
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1 Introduction

Efficient sampling from a probability distribution which is specified only up to an unknown
normalizing constant is a central algorithmic problem across computer science, statistical
physics, and machine learning. Generally, given a finite state space {2 and a Hamiltonian
H : Q — R, the target distribution is a Gibbs measure of the following form:

pa) = S op(H(), 2= esp(H(z) (1)

where the normalizing constant Z, also known as the partition function, is unknown and typ-
ically hard to compute. This setting includes classical problems in approximate counting [32]
and randomized algorithms such as approximating the volume of convex bodies [15] and
approximating matrix permanents [31], Markov-chain Monte Carlo methods in statistical
physics [41], and posterior sampling in high-dimensional statistical models.

Our work studies the problem of sampling from the Gibbs measure of the Ising mixed
p-spin model, which is a Gibbs measure on the hypercube {£1}" whose Hamiltonian is a
random polynomial with Gaussian coefficients.
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Here, P > 2 is an integer, the disorder G s%d N(0,1) for every choice of J, and h is
an arbitrary external field independent of G. The p-spin Hamiltonian can be equivalently
characterized as a Gaussian process on {+1}" with Eq[H (x)] = (h,z) and Cov[H (z)H (y)] =
NE((=9)/N), where £(t) = 25:2 B2tP denotes the mixture function. The mixed p-spin model
is a canonical instance of a mean-field spin glass, which plays a central role in several
areas of probability, mathematical physics, and average-case complexity [37, 46, 40, 38].
Notable special cases include the pure p-spin model where only one (3, is nonzero, and the
Sherrington-Kirkpatrick (SK) model where P = 2.

We consider the problem of approximate sampling from the p-spin Gibbs measure in the
quenched setting, where the disorder G is sampled once and then fixed, and the algorithm is
tasked with approximately sampling from p given random access to the disorder coefficients
(which can be stored with poly(n) memory). Given an error parameter € > 0, the goal is
to design an algorithm that runs in time poly(n, 1/c) for any realization of G, and produces
an output distributed as ji such that dist(f, u) < e for typical realizations of G. Here, dist
denotes any appropriate metric between probability distributions.

Under this setting, [1] and [7] analyze Glauber dynamics [27], a canonical Markov chain
for sampling from discrete distributions, which, at every step, resamples a randomly chosen
coordinate according to its conditional marginal, while fixing the remaining coordinates.
The authors identify a high-temperature regime for the p-spin model under which Glauber
dynamics efficiently samples from p. Specifically, they show that when 2522 Bpyv/PiIn(p) < C
for some small enough C' = (1), Glauber dynamics takes O(nIn(7/c)) time to output a
sample distributed as fi satisfying drv (i, u) < e with high probability over the randomness
of G. Since the error parameter € > 0 can be made as small as desired, we refer to such a
guarantee as a High Accuracy Guarantee.

In another line of work, [19] propose a different approximate sampler for the p-spin model
with a zero external field (i.e., h = 0 in Equation (2)) based on an approximate discretization
of an Itd diffusion process known as Eldan’s stochastic localization [20]. Their algorithm,
named Algorithmic Stochastic Localization (ASL), offers a weaker sampling guarantee, albeit
supporting a broader range of temperatures than that covered by the high-temperature
condition defined above. Concretely, there exists an error threshold €, = 0,(1) such that
for any € > €, ASL runs in time O(poly(n) exp(poly(1/c))) and with high probability over
G, approximately samples from p up to error ¢ in the normalized 2-Wasserstein metric. In
other words, the output & of their algorithm can be coupled with some z* ~ p such that
n1E[||2 — 2*||] < 2. We call such a guarantee a Low Accuracy Guarantee for two key
reasons. Firstly, for a fixed problem instance, the accuracy of ASL can only be certified above
a threshold € > ¢,,. Secondly, their guarantees are presented in the normalized 2-Wasserstein
metric, which is strictly weaker than the total variation metric for the range of ¢ tolerated
by their algorithm.

A common drawback of both algorithms considered above is that they are inherently
sequential. Indeed, Glauber dynamics sequentially updates one coordinate after another in
a random order, while Algorithmic Stochastic Localization discretizes the trajectory of a
continuous Markov process, which naturally evolves in a sequential fashion. Consequently,
these algorithms fail to utilize the full potential of modern hardware, which is generally
capable of massive parallelism, both in terms of parallel computation and parallel memory
access. This motivates the central problem of our work:
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Can we design an efficient approzimate sampling algorithm for the Ising p-spin model
that can take advantage of parallel hardware?

Specifically, we consider the problem of sampling from the p-spin Gibbs measure in the
PRAM model of computation, where the algorithm is allowed to query the disorder G in
multiple rounds, with each round comprising polynomially many synchronous queries that are
executed in parallel. Given an error tolerance € > 0, our goal is to design an algorithm that
approximately samples from p up to error € in some suitable metric for typical realizations
of G, while also optimizing for two criteria: Parallel Runtime or Round Complexity, which
denotes the number of rounds of parallel queries made to G, and Work, which denotes the
total number of queries made to G. Ideally, for every realization of G, we want the parallel

1

runtime to scale at most sublinearly in n and €™+, and the work to scale at most polynomially

inn and e”!.

Compared to the complexity of sequential sampling, the theory of parallel sampling
for mean-field spin glasses is far less developed. To our knowledge, the only prior parallel
algorithm for sampling from the p-spin Gibbs measure is the work of [34], which considers
the p-spin model in the high-temperature regime and achieves a high-accuracy guarantee
with a parallel runtime of O(y/n - polylog(n/e)) and O(poly(7/c)) work. Beyond this, for the
special case of the high-temperature SK model (i.e., P = 2 and 3 < 1/4), [11] show that
the Restricted Gaussian Dynamics algorithm of [12] is a high-accuracy approximate parallel

sampler with parallel runtime O(polylog(?/c)) and O(poly(7/<)) work.

1.1 Qur Contributions

In this work, we develop two different algorithms for parallel sampling from the Ising mixed
p-spin Gibbs measure. The first is a high-accuracy algorithm which samples from the p-spin
model up to ¢ total variation error in O(n'/*polylog(n/<)) parallel time and O(poly(n, log(n/<)))
work. To our knowledge, this constitutes an improvement both in terms of parallel runtime
and work compared to the previous best known result of [34], which exhibits a parallel
runtime of O(y/npolylog(n/e)) with O(poly(7/c)) work.

» Theorem 1 (High-Accuracy Parallel p-spin Sampler, Informal Version of Theorem 7). Let p
denote the Ising p-spin Gibbs measure as defined in Equation (2). Assume the model is in
the high-temperature regime, i.e., Zi:z Bpy/p?In(p) < C for some C = O(1). Then, there
exists a parallel sampling algorithm (Algorithm 1) satisfying the following for any € > 0.
The algorithm runs in parallel time O(n"/* In(1/z)) with O(poly(n,log(n/e))) work.
With probability at least 1 —exp(—cn) over the randomness of the disorder G, the algorithm
outputs & ~ fi such that drv (i, p) < e.
Our second algorithm obtains a low-accuracy approximate sampling guarantee in the normal-
ized 2-Wasserstein metric, and enjoys a parallel runtime of O(polylog(®/¢)) with O(poly(7/<))
work. This significantly improves upon the O(poly(n) - exp(poly(1/<))) runtime of [19] and
constitutes the first parallel algorithm for sampling from the p-spin model with polylog(n/e)
parallel runtime in any metric.

» Theorem 2 (Low-Accuracy Parallel p-spin Sampler, Informal Version of Theorem 16). Let u
denote the Ising p-spin Gibbs measure as defined in Equation (2) with h = 0. Assume the
model is in the high-temperature regime, i.e., 25:2 Bpv/PPIn(p) < C for some C' = O(1).
Then, there exists an €, > 0 such that €, — 0 as n — oo, and a parallel sampling algorithm
(Algorithm 4) which satisfies the following for any € > &,:

The algorithm runs in parallel time O(polylog(n/<)) with O(poly(/<)) work.

With probability at least 1 — o(1) over the randomness of the disorder G, the output & of

the algorithm can be coupled to some x* ~ u such that n~ ! E[||# — x*||?] < £2.
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For the special case of the SK model, our low-accuracy algorithm satisfies the above guarantee
for By < 0.375. To the best of our knowledge, this constitutes the only parallel sampler
for the SK model running in O(polylog(/<)) time with O(poly(n/c)) work in this regime of
inverse temperatures.

1.2 Related Work
1.2.1 Sampling from mean-field spin glasses

For the Sherrington—Kirkpatrick model (P = 2), classical mixing criteria such as Dobrushin’s
condition [14] imply 5(712) mixing time of Glauber dynamics only up to the vanishing window
B2 = O(n~"?). This falls short of the dimension-free 85 regime predicted in the statistical
physics literature and leads to algorithmically unsatisfactory guarantees. The first major
breakthrough was the work of [21] which used stochastic localization to prove that Glauber
dynamics mixes in 6(712) time up to P2 < /4. The mixing time was subsequently sharpened
to O(n) by [6] and [12], and the range of 3, was improved to B2 < 0.295 by [8]. For the Ising
p-spin model, [1] proved an 5(n2) mixing time for Glauber dynamics in the high-temperature
regime 3 5 - p Bpy/p?In(p) = O(1). The mixing time was later improved to O(n) by [7].

In a different direction, [17] (see also [10]) introduced Algorithmic Stochastic Localization
(ASL) for the SK model with zero external field. For any € > ¢, for a fixed ¢, = 0,(1),
their algorithm runs in time O(poly(n) exp(poly(1/<))) and obtains a low-accuracy guarantee:
sampling up to e-error in the normalized 2-Wasserstein distance. Their algorithm works up
to B2 < 1, which is conjectured to be the sharp threshold up to which the SK model admits
a polynomial-time approximate sampler. Their framework was later extended to the Ising
p-spin model in [19], obtaining a similar low-accuracy guarantee but covering a broader range
of temperatures than that of [1] and [7].

There also exists a parallel line of work on the spherical p-spin model, where the Gibbs
measure p is supported on the sphere {z € R" | ||z||? = n}, a setting that is often more
analytically tractable than the hypercube. In the high-temperature regime, [26] proved that
a continuous-time diffusion process known as Langevin dynamics samples from the spherical
p-spin model in total variation in O(1) time. Beyond the high-temperature regime considered
in [26], the recent breakthrough of [30] designed an improved version of ASL for the spherical
p-spin model with zero external field that samples up to o(1) error in total variation in
O(poly(n)) time beyond the high-temperature regime considered by [26]. Building upon
their techniques, [29] proved that continuous-time annealed Langevin dynamics samples up
to total variation error exp(—Q(n~"*)) in O(poly(n)) time beyond the high-temperature
regime.

1.2.2 Parallel sampling

Parallel sampling has been a longstanding topic of interest in theoretical computer science, and
more recently, in machine learning, where diffusion-based generative models are often deployed
on massively parallel hardware [33, 44, 28]. In theoretical computer science, the problem
dates back to at least [39], who developed an RNC algorithm (i.e., running in O(polylog(n))
parallel time on a PRAM with O(poly(n)) work) for finding a perfect matching, and asked
whether one can also sample a uniform random perfect matching in parallel; this remains a
major open problem to date.

Recent works study parallel sampling assuming access to global counting oracles. One
such model is the weighted counting oracle, where one has access to the log Laplace transform
L(w) = InE,[exp({w, z))]. A weaker model is the unweighted counting oracle, which returns
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conditional marginals Px ., [X; = a| Xg = wg| for S C [n],i ¢ S, a € {£1}, and wg € {£1}5.
Such models are of interest for several combinatorial distributions such as spanning trees,
Eulerian tours, planar perfect matchings, and determinantal point processes, where such
oracles can be implemented on a PRAM in O(polylog(n)) time and O(poly(n)) work [13].
Assuming access to weighted counting oracles, [5, 3] obtained RNC samplers for distributions
satisfying |[|[V2L(w)|lop = O(1). For more general distributions that do not satisfy such
a regularity condition, [28] developed an algorithm running in 6(n2/ %) parallel time with
polynomial work. The parallel runtime was later improved to O(y/n) by [2]. In the weaker
unweighted counting model, [4] developed an O(n*?) time parallel sampler with O(poly(n))
work. The parallel runtime was later improved to O(y/n) by [2].

Contrary to the above, our work falls under the more challenging local oracle setting,
where one has to design a parallel sampler for a Gibbs measure given access to its Hamiltonian.
This constitutes a far weaker form of access compared to the global counting oracles described
above. In fact, the problem of computing a counting oracle of a Gibbs measure given its
Hamiltonian is NP-hard in the worst case [25], and highly nontrivial even for specialized
Hamiltonians like the SK model. In this setting, [23, 36] develop RNC samplers for Ising
models satisfying a Dobrushin-type condition. For mean-field spin glass models, this only
covers a vanishing window of temperatures, e.g., f2 = O(n~"?) for the SK model. More
recently, [11] show that the Restricted Gaussian Dynamics algorithm of [12] is an RNC
sampler for the SK model. For general Ising p-spin models, much less is known. To our
knowledge, the only parallel sampler in this setting prior to our work is [34], which runs in
O(y/n) parallel time with polynomial work.

1.3 Overview of Our Techniques

Algorithm 1 s-Glauber Dynamics with Parallel Rejection Sampling.
(hyz)

Sample X from s o< e
fort=0,...,7—1do
Sample S ~ Uniform([z])
XYY « PARALLELREJECTIONSAMPLER(S, Xg), </107) (see Algorithm 2)
X(§t+1) - X(gt)

return X7

1.3.1 High Accuracy Sampler

Motivated by the prior work of [34], our high-accuracy sampler for the p-spin model, stated
in Algorithm 1, is a computationally efficient implementation of a Markov chain called
s-Glauber dynamics (also known as s-block dynamics), whose kernel Py(X®.) is defined as
follows:

1. Sample S uniformly at random from all subsets of [n] of size s.

2. Sample X1 from the posterior u(X(t‘H) ‘ Xétﬂ) = Xét))

The above Markov chain is reversible with respect to p and, for s = 1, it corresponds to
Glauber dynamics, a canonical sampling algorithm for discrete spaces. When g is the p-spin
Gibbs measure at high temperature, s-Glauber dynamics is known to exhibit a mixing time
of 6(”/5) [7, 34]. Although this mixing time improves upon increasing s, the computational
complexity of implementing each step of s-Glauber dynamics worsens significantly as s grows.
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Algorithm 2 Approximate Parallel Rejection Sampling with an Ising Proposal (PARAL-
LELREJECTIONSAMPLER).

Input: S, pinning 7 on S, Estep
Set y = Xg and decompose the conditional Hamiltonian Hg -(y) = H(y,7) on S as
follows

1
H(y) = (bs ) + 5 y' As.-y+ Rs,(y).

Set the rejection parameter ¢ = O(1), L = ©(¢In(Yewes)), EraD = O(&sten/L),
n=0(1), and 6 = O(esep)
h = CENTERINGEXTERNALFIELD(Ag -+, bs +, Rs.r,7,0) (see Algorithm 6)
for /=1 to L do In Parallel
Ue, Vo ™ RGD (Asr, bsr + b, enan)
Wy ~ Uniform|0, 1]
Accept Uy if W, < min{1, ¢~ " exp((Up) — ¥(V;)) } where

d)(y) = RS,T(y) - <}Al7y>
return the first accepted sample; declare FAILURE otherwise

Indeed, a naive implementation of the posterior sampling step (i.e., Step 2 above) takes O(2%)
time, which is computationally prohibitive, and completely negates the potential benefits of
any mixing time improvements for s > 1.

To circumvent this, our Algorithm 1 replaces the posterior sampling step in s-Glauber
dynamics with an approximate rejection sampler (Algorithm 2), whose proposal distribution
is a carefully chosen Ising model. The idea of using rejection sampling in the posterior
sampling step also appears in the work of [34], which approximates the posterior sampling
step with a product proposal. While this enables computational efficiency (as product
measures can be sampled in O(1) parallel time), their rejection sampling procedure fails
to correctly approximate the posterior when s = w(y/n), and obtains a parallel runtime
of 5(711/ 2). In contrast, the choice of our Ising proposal, which serves as the key technical
innovation underlying our parallel speedup, can be made to approximate the posterior to
arbitrary accuracy as long as s = O(nz/ %), leading to an improved parallel runtime of 5(n1/ %).

To motivate the construction of our Ising proposal, we observe that the conditional
posterior distribution ps . (y) = p(rs =y |rg = 7) x exp(Hs,,(y)) is also a p-spin Gibbs
measure whose Hamiltonian, Hg -(y) = H(x) for g = y and xg = 7, is obtained by
restricting H to the coordinates in S and pinning the coordinates in S according to 7. H, S,r
is then a polynomial of the underlying disorder G, and admits the following decomposition:

Hs.o(y) = {bs.rot) + 5 (9, s} + R (0) 3)

where bg -, Asr, and Rg; depend on G. Motivated by this decomposition, our rejection
sampler uses a proposal distribution g , such that In 7g ; serves as a quadratic approximation
to Hg r, i.e., mgr(z) x exp(% (y, As.+y) + <b577 + iL, y>) 1. The performance and accuracy
of our algorithm are governed by two key problems: 1. How easily can we sample from the
proposal? 2. How well does our rejection sampler approximate the posterior? Below, we
discuss how we address each of these questions in our proof of Theorem 1.

L As explained in Section 3.2, the nonzero external field h centers our rejection sampling proposal, leading
to improved accuracy.
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Analyzing the parallel complexity of our algorithm is a delicate problem due to the choice
of our proposal distribution. Indeed, sampling from an Ising model is in itself a nontrivial
problem, which can even be NP-hard in the worst case [45, 24]. To resolve this, we use
the concentration properties of the p-spin Hamiltonian to prove that sampling from 7g ; is
computationally tractable. In particular, the Hamiltonian of 7g ; satisfies a spectral condition
which ensures that a Markov chain known as Restricted Gaussian Dynamics (or RGD, see
Algorithm 3) approximately samples from 7g - in total variation, with 6(1) mixing time [12].
Moreover, each step of RGD can be implemented in O(1) parallel time with O(poly(n))
work [11]. Thus, to ensure parallel efficiency, our rejection sampler uses approximate samples
from the proposal distribution, drawn via 5(1) parallel calls to RGD, thereby implying an
O(1) parallel runtime for Algorithm 2, which in turn leads to an O(n/s) parallel runtime for
Algorithm 1.

Algorithm 3 Restricted Gaussian Dynamics (RGD) [12, 11].

Input: symmetric interaction matrix J € R"™*™  external field h € R™, tolerance
Output: Sample X satisfying dtv (Law(X),vs5) < € where
vn(x) o exp(% (x, Jx) + (h, x))
Initialize X(© € {+1}™ arbitrarily
Set T = O(log(m/e))
fort=1,...,7T do
L Sample y ~ N(X®, J—1)
Sample X® from the product measure p(x) o exp({z,h + Jy))

return X

Finally, the optimal choice of s is determined by the approximation error of our rejection
sampler. There are two main sources of this error, namely, the approximate sampling error of
RGD (which can be controlled to arbitrary precision without sacrificing algorithmic efficiency),
and the error due to mismatch between the proposal mg r and the conditional posterior s -,
which is governed by the log-density ¢(y) = In iﬁ%
controlled by proving exponential tail bounds on ¢ under 7g ,, which we establish via the

(y). We show that this error can be

concentration properties of the p-spin Hamiltonian and the isoperimetric properties of the
proposal, and conclude that Algorithm 2 uniformly approximates the posterior sampling
step of s-Glauber dynamics for s < O(n”?), leading to an overall runtime of O(n'/?) for
Algorithm 1.

1.3.2 Low Accuracy Sampler

Adapting the framework of [17, 19], our low-accuracy parallel sampler, presented in Algo-
rithm 4, is based on Eldan’s Stochastic Localization (SL) [20], which we briefly introduce.
For any probability measure p supported on {£1}", the associated SL process (y:)i>0 is
defined by the following stochastic differential equation on R™.

Epmpl - exp((y, z))] (4)

dy; = m(y,) dt + dB;, yo =0, mly) = Egpnplexp((y, ©))]

Here, (By)i>0 denotes the standard Brownian motion on R", and m(y) corresponds to
the mean of the exponential tilt of the measure p, which we call the tilted mean. A
key property of SL is that ¢~'y, is marginally distributed as x* + (; where z* ~ ; and
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¢ ~ N(0,t711). Intuitively, ¢~ 'y, is approximately distributed as p for large enough ¢, and
thus, a suitable discretization of Equation (4), such as the Euler discretization below, can be
used to approximately sample from pu.

Ykr1)h = Ukh + hm(Yen) + (Beyyn — Brn), 0 <k < K, Yo =0 (5)

Being the Euler discretization of a continuous Markov process, the discrete dynamical
system specified by Equation (5) naturally evolves in a sequential fashion, and thus, naively
simulating K steps requires O(K) calls to an oracle for the tilted mean m, even on a PRAM.
To circumvent this, we employ a parallelization technique based on the concept of Picard
iteration, a classical technique for proving the existence and uniqueness of ODE solutions [42],
which was later used algorithmically by [3] to develop parallel algorithms for sampling from
continuous log-concave densities in R”. The key idea behind Picard iteration is to view
the trajectory defined by Equation (5) as the solution to the following fixed point problem

defined by an operator 7 : R"*K — R"*K over discrete trajectories:

k—1
T(z) = 2'; 2y = th(zih) + By V k € [K], 2 =0 (6)
i=0
By unrolling the recurrence, one can observe that the trajectory defined by Equation (5) is a
fixed point of the operator T, i.e., T(y) = y. Consequently, the discretized SL process can
be approximated via the following fixed point iteration over discrete trajectories, which we
call Picard iteration.

T = th @) + Bun, ¥ k € [K], 7 =0 (7)

Algorithm 4 Picard Algorithmic Stochastic Localization.

Input :Parallel depth R, steps K, step size h, parameters (7, Kamp, KNGD)
By <+ 0

for k + 0 to K — 1 do In Parallel

Bkt+1)h < Bin + €k, where e, ~ N(0, 1)

~(0
;y;(ch“—o

for r <~ 1 to R do
A(T) «0
for k <+ 0to K —1 do In Parallel

(g ) « TAP-AMP (3,7 0, gu (kh), Kanp, Kncp)
(see Algorithm 5) and Equation (18)

for k < 1 to K do In Parallel
|3 = RS m (@) + B

Output: & < sign(@%,?)

The key algorithmic benefit of this reformulation lies in its inherent parallelizability, albeit
at the cost of introducing some mild approximation error. Indeed, Equation (7) turns the
problem of sequentially evaluating the recurrence in Equation (5) into a highly parallelizable
fixed point computation over the whole trajectory: given access to a parallel oracle for the
tilted mean m, each Picard iteration can be implemented efficiently in parallel across all time
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points. In particular, at depth r, (ﬂ,(f,:l))ke[ K] can be computed simultaneously in one parallel
oracle call, after which the cumulative drift terms in Equation (7) can be computed via
parallel prefix sums in O(log(k)) time and O(k) work. However, to guarantee the effectiveness
of this approach as a parallel sampler, one needs to quantify how well the Picard iterate
7 approximates its limiting trajectory 7. To this end, one can show (see Lemma 6) that
Lipschitzness of the tilted mean (which can be guaranteed in the high-temperature regime)
suffices to ensure that the Picard iterates converge to the discretized SL process exponentially
fast. In particular, R = é(K h) iterations suffice to approximate the discrete SL trajectory
in Equation (5) to arbitrary accuracy.

The key challenge in algorithmically implementing the Picard iteration in Equation (7)
arises from the approximate computation of the tilted mean m, which is highly nontrivial and
is known to be NP-hard even for worst-case Hamiltonians [25]. To circumvent this, we make
use of the TAP-AMP algorithm of [18] (Algorithm 5), which constructs an estimator 72 of the
tilted mean for points along the continuous SL trajectory. This results in the following inexact
fixed point iteration, which we call Picard Algorithmic Stochastic Localization (Algorithm 4).

e
|
—

A(r) _ h

98 =hS"m@E ) + B, YE € [K], 970 =0 ®)

I
=)

i

While standard perturbation-based analyses of inexact fixed point iterations rely on uniformly
controlling the deviation between the ideal and the inexact iterates, such a strategy is not
applicable to Equation (8) due to the absence of uniform guarantees on the estimation error
of 7. In fact, the current best known analysis of the tilted mean estimator can certify only a
very weak error bound of the form || (y;) — m(y:)||?> < ne? for points along the continuous
SL trajectory. Here, ¢, is a fixed error threshold which converges to 0 as n — oo. This
subtle distinction constitutes a major obstacle in our analysis since the Picard trajectories at
low depth (i.e., low values of r) are expected to deviate significantly from the continuous SL
trajectory. Consequently, the currently available guarantees are insufficient for controlling
(i) = m(@i;).

To circumvent this obstacle, we depart from the standard perturbation-based analysis of
inexact fixed point iteration, and instead analyze Equation (8) directly. In particular, we prove
that in the high-temperature regime, the tilted mean estimator m(y) itself is uniformly O(1)-
Lipschitz. Hence, the inexact Picard iteration in Equation (8) converges exponentially fast
to the discrete process §(x+1yn = Ukn + hin(yrn) + (Bkt1)n — Brn) in R = O(Kh) iterations.
We then prove a sign rounding stability guarantee for the limiting discrete trajectory g,
and show that for any € > ¢,, the distribution of sign(@%R;f/Kh) approximates the p-spin
measure y up to € error in normalized 2-Wasserstein distance whenever Kh = O(log(7/¢)) and
h = O(poly(1/¢)). Since the K iterations are executed in parallel in each round, Algorithm 4
exhibits a parallel runtime of O(polylog(?/<)) with O(poly(n/e)) work. Compared to the
O(poly(n) exp(poly(1/))) runtime of Algorithmic Stochastic Localization, this constitutes
a doubly exponential improvement in runtime and an exponential improvement in work in
terms of €.

2 Preliminaries

2.1 Notation

For differentiable functions g : R¢ — R, we use Vg and V?g to denote their Euclidean
gradient and Hessian, respectively. For functions f : {£1}™ — R, we define the discrete
partial derivative, and the associated discrete gradient and discrete Hessian as follows:
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Algorithm 5 AMP Algorithm for Tilted Mean Estimation (TAP-AMP) [19, Algorithm 1].

Input :Iterations Kamp, KngD, step size 7, overlap parameter ¢
m 10,200
for k< 0 to Kapmp — 1 do

mk «+ tanh(z%)

G +— % Dy tanhQ(zi,k)

b < (1 —d) §" (k)

2P BVH(mF) +y — bpyFL
ud «— ZKAMP’ mt0 — mEamp
for k< 0 to Kngp — 1 do

ubtt b — U Fpap (mtF 1y, q)

(see Equation (22))
mHFL  tanh(ubt1)

Output : /i HKnep

1
O0if(x) = 5 [f(@i s i = +1) = flami 5 @ = —1)];

(Vf(@))i = 0if (), (V2f(2))ij = 3:0; f (x) 9)
For any two distributions p and v we use drv (i, ) to denote their total variation distance.
When  and v are distributions on R%, we use Wa (1, v) to denote their Euclidean 2-Wasserstein
distance and W 4(u, v) = d~/*Wa(u, v) to denote its normalized variant. Throughout, we

use H and p to denote the Ising p-spin Hamiltonian and its associated Gibbs measure as

defined in Equation (2). We use £(t) = 25:2 B3P to denote its mixture function. We also

define the coefficients €(5) and ©(3) as follows:

P

-
CB) = _Bp/PIn(p);  D(B):=>_ Bp/27p*In(p) (10)

p=2 p=2

2.2 Stochastic Localization

Let v denote any arbitrary measure on R™ with a finite second moment. Stochastic localization,
introduced by [20], denotes the following diffusion process:

dy; = m(yq, t) dt + d By, 1Yo =0
tr+VtC =y (11)

m(yv t) = EmN/L,CNN(O,l) {:L'

Stochastic localization exhibits several interesting properties that have found innumerable
applications in areas such as convex geometry and the analysis of Markov chains [35, 21, 12].
Among these, the following property, which appears in [16], will be of particular importance
to us.

» Theorem 3 (Equivalent Characterization of SL [16]). Let (y¢)i>0 denote the stochastic
localization process associated with the measure p, as defined in Equation (11). Then,
there exists an x* ~ p and a standard Brownian motion (Wy)i>o such that for any t > 0,
y; = to* + Wy. Consequently, the marginal law of t~ y; is equal to that of x* + (; where
Gt ~ N(O, t_lf).
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The following lemmas, which follow from Theorem 3, are vital for analyzing the rounding
scheme used in Algorithm 4.

» Lemma 4 (Rounding SL for the hypercube). Let u be a measure supported on {£1}", and
let (yt)i>0 denote the associated SL process. For any T > 0, define 21 = sign(T'yr). Then,
W, (Law(ir), i) < 8exp(—T}/2).

» Lemma 5 (Stability of SL Rounding). Let p be a distribution on {£1}™, and let (y¢)i>o0
denote the associated SL process. For any T > 0, let Zp be a random variable satisfying
W3 (2r, T yr) < nA2. Then,

W22,n (sign(2r),sign(T'yr)) < 8e~T/8 1 16A2% (12)

2.3 Picard lteration

Consider a discrete-time dynamical system (xp)o<k<kx on R™ defined by the following
iteration:

T(k+1)h = Tkh T hf(kh,l’kh) + g(kh), ke {O, R 1} (13)

where h > 0 denotes the step-size and T' = Kh denotes the time horizon, and the functions
f and g can potentially be random. We observe that solving the difference equation above is
an inherently sequential task. Concretely, given an initialization xo and access to an oracle
for computing f and g, computing the trajectory (zxp)o<r<k requires ©(K) oracle calls.

The key idea in Picard iteration is to view the entire trajectory (zxp)o<k<k as the fixed
point of a trajectory-level iteration in R™*¥ such that, given access to a parallel oracle for
computing f and g, each round of this trajectory-level iteration can be computed in ©(1)
oracle calls. To begin, we unroll the recurrence in Equation (13) and observe that the solution
(xkn)o<k<k satisfies the following:

k—1

on =0+ (hf(jh,xn) +9(jh)), 0<k<K (14)
i=0

The Picard iteration associated with Equation (13) is the following sequence of trajectories
(xi)o<k<ic, 7 €N.

k—1
i = w0+ 3 (hf R + g(h) (15)
Jj=0

We make two key observations regarding the above trajectory sequence:
The solution zg;, to Equation (13) is a fixed point of Equation (15). Indeed, setting
x,(;;l) = xyy, for every k and using Equation (14), we conclude that :cghﬂ) = Tpp.
Each round of the iteration in Equation (15) can be computed using O(1) calls to a parallel
oracle for computing f and g. Indeed, the values of g(jh), 0 < j < K can be precomputed
using one parallel oracle call, and in each round, the values of f(jh, xﬁ)), 0<j< K can
be computed via one call to a parallel oracle to f.
The parallel efficiency of Picard iteration then depends on how fast the sequence of trajectories
in Picard iteration converges to its fixed point trajectory. Below, we prove that Picard
iteration exhibits an exponential convergence rate whenever f(¢,x) is uniformly L-Lipschitz
in z.
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» Lemma 6 (Exponential convergence of Picard iteration under Lipschitzness). Let (zkn)o<k<k
denote the solution to Equation (13), where T = Kh, and let (%(:;g)ogkgl(, r>0 denote the
associated Picard iteration as defined in Equation (15). Suppose f(t,-) is uniformly L-
Lipschitz in x and define M = maxo<i<k ||x§33 — Zgnll. Then, for anyr >0 and 0 < k < K,

(khL)" .
r!

i) — wenll < M. (16)

In particular, R = max{e?LT,In(M/:)} Picard iterations suffice to ensure the following:

max [\ — zp) < e (17)

2.4 TAP Free Energy and the Tilted Mean Estimator

The construction of the tilted mean estimator (Algorithm 5) of El Alaoui, Montanari, and
Sellke [19] is motivated by a deep structural property of the p-spin model: The mean of
the tilted Gibbs measure at high temperature is an approximate stationary point of the
Thouless—Anderson—Palmer (TAP) free energy [47, 37, 46], which we briefly introduce below.

Recall that the mixture function of the p-spin model is defined as £(t) = 2522 Bgtp . For
any t > 0, the asymptotic overlap ¢*(¢) is defined as follows:

@1 (1) = Ewnon [tanh (¢ + €' () + WVE @) +1)| . a®) =0, ") = lim au(t)
(18)

Since ¢k (t) is independent of G, computable to high accuracy via a one-dimensional Gaussian
integral, and approaches the limit ¢*(¢) exponentially fast, we assume, for simplicity, that
q*(t) is known exactly for t = kh, k € [K].

The TAP free energy associated with the p-spin Hamiltonian in Equation (2) is defined
as follows:

Frar(m,y) = —H(m) = {y,m) = 3 _h(mi) ~ ONS(Q(m)) (19)
ONS(q) = 5 [£(1) ~ £(Q) — (1 - Q€'(Q) (20)
Q) =~ fmlP, am) = -5 () - 2w () @

For the sake of tractability, El Alaoui, Montanari, and Sellke [19] also define an approximate
version of the TAP free energy which replaces the ONS(Q(m)) term by a quadratic approxi-
mation.

Frap(m ;y,q) = —H(m) — (y,m) — Z h(m;) — ONS(q) — ONS'(¢)(Q(m) — q) + %(Q(m) —q)°

(22)

where ¢ is set to be the asymptotic overlap ¢*(¢) for ¢t = kh, and T' = ©(1) is a tunable
parameter depending only on £. [19] show that the mean of the tilted Gibbs measure continues
to be an approximate stationary point of f;tTAp. The tilted mean estimator in Algorithm 5
then works in two phases. The first phase runs a series of AMP updates to compute an
approximate stationary point miamr for T;"TAP around which it is locally strongly convex.
The second stage exploits this local strong convexity to refine the AMP estimate via natural
gradient descent.
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3 High Accuracy Parallel Sampler for the p-Spin Model

In this section, we analyze Algorithm 1 and prove the following Theorem.

» Theorem 7 (Analysis of Algorithm 1). For any ¢ > 0, the output XT) of Algorithm 1
run with s = O(n”*log(n/c)=**) and T = O(n'/3log(n/c)*) satisfies drv(Law(X 1)), u) <
e with probability at least 1 — e~ ™. Moreover, Algorithm 1 has a parallel runtime of
O(n'/*polylog(n/=)) with O(poly(n,log(n/c))) work.

We describe the key technical ideas of our proof below, and refer the readers to the full
version of our paper for complete proofs.
3.1 Bounds on the Hamiltonian of the Conditional Posterior

Consider any arbitrary S € ([Z]). For any = € {£1}", let x = (y, 7) where y = g denotes the
block spins in S and 7 = x5 denotes the pinning outside S. Then the conditional distribution
ws-(y) = pwly |rg = 7) of the spins in S satisfies g (y) o exp(Hg,-(y)) where:

HS,T(y) = <bS,‘ra y> + % <y> AS,Ty> + RS,T(y) (23)

Here, Ag » is a symmetric matrix with zero diagonals with:

AST z Z ﬁp\/ﬁ Z GKU{i,j}TKa Zvj € Sv 17&] (24)

p2n2 KCS,|K|=p—2

The remainder term is given by

Jns _JnS
Rs,(y Zn(p 1)/2 Z Gry T (25)
JC[nl,|J|=p,

|7nS|>3
As discussed earlier, each step of s-Glauber dynamics requires sampling from pug -, which
can be computationally expensive. We address this via a parallelized implementation of
rejection sampling in Algorithm 2 where pg ;(y) is approximated by an Ising model of the

form 7., (y) o< exp(3 (y, As,y) + <bs’7 +h, y>), where & is an external field that satisfies

B~ Eyns, [V R (y)].

To ensure the parallel efficiency of Algorithm 2, we generate approximate samples from
the Ising proposal 7g , using Restricted Gaussian Dynamics (Algorithm 3). To this end, the
following theorem uses the concentration properties of the p-spin Hamiltonian to prove that
lAs +llop < 1/4 holds with high probability uniformly over all choices of S and T whenever
s = O(n¥*). Consequently, Algorithm 3 can approximately sample from the proposal in O(1)
parallel time.

» Theorem 8 (Uniform Operator Norm Bound for Ising Proposal). There exists a numerical
constant C' > 0 such that for €(5) < C and s = o(n), the following holds with probability at
least 1 — exp(—cn):

1As.+llop < % VSe (“j), re {£1)5 (26)

Naturally, the success probability of our rejection sampling procedure is governed by how well
the Ising proposal 7g , approximates the conditional distribution pg ,, or, in other words,
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how large the influence of the remainder term Rg  is. We quantify this via a uniform bound
on the discrete Hessian of Rg , which follows from the concentration properties of the p-spin
Hamiltonian and a careful combinatorial bookkeeping.

» Theorem 9 (Uniform Bound on Hessian of Remainder Term). There exists a numerical
constant C > 0 such that for €(8) < C, the following holds with probability at least 1 —
exp(—cn) whenever Q(y/n) < s < o(n)

2 < Clc(ﬁ)283

1Rl < S, wse (M), o e ey (21)

3.2 Analysis of Parallel Rejection Sampling

In this section, we shall establish the accuracy and parallel efficiency of Algorithm 2. Hence-
forth, we condition on the event £ that the bounds in Theorem 8 and Theorem 9 hold

uniformly over all S and 7.

» Theorem 10 (Analysis of Parallel Rejection Sampler). For any S € (1)) and 7 € {£1}5, let
fis,- denote the law of the sample output by Algorithm 2. Conditioned on the event £, the
following holds whenever s = ©(n?):

dTV(ﬂS,THU'S,T) < Estep VS e ([ZJ)a TE {i1}§ (28)

Moreover, Algorithm 2 has parallel runtime O(polylog("/suep)) with O(poly(n,log(Y/eses)))
work.

The proof of Theorem 10, whose complete proof is relegated to the full version, involves
several technical components, the first of which is an accuracy guarantee for the approximate
rejection sampling step in Algorithm 2. This result appears as Lemma 4.4 in Lee [34] and
Lemma 2 in [22].

» Lemma 11 (Accuracy of Rejection Sampling). Let P and Q be probability measures satisfying
%(y) x e?W) . LetY,Z i Q, and define R = exp(¢(Y') —¢(Z)). Consider the following
rejection sampling procedure: Draw U ~ Uniform[0,1] and accept Y if U < min{1, ®/c}
for some ¢ > 1. Let P denote the law of the accepted sample and assume (Y) — (Z)
exhibits subexponential tails of the form Pp(Y) — (Z) > t] < aexp(—bt) for b > 1. Then,
dtv (f)7 P) < l)iLl L= (=D

In Algorithm 2, (X, Z) corresponds to (U, Vz), both of which are approximately dis-
tributed as mg » (modulo the negligible sampling error of Algorithm 3, which we ignore for
now). Since ';‘;%(y) o e¥W where 9(y) = Rs.,(y) — (h,y), Lemma 11 suggests that we

can bound the TV error of Algorithm 2 by controlling the sampling error of Algorithm 3 and
proving a subexponential tail bound for |1/)([7) — w(1~/)|, where U,V i Ts,r, O equivalently,
for (V) — E[¢(Y)]| under Y ~ 7g .. By Theorem 8 and [34, Theorem 4.1], 7g , satisfies
approximate tensorization of entropy with high probability. The work of [43] then implies
the following concentration bound:

2 t

En \V4 21’ 2
AV max V20 () e

Py rs,, [[¥(Y) = Erg [¥(Y)]]] < 2exp(—cmin{ D

(29)
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Algorithm 6 Centering External Field.

Input: Ag -, bsr, Rs -, accuracy n > 0, failure probability ¢ € (0, 1)
Set iterations 7' = ©(log("/5)) and sample size K = © (sn~2log(s7/s))
Initialize zg < 0
fort=0,...,7T—1do
fori=1,..., K do In parallel
L Ui(t) ~ RGD(Ag, -, bs,r + 2, 9/100KT)

Rt+1 = % Z?,Iil VRS,T(Ui(t)>

return hg, = 27

Since [|V2(y)||% = [|[V?Rs-(v)||r < €(B) - s holds whp uniformly for any S,7 and y by

nZ
Theorem 9. Hence, setting s = ©(n”?) and €(3) sufficiently small, r?ix}s V20 (y)||lr <8
ye{xl

for any 6 = O(1). To control E, _[[[V#|?], we note that:
Ers, [IVYIP] = || h = Ens. [VRs] | +Ens, [|| VRsr —E[VRs,] |I’] (30)

Using the Poincare Inequality for mg . and Theorem 9, the second term in Equation (30)
can be made O(6?) for any § = O(1) by setting s = O(n”?) and €(3) sufficiently small. The
centering field 7 must be chosen so as to make the first term || — Ers. [VRs]||* as small
as possible. Since 7gr = v, . . where v, (y) o exp(3(y, Jy) + (v,y)), the optimal

choice of h is given by the solution to the following fixed point problem:

h=E VRs.)- (31)

UAS‘T’ h‘“’S,T [

As we shall demonstrate, Equation (31) admits a unique solution which can be efficiently
approximated by an inexact fixed point iteration, namely Algorithm 6, which replaces the
expectation in Equation (31) by an empirical average over approximate samples drawn via
RGD. In particular, we prove the following guarantee.

» Theorem 12 (Analysis of Algorithm 6). Conditioned on the event &, the output h of
Algorithm 6 satisfies |h — Er; [VRs,]|| < n with probability at least 1 — §. Moreover,
Algorithm 6 runs in O(polylog(n,n=1,671)) parallel time with O(poly(%, ln(l/é))) work.

The proof of Theorem 10, which is presented in our full version, then follows by combining
Theorem 12 and Lemma 11

3.3 Proof of Theorem 7
Proof. Let p; = Law(X®). Since puo(2) o< exp((h,z)), by Lemma 5.5 of [34],

P[Dke (o || 1) < Cn] > 1 — exp(—cn). (32)

Let G = &N {DkL (1o || 1) < Cn}. Then, P[G] > 1 — e, and henceforth, we condition on
g.
Let Py and Py denote the Markov kernel for s-Glauber dynamics and the Markov chain

in Algorithm 1 respectively. By Theorem 10, for s = @((%)2/3),

xEI?ng(}" drv (PS(.Z’, ')7 Ps(‘ra )) < Estep = 10% (33)
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Hence,
dTV(MT;,U/OPST) < TEstep < % (34)

By [7, Theorem 6], the following holds with probability 1 — e~ °":

T
T < —esT < L )
Dy, (uoPs I u) < eXp( > ) Cn < exp < T Tog () Cn (35)
Setting T = ©(n'/*log(/c)”/?), applying Pinsker’s inequality and taking appropriate union
bounds, we conclude that the following holds with probability at least 1 — exp(—cn):

drv(pr, p) < dTV(NTaNOPST) + dTV(MOPST p) < S +5<e. (36)

To compute the parallel runtime, note that Algorithm 1 makes T calls to Algorithm 2
each of which has parallel runtime O(polylog(n/e)) with O(poly(n/c)) processors as per
Theorem 10. Hence, Algorithm 1 exhibits a parallel runtime of O(n'/?polylog(n/c)) with
O(poly(n/e)) processors. <

4 Low Accuracy Parallel Sampler for the p-Spin Model

In this section, we key technical ideas of our proof below and refer the readers to the full
version of our paper for complete proofs. We prove that Picard Algorithmic Stochastic
Localization (Algorithm 4) samples from the mixed p-spin model with Wasserstein guarantees.

We first illustrate our results for the SK model. The TAP-AMP mean-estimation algorithm
for the SK model (Algorithm 7) is slightly different from that for the mixed p-spin model, but
it uses the same AMP iterations followed by NGD iterations. We prove that the TAP-AMP
algorithms proposed in prior work for computing mean approximations in the SK and mixed
p-spin models, Algorithm 7 and Algorithm 5, are Lipschitz with respect to the external field
and 6(1) parallel computable. This enables us to apply Picard iteration to the steps of
algorithmic stochastic localization Equation (8), yielding a parallel speedup.

For the rest of the section, we first present an improved parameter dependence for
algorithmic stochastic localization in Section 4.1. Then, using the improved parameters, we
prove the parallelization result for algorithmic stochastic localization in Section 4.2, relying
on the following two results:

The TAP-AMP mean approximations are executable in O(1) parallel time (Section 4.3).

The TAP-AMP mean approximations are Lipschitz (Section 4.4).

4.1 Sign Rounding for Algorithmic Stochastic Localization

El Alaoui, Montanari, and Sellke [17, 19] provide Wasserstein guarantees for algorithmic
stochastic localization using TAP fixed points as mean approximations. Their analysis controls
the propagation of the mean-estimation error along the discretized stochastic localization
trajectory. They obtain an ¢ upper bound in normalized Wasserstein distance between the
output of the sampling algorithm and the target distribution by using exp(poly(1/¢)) discrete
steps to run the stochastic localization up to a time horizon poly(1/e).

» Proposition 13. Fore, < ¢, El Alaoui, Montanari, and Sellke [17, 19] provide algorithmic
stochastic localization for a time horizon poly(1/e) with exp(poly(1/e)) discretization steps.

In this work, in addition to the Picard parallelization and Lipschitz analysis, we improve
the dependence of the discretization step size and the time horizon in stochastic localization
on the parameter € by analyzing sign rounding for algorithmic stochastic localization.
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» Theorem 14. For any n, there exists a value €, such that, for any € > €, and any
high-temperature mized p-spin model with Hamiltonian H, and no external field, there is an
algorithm based on algorithmic stochastic localization using TAP-AMP mean approximations
(Algorithm 7 and Algorithm 5) whose output is within & of the target distribution in normalized
Wasserstein distance with probability 1 — o(1) over the disorder.

Moreover, the algorithmic stochastic localization procedure uses a discretization step of
size § and time horizon t satisfying

d = poly(e), t = O(log(1/e)).

The output of the algorithm is generated by sign rounding, namely sign(g:), where §; is the
output of the discrete algorithmic stochastic localization process at time t. Furthermore, if y;
denotes the true stochastic localization process, then

WQ,n(ytv gt) S 0(5)

4.2 Parallel Time Analysis of Algorithm 4

In this section, we analyze the parallelization result for algorithmic stochastic localization
using Picard iteration. The Picard iterations produce a trajectory that is close, in Wasserstein
distance, to the true solution of the discrete stochastic localization process using the TAP-
AMP mean approximation. This discrete process is itself close to the true continuous-time
stochastic localization process by Theorem 14. Therefore, by the triangle inequality for
Wasserstein distance, the input to the rounding step is close to the output of the true
stochastic localization process.

We present our results for the SK model and the mixed p-spin model separately. For the
SK model, the Gibbs measure is defined by

() o exp (§<x,Ax>) |

where A ~ GOE(n). Here GOE(n) denotes the distribution over symmetric matrices whose
entries are Gaussian with variance of order 1/n. Although the proof structure is nearly the
same, we separate the two cases because, for the SK model, we obtain a parallel sampling
algorithm in a temperature regime not covered by previous parallel algorithms. The analysis
for the SK model yields the threshold 5y =~ 0.3753 for Lipschitzness and parallelization,
improving on the 3 < 1/4 threshold at which the previous polylog(n)-depth algorithm for
sampling from the SK model applies [11]. However, unlike the algorithm of Chen, Liu, Yin,
and Zhang [11], our low-accuracy algorithm cannot achieve arbitrarily small error.

» Theorem 15 (SK Model Parallelization). For any e > €, and inverse temperature 5 < By =~
0.3753, there exist parameters (Theorem 14)

1, Kamp, Knap = polylog(n/e), K =poly(1/e), d=poly(e), t= K= O(log(1l/e))

such that the following holds. Let R = O(%), and execute Algorithm 4 on a Hamiltonian
of the form H,,(z) = x " Ax using TAP-AMP (Algorithm 7) as the approzimate mean function
m with parameters (n, Kamp, Kngp, K, 0).

Then Algorithm J outputs a random point x2 € {—1,+1}" with law ,uiig such that, with

probability 1 — o(1) over A ~ GOE(n),
W n(Ua%, na) < O(e).

The parallel runtime of the algorithm is poly(log(n/e)), and its total work is poly(n/e).
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» Theorem 16 (p-spin Model Parallelization). For any € > e, and temperature coefficients
{Bp}p>2 satisfying

P
€)= Bpv/PPIn(p) <7  D(B) = Bp/2°pIn(p) < o0
p=2

there exist parameters (Theorem 14)
1, Kamp, Knep, K = poly(1/e), d = poly(e), t =Ko = O(log(1/¢)),

such that the following holds. Let R = Og(g) (log2(1/€)) be the number of Picard iterations.
Given query access to the p-spin Hamiltonian as defined in Equation (2), Algorithm 4, run
with parameters (0, Kamp, Knep, K, 9), outputs a random point x8 € {—1, +1}" with law

u?}i such that, with probability 1 — o(1) over the Gaussian coefficients {9} 1cn),

Won (132, o) < O(e).

Here, € is the error incurred by the sequential algorithm in Theorem 14, while poly(e) is
the additional error incurred by replacing the sequential updates with Picard iteration.

The parallel runtime of the algorithm is poly(log(n/e)) and its total work is poly(n,1/e).

4.3 TAP-AMP in polylog(n) Parallel Time

The TAP-AMP mean-approximations can be computed in polylog(n/e) parallel depth. The
TAP-AMP algorithms Algorithm 7 and Algorithm 5 consist of AMP iterations followed by
NGD iterations. Each individual AMP or NGD iteration is computable in parallel with
depth O(logn); thus, it suffices to prove O(1) bounds on the numbers of AMP and NGD
iterations. Since this proof is rather involved and does not affect the rest of the argument,
we give only a brief sketch here; the complete details appear in the full version of this paper.

» Proposition 17. The mean-approximation algorithms Algorithm 7 and Algorithm 5 are
computable with parallel depth polylog(n/e), given query access to the mized p-spin Hamilto-
nian and the parameter choices specified in Theorem 14 for attaining normalized Wasserstein
error €.

4.4 Lipschitz Property of the TAP-AMP Mean Approximation for the
SK Model

In this section, we prove that, for the SK model at high temperature 8 < By ~ 0.3753, the
TAP-AMP algorithm (Algorithm 7) for mean approximation is O(ﬁ)—Lipsohitz with

respect to the tilt parameter, or external field, with high probability. We provide an analogous
result for the mixed p-spin model in the full version of this paper.
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Algorithm 7 Mean of the Tilted Ising Measure [17].

Input: Data A € R"*" y € R™, parameters 3,7 > 0, ¢ € (0, 1), iteration numbers
Kamp, KnGD
m_q1 =29 = 0
for k=0,...,Kayp—1do
my = tanh(z;), by = 55" (1 — tanh?((21),))
| Zkt1 = BAmy +y — bgmg—y

0 _
U™ = ZKamp

for k=0,...,Kngp — 1 do
U1 = u, — - VFrap(mi;y, q)
B mj ;= tanh(ug41)

+
Kncp

return m

Algorithm 7 consists of two phases: it first uses AMP iterations attempting to get close
to the fixed point of the TAP iteration, and then it uses an NGD algorithm to close the gap
to the fixed point as much as needed. Here, we will take a closer look at the two phases of
Algorithm 7.

4.4.1 Phase 1: AMP phase

In the first phase, ir%itialize m_1 =0and zg =0. For k =0,1,..., Kanmp — 1, set my =
tanh(zy) and by = % Zie[n] sechz((zk)i), then update

Zkt1 = BAME +y — by mp_1. (37)

4.4.2 Phase 2: NGD phase on TAP free energy

Initialize ug := 2x,yp- For t =0,1,..., Kngp — 1, set m;" = tanh(w,;) and update

U1 = up — 1 Ve Frap(mi5y, ). (38)

The algorithm outputs (A4, y) := m}NGD = tanh(ukyap )-

» Definition 18. For a given external field y € R™ and interaction matriv A € R"*™,
let Mgy pp Knep) (A, y) e the output of the algorithm after running the AMP iteration for
Kaup steps and then running NGD for Kyap steps. We refer to m(y) as the tilted-mean
computation for the external field y whenever A, Kayp, and Kngp are clear from the
context.

Our goal in this section is to find the temperature S(A) = B(||Al|,,) such that, for any
two tilts y and 3, the TAP fixed point of the Ising model with interaction matrix A and
temperature (3 satisfies

. . (A ~
Hm(KAMP,KNGD)(A’ y) - m(KAMP,KNGD)(A’ @” < m”y - yH

» Theorem 19 (Lipschitzness of AMP phase). Assume (A, ) := B4, + (1 + %),@2 < 1.
Then for all k > 0,

1 1
Azi]l < — ||Ayl], Amy|| < —— ||Ay]l.
Azl < 3= Ayl 1amll < 7— 1Al
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Lipschitzness of the full AMP+NGD algorithm for the SK model

We have proved so far that after an arbitrary number of iterations, ||Amy| is upper bounded
by mHAyH Now, we prove that applying NGD after AMP preserves the same bound
for the difference of the mean estimates. For convenience, and to avoid overloading the
notation my from the AMP phase, we analyze the NGD step in the variables u; defined by
m = tanh(u) (equivalently u = atanh(m) component-wise).

» Theorem 20 (TAP Lipschitz property). Assume (4, 8) = B Af,, + (1 + 34%)62 <1 and
q€(0,1). Let 0 < < 1. Then for every t > 0,

1
() = (A D) € =5 I =T
» Remark 21. The key stability requirement for AMP and NGD iterations is

V(A B)=BlAll, + 1+ —=)B% <1

4
3v3
In random matrix settings (e.g. A ~ GOE(n)), one typically has [[A[[,, = 2+ o(1) with
high probability, so any sufficiently small 8 ensuring (2, 5) < 1 implies that the TAP-AMP
mean approximation is W—Lipschitz with high probability for every sufficiently small
constant c.

» Corollary 22. Fix ¢ > 0. If the SK inverse temperature 3 is at most fy — &, where
Bo =~ 0.3753 is the positive root of the equation

v(2,8) =26+ 1+ )8 =1,

4
3v3
then the tilted-mean computation in Algorithm 7 is O(%)—Lz’pschz’tz for the SK model with
high probability.

Proof. We know that [|A]|,, is concentrated around 2, and the probability that it exceeds
2+¢/Bp is e~ (™) [9]. Recall that S is the positive solution of the equation 22+ (1+ %)xQ =
1. Thus, we only need to show that the parameter v = B [|Al|,, + (1 + %)62 <1-9Q(¢e)
with high probability.

4

4 2 2
BlIA[p + (1 + 37\/3)5 <B(2+¢e/Bo) +(1+ 37\/5)5

et 284 (14—

3V3
4
<—e+28+(1+——=)B=1-¢
> 60 ( 3\/§)ﬂ0
Since P{[[A,, > 2+¢/Bo} < e~ the tilted-mean computation is O(2)-Lipschitz with
high probability if § < By — €. |
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