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—— Abstract

The quantum query complexity of subgraph-containment problems, which ask whether a given
subgraph H is present in an input graph G, has been the subject of considerable study. This interest
stems not only from the natural and well-motivated formulation of these problems, but also from
a flurry of novel quantum algorithmic techniques that were developed specifically to solve them.
Notably, even for relatively simple subgraphs, such as paths and cycles, a complete understanding of
their query complexities remains elusive.

In this work, we consider several variants of path- and cycle-containment problems in the
adjacency matrix model, where we search for paths or cycles of constant length k£ € O(1). We
compare the settings where the graphs are directed or undirected, where the goal is to detect or find
the existence of a path/cycle, and where the path/cycle we’re looking for has length exactly k, or at
most k. We also consider several promise versions of these problems, where we know beforehand
that the input graph has a certain structure. We characterize the relative difficulty of these variants
of the path- and cycle-containment problems, by relating them to one another using randomized
reductions, and grouping them into several equivalence classes.

When we restrict our attention to path-containment problems, this implies a dichotomy result.
Some of the path-containment problems can be solved using a linear number of queries, and all the
others are equivalent to one another (and additionally to several cycle-containment problems as well)
under randomized reductions and up to constant multiplicative overhead. For the latter equivalence
class, we prove a novel quantum-walk-based algorithm that achieves query complexity 5(n3/ 2mow),
where ay € ©(c™*) and ¢ = \/3 4+ v/17/2 ~ 1.33, beating the previous best upper bound O(n?/?)
on its query complexity. We also provide a conditional lower bound based on the graph-collision
problem, which implies that this equivalence class does not admit linear-query quantum algorithms
unless graph collision admits an O(y/n) query algorithm.
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1 Introduction

The subgraph containment problem asks whether a given (undirected) subgraph H is
contained in an (undirected) input graph G. In this work, we consider subgraphs H of
constant size that are known ahead of time, and input graphs G consisting of n vertices
that we can access through adjacency-matrix queries. Now, we wish to decide whether the
subgraph H is present in the input graph G, while making a minimal number of queries to the
adjacency matrix of G. We denote this problem concisely by Subgraph?, and the minimal
number of queries to the input required to solve it is known as its query complexity. We
also consider a restricted version of this problem where we select several vertices vy, ..., v,
from H and additionally require that these vertices get mapped to predetermined positions
S1,...,8m in G. Under this restriction, we then ask whether H is present in G, and we
denote the resulting problem by Subgraph!! e O

In the randomized setting, we decide which edges to query by a (classical) randomized
algorithm, and we require the resulting algorithm to output the correct answer with probability
at least 2/3. The randomized query complexity of the unrestricted subgraph containment
problem, denoted by R(Subgraph?), satisfies ©(n?) for any non-empty graph H. Moreover,
it is not hard to show that the restricted problems are classified into three distinct classes,
where the randomized query complexities R(Subgraph!! ) are ©(1), ©(n) and ©(n?),
respectively.

,,,,,

In contrast, in the quantum setting, we can query the adjacency matrix coherently in
superposition, and we aim to give a quantum algorithm whose final measurement outputs the
right answer with probability at least 2/3. The corresponding quantum query complexities,
denoted by Q(Subgraph’) for the unrestricted problem, and Q(Subgraph! ) for the
restricted problem, seem to have a much richer structure than their classical counterparts.
This is the focus of this work.

The study of the constant-size subgraph-containment problem in the quantum setting
was pioneered by Magniez, Szegedy and Santha [24], who built on a quantum walk algorithm
by Ambainis [2] to show that the existence of any subgraph H consisting of k vertices can
be detected using 5(712_2/ k) queries. This result was subsequently independently improved
by Zhu [28], and Lee, Magniez and Santha [21], resulting in the current state-of-the-art
complexity for general subgraphs H through the following learning-graph-based result.

» Theorem 1 ([21, Theorem 4.4]). Let H be an undirected graph with k > 3 wvertices, m
edges, and minimum vertex-degree d > 1, where k,m,d € O(1). Then, Q(Subgraph’’) €
(0] (n2*2/k*t), where

L {k2—2(m+1) % —d—3 }
T G Dm0 kd+ D(m—d+2)

Even though this result gives a non-trivial upper bound on the query complexity for the
subgraph containment problem for any subgraph H, it is not expected that this bound is
optimal in general. Indeed, for several specific families of subgraphs, we know better bounds
than those provided by Lee, Magniez and Santha. Examples of such subgraph families include
the line graphs with & edges (L) and cycle graphs with & edges (Cy), for which we refer to
the subgraph-containment problems as Path=* := Subgraph’* and Cycle=" := Subgraph®*,
respectively.

The path-containment problem was pioneered by Childs and Kothari [14], who showed
that it can be solved using O(n3/2-1/[%/21) quantum queries. This was later improved by
Belovs and Reichardt [6] to Q(Path=F) € ©(n), for all k € O(1). Their algorithm involves
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reducing this problem to the promise problem, which we denote by PromPathSS’ic , where two
vertices s and t are fixed, and the task is to distinguish between the existence of a path
between s and t of length at most k£, and no path between s and t at all. They used a
span-program approach to show that Q(PromPathSS)iC ) € O(nvVk), even for non-constant k.

Despite Belovs’s and Reichardt’s remarkable progress on the path-containment problem,
subsequent efforts to generalize their techniques were unsuccessful. Specifically, all attempts
to solve the path-containment problem in the directed setting, or a version of their promise
problem where one is required to not just detect the existence of a path, but actually output
it, have not resulted in linear-query algorithms. In this work, we argue why these efforts are
unlikely to work, with the following reasoning containing two parts. First, we show that all
these directed and finding versions of the path-containment problem are equivalent up to
randomized reductions (Section 3), and then we show a conditional quantum query lower
bound for all these problems based on the graph-collision problem (Section 6). Since it is
considered unlikely that we can make progress on the graph-collision problem with the current
techniques, we conclude it’s unlikely that we can make progress on these generalizations of
Belovs’s and Reichardt’s work with the current techniques as well.

On the topic of cycle-containment problems, the problem of detecting 3-cycles (more
commonly known as the triangle-detection problem) has played a central role in the literature
on quantum query complexity. The study of this problem gave rise to many novel quantum
algorithmic frameworks, and has been improved multiple times since it was first considered
in [9]. Currently, the best-known algorithm is by Carette, Lauriére and Magniez [11], who
removed the log-factors from the algorithm by Le Gall [20].

» Theorem 2 ([20, 11]). Q(Cycle=3) € O(n°/*).

The more general constant-length cycle-finding problem was also considered by Childs
and Kothari [14], who showed the following improved upper bounds for even values of k.

» Theorem 3 ([14, Theorem 4.11,4.12]). Let 4 < k € N be even. Then, Q(Cycle=") €
~ k—2 ~
O (ngfﬂ’v“)). Moreover, Q(Cycle=*) € O(n°/*).

Finally, Cade, Montanaro and Belovs [10] considered a promise version of the cycle-
containment problem, where they fix a vertex s in the input graph, and then distinguish
between graphs with a cycle of length at most k passing through s and graphs with no cycles
at all. Much like the promise path problem, they present an algorithm making O(n\/E)
queries, even for non-constant values of k.

As in the path-containment setting, all attempts to generalize the above results to the
directed setting proved to be futile. Moreover, generalizing the promise version of the problem
considered by Cade, Montanaro and Belovs to the finding setting, where one additionally has
to output the cycle, proved elusive as well. In this work, we connect the cycle-containment
problems rigorously to the path-containment problems through randomized reductions,
explaining in a similar fashion why these generalization efforts are unlikely to succeed.

From the lower-bound perspective, progress is hampered by the certificate barrier [27, 26],
which states that lower bounds obtained through the non-negative-weighted adversary bound
are upper bounded by the geometric average of the worst-case positive and negative certificate
sizes. For all subgraph containment problems where the subgraph H is of constant size, the
positive certificate sizes are of constant size as well, and therefore the best possible lower
bound on the quantum query complexity we can obtain through the non-negative-weighted
adversary bound is, up to constants, equal to vVn2-1 =n.

Even though there are other methods available for proving lower bounds on quantum query
complexity, like the polynomial method [4], and the general adversary bound [17], applying
these techniques to the subgraph containment problem has so far not been fruitful. As such,
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proving any unconditional super-linear lower bound on the quantum query complexity for
any subgraph containment problem is a major open problem in this area that has been open
for about two decades.

Despite (or perhaps because of) these barriers, alternative progress was made by Balodis
and Iraids [3] in showing a conditional lower bound for the triangle-detection problem, based
on the hardness of the graph-collision problem. This problem is parametrized by a graph
G on n vertices, which is completely known ahead of time. The input to the problem is a
bit sting = that we have query access to, where each bit of x is associated with a distinct
vertex of G. The graph collision problem on G asks whether there exists an edge in G for
which both endpoints are labeled by a 1 in z. We refer to this problem as GCqg, and we write
Q(GC,,) for the maximum of Q(GC¢), over all graphs G on n vertices.

The best generic algorithm for this problem was given by Magniez, Szegedy and Santha [24,
Theorem 3], which is essentially based on the algorithm of Ambainis [2] and has query
complexity Q(GC,) € O(n?/3). This complexity is believed by some in the community to
be optimal. However, the best-known lower bound is only Q(GC,,) € Q(y/n), where further
progress is again impeded by the certificate barrier.

Balodis and Iraids embedded the OR, of n instances of the graph-collision problem into a
single instance of the triangle-detection problem on 3n vertices. In doing so, they prove a
conditional lower bound on the family of cycle-containment problems.

» Theorem 4 ([3, Theorem 1]). Q(Cycle™2) € Q(y/n - Q(GC,)).

This result implies a plausible path toward lower bounding the query complexity of the
triangle-detection problem. Indeed, any lower bound w(+/n) for the graph-collision problem
would immediately imply a super-linear lower bound w(n) for the triangle-detection problem.

In this work, we provide similar graph-collision-based conditional lower bounds for the
families of path- and cycle-containment problems. This solidifies the role of the graph-collision
problem in the landscape of subgraph-containment problems, as a non-trivial lower bound for
graph-collision would imply non-trivial lower bounds for both cycle- and path-containment
problems.

1.1 Contributions

In this work, we provide a rigorous study of the different variants of subgraph-containment
problems, with a specific focus on path- and cycle-containment problems. We present a
number of simpler observations based on prior work that help paint the landscape of these
problems, and we obtain three main results that improve our understanding of their query
complexities.

For the general constant-size subgraph-containment problem, we consider relations
between the undirected and the directed setting, as well as between their detection and
finding versions. Even though it is not explicitly analyzed by Lee, Magniez and Santha, we
make the simple observation that their learning-graph-based approach readily generalizes to
the directed setting.

» Observation 5 (Informal version of Proposition 25). Theorem 1 holds too whenever the
subgraph H and the input graph are directed.

Next, we also observe that for non-promise subgraph-containment problems, detection
and finding are equivalent up to randomized reductions and constant multiplicative overhead.
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» Observation 6 (Informal version of Lemma 23). For any (directed/undirected) subgraph H,
the quantum query complexities of the finding and detection versions of the non-promise (pos-
sibly restricted) subgraph-containment problem with subgraph H are equal up to a multiplicative
constant.

We note that the above only holds for non-promise problems, i.e., where all graphs are
valid inputs to the problem. That is, one can only have separations between the detection
and finding versions of a subgraph-containment problem in a setting where the input satisfied
some promise known a priori. Indeed, in such promise settings, there are several graph
problems where the finding and detection versions seem to be very much distinct. For instance,
there is a quantum algorithm that makes polylogarithmic queries to output the (first bit
of the) EXIT vertex in the Welded tree graph [12], while outputting an ENTRANCE-to-EXIT
path in this graph takes polynomially many queries for a certain natural class of quantum
algorithms [13]. Moreover, as we will see, the promise problem PromFindPathzf would be
polynomially harder than PromPathS:’é€ assuming graph collision is harder than its trivial
lower bound.

We also show that there is a generic randomized reduction from the undirected version of
a subgraph-containment problem to the directed one.

» Observation 7 (Informal version of Lemma 24). Every directed subgraph-containment problem
is at least as hard (in terms of randomized/quantum query complexity) as its undirected
counterpart.

Next, we focus specifically on the path- and cycle-containment problems. For these
problems, we consider the restricted and unrestricted versions of the problem, where in
the restricted versions, we fix the start and end vertices s and ¢ for the path-containment
problem, and a single vertex s on the cycle for the cycle-finding problem. We also consider
the directed versions of these problems, and the finding versions where we ask to output the
path or cycle. Finally, we consider versions where we search for a path or cycle of length
exactly k, or at most k. We denote the directed and finding versions with the keywords
Dir and Find, we attach a superscript = k or < k to indicate the length constraint, and
we supply a subscript s or s,t for the restricted versions. Thus, for instance, the problem
FindDirPathS:’iC is the finding version of the directed path-finding problem between s and ¢,
of length exactly k.

Akin to Belovs and Reichardt [6], and Cade et al. [10], we also consider promise versions
of this problem. In the restricted path problem, i.e., where we fix the start and end vertex
s and t, the promise version satisfies that a path of the required length exists between s
and ¢, or s and ¢ are not connected at all. Similarly, in the restricted cycle-finding problem
through a vertex s, either a cycle through s exists with the required length, or no cycle
through s exists at all. We note that this promise is weaker than the promise considered in
Cade et al. [10], and so our algorithmic results for this problem are stronger. Finally, for
the unrestricted cycle-finding problem, we also consider a promise version, where either a

cycle exists of the required length, or there exists no cycle at all (i.e., the graph is a forest).

These problems are indicated with the Prom keyword, i.e., PromDirCycle=* is the promise
problem of detecting a directed cycle through s of length at most k.

Our first observation in this direction is that every PromFind-version of these problems
requires the same number of queries as the corresponding Find-version.

! Note that we don’t consider a promise version of the unrestricted path-containment problem, because
we don’t see a meaningful way of defining it.
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» Observation 8 (Informal version of Lemmas 28 and 38). Let P be a (restricted/unrestricted,
directed /undirected) path- or cycle-containment problem, with length constraint =k or < k
with k € O(1). Then, the finding version of P is equivalent to the promise-finding version of
P, up to randomized reductions and multiplicative constants.

Observations 6 and 8 show that for all path- and cycle-containment problems P, we have
that P, FindP and PromFindP are equivalent up to randomized reductions and multiplicative
constants. As such, these three problems fall in the same equivalence class, and it suffices to
restrict our attention to P and PromP in what follows.

Now, we arrive at the first main result of this work. We classify all remaining path-
and cycle-containment problems into several equivalence classes via randomized reductions
between them. We aid the reader by providing a graphical overview of these reductions in
Figure 1, and we obtain the following classification.

» Main result 9. The unrestricted and undirected path-containment problem, and the
undirected promise versions of the path- and cycle-containment problems admit linear-query
quantum algorithms. All other path-containment problems are equivalent, and all other
cycle-containment problems can be classified into at most 5 equivalence classes. See Figure 1.

For some reductions we use the color-coding technique, introduced by Alon, Yuster and
Zwick [1]. The idea is to assign distinct colors to the vertices of the path/cycle graph Ly /Cy,
and then to randomly assign these colors to the vertices of the input graph G. Next, we
only keep an edge in G if the colors of the two vertices it connects are associated to two
vertices in the path/cycle graph that are connected by an edge too. The resulting color-coded
graph becomes a layered graph in the path-containment case, and a layered cycle graph in
the cycle-containment case, as displayed in Figure 2. With at least constant probability,
a path/cycle in the original graph gets mapped to a path/cycle in the layered graph that
straddles across all the layers.

To show relations between the various subgraph-containment problems, we cleverly make
subtle modifications to the input graphs, oftentimes combined with the aforementioned
color-coding technique. For instance, we can insert layers into a layered graph to show that
one can find short paths using an algorithm that finds longer paths. Similarly, we can merge
the vertices s and t into a single vertex s to convert an st-path containment problem into a
cycle-containment problem through the vertex s, and similarly we can separate a vertex s
into two vertices s and t to prove a reduction in the reverse direction.

All these conversions, however, are subject to subtle caveats. For instance, in a layered
cycle graph with k layers, a cycle of length k is guaranteed to go through all layers whenever
k is odd, whereas when k is even it can exist between two consecutive layers. Similarly,
when we merge two vertices s and ¢ into a single vertex s, a cycle through s in the resulting
graph does not necessarily imply that the original graph contains an st-path. We obtain
our classification, i.e., Main result 9, by carefully checking which reductions can be made to
work despite these caveats. Since we don’t expect Figure 1 to collapse to a single island, we
don’t expect these subtleties to be artifacts of the techniques used, but rather highlight the
fundamental relations between these problems.

The overview of reductions presented in Figure 1 reveals some interesting relations. For
instance, it shows that one can reduce the DirCyclesﬁk—problem to the Cyclesﬁk—problem,
through a series of reductions that involve the DirCycle;*- and Cycle*-problems. We
remark here that making this connection without going through the intermediate steps is
not immediate, since it’s not clear how one can remove directions in a layered graph while
preventing the introduction of new cycles. This highlights the benefit of this classification
effort, as it uncovers relations between problems that would otherwise not be easily obtained.
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O(n)

Prop 40-4 W (6]
O(v/n-Q(GCs)) > OR, 0GCq PromCycle<F PromCycle=F
Lem 39-3 Prop PI'Op 40-4
k=3 [3] k—1|—>k' 40-6
~ 3 _k—2 ( A\ k—
O(TL2 k(k+2)) =) Cycle k Cycle<k c O(nz (k— 1)(k+1))
k even, [14, Thm 4.11] R Prop 40-3 k odd, Thm 60
Prop (1 Prop Prop Prop
S 40-10 | 1 40-5 Prop 40-1 40-9 40-8
J k41
O(n F07) 5 DirCycle™ " DirCycle=F
[21, Thm 9] . Prop 40-1 p
ko k41 10y
Lem 39-1 - Prop 40-2
PromDirCycle b PromDirCyclef/
Prop 40-2 I\
Prop 45 k—k+1
k+1e—k Lem 39-2
I;mp Pigp Prop 43-2
ProlerPathg‘ — PromD:LrPathjt’ e ProlerCyclef]‘ ProlerCycle
P 43-2
Prop Prop Lem 29 Prop\ \ Prop rop Prop
34-2 3a-4| Kkt 43-6 \ \43-6 43-8
Prop 43-1
<k Prop 30-3 {D Prop 46 & <k
DirPath; ————— DirPath_}; DirCycle;” Z___ ~ DirCycle:

Prop Prop 43-1
Propw Prop / X%? Prop\\PrOp Prop
30-2 30-4 P 43-11 \ \43-5 43-10
) Prop 30-1 o Prop 43-3b

PathSl - PathTf °  DirPath=(--2  Cycle;* ———— Cycle
m C‘01 55 Prop 43-3a
O(nz Fh-2) k =5 | Prop 62
Lem 22-3 Pro
Q(n) > Path=(*"% O(v/n-Q(GCg)) > GCg o OR,, BT
O(n) [6]
W [6] [6] Prop 50 Prop 43-4

PromPath i‘ ‘ > PromPath} PromCycles® 7 PromCycle=F
(6] Prop 49 Prop 43-4

Figure 1 Randomized reductions between problems for & > 3. The dashed connections hold only

for odd values of k. For the graph-collision problems, we can take any graph G with n vertices.

All problems’ randomized query complexities are ©(n?). All complexity bounds stated in the
figure are upper and lower bounds on the quantum query complexity. In the upper bound for
Q(pirPath=*=2) ) € ©(c™*), with ¢ ~ 1.33. If two problems have the same color, they have the
same quantum query complexity up to constants.

Next, the classification of path- and cycle-finding problems displayed in Figure 1 motivates
the search for new quantum algorithms and query lower bounds for problems in these
equivalence classes specifically. For instance, the DirPath=F-problem is part of an equivalence
class containing 12 other path- and cycle-containment problems, hence an improved algorithm
for this problem immediately provides an algorithm for all the others as well. Moreover, this
equivalence class includes all directed versions of the path problems, as well as the finding
versions of the promise-path problems, i.e., exactly the problems for which generalizing
Belovs’s and Reichardt’s span-program-based construction failed.
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Figure 2 A layered graph (left) and a layered cycle graph (right). These can be obtained from
general graphs using the color-coding technique, where a path of length k (resp. cycle of length k) is
preserved with constant probability.

Our main algorithmic result is a novel quantum-walk-based algorithm for this DirPath=*-
problem, and hence for all problems in the equivalence class highlighted in red in Figure 1.
The best previously-known algorithm for any of the problems in this equivalence class is an
algorithm that finds the shortest path between s and ¢, if it exists, and thereby solves the
PaﬁchgC -problem. This algorithm was originally developed by Diirr et al. [16], making O(n3/2)
queries, and the log-factors were subsequently removed by a series of works culminating in
a paper by Lin and Lin [22, Theorem 13]. We note that Beigi and Taghavi also developed
O(n3/?)-query algorithms for the Cycles* and CycleSF-problems [5, Proposition 9.iv-v].
Our result provides an improved algorithm for all these problems.

» Main result 10 (Corollary 55). Let 5 < k € N. Then, Q(DirPath=F) € O(n3/2~), where

ar € 0(c™F) as k — oo, with ¢ = /3 +V17/2 ~ 1.33.

The main algorithmic idea is to reduce the directed-path-detection problem of length &
to the same problem with length k& — 2. To that end, we employ the MNRS-framework [23]
to search for vertices that have at least one incoming edge, and those that have at least one
outgoing edge. Then, it remains to find a pair of such vertices that has a path of length
k — 2 between them, which we then solve recursively. This results in a nested quantum-walk
construction, where we optimize the parameters of the quantum-walk framework to minimize
the resulting query complexity. The resulting minimization problem involves solving a
recurrence relation, whose solution yields an exponent that satisfies 3/2 — ©(c™%) for large
values of k.

We additionally provide an improved algorithm for the Cycle=*-problem, which is also
displayed in Figure 1. A slight modification of Childs and Kothari [14] yields the following
result.

» Observation 11 (Theorem 60). Let 5 < k € N be an odd integer. Then, Q(Cycle=F) €

~ 3 k—5
O(n2 T k—1)(k+3) )

Finally, we focus on the lower bounds. Our main result in this direction is relating
the cycle-finding problem through a particular vertex s to the graph-collision problem. In
particular, through the reductions highlighted in Figure 1, we emphasize that this result
also provides a conditional lower bound on the DirPath=*-problem, and consequently on all
path-containment problems that are in the same equivalence class.

» Main result 12 (Proposition 62). Let 5 < k € N be an odd integer. Then, Q(Cycle=F) €

Q(v/n - Q(GCy)).

Even though the resulting lower bound is identical to the lower bound derived by Balodis
and Iraids for the triangle-detection problem, the underlying construction is profoundly
different. Whereas Balodis and Iraids embed n instances of the graph-collision problem into a
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single instance of triangle-detection, we embed a single instance of the graph-collision problem
composed with the OR-function into a single instance of the 5-cycle-detection problem through
a fixed vertex s. In other words, Balodis and Iraids prove Q(Cycle™%) € Q(Q(OR,, o GC,)),
whereas we prove that Q(Cycle:®) € Q(Q(GC, o OR,,)), where OR,, is the boolean functions
encoding the OR-function on n bits.

Finally, we remark that combining all our results provides conditional separations between
the Path=* and DirPath=F problems, the PromDirPathS:f and PromPath:f problems, and
the PromFindPathZ} and PromPath;{ problems. Indeed, any non-trivial lower bound on the
graph-collision problem implies a query separation between each pair of these problems. This
in particular suggests that Belovs’s and Reichardt’s span-program-based approach can likely
not be generalized to either the directed or finding settings, and, as such, that the undirected
promise problems are indeed likely to be much easier than their directed and non-promise
counterparts.

2 Preliminaries

2.1 Notation

Let N = {1,2,...} be the set of all positive integers, and Ny = NU {0}. For any integer
n € N, we define [n] :== {1,...,n} and [n]o :=={0,1,...,n}.

Let g: R D Dy — R>(. We define O(g) to be the set of functions f : Dy O Dy — C such
that there exist C, M > 0 such that for all x € Dy, x > M = |f(x)| < C - g(z). Similarly,
we define O(g) to be the set of functions f : Dy D Dy — C such that there exist C, M,k > 0
such that for all z € Dy, x > M = |f(x)| < C - g(x) - log"(g(x)). We define Q(g) and (NZ(g)
analogously, but with the conditions being |f(z)| > C'- g(z) and |f(x)| > C - g(x)/ log"(g(x)),
respectively. Finally, we write ©(g) := O(g) N Q(g), and O(g) := O(g) N Q(g).

We denote undirected graphs by G = (V, E), where every edge {v,w} = e € F is a set
of two vertices, with v, w € V. Similarly, we denote directed graphs by G = (V, A), where
every arc (v,w) = a € A is an ordered pair of vertices, with v,w € V. If V' C V| then
G — V' denotes the graph G with all vertices from V' and their adjacent edges removed. All
(undirected /directed) graphs considered in this work are simple, i.e., there are no duplicate
edges and arcs. However, in the directed setting, we do allow for both arcs in opposite
directions to exist simultaneously between two vertices.

We consider the adjacency-matrix model, where any algorithm can make queries to the
entries of the adjacency matrix of an input graph G. Equivalently, for an undirected graph,
the algorithm can supply a set of two vertices to an oracle, that outputs whether an edge
exists between the two, and similarly in the directed setting the algorithm can ask whether
an arc exists between two vertices from an ordered pair. In the randomized setting, the
algorithm can employ randomness to select which vertices to query. In the quantum setting,
the vertex pairs can be queried coherently in superposition, e.g., for an undirected graph
G = (V, E), the oracle behaves as a unitary O¢g that acts as

O¢ : |[v,w) |b) = |v,w) [b® [{v,w} € E]), Yo,w e V,b e {0,1}.

We refer the reader to a quantum computing textbook for more details on the quantum
computational model, e.g., [25]. The randomized and quantum query complexities of a given
problem are the minimal numbers of queries required to solve the problem in these respective
computational models.

Finally, we use regular expressions to denote sets of problems. That end, for two
expressions A and B, we write (A|B) to denote the set of expressions {A,B}. We use this in
combination with concatenation, i.e., A(B|C) denotes the set {AB,AC}. In particular, some of
the expressions can be empty, i.e., (|A)B denotes the set {B, AB}.
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2.2 Subroutines

We begin with a quantum subroutine that approximates the hamming weight of a Boolean
string with a an error parameter e.

» Theorem 13 (Approximate quantum counting [8, Theorem 15]). Let f : {0,1}" — {0,1}
and € € (0,1]. Let t = |f~1(1)|. Then, there is a quantum algorithm that outputs t such that

[t —t| < et with probability at least 1 — & using O (%\/n/t log %) queries to f.

We will mainly need to use the approximate counting algorithm for approximating the
number of edges in a graph and approximating the degree of a vertex. For that reason, we
will need the following corollaries.

» Corollary 14 ([14, Corollary 4.1]). Let A : {0,1}(3) — {0,1} be an adjacency matriz
representation of an undirected graph G, € € (0,1] be a constant and ™ be an integer. Then,
there is a quantum algorithm APPROXEDGECOUNT that accepts G if the number of edges
|E(G)| = |A| in G are at least (1 + €)Tn and rejects G if |E(G)| is at most (1 — €)Tn with
probability at least 1 — & using O (%\/nQ/mlog %) queries to A.

» Corollary 15. Let A : {0,1}(3) — {0,1} be an adjacency matriz representation of an
undirected graph G, v be a vertez in G, € € (0,1] be a constant and d be an integer. Then,
there is a quantum algorithm APPROXDEGREECOUNT that accepts (G, v) if the degree deg(v)
of vin G are at least (1 + €)d and rejects G if deg(v) is at most (1 — €)d with probability at

least 1 — § using O (i\/n/dlog é) queries to A.
We will also need a subroutine that retrieves all the marked elements of a function.

» Lemma 16 ([14, Lemma 4.1]). Let f : [n] = {0,1} and t = |f~1(1)|. Then, there is a
quantum algorithm that computes f~1(1) using O(y/n(t + 1)) queries to f.

The following lemma relates the query complexity of problems that can be related by a
randomized reduction with one-sided error.

» Lemma 17. Let P and P’ be arbitrary decision problems. Let G be an instance of P and let
G’ be obtained from G via an efficient randomized reduction, i.e., each query to G’ can be
made using O(1) queries to G. Suppose that if G is a YES instance of P, then G’ is a YES
instance of P’ with probability at least p € Q(1), and if G is a NO instance of P, then G’ is a
NO instance of P! with probability 1. Then, for M € {R,Q}, we have M(P) € O(M(P")).

Proof. Let A be the optimal (randomized/quantum) algorithm for the problem P’. We first
construct a new algorithm B with majority voting, where we run A on the same input a
total of ©(log(1/p)) times, so that it decides between YES and NO inputs with probability at
least 1 — p/4.

Now, we run the algorithm B on an instance G’ generated through the randomized
reduction. Then, if G is a positive input, this procedure will succeed with probability at
least p(1 — p/4) > 3p/4, whereas if G is a negative input, this procedure will succeed with
probability at most p/4. Thus, by running this procedure a total of ©(1/p) times, we can
distinguish between these two cases with high probability. As such, the total number of
calls to A is ©((1/p)log(1/p)), which is constant as p € ©(1). Thus, M(P) € O(M(P")), for
M e {Q,R}. <
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» Remark 18. Note that, to be able to argue sub-quadratic quantum query bounds for
graph problems on n vertices through randomized reductions, these reductions must be
query-efficient. In the reductions we use throughout this work, we express the edge set of the
new graph in terms of the edge set of the original graph, such that checking a specific edge
in the new graph requires O(1) queries to the edge set of the original graph, unless explicitly
stated otherwise.

2.3  Quantum walks

Throughout this paper, we will be making use of the MNRS-framework for quantum walks,
developed by Magniez, Nayak, Rolland and Santha [23]. We recall their result here.

» Theorem 19 ([23, Theorem 3]). Let P be a reversible ergodic Markov chain over a
state space V', with spectral gap 6. Let M C V' be a marked subset, such that if M # &,
then Pyr[v € M] > ¢ > 0, where 7 is the stationary distribution of P. Let S be such
that the number of queries required to prepare a g-sample of |} up to norm-error at most
§ is O(Spolylog(1/8)). Similarly, let U be such that the number of queries required to
prepare a g-sample over the neighbors of a given verter v € V with norm-error at most § is
O(Upolylog(1/68)). Finally, let C be the number of queries required to check whether a given
state v € V is marked, with high probability. Then, we can decide whether M is empty or

non-empty with a total number of queries that satisfies

6(s+\2<¢15u+c>).

On several occasions, we will recursively use this construction, which is known as a nested
quantum walk. This has been considered ample times in previous works, for instance [14, 19].
These constructions typically suffer from polylogarithmic overhead, but recent work has
shown that this can be avoided in certain settings [18, 15]. We leave using these more recent
techniques to remove the polylogarithmic overhead from our algorithms for future work.

3 Reductions between subgraph containment problems

We start by formally introducing the different versions of the subgraph-containment problems
we consider in this work.

» Definition 20 (Subgraph containment). We define several computational problems.

1. Let H = (Vi, En) be a known undirected graph, and suppose we have access to an
undirected graph G = (V, E) through adjacency-matriz queries. Let m € No, v1,..., 0y, €
Vg and s1,...,8,m € V all distinct. The subgraph containment problem asks whether
there exists an injection ¢ : Vg — V', such that ¢ : vj — s;, for all j € [m], and such that
the induced map ¢’ : (V2H) — (‘2/) acting as {v,w} — {pv), p(w)} satisfies ¢'(Ex) C E.
The resulting boolean function, that evaluates to 1 if and only if such an injection exists,
is denoted by

Subgraphﬁ’s/”f”""")’:;” : {0, 1}(‘2{) —{0,1},
and we use the following shorthand notation for the sequence of boolean functions

H,vl,...,vm)oo
[n],1,...,m /n=1"

Subgraphg := (Subgraph

seenyUm

Whenever m = 0, we refer to the subgraph containment problem as unrestricted, in which
case the boolean function is simply denoted by Subgraphil, and the sequence of boolean
functions by Subgraph®. On the other hand, when m > 1, we say that the problem is
restricted.
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2. We define the restricted and unrestricted subgraph containment problems analogously
for directed graphs, i.e., if H = (Vyg,An) is a directed graph and we have adjacency-
matriz-query access to a directed graph G = (V, A), we define the boolean function
Subgraphi? : {0, 1}{(vwywweVivzwl s 10 1Y and similarly in the restricted setting.

3. Finally, we define finding versions of these problems, which ask to output 0 if the subgraph
H is not contained in G, and the injective map @ otherwise. Formally, in the undirected
unrestricted setting, this is a relation FindSubgraphi! C {0, 1}(\2/) x ({0} U{¢: Vg —
V injective}), and similarly for the restricted and directed settings.

We can now phrase many graph problems formally as subgraph containment problems.
For instance, if we let H be an undirected cycle on three vertices, then the sequence of
boolean functions Subgraph?’ represents the triangle finding problem, where we have the
bounds Q(Subgraph?) € O(n°/*) N Q(n) [20, 11].

In this work, we restrict our attention to subgraph-containment problems where the
subgraph is of constant size. In this setting, we can prove several elementary structural
properties of these problems. The proofs of these properties are available in the full version
of the paper.

» Lemma 21. Let H be a graph of constant size, m € Ny and vy,...,v, € Vg. Suppose

that Hy,...,Hy are the connected components of H, and we write i‘i/, . ,if,/l[, € [m] such

that vy, ..., v are the vertices from vy, ..., vy, that are contained in Hy, for all €' € [£].
1 m

e
Then, for M € {Q, R}, we have

H H,
M (Subgraphvl)wvm) €0 (?163%] {M (SUbgraph”i?""7”715,’L5, > }) .

The above lemma informs us that we can without loss of generality focus on the case where
H is connected. Next, we provide a full classification of these problems in the randomized
setting, and a similar partial classification in the quantum setting. This lemma is folklore
(see for instance [6, Proposition 4] for the third item), but we provide a formal statement
and proof here for completeness.

» Lemma 22. Let H be a connected non-empty graph of constant size, and let m € Ny with

Uiy, Um € V. Then,

1. If {v1,...,vm} = Vi, then Q(Subgraph!! ) € ©(1) and R(Subgraphﬁ,wvm) € 0(1).

2. If H—A{v1,...,vm} contains just isolated vertices, then Q(Subgraphll . )€ ©(y/n)
and R(Subgraph!! )€ O(n).

3. If H — {v1,...,vn} contains an edge, then Q(Subgraphi...,vm) € Q(n) and we have
R(Subgraph!/ ) € O(n?).

seenyUm

seensUm

Note that the above lemma completely characterizes the randomized query complexity of
all detection versions of undirected subgraph containment problems. The simplicity of this
characterization is in stark contrast with the quantum setting, where such a characterization
seems elusive.

Next, we provide some generic reductions between the detection and finding versions of
the subgraph containment problems, and between the undirected and directed versions.

» Lemma 23. Let H be a connected non-empty graph of constant size, m € Ny, and
V1, Um € Vi, Then, for M € {Q,R}, we have the characterization M(Subgraphl ) e
@(M(FindSubgraphﬁ ,_“mm)).
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» Lemma 24. Let H be a connected non-empty undirected graph of constant size, m € Ny,
and v1,...,vm € V. Let H be the same graph as H, but then with arcs pointed in arbitrary
directions. Then, for M € {Q,R}, we have M(Subgraph!’ ) e O(M(Subgraph} ).

We note that the above lemmas also completely characterize the randomized query
complexity for all directed and finding subgraph containment problems. We spend the rest
of the document investigating the quantum counterparts of these results in more detail.

Finally, we recall that Theorem 1, as proved by Lee, Magniez and Santha, strictly speaking
only holds for undirected subgraph-containment problems. However, we argue that their
learning-graph-based algorithm also works in the directed setting, with the same complexity.

» Proposition 25. Let H = (V, A) be a directed graph, and let H' = (V, E') be its undirected
counterpart, i.e., {v,w} € E' if and only if (v,w) € A or (w,v) € A. Then, Q(Subgraph’’)
is upper bounded by the expression in Theorem 1 applied to H'.

3.1 Path-containment reductions

We introduce shorthand notations for the subgraph-containment problems where the subgraph
is a line graph. We refer to these as path-containment problems.

» Definition 26 (Path-containment problems). Let k € N.

1. Let Ly be the undirected line graph with k edges, with the endpoint vertices labeled by s
and t. We define Path=" := Subgraph’*, and Path:f = Subgraphf”;.

2. Let Lj. be the directed version of Ly, where the edges are all pointing from s to t. We
define DirPath=F := SubgraphL;c, and DirPath;iC = Subgraphff;:.

Finally, for P € (|Dir)Path(|s7t), we write

k

p<hi=\/ P

{=1

We also consider the finding versions of these problems, denoted by FindP for all P €
(|Dir)PathE‘:Sktl)§k). In the (< k)-problems, it suffices to output a path for any of the subprob-

lems P=¢, with £ € {1,...,k}.
We also consider promise versions of the path-containment problems.

» Definition 27 (Promise path-containment problems). Let k € N.

1. The PromPathgikISk)-problem is the Pathgjk‘gk)-pmblem, restricted to inputs that satisfy
the promise that if s and t are connected, then there exists a path of length exactly, or at
most, k between s and t, respectively.

2. The PromDirPathSk‘Sk)-problem is the DirPa‘ch(S -problem, restricted to inputs that
satisfy the promise that if s and t are connected by a directed path from s to t, then there
exists a directed path of length exactly, or at most, k from s to t, respectively.

The finding versions of these problems, PromFindPathSlek) and PromFindDirPath

respectively, are the finding problems under the same restriction.

=k|<k)
it

(=k|<k)

s,t

Formally speaking the promise path-containment problems are also boolean functions,
but on a restricted domain. As such, they are partial booelan functions, rather than total
ones.

We start by showing some elementary reductions between the promise and non-promise
versions of the path-containment problems. The proofs are available in the full version of the

paper.
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(=k|<k)
s,

» Lemma 28. Let P € (|Dir)Path
1. We have Q(PromP) € O(Q(P)).
2. We have Q(FindP) € O(Q(PromFindP)).

Through Lemmas 23 and 28, we conclude that the Find and PromFind versions of the
path-containment problems considered above all have the same query complexity up to
constants as the non-promise detection version of the problem. Thus, to understand the
relative hardness of the path-containment problems introduced above, we will ignore the Find
and PromFind versions in what follows. We provide a graphical overview of the remaining
problems in Figure 3, with arrows representing the reductions we prove in the remainder of
this section.

) i Prop 34-1 <k
PromDirPathy ———— PromDirPath_;
IProp lPrOp
4-4 4-2
Prop 32-1 3 Prop 30-3 3
. (f—9) — D4 =k . <k
DirPath=(F—2) DirPath{y «——————— DirPath_;
P 2-2 '
rop 3 Prop Prop
30-4 P 0.1 30-2
—L rop 9U- X
PathTF Path>}
6
(6] (6]

R A e —

(6]

Path=(k—2) ———— PromPath;F — PromPatth 6[6]@(71/)

Figure 3 Randomized reductions between path-containment problems. All the green problems
can be solved in linear number of queries, and all the red problems are equivalent under randomized
reductions and constant multiplicative overhead.

If we set k =1, or k = 2 then the problems (|Dir)PathSk|§k)
and second classes derived in Lemma 22, respectively. Thus, whenever we set k =1 or k = 2,
we already understand the exact query complexity of the problems in Figure 3, and so we
assume without loss of generality that k£ > 3.

For the PromPathi,]&C -problem, Belovs and Reichardt [6] proved that it can be solved
using O(nv'k) queries, which is simply O(n) when k is constant. They also realize that
the PromPathS:f—problem has a stronger promise, and so there is a generic reduction from
this problem to the < k-version. Moreover, they provide a randomized reduction from the
Path=(*~2)_problem to the PromPathi,’f—problem [6, Page 2]. This means that these three
problems have linear query complexity, i.e., their query complexity is ©(n) for k > 3.

are instances of the first

We now prove that all the other path-containment problems form an equivalence class,
i.e., they have the same query complexity up to a constant. We then prove a new quantum
algorithm that solves all the problems from this equivalence class in Section 4.

We begin with showing monotonicity of Q(DirPathif ) in terms of k. From our results
later in this section, this monotonicity result also follows for all the problems in the same
equivalence class as DirPathSS’iC . All proofs are available in the full version of the paper.

» Lemma 29. Let 3 < (< ke N. Then, Q(DirPathy}) € O(Q(DirPathS})).

» Proposition 30. Let 3 < k € N. Then,
1. Q(Path;}) € O(Q(Pathyy));

2. Q(Pathly) € O(Q(DirPathl}));

3. Q(DirPathyy)) € O(Q(DirPaths}));
4. Q(pirPath;})) € O(Q(PathZ})).



A. Cornelissen, A.S. Gilani, and S. Patro

An immediate corollary of the above theorem is as follows.

» Corollary 31. Let 3 < k € N. Then, all the problems in (\Dir)PathéikKk) have the same,
up to constants, quantum query complexity.

» Proposition 32. Let k € N. Then,
1. Q(pirPath=) € O(Q(DirPathI;™?));
2. For k >3, Q(DirPathZ}) € O(Q(DirPath=F"?)).

» Corollary 33. Let 3 < k € N. Then, the problems in DirPath;{c and DirPath="=2 have
the same, up to constants, quantum query complexity.

» Proposition 34. Let 3 <k € N. Then,

1. Q(PromDirPath:f) € O(Q(PromDirPathSS)f));
2. Q(PromDirPath};) € O(Q(DirPathy));

3. Q(DirPathZy)) € O(Q(DirPathy}));

4. Q(DirPath;})) € O(Q(PromDirPathZ})).

o 0

An immediate corollary of the above theorem is as follows.

» Corollary 35. Let 3 <k € N. Then, all the problems in (|Prom)DirPathSk‘§k) have the
same, up to constants, quantum query complexity.

3.2 Cycle-containment reductions

We now introduce cycle-containment problems.

» Definition 36 (Cycle-containment problems). Let 3 < k € N.

1. Let Cy be the undirected cycle graph with k edges, and let s be any vertex on the cycle.
Then, Cycle=" := Subgraph®* and Cycle;* := Subgraph{*.

2. Let Cj, be the directed cycle graph with k arcs all pointing in the same direction, and
let s be any vertex on the cycle. Then, DirCycle=F := Subgraphcf/c and DirCycle;" :=
Subgraphsc’/”‘.

We also consider versions of the problem where we are looking for cycles of length at most k,

i.e., for all P € (|Dir)Cycle ), we write

k

Pk =\/ P7h.

£=3

Finally, we also consider the finding versions of these problems. That is, for all P €
Dir)C cle(zklgk), we consider FindP where the task is to output the cycle. For the (< k)-
YEE(1s)

problem, outputting a cycle of any length 3 < ¢ < k suffices.

For simplicity, we only consider cycles of length at least 3. Technically, one can also have
a “cycle” of length 2 in the directed setting, if two arcs in opposite directions are present
between two vertices, but we will refrain from calling these cycles in this work.

We also consider promise problems of these problems.

» Definition 37 (Promise cycle-containment problems). Let 3 < k € N.

1. The PromCycle(:k‘Sk) problem is the Cycle(:k|§k)—problem, restricted to inputs where if
there exists any cycle in the graph, there must be at least one cycle of length exactly, or
at most, k, respectively.
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2. The PromDirCycle=FI<K) problem is the DirCycle=FISF)_problem, restricted to inputs
where if there exists any directed cycle in the graph, there must be at least one directed
cycle of length exactly, or at most, k, respectively.

3. The PromCycleg:klg ) problem is the Cycle( kI<k)

-problem, restricted to inputs where if
there exists any cycle in the graph that passes through s, there must be at least one cycle
of length exactly, or at most, k, respectively, that passes through s.

4. The PromDirCycleg:klgk) problem is the DirCycleg:k‘Sk)-problem, restricted to inputs
where if there exists any directed cycle in the graph that passes through s, there must be at
least one directed cycle of length exactly, or at most, k, respectively, that passes through s.

We consider the finding versions of these problems as well, which are defined to be the finding

problems under the same restrictions on the input, denoted by PromFind(|Dir)Cyc1eEEf‘Sk>.

We note here that the same reductions hold between the promise and non-promise versions
of the cycle-containment problems as in the path case.

(=k|<k)

» Lemma 38. Let3<keN, andP € (|Dir)Cycle(‘S)

1. We have Q(PromP) € O(Q(P)).
2. We have Q(FindP) € O(Q(PromFindP)).

Similar to the path-containment setting, the above lemma informs us that we don’t need
to consider the finding versions of the cycle-containment problems, since they are always
equivalent to the non-promise detection versions up to randomized reductions. Thus, for all
Pe (|Dir)Cyc1eEE;€|§k)7 we only consider the problems P and PromP in the remainder of this
section.

We now prove several randomized reductions between these problems, and we give a
concise graphical overview of them in Figure 4.

For the following problems we can show that the quantum query complexity is monoton-

ically increasing in k. The proofs are available in the full version of the paper.

» Lemma 39. Let 3 < (¢ <k eN. Then,

1. Q(DirCycle=*) € O(Q(DirCycle=F));

2. Q(PromDirCycle™") € O(Q(PromDirCycle=F);

3. Q(Cycle=tF—1) € O(Q(Cycle=F)) whenever k is an odd integer.

The same monotonicity relations hold for Ps where P € {DirCycle, PromDirCycle, Cycle}.

We will now prove a few cycle-containment reductions as illustrated in Figure 4.

Proposition 40. Let 3 < k € N be a constant. Then,
. Q(DirCycle™") € ©(Q(DirCycle=Fk));
. Q(PromDirCycle=*) € O(Q(PromDirCycle=F));

. Q(Cycle=F) € O(Q(Cycle™"));

(PromCycle=F) € ©(Q(PromCycle<F));

(DirCycle=F) € O(Q(Cycle™*)) whenever k is an odd integer;
(PromCycle<F) € O(Q(Cycle=F));

(PromDirCycle=F) € O(Q(DirCycle=F)));
(PromCycle=F) € O(Q(ProlerCycle ));
. Q(Cycle=F) € O(Q(DirCycle=t));

10. Q(Cycle™") € O(Q(DirCycle=*)).

» Theorem 41 (Implicit in [6, Theorem 8]). Let 3 < k € N be a constant. Then, there exists
a O(n)-query quantum algorithm that, given a simple graph G with n vertices, accepts if G

contains a cycle of length k and rejects if G is a forest, except with error probability at most
1/3.

>
1
2
3
4. Q
5. Q
6. Q
7. Q
8. Q
9. Q
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Prop Prop
40-4 43-4
PromCycleS* = PromCycle=F PromCycleJ PromCyclefk
Prop PYOP
40-4 43-4
ooP | Lem 39-3 haop
k—1mk Prop
- N 43-3b
CycleSk " Cycle=F Cycles® ———— Cycle=F
Prop . Prop
40-3 ! 43-3a
Prop Prop | | Prop | Prop Prop | | Prop Prop
40-9 Prop 40-10 ! 40-5 | 40-8 43-5| | 43-11 Prop 43-10
40-1 ! 43-1
DirCycleSF " DirCycle™* DirCycle;* Z—___~ DirCycle=F
Prop N\ Prop
Prop 40-1 ]i = k?,;_ll Prop | | Prop 43-1 Prop
40-7 Prop em Prop 43-6 | | 43-6 Prop 43-8
40-2 45 432
- T PromDirCycle;* _ PromDirCycle=F
Prop N2 k+1—k Prop
40-2 k—k+1 43-2
Lem 39-2

Figure 4 Pictorial representation of the randomized reductions we prove in this section, for k > 3.

The dashed connections only hold for odd values of k. Problems depicted in the same color have the
same quantum query complexity up to constants. Note that the connections represented in bold
only exist in the restricted cycle-containment version of the problem, i.e., the corresponding result
cannot be obtained in the left-hand side of the picture using the same techniques.

Combining Item 4 of Proposition 40 and Theorem 41 we conclude the following.
» Corollary 42. Let 3 <k € N be a constant. Then, Q(PromCycle=*I<F) € O(n).

We will now present a few other cycle-containment reductions where the cycles are
required to pass through a specific vertex, let us denote by s, given as input. For these
reductions we will use color-coding and layer insertion techniques as done earlier, but we will
use the color-coding version that passes through s. It is interesting to note that for some of
these problems we are able to prove stronger relation in contrast to its counterparts that
don’t have this additional requirement of the subgraph containing s. For example, Items 3b
and 5 in Proposition 43 are to name a few. See Figure 4 for an illustrative and comparative
summary of the results.

» Proposition 43. Let 3 < k € N be a constant. Then,
1. Q(DirCycle=*) € O(Q(DirCyclesk));

2. Q(PromDirCycleSSk) IS @(Q(PromDirCycles:k));
3. a. Q(Cycle=F) € O(Q(Cycle*));

b. Q(Cycles*) € O(Q(Cyclest));

Q PromCycle *) € ©(Q(PromCycle=Fk));

SN e O(Q(Cyde?k));
ProlerCycle ) € ©(Q(DirCycle*));
PromCycle=*) € O(Q(Cyclest));
PromDirCycle=*) € O(Q(DirCycles*)));
PromCycle ) € O(Q(PromDirCycle;¥));
=F) € O(Q(DirCyclest));

(
(Di
(
(
(
(
(
( %) € O(Q(DirCycles*)).
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Consequently, we get the following.

» Corollary 44. Let 3 < k € N. Then, all the problems in (\Prom)DirCyclegzk‘Sk) have the
same, up to constants, quantum query complexity.

Finally, we prove a connection between the restricted and unrestricted version of the
cycle-containment problems.

» Proposition 45. Let 3 < k € N be a constant. Then, we have Q(PrcmDirCycle?(kH))

O(Q(PromDirCycle ¥)).

S

3.3 Path-cycle-containment reductions

In this subsection, we present reductions between path and cycle problems (in both directions)
to further refine the classification established in Sections 3.1 and 3.2 for path and cycle
problems, respectively. All the proofs are available in the full version of the paper.

» Proposition 46. Let 3 < k € N be a constant. Then, Q(DirCycles") € O(Q(DirPathI?)).

» Proposition 47. Let 3 < k € N be a constant. Then, we have Q(PromDirPath;f) €
O(Q(PromDirCycle;*)).

Using Corollary 35 from Section 3.1, Corollary 44 from Section 3.2 and Propositions 46
and 47 we conclude the following.

» Corollary 48. Let 3 < k € N be a constant. Then, the path problems (|Prom)DirPathg:tk|§k)
and the cycle problems (|Prom)DirCyc1e§:k|Sk) have the same, up to constants, quantum

query complexity.
» Proposition 49. Let 3 < k € N be constant. Then, Q(PromCycle;*) € O(Q(PromPaths?f)).
» Proposition 50. Let 3 < k € N be constant. Then, Q(PromPaths}) € O(Q(PromCycle;*)).

As PromPathS:y,{C is known to have quantum query complexity of ©(n) (see Figure 3), using
Item 4 of Proposition 43 and Propositions 49 and 50 we can conclude the following;:

» Corollary 51. Let 3 <k € N be a constant. Then, Q(PromCycleg:k‘Sk)) € O(n).

4 Length-k directed path-detection algorithm

In this section, we consider the subgraph containment problem DirPath=F, and we develop
a novel algorithm for this problem. This implies a query upper bound for all of the problems
displayed in red in Figure 1.

We start by employing the color-coding technique, introduced by Alon, Yuster and
Zwick [1], to partition the graph into k + 1 subsets. All proofs are available in the full version
of the paper.

» Lemma 52. Let k,n € N, and let G = (V, A) be a directed graph with |V| =n and k € O(1).
Let Vo U --- UV, CV be a random partition of V' such that |V;| € ©(n/k). We define
G = (V,A4"), where A’ = Ay U---U Ay, with Aj = {(v,w) € A:veV_1,w e V;}. Now, if
DirPath="(G) = 0, then DirPath=*(G’) = 0. On the other hand, if DirPath=F(G) = 1, then
P/ [DirPath=F(G’) = 1] € Q(1), where the probability distribution is over the randomization
in the procedure that constructs G’'.
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We can combine the previous theorem with Lemma 17, so without loss of generality
we can consider the color-coded version of the problem, i.e., where the graph’s vertices are
already partitioned into k£ + 1 disjoint sets and where we’re looking for a path that traverses
all the way from one end to the other, as displayed in Figure 5. To optimize the parameters
in the recursion, we consider a version this problem where the first and last layer have a
smaller size than all the intermediate layers, and setting r € ©(n) recovers the problem
considered in Lemma 52.

OG- £

Figure 5 The layered-path problem. Every set Vj for j € [k — 1] represents a set of ©(n) vertices,
and the first and last layer might have a different size, say |Vo| = |Vi| = r. We are looking for a
directed path that traverses all the layers from Vj to V.

We now provide a recursive nested walk construction that finds such a layered path, if it
exists.

» Lemma 53. Let k,n,r € N, with3 <k € O(1) andr <n. Let n/2 > s € N, and suppose
that we can solve the layered path-finding problem with length k—2 and first and last layer size
s with Cn s quemes Then, we can solve the layered path-finding problem with complezity
Cﬁ’fﬁ, satisfying

e €0 (svr+ (%) (var + ).

Now that we have described the recursive algorithm, we should work out what the
resulting number of queries becomes, for a given value of k € O(1). This is the objective of
the following lemma.

» Lemma 54. Let o, € [0,1]. For all k € N, let oy, be defined by the recurrence relation
. 1 1
Q42 = ajlel%él,l] max § s + 5057’7 1- 5045 + iara 1—as+ ks s

with o = ap, and g, = 1 + lar Next, let n € N, and r € ©(n*). Then, we can
solve the layered- path pmblem with first and last layer size r with a number of queries
that satisfies C,(” € O( @), Moreover, the solution to the recurrence relation satisfies
Qn € 3/2 — O(c™) with ¢ ~ 1.33.

Putting everything together, we now obtain the following result.

» Corollary 55. Q(DirPath=F) € O(n2=), where ay € Q(c™%) as k — oo, with ¢ =

V3 +/17/2 ~ 1.33.

We compute the resulting query complexity for the first few values of k£ for good measure.

5 Length-< k cycle-detection algorithm

In this section, we modify the approach developed in [14], to obtain a novel quantum
algorithm for the Cycle=F-problem, whenever k is odd. The core result that we are using is
the following theorem.
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Table 1 The query complexity of Q(DirPath:’C ) for the first few values of k.

k| o1 2 3 4 5 6 7
Q(DirPath=F) ‘ O(n) O(n) O®7% OmW/% Om*/) 0Omn*/??) On*/%®)

» Theorem 56 ([14, Theorem 4.7]). Let P be the property that an n-vertex graph either has
more than M edges, where m € Q(n), or contains a given subgraph H. Let H' be the graph
obtained by deleting all degree-1 vertices of H that are not part of an isolated edge. Then
Q(P) € 6(\/%#7%), where ve(H') denotes the vertex cover of H', i.e., the minimum
number of vertices in H' required to cover all edges.

Applying this to k-cycles, we get the following corollary.

» Corollary 57. Let k > 3. Let P be the property that an n-vertex graph either has more
than ™ edges, where T € Q(n), or contains a k-cycle. Then, there is a quantum algorithm

~ 1
that computes P using O(\/mnl_ 72141 ) queries.

We modify the algorithm attaining the result in Theorem 56 (and Corollary 57) to get a
slight improvement for the case when k is odd (making a stronger assumption on m which
will also be satisfied for our applications). The proof is available in the full version of the

paper.

» Theorem 58. Let k > 3. Let P be the property that an n-vertex graph either has more

than m edges, where m € Q(n'+Y/ U+ and £ = |k/2], or contains a k-cycle. Then, there is
~ 1

a quantum algorithm SPARSECYCLE that computes P using O(\/mnl‘m) queries.

Now, we can combine this construction with a combinatorial result by Bondy and
Simonovits [7], that connects the non-existence of an even-length cycle of a given length to a
sparsity condition on the graph.

» Theorem 59 ([7]). Let G be a graph on n vertices. For any £ > 2, if |B(G)| > 1004n*+1/¢
then G contains Cop as a subgraph.

Combining the previous two results now gives us our algorithm that solves the Cycle=-
problem. The proof is available in the full version of the paper.

» Theorem 60. Let k > 4. Then, Q(Cycle<¥) € O(n? ™), where

k—2 . .
s if k is even,

v(k) = {k(kﬁg L
m, ka s odd.

Finally, we summarize the best-known upper bounds on the query complexities for
Cycle=" and Cycle=F in Figure 6. We observe that for all k, the Cycle=*-problem can be
solved in o(n?/?) queries, whereas for the Cycle=F-problem, we can only make that statement
for even values of k. It would be a very interesting direction of future research to establish
whether the Cycle=*-problem for odd values of k can be solved in O(n/2) queries as well.

We also observe that the expressions we obtain for general values of & do not recover the
best-known upper bounds for the cases where k = 3 and k = 4. This suggests that for higher
values of k, the upper bounds we know for these cycle-containment problems are likely not
tight. We think it’s a very nice future direction of research to improve these algorithms.
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[\v]

n
¥ e Qe €0
/.\\ // \\ // \\ //
3 e L S L N e \\ //
n?2 S e-itel eS¢ -_e---¥--_—e---¢----Q(Cycle=F) € O(-)
ni P Q(GC,) € Q(n3/3)
Sl A el a2 Q(Cyele=k) € Q()
n O D i N e e D o e o S e e e Q(Cycle(gk‘:k)) c Q()

3 4 5 6 7 8 9 10 11 12 K

Figure 6 The best-known upper bounds on the query complexity of the Cycle™*-problem
(shown in blue) and the Cycle=*-problem (shown in red). The black vertices represent the best-
known unconditional lower bounds on both problems, and the green dots represent the best-known
conditional lower bounds on the Cycle=*-problem, conditional on Q(GC,) € Q(n?/3).

6 Conditional lower bounds based on graph collision

In this final section, we prove a novel super-linear conditional lower bound on the query
complexities of several problems in Figure 1. Our lower bounds will be based on the
graph-collision problem, introduced in [24, Section 4.2].

» Definition 61 (Graph collision problem [24, Section 4.2]). Let G = (V, E) be an undirected
graph. We consider the boolean function GCq = GraphCollision, : {0,1}V — {0, 1}, which
evaluates to 1 on input x € {0,1}V if and only if there exists an edge vw € E, such that
Ty = Ty = 1. This is the graph collision problem on G. For alln € N,

Q(GC,) = GE}%/XE) Q(GCq).
[V|=n

Balodis and Iraids [3] showed that the quantum query complexity of triangle finding is
related to the graph collision problem, which gives us a conditional lower bound on several
of the equivalence classes displayed in Figure 1. We modify Balodis’s and Iraids’s approach
to give the same lower bound to the cycle-finding problem through a vertex s. The proof is
available in the full version of the paper.

» Proposition 62. Q(Cycle:®) € Q(v/n - Q(GCy)).
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