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Abstract
The optimal sample complexity of testing if an n-vertex graph has an independent set of size ρn, or
is ε-far from having an independent set of size ρn, was established to be Õ(ρ3/ε2), in a notable result
by Blais and Seth (SICOMP 2025). In contrast, for q-uniform hypergraphs, there is a significant gap
between the best known upper and lower bounds, and there has been no progress on the problem
for the last two decades. In this work, we prove a new upper bound of Õ

(
qρ2q−3

ε2(q−2)!2

)
on the sample

complexity of testing the ρ-independent set property. The previous best known upper bound was
Õ

(
2qq!ρ2q

ε3

)
, due to Langberg (RANDOM 2004). This establishes the optimal dependence on ε and

gives an exponential improvement in the dependence on q. We prove our result via a new application
of the hypergraph container method.
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1 Introduction

Graph and hypergraph property testing address the question of when one can distinguish
between the case that a (hyper)graph has some property and the case that it is far from
having the property, by inspecting only a small fraction of the input (hyper)graph. In this
work we study the classic problem of testing whether a hypergraph has a large independent
set in the dense hypergraph model. We say that a q-uniform hypergraph H on n vertices has
the ρ-independent set property if H has an independent set I of size ρn, and H is considered
to be ε-far from having a ρn independent set if at least εnq edges must be removed from H

to obtain a hypergraph with an independent set of size ρn.
An ε-tester for ρ-independence is a bounded error randomized algorithm that takes a

random sample S ⊆ V of vertices, inspects H[S], and, if H has a ρn independent set, accepts
with probability at least δ, and if H is ε-far from having a ρn independent set, accepts with
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probability at most γ, for some positive constants δ > γ.2 The sample size |S| is known as
the sample complexity of the tester, and the sample complexity of testing the ρn independent
set property is the minimum sample complexity of any such ε-tester for the property.

Independent set testing on graphs (when q = 2) is one of the classic graph properties
which was studied by Goldreich, Goldwasser and Ron when they introduced the notion of
graph property testing [6]. They showed that it is possible to ε-test the ρ-independent set
property in graphs with sample complexity Õ(ρ/ε4). Feige, Langberg and Schechtman later
improved the bound to Õ(ρ4/ε3) [5]. The problem of finding the optimal sample complexity
in graphs remained open for nearly 20 years until a recent work by Blais and Seth improved
the bound to Õ(ρ3/ε2) by introducing a new connection between property testing and the
graph container method [4]. The result by Blais and Seth is optimal up to logarithmic (in
1/ε) factors based on a lower bound in [5].

Finding the optimal sample complexity of ρ-independent set testing in q-uniform hyper-
graphs remains open. Generalizing the results of [5], Langberg showed that there is an ε-tester
for ρ-independent set testing in hypergraphs with sample complexity of Õ

(
2qq!ρ2q

ε3

)
[8]. Ad-

ditionally, Langberg gave a lower bound on the sample complexity of Ω̃
(

ρ2q−1

(q!)2ε2

)
. This leaves

the natural open question: what is the optimal dependence on ε for the sample complexity of
testing ρ-independent sets in q-uniform hypergraphs? Further, there is also an exponential
gap in the q dependence between the upper and lower bounds. It’s worth noting that even
though the upper bound has a ρ2q in the numerator and the lower bound has a ρ2q−1 in the
numerator, the problem is only non-trivial when ε < ρq

q! and so the lower bound is strictly
smaller than the upper bound.

1.1 Our Results
We give a new upper bound on the sample complexity of testing the ρ-independent set
property in hypergraphs.

▶ Theorem 1. The sample complexity for testing the ρ-independent set property is
Õ

(
qρ2q−3

ε2(q−2)!2

)
.

Our analysis achieves the optimal dependence on ε, matching the lower bound of Langberg,
while also improving the dependence on q exponentially compared to previous results.

There is a gap between our upper bound and the lower bound of Langberg of roughly ρ2

q5 .

We note that the lower bound result of Langberg can be improved slightly to ρ2q−1

((q−1)!)2ε2 using
the same proof approach (see Appendix A), and so this reduces the gap between upper and
lower bounds to roughly ρ2

q3 . Achieving the optimal ρ dependence remains an open problem,
however we show in Remark 7 that our analysis cannot be tightened to achieve the optimal
ρ-dependence.

We note that, while our bound applies for any q, in the regime that q is non-constant,
there is an alternate distance measure. We could instead say a q-uniform hypergraph is
γ-far from having a ρn independent set if at least γ

(
n
q

)
edges must be modified to make the

hypergraph have the property, similar to what was studied by [3] for satisfiability testing.
Observe that γ

(
n
q

)
≈ γ

q! n
q, and so if a hypergraph is γ-far from having a ρn independent set

2 The standard success acceptance probabilities are δ = 2/3 and γ = 1/3, but so long as δ > γ the
probabilities can be boosted to 2/3 and 1/3 by standard error reduction techniques. We note that if
δ = 1 the tester is called a one-sided error tester, and otherwise it’s called a two-sided error tester.
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under this alternate distance measure then it is ε ≈ γ
q! -far in the distance measure we use in

this paper. Using Theorem 1 with this change of variable we get an upper bound of roughly
q5ρ2q−3

γ2 for testing ρ-independence under this alternate notion of distance.

1.2 Overview of Techniques
To prove Theorem 1 we analyze the natural testing algorithm that takes a random sample
S ⊆ V of vertices and accepts if and only if H[S] contains an independent set of size ρ|S|.
This is a two-sided error tester, which is necessary for any tester for the ρ-independent
property, as it is not a semihereditary property [1]. As is common for property testing
algorithms, the main challenge is showing that the tester rejects hypergraphs that are ε-far
from having a ρn independent set with high probability.

The main tool in our analysis is a new application of the hypergraph container method.
Blais and Seth first applied the graph container method to analyze property testers for
the ρ-independent set and k-colorability properties on graphs [4]. They further used the
hypergraph container method to analyze the sample complexity for the satisfiability problem
and hypergraph coloring [3]. We adapt their hypergraph container method algorithm to
analyze the sample complexity of ρ-independence testing in hypergraphs. We first briefly
describe the container method and the approach used by Blais and Seth for graphs, and then
discuss the main challenges with adapting the container method to analyzing testers for the
ρ-independent set property on hypergraphs.

1.2.1 The Container Method
The container method is a tool for characterizing independent sets in graphs with specific
structure, commonly regular or nearly regular graphs. While in general a graph on n vertices
may have up to 2n independent sets, the container method can be used to show that for a
graph G satisfying some specific structure, there is a relatively small collection of containers,
where each container is a subset of vertices and each container is relatively small, such that
every independent set is a subset of a container.

The natural way to construct the collection of containers is with a container generating
algorithm, first used by Kleitman and Winston [7], which works as follows. Given a graph
G = (V, E) and an independent set I ⊆ V, the goal of the container generating algorithm
is to find a small fingerprint F ⊆ I that can be used to construct a small container C ⊆ V

such that I ⊆ C. In graphs, the natural approach is an iterative greedy approach that first
initializes the candidate container to V, and in each step adds a vertex v ∈ I to the fingerprint
which has highest degree in the current container candidate set. Then, all the neighbours of
v are removed from the current container because they cannot be in the independent set.
Further, any vertex with degree higher than v in the current container can be removed as
well because they also cannot be in the independent set (otherwise they would have been
selected to the fingerprint). The container generating procedure stops once the container is
sufficiently small. This procedure is run on every independent set to construct the collection,
however, since each constructed fingerprint corresponds to a unique container, and each
fingerprint is relatively small, then there are a small number of containers (corresponding to
the total number of possible fingerprints).

1.2.2 Overview of Blais–Seth Approach
Blais and Seth showed that the container method applies very naturally to graphs that are
ε-far from having a ρn independent set [4]. They showed that when G is ε-far from having a
ρn independent set, there is a collection of containers, where each container is a subset of

APPROX/RANDOM 2026
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vertices, such that every independent set is a subset of a container. They show that each
container is small (strictly smaller than ρn) and that there are not too many of them (at
most roughly n1/ε).

Blais and Seth then use this collection of containers to analyze the natural testing algorithm
that takes a random sample S ⊆ V of vertices and checks if G[S] has an independent set
of size ρ|S|. In particular, when G is ε-far from having a ρn independent set, they use the
collection of containers to upper bound the probability that G[S] has a ρ|S| independent set
as follows. By the container statement, since every independent set is a subset of a container,
G[S] only has a ρ|S| independent set if at least ρ|S| vertices of S are drawn from a specific
container. The probability that ρ|S| vertices are drawn from a specific container can be
upper bounded by a Chernoff bound, and then using a union bound they upper bound the
probability that ρ|S| vertices are drawn from any container, thereby upper bounding the
probability that G[S] has a ρ|S| independent set.

In order to get the optimal bound for ρn independent set testing, Blais and Seth are
crucially able to show that there is a trade off in the container and fingerprint size. In
particular, they show that large containers have small fingerprints and vice versa. A key
step in their proof is an argument that roughly says the following: given a graph G = (V, E)
that is ε-far from having an independent set and some independent set I, if the container
generating procedure ends up at a very large (and sparse) container C ⊆ V, then either
|E(C, V \ C)| is relatively large, or G[V \ C] is very dense. They show that in either case a
large number of vertices would be removed from the container in a single step, and, further,
this holds at every step of the container procedure. Since many vertices are removed in each
step of the procedure then the procedure must terminate in a relatively small number of
steps, resulting in a relatively small fingerprint.

1.2.3 First Challenge with Adapting to the Hypergraph Problem
One immediate challenge for hypergraphs is that the container generating procedure is not
as simple as in the graph case. In graphs, selecting a fingerprint vertex to be the vertex in
I with highest degree in the current container works very well because if v ∈ I then the
neighbours of v must not in the independent set and so can immediately be removed from
the current container. However, even for 3-uniform hypergraphs this does not work: if v ∈ I

then vertices that share an edge with v may still be in the independent set.
We address this challenge using a similar approach as used by Blais and Seth in their

follow-up work on testing satisfiability [3], and also in hypergraph container method literature
(see [2, 10] for example). In particular, in each iteration of our container generating procedure,
we have an inner loop which takes q-edges and turns them into (q − 1)-edges, and repeats on
the corresponding (q − 1)-uniform hypergraph. For example, in the 3-uniform hypergraph
case, if v ∈ I then for any pair {u, w} for which {v, u, w} is an edge in H, at most one of u

or w can be in I. So, after selecting a vertex v ∈ I to the fingerprint, the container procedure
will construct a graph (i.e. a 2-uniform hypergraph) where the edges are all pairs {u, w} such
that {v, u, w} is an edge in H. The procedure then can operate on the graph as before by
selecting another vertex in I and removing neighbours (see Section 2 for more details).

1.2.4 Second Challenge with Adapting to the Hypergraph Problem
The second key challenge in adapting the Blais–Seth approach to get nearly tight bounds for
hypergraph ρ-independent set testing is that the argument about the trade off between the
container and fingerprint size cannot be generalized directly to hypergraphs. As mentioned
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above, they show that given a graph G that is ε-far from having an independent set and
some independent set I, if the container procedure ends up at a very large (and sparse)
container C, then either E(C, V \ C) is relatively large, or G[V \ C] is very dense. This step
of the proof does not generalize naturally to hypergraphs because the edges between C and
V \ C can now take many forms (i.e. i endpoints in C and (q − i) endpoints in V \ C for
any 1 ≤ i ≤ q − 1). In fact, using a standard hypergraph container generating procedure to
analyze a tester for ρ-independent set would result in a sample complexity that is larger than
our upper bound by at least roughly 1/ρq (see Remark 8 for an example to demonstrate
this).

In order to get our tighter upper bound on the sample complexity we change the
hypergraph container procedure following ideas from [3]. Instead of selecting a vertex with
highest degree in the hypergraph to the fingerprint, we select a vertex to the fingerprint
with highest degree in some specific ρn-subhypergraph. Then the inner loop focuses on
this specific ρn-subhypergraph. We note that Blais and Seth [3] use a similar approach in
the hypergraph container method by focusing on a smaller n-vertex subhypergraph in a
kn-vertex graph for their CSP hypergraph construction.

We note that once we make this change to the container procedure, the proof approach is
similar to that used by Blais and Seth to study k-colorability and satisfiability [3]. Roughly
speaking the proof goes by contradiction. Given a hypergraph H that is ε-far from having a
large independent set, and an independent set I, we assume that for all steps of the procedure
the container is larger than desired. We prove a proposition which shows that the max degree
in the container decreases in each step, and use this to reconstruct a ρn-subhypergraph that
demonstrates that H is not ε-far from having a ρn independent set, a contradiction. Since
we reconstruct a subhypergraph of size ρn to prove the contrapositive, we obtain a tighter
bound by considering the maximum q-degree of a vertex in any ρn-induced subhypergraph
in the container.

2 New Container Lemma

In this section, we prove a new container lemma for hypergraphs, which will be used in
Section 3 to prove our upper bound Õ

(
qρ2q−3

ε2(q−2)!2

)
on the sample complexity. We start by

describing our hypergraph container procedure and formalizing some basic properties of the
fingerprints and the containers which is then used to prove the new container lemma for
q-uniform hypergraphs. We note that Blais and Seth [3] use similar ideas to prove their
upper bound on the sample complexity of CSP.

We defer the proof for the lower bound Ω
(

ρ2q−1

ε2(q−1)!2

)
using the construction by Lang-

berg [8] to Appendix A.

2.1 The Container Method
Our hypergraph container algorithm builds on the work of Kleitman and Winston [7] and
of Sapozhenko [9]. The key idea behind the container method is to identify a small set
of vertices called the fingerprint vertices which uniquely identify its containers (upto a
predefined ordering of vertices) for an input independent set I in a q-uniform hypergraph
H = (V, E). We denote the fingerprint and container at tth iteration of the algorithm as
Ft(I) and Ct(Ft(I)) respectively. We may use the shorthand notation Ft and Ct(Ft) when
the underlying independent set is clear from the context.

APPROX/RANDOM 2026
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The algorithm (see Algorithm 1) starts with initializing the entire vertex set as the
container C0 and an empty set of vertices as the fingerprint F0. We add vertices to
the fingerprint and remove vertices from its corresponding container as the algorithm
progresses. At tth iteration, the algorithm chooses the vertex vt from the container Ct−1 as
the vertex in the input independent set I ⊆ V with the maximum q-degree in any ρn-induced
subhypergraph of the container Ct−1 and Dt,q as the corresponding subhypergraph. We
break ties by giving higher precedence to lower ranked vertices in the ordering π. We save
all the vertices which have higher q-degree than the chosen vertex vt in any ρn induced
subhypergraph induced by vertices in the container Ct−1 to the set Xq. We then focus on
this ρn induced hypergraph to choose the next (q − 1) fingerprint vertices. We initialize the
fingerprint for the current iteration F ∗ as Ft−1 at the start of the inner loop.

For each ℓth (as ℓ goes from q − 1 to 1) iteration of the inner loop, note that Dt,ℓ+1 is
an (ℓ + 1)-uniform hypergraph with at most ρn− (q − (ℓ + 1)) vertices. We choose the next
fingerprint vertex vt,ℓ from I \ F ∗ as the vertex with the maximum (ℓ + 1)-degree in Dt,ℓ+1
and add it to F ∗. Note that we define degDt,ℓ+1

(v) for a vertex v /∈ Dt,ℓ+1 as zero. We then
construct Dt,ℓ by removing vt,ℓ from the vertex set of Dt,ℓ+1 and using the edges in Dt,ℓ+1
incident to vt,ℓ minus the vertex vt,ℓ. We also save the vertices with higher (ℓ + 1)-degree
than the current fingerprint vertex vt,ℓ in the current hypergraph Dt,ℓ+1 to the set Xℓ to be
removed later. Note that these vertices cannot be a part of the independent set otherwise
they would have been chosen in the fingerprint before the current vertex. We then construct
the container set for the next iteration Ct by removing all sets Xℓ, all vertices with a 1-edge
V [Dt,1], and all the new fingerprint vertices vt,ℓ from Ct−1.

By construction of the algorithm, the fingerprints and containers satisfy

F0 ⊆ F1 ⊆ F2 · · · ⊆ F|I|/(q−1) ⊆ I,

I ⊆ Ct(Ft) ∪ Ft and C|I|/(q−1) ⊆ C|I|/(q−1)−1 · · · ⊆ C0 = V

We now prove some important properties of the containers that we use later in our proof
to compute an upper bound on the sample complexity of ρ-independent set testing.

▶ Proposition 2 (Uniqueness of Containers). For any hypergraph H = (V, E) with a predefined
ordering of vertices π, any independent set I in H, and any t, the fingerprint Ft(I) and
container Ct(I) of I satisfy

Ct

(
Ft(I)

)
= Ct(I).

Proof. For t ≤ |I|
q−1 , the algorithm chooses the same fingerprint vertices in the same order

for Ft(I) and I in the first t− 1 rounds of the algorithm, breaking ties based on the given
ordering of vertices π, hence the vertices removed from the container are also identical, i.e.,
Ct

(
Ft(I)

)
= Ct(I). For t > |I|

q−1 , Ft(I) = I, hence the inequality is satisfied. ◀

We prove another important property of any ℓ-uniform hypergraph which we refer as the
standard averaging bound [3].

▶ Proposition 3 (Standard Averaging Bound). Let H = (V, E) be an ℓ-uniform hypergraph
with ℓ ≥ 2. Then there are at least ℓ|E|−d|V |

(|V |−1
ℓ−1 )−d

> ℓ|E|−d|̇V |
(|V |−1

ℓ−1 ) vertices in H whose degree is larger
than d.
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Algorithm 1 Fingerprint & Container Generator.

Input: A q-uniform hypergraph H = (V, E), a parameter ρ < 1, an ordering of
vertices π, and an independent set I ⊆ V

Initialize F0 ← ∅ and C0 ← V (H);
for t = 1, 2, . . . , |I|/(q − 1) do

// Choose vt as the vertex with maximum q-degree in any ρn induced
subhypergraph of Ct−1 and Dt,q as the corresponding ρn induced
subhypergraph. We break ties by giving higher precedence to
lower ranked vertices in the ordering π.

(vt,Dt,q) = arg max
v∈I∩Ct−1,D⊆Ct−1, |D|≤ρn

degD(v) ;

// Keep track of all vertices with higher q-degree than vt in any
ρn induced subhypergraph of Ct−1 to remove later

Xq ← {w ∈ V [Ct] : deg≤ρn
Ct−1

(w) > deg≤ρn
Ct−1

(vt)};
// Initialize the fingerprint for the current iteration
F ∗ ← Ft−1
for ℓ = q − 1, . . . , 1 do

vt,ℓ ← the vertex in I \ F ∗ with largest (ℓ + 1) degree in Dt,ℓ+1;
F ∗ ← F ∗ ∪ vt,ℓ

// Keep track of all vertices with higher (ℓ + 1)-degree than vt,ℓ

in Dt,ℓ+1 to remove later
Xℓ ← {w ∈ V [Dt,ℓ+1] : degDt,ℓ+1

(w) > degDt,ℓ+1
(vt,ℓ)};

// Construct Dt,ℓ using vertices of Dt,ℓ+1 minus vt,ℓ and edges
incident on vt,ℓ

V [Dt,ℓ]← V [Dt,ℓ+1] \ {vt,ℓ};
E[Dt,ℓ]← {e \ {vt,ℓ} : e ∈ E[Dt,ℓ+1] and vt,ℓ ∈ e};

end
// Add vt,q−1, . . . , vt,1 to the fingerprint
Ft ← F ∗;
// Update container set by removing all sets Xℓ, all vertices with

a 1-edge, and the new fingerprint vertices
Ct ← Ct−1 \ (

⋃q
ℓ=1 Xℓ ∪ {v ∈ Ct−1 : {v} ∈ E[Dt,1]} ∪ {vt,1, . . . , vt,q−1});

end
return F1, . . . , F|I|/(q−1) and C1, . . . , C|I|/(q−1)

Proof. Let S be the set of vertices with degree larger than d.
The vertices in S have degree at most

(|V |−1
ℓ−1

)
. The remaining |V | − |S| vertices have

degree at most d. Since the total number of edges is 1/ℓ times the sum of degrees, the total
number of edges |E| is less than or equal to

1
ℓ

(
|S|

(
|V | − 1
ℓ− 1

)
+ (|V | − |S|)d

)
.

Rearranging the terms we see that(
|S|

[(
|V | − 1
ℓ− 1

)
− d

])
≥ ℓ|E| − d|V |

which gives us the desired inequality. ◀

APPROX/RANDOM 2026



73:8 Testing the Independent Set Property in Hypergraphs

We can now find an upper bound on the maximum q-degree in any ρn-induced subhyper-
graph of H[Ct].

▶ Proposition 4 (Maximum Degree Bound). Let H = (V, E) be a q-uniform hypergraph with
|V | = n, let I be an independent set in H, and let t ≤ |I|

q−1 . Then the maximum q-degree of
every (≤ ρn)-subhypergraph of H[Ct] is at most

2(q − 1)
ρt

(
ρn− 1
q − 1

)
.

Proof. Fix any t ≤ |I|
q−1 . Since the containers satisfy V = C0 ⊇ C1 ⊇ · · · ⊇ Ct, we have

n ≥ |C0| − |Ct| =
t∑

i=1

(
|Ci−1| − |Ci|

)
=

t∑
i=1
|Ci−1 \ Ci|.

Hence, there exists an index j ∈ [t] such that |Cj−1 \ Cj | ≤ n
t .

▷ Claim 5. For each step of the inner loop, 1 ≤ ℓ ≤ q− 1 in the jth iteration, the number of
ℓ-edges in Dj,ℓ is at most

2ℓ

ρt

(
ρn− (q − ℓ)

ℓ

)
(1)

Proof. We argue by induction on ℓ.
Base case: (ℓ0 = smallest value of ℓ such that E[Dj,ℓ+1] > 0 )

We observe that ℓ0 = 1 or E[Dj,ℓ0 ] = 0 in this case.3
(i) ℓ0 = 1: The vertices corresponding to 1-edges in Dj,1 are removed when forming Cj , so

their number is at most |Cj−1 \ Cj | ≤ n
t . Since q = o(ρn) 4, we have

n

t
≤ 2

ρt
(ρn− q + 1),

so the claim holds for ℓ0 = 1.
(ii) E[Dj,ℓ0 ] = 0: The claim trivially holds since E[Dj,ℓ0 ] = 0 < 2ℓ

ρt

(
ρn−(q−ℓ)

ℓ

)
for any value

of ℓ.

Inductive step: Assume Equation (1) holds for ℓ − 1 where 1 ≤ ℓ ≤ q − 2. Suppose, for
contradiction,

|E[Dj,ℓ]| >
2ℓ

ρt

(
ρn− (q − ℓ)

ℓ

)
By induction, we have |E[Dj,ℓ−1]| ≤ 2(ℓ−1)

ρt

(
ρn−(q−(ℓ−1))

ℓ−1
)
, hence degDj,ℓ−1

(vj,ℓ−1) ≤
2(ℓ−1)

ρt

(
ρn−(q−ℓ)−1

ℓ−1
)
.

3 We require E[Dj,ℓ0 ] = 0 as a base case to handle the case that a vertex outside of Dj,ℓ+1 is added to
the fingerprint, because when that happens |V [Dj,ℓ]| does not shrink by one, and so the proof in the
inductive step does apply as is. As such a vertex is selected then E[Dj,ℓ−1] becomes 0.

4 We observe that the sample complexity bound of Theorem 1 holds trivially when q = Ω(ρn). Notice that
the number of vertices is O

(
q
ρ

)
in this case so the sample complexity is O

(
q
ρ

)
< O

(
1
ε

)
. We remind

the reader that the problem is non-trivial only when ε < ρq

q! . We can therefore assume q = o(ρn) for the
remainder of this paper.
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Therefore, by the standard averaging bound (Proposition 3) with d = (ℓ− 1) |E|
|V | ,

|E[Dj,ℓ]|(|V [Dj,ℓ]|−1
ℓ−1

) >

2ℓ
ρt

(
ρn−(q−ℓ)

ℓ

)(
ρn−(q−ℓ)−1

ℓ−1
) = 2

ρt

(
ρn− (q − ℓ)

)
>

n

t

where we have used the fact that |V [Dj,ℓ]| ≤ ρn− (q − ℓ).

Hence there are more than n/t vertices in some ρn-induced subhypergraph of Dj,ℓ with
degree exceeding

(ℓ− 1) |E[Dj,ℓ]|
|V [Dj,ℓ]|

> (ℓ− 1) ·
2ℓ
ρt

(
ρn−(q−ℓ)

ℓ

)
ρn− (q − ℓ) = 2(ℓ− 1)

ρt

(
ρn− (q − ℓ)− 1

ℓ− 1

)
All such vertices are removed from Cj (since they have higher degree than vj,ℓ), implying

|Cj−1 \ Cj | > n/t, a contradiction. This completes the induction and the proof of the claim.
◁

Why the claim implies the proposition: We consider the jth iteration of the algorithm.
Taking ℓ = q − 1, the number of (q − 1)-edges in Dj,q−1 is at most 2(̇q−1)

ρt

(
ρn−1
q−1

)
. Therefore,

the fingerprint vertex vj,q−1 or vj has q-degree at most 2(̇q−1)
ρt

(
ρn−1
q−1

)
in any (≤ ρn)-induced

subgraph of H[Cj−1]. All vertices exceeding this degree in some (≤ ρn)-subgraph of H[Cj−1]
are excluded from Cj , so the maximum q-degree in any (≤ ρn)-subgraph of H[Cj ] is at most
2(q−1)

ρt

(
ρn−1
q−1

)
. Since Ct ⊆ Cj , the same bound holds for every (≤ ρn)-subgraph of H[Ct]. ◀

2.2 Proof of the New Container Lemma
We can now prove the new container lemma which essentially states that the container size is
“small” (as defined in the lemma) for some small value of t independent of the hypergraph size
n when the input hypergraph is ε-far from ρn independent set. We prove the contrapositive,
i.e., we construct a ρn-induced subhypergraph which is not ε-far from ρ-independent set
property if the container size is “large” for all values of t.

▶ Lemma 6 (New Container Lemma). Let H = (V, E) be a q-uniform hypergraph on n vertices
that is ε-far from ρ-independent set property. Then, for any independent set I in H, there
exists an index t ≤ 8ρq−1

ε(q−1)! such that the size of the tth container of I satisfies

|Ct| ≤
(

ρ− t · ε(q − 2)!
4ρq−2 ln(ρq−1/ (ε(q − 1)!))

)
n

Proof. We prove the contrapositive. Let t1 = 8ρq−1

ε(q−1)! . Suppose that for all t ≤ t1, the size of
the tth container Ct(I) satisfies

|Ct(I)| >
(

ρ− t · ε(q − 2)!
4ρq−2 ln(ρq−1/(ε(q − 1)!))

)
n (2)

We will show that there is some ρn induced subhypergraph with < εnq edges showing that
H is not ε-far from ρ-independent set property.

We start with the container Ct1(I) to construct the set of vertices S and the corresponding
induced subhypergraph H[S]. Add vertices one at a time from the previous containers Ct(I)
(in decreasing order of t) until the size of the set reaches ρn. Note that we can choose
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any set of ρn vertices from Ct1(I) if the size of the container is greater than ρn. Let Vt

denote the set of vertices in container (t − 1) but not in container t in this set S, i.e.,
Vt = {v : v ∈ S and v ∈ Ct−1\Ct} and let t0 be the smallest value of t for which |Vt| > 0.

We now prove the claim. Since |S| ≤ ρn, Proposition 4 implies that the maximum
q-degree in any ρn induced subhypergraph of H [Ct1(I)] is at most

2(q−1)
ρ

(
ρn−1
q−1

)
8ρq−1

ε(q−1)!

≤ εq!
4ρq

(
ρn− 1
q − 1

)
Hence, any (≤ ρn)-induced subhypergraph of H [Ct1(I)] has at most εq!

4ρq

(
ρn
q

)
q-edges.

When |Ct1 | ≥ ρn, then the total number of edges is at most
εq!
4ρq

(
ρn

q

)
<

εq!
ρq

(ρn)q

q! < εnq,

therefore H[S] is not ε-far from ρn independent set.
Now we consider the case when |Ct1 | < ρn. By Proposition 4, each v ∈ Vt contributes at

most
2(q − 1)
ρ(t− 1)

(
ρn− 1
q − 1

)
additional edges (or

(
ρn−1
q−1

)
if t = 1), since v lies in Ct−1(I).

Therefore, the total number of edges is at most

εq!
4ρq

(
ρn

q

)
+ |V1| ·

(
ρn− 1
q − 1

)
+

t1∑
t=2
|Vt| ·

2(q − 1)
ρ(t− 1)

(
ρn− 1
q − 1

)
(3)

For any t0 ≤ t ≤ t1, the set
⋃t

j=1 Vj corresponds to the vertices not appearing in Ct(I),
and so Equation (2) implies

t∑
j=1
|Vj | ≤ ρn− |Ct| <

tεn(q − 2)!
4ρq−2 ln(ρq−1/(ε(q − 1)!))

In the sum (3), the contribution from |Vt| decreases as t increases, so the sum is maximized
when all |Vt| = εn(q−2)!

4ρq−2 ln(ρq−1/ε(q−1)!) . Substituting into (3), we obtain

εq!
4ρq

(
ρn

q

)
+ εn(q − 2)!

4ρq−2 ln(ρq−1/(ε(q − 1)!))

(
ρn− 1
q − 1

)

+ εn(q − 2)!
4ρq−2 ln(ρq−1/(ε(q − 1)!))

8ρq−1
ε(q−1)!∑

t=2

2(q − 1)
ρ(t− 1)

(
ρn− 1
q − 1

)
<

εq!
4ρq

(
ρn

q

)
+ εq!

4(q − 1)ρq−1 ln(ρq−1/(ε(q − 1)!))

(
ρn

q

)

+ 2εq!
4ρq ln(ρq−1/(ε(q − 1)!))

8ρq−1
ε(q−1)!∑

t=2

1
(t− 1)

(
ρn

q

)

<
εq!
ρq

(
ρn

q

) 1
4 + ρ

4(q − 1) ln(ρq−1/(ε(q − 1)!)) + 1
2 ln(ρq−1/(ε(q − 1)!))

8ρq−1
ε(q−1)!∑

t=2

1
t− 1


<

εq!
ρq

(
ρn

q

)
<

ε

ρq
(ρn)q < εnq,
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where the final inequality uses the upper bound H(m) ≤ ln(m) + 1 on the harmonic series
and the assumption that ε is less than a sufficiently large constant, i.e., ε < e−8 ρq−1

(q−1)! (which
can be made without loss of generality as we can always choose a smaller value of ε′ for
the tester such that e−8ε < ε′ < ε which gives us the same sample complexity). Note that
ε < ρq

q! < ρq−1

(q−1)! since the graph is ε-far from ρ-independent set property.
This completes the proof. ◀

▶ Remark 7. There exists a q-uniform hypergraph H that is ε-far from having a ρn independent
set and an independent set I for which Lemma 6 is nearly tight in the ρ-dependence. Consider
the same example from the lower bound of Langberg [8], and re-analyzed in Appendix A,
which is a hypergraph H formed by planting an independent set I of size

(
ρ− 4(q−1)!ε

ρq−1

)
n in

a complete q-uniform hypergraph. See Appendix A for a justification that this hypergraph is
ε-far from having a ρn independent set.

We claim that for all t we have that |Ct(I)| ≥
(

ρ− 16(q−1)!εt
ρq−2

)
n, which demonstrates

that Lemma 6 is roughly tight in the ρ dependence. To show this, first consider the case that
t ≤ 1

2ρ . Observe that for the first 1
2ρ iterations of the outer loop of the container procedure,

exactly ρn vertices are removed from the container in each iteration. This is because no
vertices will be removed due to having larger degree in a ρn subhypergraph (every vertex
has full degree in some ρn subhypergraph). Hence, |Ct(I)| ≥ ρn for all t ≤ 1

2ρ .

Next consider the case that t > 1
2ρ . Recall that at every step t of the container procedure

we have that I ⊆ Ct(I) ∪ Ft(I), and so |Ct(I)| ≥ |I \ Ft(I)| ≥
(

ρ− 8(q−1)!ε
ρq−1

)
n, where we

are assuming that |Ft(I)| is sufficiently small. Hence, for t > 1
2ρ , we find that |Ct(I)| ≥(

ρ− 16(q−1)!εt
ρq−2

)
n, completing the proof of the claim.

▶ Remark 8. It is not possible to achieve our bound in Lemma 6 and Theorem 1 using a
standard hypergraph container procedure. In particular, a standard hypergraph container
procedure run on a q-uniform hypergraph H = (V, E) and independent set I would initialize
a container to V and run in iterations. In each iteration it would run an inner loop that
selects a vertex v in the independent set with highest degree in the hypergraph on the current
container, then look at the (q− 1)-uniform hypergraph formed by all edges incident to v, and
so on until reaching the 1-uniform hypergraph. This is in stark contrast to the algorithm
described in Section 2.1 that selects vertices with highest degree in some ρn subhypergraph.
We argue that this natural hypergraph procedure is not useful for proving our bounds via an
example described below.

Similar to the the lower bound of Langberg [8] and re-analyzed in Appendix A, start
by planting a large independent set I of size

(
ρ− 8(q−1)!ε

ρq−1

)
n in an n-vertex hypergraph.

Between I and V \ I add all possible edges with q− 1 endpoints in I and 1 endpoint in V \ I.

The hypergraph H[V \ I] is going to be a random hypergraph with edge density ρq−2 · (q− 1)
so that the vertices in V \ I have degree less than roughly ρq−2(q − 1) ·

(
n
q

)
· q

n ≤
ρq−2nq−1

(q−2)! ,

which is roughly the degree of vertices in I. Finally, select a small subset I ′ ⊂ I of size
roughly q/ρq−2 and remove all edges in the hypergraph with at least one endpoint in I ′.

Instead, for each v ∈ I ′ select 2 ρq−2

(q−2)! n
q−1 random (q− 1) tuples from V \ v and add an edge

containing v and those q − 1 vertices. Crucially we want the vertices in I ′ to have highest
degree in the hypergraph, but whose degree is similar to the vertices in I.

It is not hard to show that H is ε-far from having a ρn independent set with high
probability (over the randomness of the edges added in the hypergraph), assuming that ε is
sufficiently small compared to ρ. Further, we claim that running the standard hypergraph
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container procedure above would take at least roughly 1
ρq−2 steps to get a desirable container.

This is because the vertices in I ′ have highest degree and so they are selected in each step
of the procedure until they have all been selected. Since the edges of vertices in I ′ are
randomly placed throughout the hypergraph with density roughly 2(q− 1)ρq−2, the standard
hypergraph container procedure removes roughly 2(q − 1)ρq−2n vertices in each step of the
outer loop. Hence it will take at least roughly 1/ρq−2 steps until |Ct(I)| < ρn.

Comparing with our hypergraph procedure given in Section 2.1 on this hypergraph
construction, since at every step t of the container procedure we have that I ⊆ Ct(I)∪Ft(I),
then |Ct(I)| ≳

(
ρ− 8(q−1)!ε

ρq−1

)
n. Hence, the t given in Lemma 6 is at most 32(q−1) ln(1/ε)

ρ , and
so the number of steps required by a standard hypergraph is larger than the number of steps
given in Lemma 6 by a factor of at least 1/ρΘ(q).

3 Upper Bound on Sample Complexity

The proof of the theorem uses the following form of Chernoff’s bound for hypergeometric
distributions [4].

▶ Lemma 9 (Chernoff’s bound). Let X be drawn from the hypergeometric distribution
H(N, K, m), where m elements are drawn without replacement from a population of N

elements, K of which are marked. Let X denote the number of marked elements drawn. Then
for any ϑ ≥ E[X],

Pr
[
X ≥ ϑ

]
≤ exp

(
− (ϑ− E[X])2

ϑ + E[X]

)
.

▶ Theorem 1. The sample complexity for testing the ρ-independent set property is
Õ

(
qρ2q−3

ε2(q−2)!2

)
.

Proof. Let S be a random set of s = c · qρ2q−3

ε2(q−2)!2 ln3
(

ρq−1

ε(q−1)!

)
vertices drawn uniformly at

random from V without replacement, where c is a large enough constant. We ignore the
integer rounding issues in the rest of the proof as they do not affect the asymptotics of the
final result. The ε-tester checks if the induced subhypergraph H[S] contains an independent
size of ρs, if yes, the tester accepts and rejects otherwise.

If G contains a ρn independent set, then S contains at least ρs vertices from this
independent set with probability at least 1/2, since the number of such vertices follows a
hypergeometric distribution, and the median of this distribution is at least ρs.

In the remainder of the proof we upper bound the probability that S contains a ρs-
independent set when G is ε-far from containing a ρn-independent set. For the rest of
the argument, let us call a container Ct small when its cardinality is bounded by |Ct| ≤(

ρ− t · ε(q−2)!
4ρq−2 ln(ρq−1/(ε(q−1)!))

)
n, the expression in the lemma above.

Let us denote the vertices of the sampled set S as u1, u2, . . . , us. First observe that, by
Lemma 6, for every independent set I of size ρs in S, there is a t ≤ 8ρq−1

ε(q−1)! and a fingerprint
Ft ⊆ I of size (q − 1)t that defines a small container Ct(Ft) such that I ⊆ Ct(Ft) ∪ Ft.
Hence, the probability that S contains an independent set of size at least ρs is at most the
probability that there exists some t ≤ 8ρq−1

ε(q−1)! such that S contains a set of t′ = (q − 1)t
vertices that form the fingerprint Ft of a small container Ct, and S contains at least ρs− t′

other vertices from Ct. We now upper bound this probability.
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For any t′ distinct indices i1, i2, . . . , it′ ∈ [s], consider the event where the vertices
ui1 , . . . , uit′ form the fingerprint Ft of a small container Ct. Let X denote the number of
vertices among the other s− t′ sampled vertices that belong to Ct. By the bound on the size
of small containers, the expected value of X is

E[X] ≤
(

ρ− t · ε(q − 2)!
4ρq−2 ln(ρq−1/(ε(q − 1)!))

)
(s− t′)

< ρs− tεs(q − 2)!
4ρq−2 ln(ρq−1/(ε(q − 1)!))

≤ ρs− t′ − tεs(q − 2)!
8ρq−2 ln(ρq−1/(ε(q − 1)!)) ,

where the last inequality uses the fact that s = c · qρ2q−3

ε2(q−2)!2 ln3
(

ρq−1

ε(q−1)!

)
for a large enough

constant c and that the problem is non-trivial only when ε < ρq

q! .
By the Chernoff bound (Lemma 9), the probability that we draw at least ρs− t′ vertices

from Ct in the final s− t′ vertices drawn to form S is

Pr[X ≥ ρs− t′] ≤ exp
(
− (ρs− t′ − E[X])2

ρs− t′ + E[X]

)
≤ exp

(
− 1

2ρs

t2ε2s2(q − 2)!2

64ρ2q−4 ln2(ρq−1/(ε(q − 1)!))

)
≤ exp

(
− t2ε2(q − 2)!2s

128ρ2q−3 ln2(ρq−1/(ε(q − 1)!))

)
.

Therefore, by applying a union bound over all possible choices of t′ indices from [s], the
probability that any set of at most 8ρq−1

ε(q−2)! vertices in S form the fingerprint of a small
container from which we sample at least ρs− t′ vertices in S is at most

∑
t′

(
s

t′

)
exp

(
− t′2ε2s

128(q − 1)2ρ2q−3 ln2(ρq−1/(ε(q − 1)!))

)
≤

∑
t

exp
(

(q − 1)t ln s− t2ε2(q − 2)!2s

128ρ2q−3 ln2(ρq−1/(ε(q − 1)!))

)
<

1
3

where the first inequality uses the upper bound
(

s
t′

)
≤ st′ , and the last inequality again

uses the fact that s = c · qρ2q−3

ε2(q−2)!2 ln3
(

ρq−1

ε(q−1)!

)
for a large enough constant c. Hence, the

probability that S contains an independent set of size at least ρs is less than 1/3. ◀
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A Lower Bound on Sample Complexity

We prove a lower bound for the sample complexity of ρ-independent set testing using the
construction by Langberg [8].

▶ Proposition 10. Let n be a sufficiently large constant. Let ρ > 0 and ε > 0 satisfy the
following conditions:

ε≪ ρq

2q! ,

ρ2q−1

ε2 ≪ n,
q2 ≪ ρn,

Then there exists a hypergraph H on n vertices such that H is ε-far from ρ-independent
set property, and with probability at least e−1/2, a random subhypergraph H of size

s = ρ2q−1

8 ((q − 1)!)2
ε2

contains an independent set of size ρs.

Proof. Consider the q-uniform hypergraph H = (V, E) defined as follows:
i) |V | = n,
ii) V is partitioned into two disjoint sets A and V \A, where

|A| =
(

1− 4(q − 1)!ε
ρq

)
ρn,

iii) the edge set E consists of all q-subsets of V except those fully contained in A (i.e., A is
an independent set).
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We first show that H is ε-far from ρ-independent set property, i.e., every subset of vertices
of size ρn induces a subhypergraph with at least εnq edges.

Consider any subset S ⊆ V of size ρn. We define δ := 4(q−1)!ε
ρq so |A| = (1− δ)ρn.

Thus,

|E(S)| ≥
(

ρn

q

)
−

(
(1− δ) ρn

q

)
≥ (ρn− q)q

q! − ((1− δ)ρn)q

q!

≥ (ρn)q

q!

[(
1− q

ρn

)q

− (1− δ)q

]
≥ (ρn)q

q!

[(
1− q2

ρn

)
−

(
1− δq

2

)]
(*)

≥ (ρn)q

q!

[(
δq

2 −
q2

ρn

)]
≥ (ρn)q

q!
δq

4

where (*) follows from (1− a)x ≥ 1− ax and (1− a)x ≤ e−ax ≤ (1− ax
2 ) when ax < 1 using

Taylor’s expansions and the last inequality follows when q < δρn
4 .

Substituting δ = 4(q−1)!ε
ρq gives |E(S)| ≥ εnq.

Now we consider a sample of s = ρ2q−1

8((q−1)!)2ε2 vertices chosen randomly from the hypergraph
H. We define X := |S ∩A| =

∑
v∈A 1{v∈S}. Then X follows a hypergeometric distribution

with parameters (n, |A|, s), and mean µ = |A|
n · s =

(
1− 4(q−1)!ε

ρq

)
ρs.

Thus, using the Central Limit Theorem, we obtain that for sufficiently large n,

Pr
[
|S ∩A| >

(
1− 4(q − 1)!ε

ρq

)
ρs +√ρs = ρs

]
≥ Pr[N(0, 1) > 3/2] ≥ 1

20

Therefore, the chosen sample has an independent set of size ρs with some constant
positive probability and the sample size s = ρ2q−1

8((q−1)!)2ε2 gives a lower bound for testing ρn

independent set. ◀
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