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—— Abstract

In this paper, we study the problem of orienting the edges of a graph G so that every vertex has
bounded out-degree in the local computation algorithms (LCA) model, as defined by Rubinfeld et al.
(ICS 2011). More specifically, given a query e € E our algorithm returns the orientation of e such that
with high constant probability (namely, at least 0.9) the out-degree of each vertex is bounded by r
where r is a parameter. We provide such an upper bound for any » = Q(arb(G) - log n) where arb(G)
denotes the arboricity of G (we note that such orientation exists only when r = Q(arb(G))). Our
query complexity is O(n-arb(@)/r?) in the worst case and O(1) on expectation (over the vertices and
the randomness of the algorithm). This generalizes the upper bound by Mitrovié-Rubinfeld-Singhal
(ESA 2024) that provided a similar upper bound only when r = Q((arb(G)? - n))'/3.

For r = Q(arb(G) - logn), our algorithm also improves their weaker upper bound of O(n/r)
queries for the special case where the input graph is a tree (whose arboricity is 1).

Our algorithm assigns each vertex a level derived from locally sampled neighborhoods combined
through a staggered multi-scale recursion, inspired by the recent arboricity-approximation framework
of Dai—Ghaffari-Portmann (FOCS 2025). The main novelty of our approach is that it reconstructs
levels consistently across the graph while simultaneously respecting the out-degree bound and
maintaining locality of computation.
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1 Introduction

Orienting graph edges while satisfying degree constraints has broad algorithmic applications.
From a structural perspective, bounded out-degree orientations capture the sparsity of a
graph via its degeneracy and arboricity, and play a key role in graph coloring and subgraph
enumeration algorithms [4, 13].

Due to this fact, low-out-degree orientation has been extensively studied in the dynamic,
distributed, and massively parallel settings (see e.g. [10, 17, 9, 7, 3]).

In many local settings, a standard approach is to simulate a distributed peeling-type
process that, for a graph G of arboricity « = arb(G), yields an orientation with maximum
out-degree at most «(2 + €) in O(logn) iterations.
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Mitrovié, Rubinfeld, and Singhal [14] initiated the study of computing bounded out-
degree edge orientations in the LCA model. They showed that directly simulating the peeling
approach via standard LCA transformations can require {2(n) probes per query. They also
proved a lower bound of Q(y/n/r) probes per query for producing an r-out-degree orientation,
even when the input graph is a forest (i.e., when o = 1).

On the algorithmic side, they gave sublinear-probe LCAs for forests and for general graphs.
For general graphs, however, their approach requires r = Q((aQn)l/ 3), and for this range
they provide a randomized LCA that computes an r-orientation using O(max{an/r?,1})
probes per query. Their approach is based on a degree-threshold decomposition together with
randomized sampling of the immediate neighborhood of a vertex, rather than on recursively
reconstructing a global peeling process.

As a result, their work leaves a gap both in probe complexity and in the range of
parameters for which sublinear algorithms are known. In this paper, we address the latter
gap, up to logarithmic factors, by providing an LCA with the same probe complexity for all
r = Q(alogn). Since r must be at least Q(«), this extends the best known upper bound
essentially down to the smallest range currently compatible with the sampling requirements
of the approach.

1.1 The problem of r-orientation and the peeling process

A natural global approach for achieving almost optimal out-degree is the peeling process.
This process proceeds in iterations. In each iteration, i, all vertices whose current degree is
at most (2 + €)a are removed from the graphs. These vertices will be called the i-th layer.
The process repeats until no vertices remain. Edges are then oriented from earlier to later
layers, and arbitrarily within each layer, resulting in a maximum out-degree of (2 + €)a
after O(logn) phases. However, when simulated in the LCA model using the standard
Parnas—Ron simulation argument, peeling requires §2(n) probes per query, and is therefore
not sublinear [15].

In a pair of papers studying the problem of approximating the arboricity of a graph,
the authors nevertheless manage to locally simulate a peeling process. In particular, both
the algorithm of Eden, Mossel, and Ron [6] and that of Dai, Ghaffari, and Portmann [5]
employ a local simulation of a peeling process. However, in both cases the simulation does
not reconstruct the order in which vertices are peeled. Moreover, the local views produced
by the simulation do not correspond to any consistent global peeling sequence.

EMR [6]: pruning-based simulation

In this paper, Eden, Mossel, and Ron [6] introduced a local recursive procedure designed
to estimate whether a global peeling process removes a vertex v by the i-th iteration. To
keep query complexity manageable, the algorithm prunes branches of the recursion that are
expected to be costly. While their analysis shows that this pruning does not significantly
distort the simulation’s outcome, the procedure has a key limitation for our purposes: it
does not recover the actual peeling iteration, but only provides an upper bound. More
critically, the local views generated by the simulation do not correspond to any coherent
global peeling order. Specifically, on query v, the algorithm attempts to peel a sample
consisting of a ©(1/a)-fraction of the neighbors of v, while pruning those predicted to
trigger deep recursion. This technique controls the expected recursion depth and yields an
O(log? n)-approximation using O(n/a) probes. However, the resulting simulation should
be viewed only as an approximation of the ideal peeling process. In particular, the local
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simulation used for one vertex may correspond to one approximate peeling process, while

the simulation for another vertex may correspond to a different approximate peeling process.

As a result, the algorithm does not recover the actual peeling iterations and does not define
a globally consistent peeling order, which requires a different approach in our setting.

DGP [5]: staggered multi-copy simulation

In their recent work, Dai, Ghaffari, and Portmann [5] propose a procedure that estimates
whether a vertex would be peeled in a global peeling process. Their method samples a set of
vertices and, for each one, simulates a peeling process to determine if it gets removed — but
crucially, it does not recover the iteration in which the vertex is peeled. To manage query
complexity, they avoid pruning and instead run multiple simulations in parallel, each with
a different pace. Their key insight is that if the graph has low arboricity then with high
probability, one of these simulations will terminate quickly and return an answer. Moreover,
they design a clever scheduling scheme that ensures the algorithm reaches this efficient
simulation without incurring a significant overhead in queries.

However, this approach has a fundamental limitation for our purposes: each simulation
uses independent randomness, which is essential for their analysis but prevents the results
from aligning with any consistent global peeling order. In particular, the different simulations
do not correspond to different executions of the same ideal peeling process, but rather to
different approximate local simulations of peeling. Consequently, the depth of the first
recursive exploration that terminates successfully should not be interpreted as the actual
peeling level of the vertex.

To illustrate this, consider two adjacent vertices u and v, where u is peeled before v in
the ideal peeling process. Due to the independent randomness used in the local simulations,
it may happen that the recursive exploration rooted at u encounters several bad samples
and only terminates after many recursive levels, while the exploration rooted at v quickly
encounters a good sample and terminates much earlier. Thus, the local recursion depth may
suggest that u belongs to a later layer than v, even though the ideal peeling order is the
opposite. Since these local simulations are generated independently, there is no globally
consistent peeling order that they collectively realize.

Moreover, the algorithm only determines whether a vertex is peeled — not when. This

lack of global coherence motivates the need for a different strategy in our orientation setting.

1.2 Our result

We present a new local computation algorithm for r-orientation in general graphs. Given a

query access to an input graph G = (V, E) of arboricity « and a parameter r = Q(«logn),
2

the algorithm answers each edge-orientation query using O(%) probes, and with high

constant probability produces an orientation of maximum out-degree r. In particular, we

prove the following theorem.

» Theorem 1 (LCA for bounded out-degree orientation). Let G = (V, E) be an n-vertex graph
of arboricity a = arb(QG), given through adjacency-list probe access. Let r be a parameter
satisfying r > Calogn for a sufficiently large universal constant C. Then there exists a
randomized LCA which, on query an edge {u,v} € E, returns an orientation of this edge
such that, with high constant probability over the random tape, all answers are consistent

with a single orientation of G whose maximum out-degree is at most r. The probe complexity

anlog®n
r2 '

per edge query is O(
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To compare the parameter ranges, consider the case @« = O(1). The previous upper bound
of Mitrovié¢, Rubinfeld, and Singhal [14] achieves probe complexity O(na/r?), but only for
r = Q(n'/3). Our result achieves the same asymptotic upper bound for every r = Q(logn).
1/4 which is outside the range of the previous general-graph algorithm,
our LCA uses O(nl/ 2 Jog? n) probes per query and produces an orientation of maximum
out-degree n'/4. Moreover, in this regime the lower bound of Mitrovié¢, Rubinfeld, and
Singhal [14] is already Q(n!/*), even for trees, which are in some sense the simplest constant-
arboricity graphs. Thus, the improvement in the range of r is meaningful even in parameter

In particular, for r = n

regimes where the probe complexity remains strongly sublinear.

1.3 Description of our algorithm

At a high level, our LCA consists of three components. The first assigns each vertex a level by
locally simulating a peeling process. The second answers an edge query {u, v} by comparing
the levels of u and v, orienting the edge from the lower-level endpoint to the higher-level
endpoint (breaking ties according to vertex IDs). The third component implements a single
local simulation step of the peeling process.

We begin with the intuition behind the local simulation. Consider the ideal peeling
process in which, at every iteration, all vertices of degree at most ©(«) are removed. A
vertex belongs to layer ¢ if it is removed during the ¢-th iteration. Observe that if one
could recursively follow only neighbors belonging to strictly lower layers, then any recursive
exploration rooted at a vertex in layer ¢ would have depth at most t.

However, the algorithm does not know the layers in advance. Instead, for each vertex
v and iteration ¢, the algorithm generates random samples of the neighbors of v, where
each neighbor is included independently with probability ©(logn/r). Intuitively, if many
neighbors of v belong to lower layers, then with constant probability, a sampled set contains
only such neighbors. In this case, recursively exploring the sampled neighbors simulates
progress toward lower peeling layers.

A single local simulation step proceeds as follows. Initially, the algorithm queries the
degree of v. If the degree is at most ©(«a), the the first peeling layer. Otherwise, the algorithm
recursively explores sampled neighbors while decreasing the iteration counter. The recursion
terminates if the iteration counter reaches zero, if a low-degree vertex is encountered, or if
the total number of probes exceeds the target budget O(na/r?).

One difficulty is that a random sample may contain neighbors that do not belong to lower
layers, causing the recursive exploration to continue for much longer than the ideal peeling
depth. As a mental experiment, we first assume that this does not happen, and explain why
the query complexity can be bounded under this assumption. We then explain how this
assumption can be removed using the staggered scheduling technique of Dai, Ghaffari, and
Portmann [5]. Finally, we explain why introducing the structure of iterations is necessary in
order to obtain a globally coherent solution.

Step 1: Assuming one good sample per vertex

To provide intuition for the query bound, let us first consider an idealized setting in which
every vertex v is associated with a single good sample, namely a sample containing only
neighbors that belong to strictly lower peeling layers than v. For the moment, we ignore
the staggered scheduling and assume that the algorithm recursively explores only this single
sample.
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A natural way to analyze the query complexity would be to bound the size of the recursive
exploration tree rooted at every vertex. Instead, we reverse the perspective and ask the
following question: for a fixed vertex u, how much does u contribute to the recursive trees
rooted at other vertices?

Since samples are good, every recursive call moves to a strictly lower peeling layer. Thus
every root-to-node trajectory in the recursive exploration corresponds to a directed path
in the graph, where edges are directed from higher layers to lower layers. By the peeling
property, every vertex has out-degree at most 3« in this directed graph.

Fix a vertex u. Every time u appears in the recursive tree of another vertex, there must
exist a sampled directed path leading to u. The expected number of sampled directed paths
of length j ending at u is at most (3a)’p’ = (3ap)?, because there are at most (3a)? directed
paths of length j leading to u, and each such path survives in the recursive exploration with
probability p?. Therefore, the expected total contribution of u to all recursive trees is at
most 1+ 37, (3ap)’.

Since p = ©(logn/r) and r = za, we have 3ap = O(1/z). For sufficiently large z, this
geometric series is bounded by 1+ O(1/z).

Summing over all vertices, the expected total additional recursive work is therefore
O(n /). Consequently, by Markov’s inequality, only a small number of vertices can have
recursive explorations whose size exceeds the probe budget. These vertices are the overflow
vertices. Since the overflow threshold is set to O(na/r?), the expected total work bound
implies that, with constant probability, the number of overflow vertices is at most O(r), and
the constants are chosen so that it is at most r/2.

Step 2: Why staggered scheduling is needed

The discussion above assumed that every sample is good. In reality, however, a random
sample is good only with constant probability. Thus, in order to find a good sample, the
algorithm performs O(logn) independent sampling trials for every vertex.

A naive implementation would recursively explore all these trials, increasing the query
complexity by an additional logarithmic factor at every recursive level. Instead, following

Dai, Ghaffari, and Portmann [5], we evaluate these trials according to a staggered schedule.

The key idea is that trial 4 is slowed down by a factor 2¢, namely it is advanced only once
every 2¢ scheduling steps. Since each trial is good with constant probability, the index of
the first good trial is geometrically distributed. Consequently, although there are O(logn)
possible trials, the expected amount of work invested before reaching the first good one
remains bounded by a convergent geometric sum. Intuitively, the algorithm tries many
possible recursive explorations, while paying essentially only for the first successful one.

As a result, the accounting argument from the idealized setting still applies, up to a
constant-factor overhead in expectation.

Step 3: Why iterations are needed

The discussion above explains why the recursive explorations remain small in expectation. We
now turn to the correctness argument, namely why the resulting levels induce an orientation

in which every vertex has at most r neighbors whose level is greater than or equal to its own.

The key point is that the algorithm should mimic the ideal peeling process. Suppose that

a vertex v still has many neighbors that were not peeled after ¢ iterations of the ideal process.

Then we would like to conclude that v itself should also survive iteration ¢ + 1. Intuitively,
this follows because every sample of v is likely to contain at least one neighbor that survived
iteration ¢, preventing the recursive exploration from terminating too early.

75:5
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For this argument to hold, however, the randomness used to determine whether a neighbor
survives iteration ¢ must be independent of the randomness used when evaluating v in iteration
t + 1. Otherwise, the events become circularly dependent: the randomness used to decide
whether u survives could simultaneously influence whether v observes u, destroying the
inductive peeling argument.

For this reason, the algorithm uses different random samples for different iterations.
Intuitively, iteration ¢ determines which vertices survive after ¢ rounds of peeling, while
iteration ¢ 4+ 1 uses fresh randomness to test whether a vertex still has many neighbors that
survived iteration ¢. This separation between iterations is what allows us to argue inductively
that vertices with many surviving neighbors cannot themselves be peeled too early.

This should be contrasted with the approach of Dai, Ghaffari, and Portmann [5], where
independent recursive simulations are used only to decide whether a vertex is peeled. Since
those simulations are not meant to define a common level assignment, they may use fresh
randomness across recursive calls. In our setting, however, the randomness associated with
each vertex and each iteration is fixed globally and reused across all recursive calls and all
edge queries. This is crucial for ensuring that the local computations are consistent with one
global level assignment.

1.4 Why the DGP batching technique does not remove the logn Gap

Dai, Ghaffari, and Portmann [5] strengthened the staggered scheduling framework by in-
troducing batches of parallel recursive simulations. Each batch contains many independent
recursive calls, and a vertex is considered peeled once a majority of the recursive calls in some
batch terminate. The role of these batches is to amplify correctness in the high-arboricity
case: if a vertex belongs to a dense core, then with high probability most recursive calls
do not terminate, preventing the vertex from being mistakenly declared peelable. This
amplification allows them to obtain a constant-factor approximation.

In our setting, however, this batching mechanism does not seem useful. First, the
arboricity bound is already given, and thus we do not need to distinguish between low- and
high-arboricity graphs. More importantly, the logarithmic gap between r and a does not
stem from the probability amplification aspect of the recursion, but rather from the need to
detect surviving neighbors with high probability in every iteration.

Specifically, to ensure the out-degree bound, if a vertex has many neighbors that survived
previous iterations, then its samples in the next iteration must hit one of these surviving
neighbors with high probability. This requires p = Q(logn/r). At the same time, the query
complexity analysis requires the branching factor to remain bounded, namely that ap is
bounded away from one. Together, these conditions imply r = Q(alogn). Since the batching
mechanism amplifies correctness but does not reduce the sampling probability p, it does not
seem to improve the parameter range in our orientation application.

1.5 Related Work

Local Computation Algorithms (LCAs) answer local queries about a global solution using a
sublinear number of input probes per query, and the answers over all queries are consistent
with one global solution [16, 1].

By now, a wide range of results have been established within the LCA model, including
maximal independent set [16], graph coloring [8], approximate maximum matching [12],
and minor-free graph partitioning [11]. Edge orientations [14] are among the more recent
additions to this growing body of work. In particular Mitrovié¢, Rubinfeld, and Singhal [14]
obtained the following results.
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Lower bound. Any (possibly randomized) LCA that outputs an r-orientation with success
probability at least 0.9 must make Q(n'/2/r) probes in the worst case, even on forests
(e =1) and even when allowed adjacency-list, adjacency-matrix, or degree queries.
Upper bounds for general graphs. When r > 10(a2n)1/3, they obtain probe complexity
O(max{an/r?, 1}).

General forests. When the graph is a forest they obtain an upper bound of O(n /7) queries
for any r.

Bounded-degree forests. For forests of maximum degree A they provide an LCA with
probe complexity An 1=108ar+o(1),

2 Preliminaries

Let G = (V, E) be a simple graph on n = |V| vertices. For S C V we denote by E(S) the set
of edges with both endpoints in S, and by G[S] the induced subgraph on S. The degree of a
vertex v is denoted d(v).

» Definition 2 (Arboricity). The arboricity of G, denoted «, is the smallest integer k for
which E can be partitioned into k forests. Equivalently,

o = max |E(S)|
scvISi=2 | |S|—1|°

Graph access model. We assume adjacency-list probe access to the input graph G = (V, E)
where V' = [n]. Specifically, the probe neighbor(v,4) returns the i-th neighbor or L if it has
less than 4 neighbors. We also use degree probes, where degree(v) returns the degree of v.

The complexity of the LCA is mainly measured by the number of probes (query complex-

ity), running time per query, and the amount of randomness used.

» Definition 3 (Local Computation Algorithm (LCA) - [16]). Let P be a computational problem
where, given an input x of size n, the goal is to compute a valid solution y € F(x). A
randomized algorithm A is a (t, s,8)-local computation algorithm for P if, when given
probe access to input x and random tape r (the random tape r is fixed once and reused across
all queries):

1. Query Handling: For any query q; (representing a specific part of the solution),
A(gi, z,7) returns a partial answer yq, -

2. Sublinear Complexity: The probe complexity per query is sublinear in n.

3. Consistency: The algorithm is consistent with a single global valid solution y € F(x).
That is, for any sequence of queries qi,qz,--.,qm, the algorithm produces an output
SeqUence Yq,,Yqs» - - - > Yg,, that matches the values in y at those locations.

4. Correctness: For all x, with probability at least 2/3 (over the random tape r) ', the
algorithm answers all queries consistently with a valid solution.

2.1 7r-Orientation in the LCA model

An LCA for the problem of r-orientation receives queries of the form “what is the orientation
of edge {u,v}?” and must answer with either u — v or v — u, using a number of probes
that is sublinear in n, while ensuring that all such answers are consistent with a single global
orientation whose maximum out-degree is at most r.

1" Alternatively, one may require high success probability, namely, 1 — 1/n°, for any constant ¢ (without
changing the asymptotic complexity of the algorithm).

75:7
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2.2 A Structural Ordering for a-Arboricity Graphs

Our analysis relies on a fixed acyclic orientation as described next.

» Definition 4 (ldeal Peeling Layers). Let G = (V, E) be a graph, and let Gy = G. For every
integer k > 1, define recursively

LZ = {”U € V(Gk_l) | defl(v) < 30[},

and let
Gy = G[V\OL;}
i=1

be the subgraph induced by the vertices that remain after removing the first k layers.
For each vertex v € V', define £(v) to be the unique index k such that v € L.

This peeling-based partition originates in the work of Barenboim and Elkin [2].

» Lemma 5 (Structural Depth Bound). The ideal peeling process terminates in L = O(logn)
levels.

Proof. Consider any subgraph H C G. Since G has arboricity «, |[E(H)| < o|V(H)|. By
the Handshaking Lemma, 3°, oy gy dur(v) < 2aV(H)|. Let S C V(H) be the set of vertices
with dg(v) > 3o Then 3a|S| < > dy(v) < 20|V (H)|, implying |S| < 2|V (H)|. Thus, each
level removes at least 1/3 of the remaining vertices, leading to O(logn) levels. |

» Definition 6 (Good sample). Fizx a vertez v and a sampled neighbor set S C N(v). We say
that S is good (with respect to the peeling layers) if every vertex u € S belongs to a strictly
lower level than v, i.e., {(u) < £(v) for allu € S.

The structural levels are introduced purely for the purpose of analysis and are never
accessed by the algorithm. Assume that each vertex initially possesses a good sample. Starting
from a vertex v, we consider a recursive process that follows sampled (good) neighbors until
it reaches a terminal vertex, defined as a vertex of degree at most 3a. Lemma 5 implies
that the recursion depth of this process is bounded by O(logn). The depth of this recursion
allows us to bound the number of iterations of our algorithm as we shall see next.

Our algorithm proceeds in O(logn) iterations. In order to describe it we introduce several
objects and definitions that will be used throughout the algorithm and its analysis.

Notation and Setup

For every vertex v € V' and every iteration ¢, we use a different set of sampled neighbors.
These samples are fixed implicitly by the algorithm’s randomness and are used to guide the
recursive exploration of the neighborhood of v at different paces during the level computation.
We define these sets next.

2.2.1 Per-lteration Samples

In this subsection, we describe how the samples associated with each vertex and iteration
are generated. The parameters introduced here will be used throughout the paper.
Fix an arboricity «, an orientation target r = za where x = Q(logn), and a bound on

the number of iterations 7' % O(logn) .
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For every vertex v € V and every iteration ¢t € [T], the algorithm associates with v a

collection of ¢ %' ©(logn) independent random neighbor samples

S, 85, .., 8%, € N(v).

v,1»

(t)

v,1

Each sample S, is generated by including every neighbor u € N(v) independently with

probability p df . @, where c¢ is a constant whose precise choice will be dictated by the

inequalities appearing later in the proof.

Implementation details

Our analysis focuses on query complexity. By Lemma 2.3 of Dai, Ghaffari, and Portmann [5],
the samples Sl(:)h .. .,Sff% can be generated in expected time proportional to their size.
Consequently, the running time of our algorithm matches its query complexity up to constant

factors.

The generation occurs according to the following schedule.

2.2.2 Per-lteration Staggered Scheduling

Fix an iteration ¢ € [T']. We next describe the execution of iteration ¢ of the algorithm which
is essentially a staggered generation of the samples defined above.

Iteration ¢ proceeds in steps y = 1,2,... Let i(y) denote the (unique) index of the bit
that flips from 0 to 1 when incrementing y — 1 to y in binary. Equivalently, i(y) is the index
of the least significant 1 bit in the binary representation of y.

Scheduling rule
(t)

v,1
Once the sample S,(Jtz has been fully generated, the algorithm recursively processes its vertices
using the same scheduling rule with the number of iterations decreased by 1. Thus, we obtain
the following.

At time step y, the algorithm advances the generation of the sample S, i, where i = i(y).

Execution frequency

The generation of Sitz and its recursion advance exactly at steps y satisfying
y =21 (mod 2%).

Therefore, over the first y steps, this advancement occurs @(2%) times. Since each advance-
ment accounts for 2¢ underlying steps, the total processing time is obtained by multiplying
the number of advancements by 2°.

3 The algorithm for r-Orientation

Our LCA is organized into three procedures: ORIENT answers an edge query using the two
endpoint levels; COMPUTELEVEL tries iterations ¢ = 1,...,7T and returns the first successful
one; and COMPUTELEVELITER implements a single iteration.

75:9
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Algorithm 1 ORIENT(u,v): LCA for edge orientation.

Require: An undirected edge {u,v}
1: a + COMPUTELEVEL(u)
2: b+ COMPUTELEVEL(v)
3: if a < b then
4 return u — v
5: else if b < a then
6 return v — u
7: else

8 return orientation by vertex IDs

9: end if

The procedure COMPUTELEVEL(v) determines the smallest iteration ¢ in which v can be
resolved within the probe budget by invoking COMPUTELEVELITER(v, ¢, ) for increasing t.

Algorithm 2 COMPUTELEVEL(v).

Require: Vertex v
Ensure: {(v) € {1,...,L} U{oo}
if d(v) < 3a then
return 1
end if
:fort+ 1toT do
q+0 > local probes used in iteration ¢
if COMPUTELEVELITER(v, t,q) = true then
return ¢
end if
end for
return oo

S S B O Ao < i e

_.
e

At iteration t, COMPUTELEVELITER explores sampled neighbors of v using the staggered
schedule, and returns true iff it certifies that the sampled recursive exploration starting
from v terminates without exceeding the local probe budget B L O(anlogn/r?). More
concretely, a sampled set is considered successful if all recursive calls made on vertices in
that set return true. If a recursive call returns false, then this particular sampled set is
discarded; however, the entire iteration does not necessarily fail, since the staggered schedule
may still find another sampled set whose recursive calls all succeed. The iteration fails only
if no sampled set succeeds before the budget is exceeded.

3.1 Analysis
In the analysis of our algorithm we use the following notion of processing time.

» Definition 7 (Processing-time). For a vertex v and an iteration t > 1, define Proc:(v)
recursively as

1, if d(v) < 30,

Proc(v) :=

1 —l—ngi{g 2. (|S1()t2| + Z Proct,l(u)) , if d(v) > 3a.
K]
uESf)t,)i

and set Proco(v) :=1 for all v.
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Algorithm 3 COMPUTELEVELITER(v, t, q).

Require: Vertex v, iteration t, global counter ¢
Ensure: true iff iteration ¢ succeeds for v

1 g+—q+1

2: if ¢ > B then
3 return false
4: end if
5: if d(v) < 3a then
6 return true
7
8
9

: end if
: if t =0 then
return false
10: end if
11: Initialize the recursive processing of ngf)l, ey Sit}.

12: for each scheduling step y = 1,2, ... while ¢ < B do
13: i+ i(y)

14: Continue processing the vertices of Sitz

15: For the next unprocessed vertex u € S,(jz, invoke COMPUTELEVELITER (u,t — 1, q).
16: if the recursive call returns false then

17: Discard the sample Sl()tz

18: else if all vertices of Sffi have been processed then

19: return true

20: end if

21: end for

22: return false

The factor 2! appears because sample Sq(]tz is advanced only once every 2° scheduling steps.
Thus, if the evaluation of this sample requires ) units of local work, then the global schedule
spends O(2°Q) steps before this evaluation completes. This is why the processing time takes
a minimum over terms of the form 2¢().

By construction, Proc;(v) upper bounds the number of probes used to evaluate iteration
t rooted at v under the staggered schedule. For a fixed sample index ¢, recursively processing

its sampled neighbors costs ) es® Proci—1(u), and the execution frequency contributes

a multiplicative ©(2¢) factor, giving the term 2¢(-). Since the schedule runs all indices in
parallel and stops when the first completes, we take the minimum over ¢ € [¢].
By Algorithm 2, the level of a vertex v is defined as follows.

» Definition 8 (Level). The level of a vertex v, level(v) is defined to be the minimum t € T
such that the processing time of COMPUTELEVELITER(v,t,-) is less than B, or oo if such t
does not exist. In the latter case we call v and overflow vertex.

3.1.1 Total expected work per iteration

In this subsection, we bound the expected total work per iteration, summed over all vertices,
when excluding from the count the initial degree query performed for each vertex.

> Claim 9. For every t < T, B[}, .\, (Proci(v) — 1)] = O((nlogn)/x).

75:11
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Proof. Recall that p = ¢- 18 Thus, for r > 100ca log n it is bounded from above by oo

r

In each sample Sl(fz, every neighbor of v is included independently with probability p.

Call a sample Sl()tz good if all sampled neighbors belong to strictly lower ideal peeling

layers than v, i.e., £(u) < £(v) for all u € Sf}tz (Definitions 4 and 6). Since each vertex has at
most 3a neighbors whose layer index is not strictly smaller than its own, we have

Pr {S(tz is good} =1 —p)lzt > (1 —p)>* > e 310 >0.97.

/U7

Hence each sample is good with probability at least 0.97 and bad with probability at most
0.03. Let i* be the index of the first good sample. Then

Pr[i* =4] < (0.03)""! = ¢" 1, q :=0.03.

Condition on the event that i* = 4. By the definition of Proc;(v), we have

4
E[Proc;(v) — 1] < > Prfi* =i -2 B[S} + 3 Proc,_i(u) | i* =i
= ues!)

Using the bound Pr[i* = i] < ¢*~1, this implies

4
E[Procy(v) — 1] <> ¢ -2 E| Y |8V + Proce_y(u) | i =] . (1)

i=1 ues®

Conditioned on the event that Sitz is a good sample, only neighbors u in strictly lower
ideal layers than v can appear. Each such neighbor is included independently with probability
p, so by linearity of expectation,

E[ISO]+ 3 Procii(u) | =i| = 3 p(1+E[Proci_i(u)]).
ues'?) u€N (v)
ot L(u)<£(v)

Plugging into (1) yields

4

E[Proc,(v) —1] <Y ¢"7'2" > p(1+E[Proc;_1(u)]). (2)
i=1 u€N (v)
L(u)<L(v)

The geometric factors satisfy

14 [eS)
L , 2 2
> ¢t <2) (29)7 ! = = 3.
1 - =1( 2 1-2¢ 1-006

i=1 i

Therefore,
E[Procy(v) —1] <3 > p(l+E[Proc; 1(u)]). (3)
u€EN (v)
£(u)<t(v)

Summing (3) over all vertices v and rearranging gives
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Z E[Proc,(v) — 1] < 3p Z (1+E[Proc;—1(u)]) - [v € N(u) : £(v) > £(u)]. (4)

veV ueV

By the ideal peeling layers property, for every vertex u there are at most 3a neighbors v
with ¢(v) > ¢(u). Hence,

Z E[Proci(v) —1] < 9ap Z (1 + E[Proc;—1(u)]) = 9ap <2|V| + Z E[Proc;—1(u) — 1])
veV ueV ueV
()

def

Let Ry = Y v E[Procs(v) — 1]. Then (5) implies

veV
Ry < 9ap 2[V|+ Ri—1) -

Since Ry = ), ¢y E[Proco(v) — 1] = 0, and from the fact that 9ap < 0.5 and that 9ap =
O((logn)/x) it follows by induction that R; = O((nlogn)/x), as claimed <
> Claim 10. With high constant probability, the number of overflow vertices is at most /2.

Proof. Observe that R; is the expected total number of queries required to execute iteration
t on all vertices, excluding only the first degree query performed on the starting vertex. By
Claim 9,

E [Z(Proct(v) - 1)] < ci(nlogn)/x,

veV

where ¢ is a constant. Let

7, =

)

It
{UEV:Proct(v)—IECQ-naOgn}

r2

where ¢5 is a sufficiently large constant (the conditions it must satisfy will become apparent
in the remainder of the proof). Then

no
Zy - 2y < Z(Proct(v) —1).
veV
Taking expectations,
E[Z)] < c1(nlogn)/x _ofar 7
coanlogn/r? o

where we used z = r/a. Choosing ¢ sufficiently large gives

\
< —.
E[Z] < o5

Therefore, by Markov’s inequality,

P%@>q<E%]

<
21 = r/2 —

1

10°

Thus, with high constant probability, at most /2 vertices require at least ¢y - anlogn/r?
additional queries, as claimed. <

APPROX/RANDOM 2026



75:14

Improved Local Computation of Edge Orientation

3.2 Bounding the out-degree

> Claim 11. With high constant probability (over the randomness of the algorithm) the
out-degree of every vertex is 7.

Proof. Fix an iteration ¢, and consider only the randomness required by the algorithm for
executing iterations 1,...,¢, namely the sets {51()31) }iem, iy, vev- Let U<y denote the set of
vertices that were unsuccessful in all iterations in [¢].

Let v € V be a vertex such that |N(v) NU<| > r/2. Fix an index ¢ € [{]. The probability

that none of the vertices in N(v) N U<; belongs to Sgtz is at most
(1 _p)r/2 < efpr/Z < 1/nc/2 < 1/n2,

where the last inequality holds for an appropriate setting of ¢ in the definition of p. By a
union bound over all vertices v and all indices ¢, it follows that, with high probability, for
every v and i, if [N (v) NU<| > r/2, then at least one vertex in N(v) N U<, belongs to Sfjjl).

Consequently, it holds that level(v) > t 4+ 1 (note that a vertex v can be successful in
iteration ¢ + 1 only if there exists 7 € [£] such that all vertices in Sfjtj 2
of the iterations in [t] (this is a necessary but not a sufficient condition since the query budget
is divided between the different procedures). We conclude that, with high probability, every

vertex has at most /2 neighbors whose level is greater than or equal to its own, excluding

were successful in one

overflow vertices. Since w.h.c.p. the number of overflow vertices is bounded by r/2, this
concludes the proof. <

We now prove Theorem 1.

Proof of Theorem 1. The claim on the query complexity follows from the construction
og?n

as the probe complexity per edge query is O(%

o ) , where the additional logn factor
comes from trying T = O(logn) iterations, and each iteration is stopped after budget
B = O(anlogn/r?). The claim on the success probability of the algorithm follows from

Claim 11. |
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